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Abstract

This article closes some gaps regarding the computational equivalence of several classical sta-
tistical procedures, which is largely known, but whose formal derivation remains incomplete and in
some instances anecdotal. First, a result by Mardia and Kent (1991) on Rao’s score test of indepen-
dence based on independent identically distributed pairs of multivariate observations is extended
to observations that include covariates and particular forms of dependence. Generalizing special
cases observed by several authors, it is then shown that various classical statistical tests represent
the same procedure, with differences only in the potential prior elementary transformation of the
variables, in the level of conditioning on which the statistical model is presented and in the choice
of the approximation of the distribution of the test statistic. This includes F-tests, tests in multi-
variate linear models based on Pillai’s statistic, parametric and nonparametric tests of correlation,
Kruskal–Wallis tests, standard approximate versions of Wilcoxon rank-sum and signed rank tests,
χ2-tests of independence, score tests in multinomial logit models, among others. Recognizing such
relationships can help in teaching, in the theoretical analysis and in the implementation of those
procedures.

1 Introduction

For data X with probability density functions proportional to x 7→ es(x)
⊤θ, where θ is from an open

subset of Rm, it is well known that the test statistic of Rao’s score test of the hypothesis that θ is in
a given linear subspace of Rm is the squared Mahalanobis distance of s(X) from Eθs(X) with respect
to Varθ(s(X)) evaluated at a value θ from that subspace such that s(X) − Eθs(X) is orthogonal to
the subspace; see Section 2.1 for details.

Mardia and Kent (1991) analyze several instances of this test, and in particular, for n independent
identically distributed pairs of multivariate observations, a hypothesis under which the two components
of the pair are independent. They show that in some important cases the score statistic is then equal
to n times the sum of the squares of the sample canonical correlations.

The purpose of this article is to extend this result to a more general linear model setting that
includes covariates and particular forms of dependence of the observations, and to demonstrate how
this provides an intuitive and powerful framework that transparently handles many classical statistical
procedures. The resulting test covers not only common tests in correlation and regression analysis,
including the usual F-tests and their multivariate extensions based on Pillai’s statistic, but most other
classical parametric and nonparametric tests traditionally taught in introductory statistics courses,
perhaps after a prior elementary transformation of the involved variables. See Table 1 for an overview.

While the general derivation of the equivalent computations underlying all of those procedures is
new, several special cases have been widely used and recognized by many authors over the decades
since Pearson’s investigation of correlation coefficients, which already contains rudiments of some of the
computations found below (Pearson, 1896, p. 265). To name a few, this includes relationships of χ2-tests
to multivariate normal distributions (Pearson, 1900), of rank correlations to correlation coefficients
(Spearman, 1904), of the Wilcoxon rank-sum test to an analysis of variance (Kruskal, 1952), of linear
models, χ2-tests of independence and linear discriminant analyses to canonical correlations (Knapp,
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A X Y X given?

any normal normal no multivariate test for correlation (4.1)
any any normal yes tests in multivariate linear regression, F-test (4.2)
zero (1 · · · 1)⊤ normal yes one-sample t-test (4.2)1
...
1


indicator normal yes one-way analysis of variance (4.2)

any indicator yes score test for constant in logit regression (4.3)
indicator indicator no χ2-test of independence (4.4)
indicator ranks yes Kruskal–Wallis test (4.5)
ranks ranks no test based on Spearman rank correlations (4.6)

zero abs. val., ranks signs no Wilcoxon signed rank test (nonzero data) (4.7)

Table 1: Examples (classical parametric and nonparametric tests). Details are discussed in the sub-
section of Section 4 indicated in parentheses. The first three columns represent the choice of or trans-
formations underlying A, X, Y .

1978), of a generalized form of χ2-tests of independence to logit regression (Day and Byar, 1979), of
score tests of independence to canonical correlations (Mardia and Kent, 1991) and of various tests in
2× 2 contingency tables to each other (Mart́ın Andrés et al., 1995).

A crucial observation that has apparently evaded earlier investigations and is implicit in Mardia
and Kent (1991) in a special case only, is the fact that Pillai’s statistic in multivariate linear regression
and correlation analysis is, up to a factor, a score statistic. This property simplifies deriving many
relationships and is the central tool in this article.

2 Preliminaries

2.1 Score test of linear hypotheses in exponential families

Consider dataX that follow an exponential family having probability density functions pθ(x) ∝ es(x)
⊤θ,

θ ∈ Θ, with respect to some measure, where Θ is an open subset of Rm and s is an Rm-valued
measurable function on the set in which X has its values. Then pt(x)/pθ(x) = es(x)

⊤(t−θ)/Eθe
s(X)⊤(t−θ),

so Eθe
s(X)⊤(t−θ) is finite for all θ, t in Θ. Consequently, all moments of s(X) and so the expectation

µθ = Eθs(X) and covariance matrix Vθ = Varθ(s(X)) exist and are finite. These, of course, are
standard facts about exponential families (see, e.g., Brown, 1986, Thm. 2.2 and Prop. 1.5), along with
the statement that the score vector, or gradient of the log-likelihood function θ 7→ log pθ(X) has the
form Sθ = s(X)− µθ. Indeed, the statement we really need, the supergradient property

log pt(X)− (log pθ(X) + S⊤
θ (t− θ)) = Eθ log

pt(X)
pθ(X) ≤ Eθ

pt(X)
pθ(X) − 1 = 0

for all θ, t in Θ, is elementary, too, and just expresses the nonnegativity of the Kullback–Leibler
information (Csiszár, 1975). This also shows that a θ from an affine subspace of Rm, i.e., column space
(optionally shifted) of a matrix G, maximizes the likelihood among all such parameter values if and
only if Sθ is orthogonal to that subspace in the sense that S⊤

θG = 0; and any two such estimates,
or more generally any θ, t from the subspace with µ⊤

t G = µ⊤
θG, define the same distribution of X

because the expression on the left with θ, t exchanged differs in sign only and “≤” is an equality only
if pt(X)/pθ(X) = 1 with probability 1 under θ.

For given data X, suppose such a maximum likelihood estimate under the hypothesis H0 that the
parameter is in a given affine subspace of Rm exists, and write E, µ, V etc. for the corresponding
maximum likelihood estimates of Eθ, µθ, Vθ etc. Then the test statistic of Rao’s score test (Rao, 1948)
of H0, or score statistic, is the squared length of US or, in the terminology used henceforth, of
S = s(X)−µ standardized with respect to V by means of any U such that UV U⊤ is the identity matrix
with the rank of V . This does not depend on the choice of U , which is unique up to multiplication by
an orthogonal matrix from the left, and is a slightly more general form S⊤U⊤US of the usual squared
Mahalanobis distance with respect to V since we do not require the Fisher information matrix V to
possess an inverse U⊤U . Also, applying the standardization instead to US for any matrix U whose
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row space includes the values of S clearly leads to the same standardized score vectors and hence
to the same test statistic. So, in addition to being likelihood-based and thus not depending on the
representation of the data, the score test is, by the chain rule, invariant under differentiable parameter
transformations with a differentiable inverse. This, again, is immediate from the preceding derivation
in the important case of a linear transformation θ 7→ (U⊤)−1θ accompanying an affine transformation
s(x) 7→ Us(x) + u with invertible U and any u, which preserves the exponential family structure
pθ(x) ∝ e(Us(x)+u)⊤((U⊤)−1θ) and the affine form of H0.

It is probably worth pointing out that, as usual with tests, probabilistic properties in expressions
like Eθ... always refer to a copy of the experiment assuming θ were the true parameter value, even if we
then insert estimates of θ based on data. To avoid misunderstandings, especially in conjunction with
conditional expectations and parameter transformations, we therefore do not use a separate random
variable representing a maximum likelihood estimator under H0, and estimates may not even uniquely
exist for all realizations of the data.

The standard approximation of the distribution of the test statistic under H0, inspired by the large-
sample argument for independent observations by Rao (1948), is a χ2-distribution with a degrees of
freedom parameter given by the dimension of the subspace of the elements v of the column space of
V orthogonal to the subspace defining H0, i.e., with v⊤G = 0, where G is as above. For every θ the
column space of Vθ is the smallest linear subspace that Sθ has, with probability 1, its values in since,
for every t, S⊤

θ t is zero with probability 1 if and only if its variance is zero. So, due to the strictly
positive densities, it is here identical for all θ. Still, we avoid the popular approach of reducing the
dimension m so that V becomes invertible, which would simplify the presentation in this section, but
does not fit with our applications.

A practical limitation is that a maximum likelihood estimate under H0 may fail to exist, so that the
test statistic is not defined. To partially alleviate this, we here extend the definition to include limits
of distributions of X under H0 in the sense that Eθf(X) → Ef(X) as µ⊤

θG → µ⊤G for a suitable
class of functions f , where µ = Es(X) etc. are the corresponding expectations. Thus, whenever
such a limit with S = s(X) − µ satisfying S⊤G = 0 exists, we say E is an (extended) maximum
likelihood estimate under H0 and define the (extended) score statistic as the squared length of the S
standardized with respect to V = Var(s(X)). The drawback is that the column space of V , and hence
the χ2 approximation, can now depend on the data. Regarding the functions f , while technically we
at least need to include f(x) = s(x) and f(x) = s(x)s(x)⊤ to obtain convergence of first and second
moments of s(X) (or Us(X)+u with U, u as earlier), we would typically assume strong forms of limits
that include all f(x) = g(s(x))es(x)

⊤t with bounded continuous g and t in a neighborhood of zero.
The latter implies the limit distributions are again part of exponential families of the same form, with
respect to different measures, so we have an aggregate exponential family (Barndorff-Nielsen, 1978,
Ch. 9.3; Brown, 1986, Ch. 6). In many important examples the existence of such continuous extensions
is easy to verify.

An advantage of the score test is that the computation of the moments under H0 often implies
considerable simplifications. In particular, for a given random vector, standardization can be applied
separately to component vectors if these are uncorrelated, i.e., the covariance matrix has a block
diagonal form, and likewise to the factors of a Kronecker product if these are independent with
expectation zero because the covariance matrix then also has a corresponding product form.

A number of authors (see Agresti, 2013, Ch. 4.5.5) recognized that the score statistic in generalized
linear models often has a generalized Pearson form. The following examples are relevant in the context
of our applications in Section 4.

Example 1 (Poisson GLMs). Suppose Y is a random vector in Rn with independent Poisson distributed
components with expectations EθYi = eai+(Xθ)i , i = 1, ..., n, where θ ∈ Rm is unknown, a ∈ Rn is
known (often zero) and X is a known n×m matrix. Thus, Y has a probability density pθ(y) ∝ es(y)

⊤θ,
where s(y) = X⊤y, with respect to the weighted sum

∑
y∈{0,1,...}n(y1! · · · yn!)−1ea

⊤y · · · . Here we can
always combine identical rows in X by replacing the corresponding Yi (and the factors eai) by their
sum, which is again Poisson distributed. This results in the same standardized score vectors because
the sufficient statistic s(Y ) and likelihood function are unaffected by this modification.

Example 2 (multinomial distributions and log-linear models). Continuing Example 1, consider a matrix
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M with each row containing at most one element equal to 1 and all others 0, for example, M =
(1 · · · 1)⊤. Then densities of the same form as in Example 1, with an extra factor 1M⊤y=N in the
weighted sum, also define the conditional distribution of Y given the sums N = M⊤Y in the groups
defined by the columns of M , namely, the multinomial distributions with parameters given by the
elements Nj of N and the corresponding subvectors of EθY divided by EθNj (cf. Fisher, 1922, p. 89).
Each of these distributions independently describes counts in Nj independent identically distributed
trials, so both Eθ(Y | N) and Varθ(Y | N) depend linearly on N . Suppose the column space of X
includes the columns of M , so X⊤Eθ(Y | N) also depends linearly on s(Y ) = X⊤Y , or, alternatively,
assume a particular θ with that property. We can then write

( Eθ(s(Y )|N)
s(Y )−Eθ(s(Y )|N)

)
= Uθs(Y ) with some

matrix Uθ and use Uθs(Y ) instead of s(Y ) in computing a standardized score vector at θ. From the
definition of the conditional expectation we get

Varθ(Uθs(Y )) =

(
Varθ(Eθ(s(Y )|N)) 0

0 EθVarθ(s(Y )|N)

)
, Varθ(Uθs(Y ) | N) =

(
0 0

0 Varθ(s(Y )|N)

)
in the Poisson and the conditional model. Restricted to the event {N = EθN}, the linearity in N
implies Eθ(s(Y ) | N) = Eθs(Y ) and Varθ(s(Y ) | N) = EθVarθ(s(Y ) | N). So, for given data Y ,
suppose θ is a parameter value such that the expectation EθN in the Poisson model equals the
observed N , and suppose this is the same realization of N at which we are considering the conditional
model. Then the standardized score vector at θ in the Poisson model, which then only the lower part
of Uθs(Y ) contributes to, coincides with the standardized score vector at θ for the same data Y in
the conditional model. Since, moreover, Sθ is the same in both models, the condition for θ being a
maximum likelihood estimate under the hypothesis H0 that Xθ belongs to a given linear subspace,
is also equivalent. Thus, provided such θ exists (and yields EθN = N as before, e.g., if the subspace
contains the columns of M), we arrive at identical score statistics in the Poisson and the conditional
model.

For example, if we take the identity matrix X in Examples 1 and 2, then Varθ(s(Y )) = Varθ(Y )
is the diagonal matrix with diagonal EθY , and the standardized score vector at θ becomes Pearson’s
statistic (Pearson, 1900)

n∑
i=1

(Yi − EθYi)
2

EθYi
=

n∑
i=1

(Yi − Eθ(Yi | N))2

Eθ(Yi | N)
.

Without going into the details, we note that with the extended maximum likelihood estimates in-
troduced above, it would be possible to extend these results to edge cases consisting of estimated
distributions with EYi = 0 for some i.

2.2 Canonical correlations

If ξ̃ and η̃ are standardized versions (in the sense of Section 2.1) of random vectors ξ in Rk and η
in Rl with expectation zero and covariance matrices with ranks K (≤ k) and L (≤ l), the K × L
covariance matrix E(ξ̃η̃⊤) is, with a proper choice of ξ̃, η̃ based on the singular value decomposition of
that matrix, zero except for nonnegative elements on its main diagonal arranged in decreasing order;
these are the canonical correlations of ξ and η introduced by Hotelling (1936, full-rank case).

What we here need is the empirical counterpart in a linear model setting (X Y ) = A (α β) +
(δ ε) with data matrices X,Y with k and l columns, known A, unknown α, β and error terms δ, ε.
Let K and L be the ranks of X = X − PAX and Y = Y − PAY , with PA representing the orthogonal
projection on the column space of A. Again, with a proper choice of matrices X̃ and Ỹ whose columns
are orthonormal bases of the column spaces of X and Y, the matrix X̃⊤Ỹ is zero except for its main
diagonal elements R1 ≥ · · · ≥ RJ ≥ 0, where J = min{K,L}. As usual we will refer to those statistics
as canonical correlations even without distributional assumptions on the error terms.

In the special case of A having identical nonzero rows, typically A = (1 · · · 1)⊤, these are the
sample canonical correlations based on simple centering most often presented in the literature for full
column ranks K = k and L = l (Hotelling, 1936); if both ranks are 1, then X,Y are column vectors
and R1 is the absolute value of their correlation coefficient. Geometrically, the canonical correlations
describe the relative positions of the column spaces of X and Y to each other in that they are the

4



radii of the ellipsoid obtained from orthogonal projection of the unit ball in either of the spaces on
the other. If K > 0 and L = l = 1, then the (only) canonical correlation R1 is the length of X̃⊤Y
or X̃ X̃⊤Y = PXY divided by the length of Y, and R2

1 has the familiar form of a quotient of sums of
squares.

Suppose either δ or ε has independent rows with an identical multivariate normal distribution
with mean zero, and just for clarity note that this implies the corresponding rank K or L equals,
with probability 1, the rank of the covariance matrix of this distribution or the dimension r of the
orthogonal complement of the column space of A, whichever is smaller, and so is independent of X
or Y . Under the hypothesis of independence of X and Y , the joint distribution of R2

1, ..., R
2
J , given

K and L, is then known and in the case r ≥ K + L has a probability density function (Hsu, 1939;
Anderson, 2003, Ch. 12–13; Anderson, 2007) given by

ρ(t1, ..., tJ) ∝
J∏

j=1

t
(|K−L|−1)/2
j (1− tj)

(r−K−L−1)/2
∏
j′>j

(tj − tj′)

with respect to the Lebesgue measure on the simplex {t ∈ RJ : 1 ≥ t1 ≥ · · · ≥ tJ ≥ 0}.
For J = 1 this reduces to the well-known case of a single beta distributed R2 = R2

1 or equivalently
an F-distributed R2/(KL)

(1−R2)/(rJ−KL)
, with the divisors in the numerator and denominator representing

the degrees of freedom, or twice the parameters of the beta distribution. For general J > 0, following
Pillai (1954, p. 99, p. 44), this is also used for R2 = (R2

1 + · · ·+R2
J)/J as an approximation.

3 Main result

After these preparations, we are ready to state and prove the main result, which extends the statement
from Mardia and Kent (1991) to particular forms of dependence and non-identical distributions of the
observations. We write ⟨A,B⟩ = tr(A⊤B) =

∑
i,j AijBij for the standard inner product of matrices

rearranged as vectors and A1, ..., An for the transposed rows of a matrix A = (A1 · · · An)
⊤.

Model. Suppose X and Y are n × k and n × l random matrices that jointly follow an exponential
family

pθ(x, y) ∝ e⟨a,A
⊤x⟩+⟨b,A⊤y⟩+⟨c,x⊤x⟩+⟨d,y⊤y⟩+⟨e,x⊤y⟩ (1)

with respect to some measure, where θ, from an open set Θ, consists of the elements of the parameter
matrices a, b, c, d, e and A is a known matrix with n rows. We assume that for every realization E of
Eθ under H0 : e = 0, the matrices X = X − PAEX, Y = Y − PAEY satisfy

γ

n∑
i=1

n∑
j=1

E(XiX⊤
j ⊗ YiY⊤

j ) =

n∑
i=1

n∑
j=1

E(XiX⊤
i )⊗ E(YjY⊤

j ) (2)

with a known constant γ and are such that X⊤Y
(i) has expectation zero,
(ii) is uncorrelated to A⊤X and X⊤X ,
(iii) is uncorrelated to A⊤Y and Y⊤Y.

Remarks. (a) The situation we are interested in is that X,Y (and hence X ,Y) are independent under
H0; this is clearly equivalent to a corresponding product structure of the reference measure. With
this assumption, conditions (i), (ii) and (i), (iii), respectively, follow if EY or EX has columns in
the column space of A because the product of two independent random variables, one of which has
expectation zero, has expectation zero and is uncorrelated to expressions involving only the other one.

(b) Condition (2) states that the vector representation
∑n

i=1Xi⊗Yi of X⊤Y has γ times a second-
moment matrix equal to E(X⊤X ) ⊗ E(Y⊤Y). We only strictly need this condition and (i)–(iii) at a
maximum likelihood estimate under H0.

(c) Since x⊤x and y⊤y are symmetric, it is possible to work, with adjustments to s in the following
proof, with symmetric c, d represented by (usually) fewer elements in θ.
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Proposition. Assuming the Model, if E represents a maximum likelihood estimate under H0 (possibly
in the limit sense from Section 2.1), then X = X − PAX, Y = Y − PAY , and the score statistic
is the squared length of the vector

∑n
i=1Xi ⊗ Yi of elements of X⊤Y standardized with respect to its

covariance matrix, which, multiplied by γ, equals X⊤X ⊗ Y⊤Y.

Proof. Let s(x, y) be the vector of the elements of the matrices A⊤x, A⊤y, x⊤x, y⊤y, x⊤y in the
exponent of (1). For any fixed realization E of Eθ under H0, writing PAE (X Y ) = A (α β) with
some α, β and noting that X⊤X = X⊤X − α⊤(A⊤X)− (X⊤A)⊤α+ α⊤A⊤Aα etc., we see that s(X ,Y)
is the result of an affine transformation applied to s(X,Y ), and we can substitute this on the right
side of (1) as discussed in Section 2.1, while replacing a and b with shifted versions a+α(c+ c⊤)+βe⊤

and b+ β(d+ d⊤) + αe. In particular, in view of (b), all assumptions on the covariance structure can
be written in terms of the first and second moments of s(X,Y ) and so, by continuity, extend to limits
E as introduced in Section 2.1 and the corresponding X ,Y if they hold for all non-limit realizations
under H0. Also, the substitution just presented remains valid for the limit case.

So we can compute standardized score vectors, possibly in the limit sense, from s(X ,Y) minus
its expectation, which we here do for the distribution represented by the same E we use for the
substitution. With the assumptions on the covariance structure, the elements of s(X ,Y) representing
X⊤Y are uncorrelated to the others and have expectation zero and γ times a covariance matrix
equal to E(X⊤X )⊗E(Y⊤Y). The uncorrelatedness, or block diagonal structure of the joint covariance
matrix, means we can apply the standardization to X⊤Y and the other components of the score vector
separately.

Now, if E is a maximum likelihood estimate under H0 for given data X,Y , we also know the
expectations of those other components of s(X,Y ) equal their observed values, and the same follows
for s(X ,Y), which can be verified directly or by noting that H0 is invariant under the above parameter
transformation. So in that case only the standardized X⊤Y contributes to the score statistic, and E
also disappears in the definitions of X ,Y.

So the score statistic becomes γ times the sum of squared elements of X⊤Y after standardization
in the rows and columns with respect to X⊤X and Y⊤Y, respectively, and the degrees of freedom
parameter of the χ2 approximation from Section 2.1 equals the rank of X⊤X ⊗ Y⊤Y:

Corollary. Assuming the Model, the score statistic of H0, if defined, equals γ times Pillai’s statistic∑J
j=1R

2
j , where R1, ..., RJ are the canonical correlations as defined in Section 2.2, and the approxi-

mation of its distribution under H0 from Section 2.1 is a χ2-distribution with KL degrees of freedom.

Indeed, in Section 4 we consider tests based on approximating the distribution of
∑J

j=1R
2
j by

either of the following: the distribution of J times a random variable having a beta distribution with
parameters KL/2 and (rJ −KL)/2, following Pillai’s approach to the normal case from Section 2.2,
with possibly stochastic J (beta approximation); and a gamma distribution with shape parameter
KL/2 and rate parameter γ/2 as in the Corollary (gamma approximation).

4 Special cases

Consider θ under H0. In our applications we always assume X,Y are independent for θ and EθY has
columns in the column space of A, i.e., Y has expectation zero, or equivalently Y = Y − EθY ; so
properties (i), (ii) are satisfied. We also assume Covθ(Yi, Yj) =

{
γV if i=j

(γ−n)V if i̸=j for all i, j and some
matrix V , either with γ = n or additionally assuming X such that

∑n
j=1Xj = 0; this implies (2)

because the difference of the terms for given i on the right and left side of (2) is, by independence of
X and Y,

Eθ(XiX⊤
i )⊗ nγV − γ

n∑
j=1

Eθ(XiX⊤
j )⊗

{
γV if i=j

(γ−n)V if i̸=j = γEθ(Xi
∑n

j=1X⊤
j )⊗ (n− γ)V = 0.

This assumption is satisfied with

• γ = n if Y1, ..., Yn are uncorrelated with identical covariance matrix (= nV ),
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• γ = n − 1 if X1 + · · · + Xn and Y1 + · · · + Yn are known, Covθ(Yi, Yj) is identical (= −V ) for
all pairs i ̸= j, and either (1 · · · 1)⊤ or the columns of EθX are also in the column space of
A; here Varθ(

∑n
i=1 Yi) = 0, and the last condition implies (1 · · · 1) (I − PA)EθX = 0, so the

sum of rows of X equals that of X − EθX, which is zero.

To satisfy the remaining property (iii), we additionally require that one of the following conditions
holds under H0:

A. EθX also has columns in the column space of A.

B. A⊤Y and Y ⊤Y are known. Then A⊤Y and Y⊤Y are independent of X⊤Y.

C. Y1, ..., Yn are uncorrelated with an identical covariance matrix and distributions that are sym-
metric about their expectations. For any two columns of u, v of Y this implies Covθ(A

⊤u,X⊤v) =
A⊤Eθ(uv

⊤)EθX = A⊤Eθ(uv
⊤)(I−PA)EθX = 0 since Eθ(uv

⊤) is a multiple of the identity matrix;
this proves A⊤Y and X⊤Y are uncorrelated. Similarly Eθ((Y⊤u)(X⊤v)⊤) =

∑
i,j Eθ(Yiuivj)EθXj

= 0 because the distribution of Yiuivj is symmetric about 0 for all i, j; this proves Y⊤Y and
X⊤Y are uncorrelated.

D. Y1, ..., Yn are independent identically distributed, and (1 · · · 1)⊤ is in the column space of A.
As in C we see that A⊤Y and X⊤Y are uncorrelated, and here, in the sum

∑
i,j Eθ(Yiuivj)EθXj ,

the terms with i ̸= j are zero because Y has independent rows and Eθvj = 0, and the terms
with i = j have the sum Eθ (Y1u1v1 · · · Ynunvn) (I −PA)EθX, which is also zero because the
transpose of the first expectation has identical rows and hence columns in the column space of
A.

As we will now see, this covers several well-known procedures. Let us begin with two major ap-
plications in correlation and regression analysis, the second one of which can be seen as a conditional
version, given X, of the first one:

4.1 Multivariate test for correlation

Consider the multivariate linear model (X Y ) = A (α β) + (δ ε) with known A, unknown α, β
and error terms (δ ε) having independent N (0,Σ) rows with an invertible Σ = −

( c+c⊤ e
e⊤ d+d⊤

)−1
and

(α β) = (a b) Σ. The joint distribution, with parameter combination θ, has a probability density
function of the form (1),

pθ(x, y) ∝ e−
1
2
tr(((x y )−A(α β ))Σ−1((x y )−A(α β ))⊤) ∝ e⟨−

1
2
Σ−1,(x y )⊤(x y )⟩+⟨(α β )Σ−1,A⊤(x y )⟩

with respect to Lebesgue measure. The hypothesis H0 : e = 0 is here equivalent to the independence
of X and Y , and we are in case A with γ = n. The score test from the Corollary with the beta
approximation, which is here exact if J = 1, is one the procedures (Pillai, 1954) commonly found in
textbooks on multivariate statistics.

4.2 Linear regression: test of linear hypothesis

Consider the multivariate linear model Y = Aα+Xβ + ε with known A,X, unknown α, β and error
terms ε having independent N (0,Σ) rows with an invertible Σ = −(d+ d⊤)−1 and (α β) = (b e) Σ.
In this case

pθ(x, y) ∝ e⟨a,A
⊤x⟩+⟨c,x⊤x⟩e−

1
2
tr((y−Aα−xβ)Σ−1(y−Aα−xβ)⊤),

which again follows (1), provides a probability density function of (X,Y ) with respect to the product
of the point mass at the constant value of X, where only values at that particular x are relevant
and a, c have no effect on the distribution, and the Lebesgue measure. The hypothesis H0 : e = 0 is
equivalent to β = 0, which means X can be removed from the regression function, and we are in case
C with γ = n. Again, the test with the beta approximation, which is exact if J = 1, is a common
procedure in multivariate linear regression, including multivariate analysis of variance models, with
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the most popular alternative being Wilks’ statistic
∏J

j=1(1 − R2
j ), which is here known to lead to a

test equivalent to the likelihood ratio test (Wilks, 1932). In the case L = l = 1 and nonzero K all of
those tests coincide with the classical F-test.

The applications in Sections 4.1 and 4.2 can both be extended to singular Σ with the procedure
from Section 2.1 and the strong form of limits discussed there. Also, in Sections 4.1 and 4.2, a model of
the same form and with the same parameters, but with reduced n, is obtained by multiplying A,X, Y
from the left by a matrix whose rows are an orthonormal basis of a subspace containing the orthogonal
complement of the column space of A. This does not change the column spaces of X and Y, so the
canonical correlations and the shape parameters of the approximating beta and gamma distributions
stay the same. The invariance we have for sufficient statistics does not apply, though, and the reduced
γ = n is directly reflected in a smaller score statistic, which is relevant in the gamma approximation.
The computations in Section 4.1 in the original and maximally reduced forms correspond, respectively,
to ML and REML variance estimation under H0 for the rows of Y that the statistic X⊤Y from the
Proposition linearly depends on (Patterson and Thompson, 1971).

4.3 Multinomial logit regression: score test of constant function

Consider the matrix Y = (1Ỹi=ỹj )i,j of dummy variables representing indicator-encoded independent
Ỹi, i = 1, ..., n, each of which has, with probabilities proportional to e(Aα+Xβ)ij , j = 1, ..., l, one of l
distinct values ỹj , where the proportionality constant may depend on i, and A,X are known and α, β
unknown matrices. We are interested in H0 : β = 0.

In the special case A = (1 · · · 1)⊤, we can apply our test from Section 3: For α = b+ (diagonal
of d) and β = e, (1) supplies a probability density function of (X,Y ) with respect to the sum of
point masses at its possible realizations, restricted to which this density has the form pθ(x, y) ∝
etr(α

⊤A⊤y+β⊤x⊤y) since x is fixed and y⊤y is the diagonal matrix with diagonal elements A⊤y. The
hypothesis H0 : e = 0 is again equivalent to β = 0, which implies Ỹ1, ..., Ỹn are identically distributed
and EθY has columns in the column space of A, and we have case D with γ = n. Best known is the
classical logistic regression case l = 2 with binary response data and log-odds logEθYi1 − logEθYi2 for
the first value.

More generally, since the rows of Y have multinomial distributions and the elements of Aα+Xβ
depend linearly on those of α, β, the model could also be analyzed as a special case of Example 2 and
hence by procedures for the score test in Poisson GLMs. To be specific, we would consider the model in
which the elements of Y are independent Poisson distributed with expectations EθYij = eλi+(Aα+Xβ)ij ,
i = 1, ..., n, j = 1, ..., l. Since we keep the matrix arrangement of the elements of Y , the vector of group
sizes from Example 2, N = Y (1 · · · 1)⊤, here represents the sums of elements in each row and is
obtained by a multiplication from the right. In the special case A = (1 · · · 1)⊤, under H0 : β = 0,
where EθYij = eλieαj has a simple product form, a maximum likelihood estimate E in the sense of
Section 2.1 is easily computed since EY has to reproduce the observed row and column sums, and thus,
for multinomial data with row sums equal to 1, has rows all equal to some vector, say η. We therefore
obtain the same estimate E in a simpler model with λ removed and then also the same score statistic
because for any fixed realizations of E, η under H0 the elements of (A X)⊤E(Y | N) = (A X)⊤Nη⊤

depend linearly on those of s(Y ) = (A X)⊤Y , cf. Example 2. A practical approach is to replace λ
with an expression of the form Xλ that additionally preserves the degrees of freedom computation.

4.4 χ2-test of independence

Suppose X = (1X̃i=x̃j )i,j and Y = (1Ỹi=ỹj′ )i,j′ are both matrices of dummy variables representing
independent (X̃i, Ỹi), i = 1, ..., n, each of which has one of k×l distinct values (x̃j , ỹj′) with probabilities

proportional to e(Aα)ij+(Aβ)ij′+ejj′ , j = 1, ..., k, j′ = 1, ..., l. We again consider A = (1 · · · 1)⊤, where
the last expression becomes eαj+βj′+ejj′ and the rows (Xi, Yi) are identically distributed. Applying
Example 2 to the contingency table Z = X⊤Y , which is a sufficient statistic and multinomially
distributed, we have a corresponding Poisson model that, as in 4.3, has a simple product form EθZjj′ =
eαjeβj′ under H0 : e = 0, where a maximum likelihood estimate EZ has to repreduce the observed
row and column sums. This shows the score statistic of H0 equals Pearson’s statistic for the test
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of independence (Fisher, 1922). On the other hand, as in 4.3, for α = a + (diagonal of c) and β =
b + (diagonal of d), (1) supplies a probability density function of (X,Y ) with respect to the sum
of point masses at its possible realizations, restricted to which pθ(x, y) ∝ e⟨Aα,x⟩+⟨Aβ,y⟩+⟨e,x⊤y⟩. The
hypothesis H0 implies (X̃1, ..., X̃n) and (Ỹ1, ..., Ỹn) are independent, and we are in case A with γ = n.

4.5 Random permutations, Kruskal–Wallis and Wilcoxon rank-sum tests

In this and the remaining applications 4.6–4.7, we consider hypotheses H0 consisting of a single dis-
tribution of (X,Y ) only. We can always, as we here do, take this as the reference measure for the
exponential family, that is, the distribution for a, b, c, d, e all zero. So the only effect of the exponential
family assumption (1) is the specification of the alternatives. We will see that several classical non-
parametric tests are computationally equivalent to the score tests from Section 3 after transforming
the data into ranks and conditioning on the structure of ties. This is a formal equivalence because the
particular alternatives investigated in our test are not precisely those that make most sense on the
level of the untransformed data, where they could depend on the sample size, for example.

We begin with a slightly more general test of a uniformly distributed random permutation. Let A =
(1 · · · 1)⊤, and suppose x and y are known matrices with n rows. Let Π be a random permutation
of {1, ..., n} such that the corresponding permutation matrix (1Π(i)=j)i,j has a probability density
qθ(π) ∝ e⟨e,x

⊤πy⟩ with respect to the sum of point masses at its possible realizations. So Π has a
uniform distribution under H0 : e = 0. Let X = x and Y the result of applying the permutation
matrix to y. These are clearly sufficient statistics, thus yielding the same score statistic of H0, and
they have a joint density following the exponential family (1), where the parameters a, b, c, d have no
effect since A⊤X,A⊤Y,X⊤X,Y ⊤Y are all known. UnderH0, the rows yΠ(1), ..., yΠ(n) of Y are identically
distributed, so EθY has columns in the column space of A, and we are in case B with γ = n− 1 and
can handle this with our test.

Now assume X = x is a known matrix of dummy variables defining K non-empty groups of
observations, and consider the case l = 1 and y1, ..., yn not all equal, so J = 1. By the sums-of-squares
computation of R2

1, the score statistic then becomes γ
∑n

i=1(Ȳi − Ȳ )2/
∑n

i=1(Yi − Ȳ )2, where Ȳ is the
mean of all Y1, ..., Yn and Ȳi is the mean in the group that observation i belongs to. The denominator
is known and hence equals its expectation, which under H0, where EθYi = Ȳ , is

∑n
i=1Varθ(Yi). For

example, suppose Y1, ..., Yn present ranks of data Ỹ1, ..., Ỹn on an ordinal scale, with mean ranks
assigned in case of ties. Then, given the structure of the ties (i.e., which ranks occur and how often)
and assuming Ỹ1, ..., Ỹn are independent identically distributed under the hypothesis to be tested, we
can apply our test. If there are no ties, each Yi has the uniform distribution on the integers 1, ..., n, so
the test statistic coincides with that of the Kruskal–Wallis test as derived by Kruskal (1952, p. 526),
and this remains true if there are ties because the correction factor derived by Kruskal (1952, p. 538)
from the second-moment behavior is precisely the one that affects our denominator

∑n
i=1Varθ(Yi).

The χ2-distribution with K − 1 degrees of freedom assumed in that test corresponds to our gamma
approximation.

As discussed by Kruskal and Wallis (1952) and Kruskal (1952), the test includes, in the special case
of two groups, the Wilcoxon rank-sum or Mann–Whitney test (Mann and Whitney, 1947), although
in that case often either the exact distribution of the test statistic is used or an additional continuity
correction is applied.

4.6 Test based on Spearman rank correlations

Let A = (1 · · · 1)⊤, and suppose the rows of both X and Y are obtained by uniformly distributed
random permutations, independent under H0 : e = 0, from known values x1, ..., xn and y1, ..., yn,
respectively, as in 4.5. Then A⊤X,A⊤Y , X⊤X,Y ⊤Y are all known, so again the parameters a, b, c, d
have no effect. Because the rows are identically distributed, both EθX and EθY always have columns in
the column space of A, and we have case A with γ = n−1. In the case k = l = 1 and neither x1, ..., xn
nor y1, ..., yn all equal, the test statistic becomes γ times the squared sample correlation coefficient
of X and Y . As in 4.5 we can consider the situation where the rows present ranks of independent
identically distributed data X̃1, ..., X̃n and Ỹ1, ..., Ỹn, respectively, on ordinal scales, with mean ranks
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assigned in case of ties. Given the structure of the ties and assuming independence of (X̃1, ..., X̃n) and
(Ỹ1, ..., Ỹn) under the hypothesis being tested, we are in the situation described. If neither the rows of
X nor those of Y are all equal, the test statistic is n−1 times the squared sample correlation coefficient
of the ranks. With the beta approximation, i.e., the formal application of the test from Section 4.1
to the ranked data, this becomes the usual approximate procedure for testing independence based on
Spearman’s rank correlation coefficient (Spearman, 1904).

4.7 Wilcoxon signed rank test

Suppose A is zero, the rows of X are obtained by a uniformly distributed random permutation from
known values x1, ..., xn as in 4.5 and 4.6, and those of Y have values +1 and −1 and, under H0 :
e = 0, take both signs with equal probability and are independent and also independent of X. Since
A⊤X,A⊤Y , X⊤X,Y ⊤Y are then all known, the parameters a, b, c, d of the exponential family (1)
again have no effect on the distribution. Under H0, the values Y1, ..., Yn are independent identically
distributed with expectation zero, and we have case C with γ = n, as in 4.2. By the Proposition, in
the case k = 1 (= l) and neither x1, ..., xn nor Y1, ..., Yn all equal, the score statistic is the square
of

∑n
i=1XiYi standardized with respect to its variance under H0. For example, suppose the rows of

X and Y are, respectively, the ranks of the absolute values, with mean ranks assigned in case of
ties, and the signs of independent identically distributed data in R \ {0}. Given the structure of the
ties and assuming a distribution symmetric about 0 under the hypothesis to be tested, we are in the
situation just described. Since

∑n
i=1XiYi is, up to a linear transformation, the test statistic of the

Wilcoxon signed rank test (Wilcoxon, 1945), the usual large-sample normal approximation of this
statistic is therefore equivalent to assuming a χ2-distribution with KL = 1 degree of freedom for the
score statistic, which is our gamma approximation.

5 Discussion

Building upon earlier observations by Mardia and Kent (1991) and others, we showed that several
classical statistical tests and a number of advanced procedures are, on a computational level, special
cases of the score test in a particular exponential family. These procedures, which despite their limita-
tions and known deficiencies remain some of the most widely used in many branches of sciences, can
in this respect be seen as applications of the multivariate extension of late 19th century correlation
analysis.

Recognizing the equivalences can help in several areas. In teaching, the exposition can become
simpler if the question is not about which test to apply, but which prior transformation (e.g., indi-
cator variables or ranking) data should be subjected to before a uniform procedure is applied. The
theoretical analysis can benefit from the presentation of the procedures in a unified framework. The
implementation in software can make efficient use of identical underlying computations, as the various
special computations devised at a time when calculations had to be done by hand no longer provide
much advantage in a computer; a reference implementation is available in the R package provided at
https://cran.r-project.org/package=cctest.

While in our applications it is always correct to say that we are testing a strong form of inde-
pendence of X and Y in that we assume independence is implied by H0, there are further arguments
that justify the informal interpretation as a test of independence. In some cases (4.1, 4.4 with n > 0),
H0 or perhaps the slightly broader hypothesis that X,Y have the same joint distribution as for some
parameter combination under H0, is in fact equivalent to independence. In the cases with given X
(4.2, 4.3, 4.5), we can consider the same model for different choices of X while keeping the reference
measure for Y fixed, cf. Remark (a); then H0 implies the distribution of Y , which could be interpreted
as a conditional distribution, is functionally independent of X. In the cases where X or Y are obtained
by a transformation (4.3–4.7), a similar reasoning applies to the underlying hypothesis.

Pillai’s statistic can be computed as the sum of squared elements (or squared Frobenius norm) of
X̃⊤Ỹ for any X̃ and Ỹ whose columns are orthonormal bases of the column spaces of X and Y. So
the computationally expensive singular value decomposition from Section 2.2 is not strictly needed,
although the diagonal form clarifies the relationship to other test statistics (see 4.2) and to exploratory
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techniques such as linear discriminant analysis and correspondence analysis. In view of the fact that
we arrive, at least for full ranks K,L, at a simple rational function of the data for the test statistic,
the rather limited setting – the dual role of A in the Model and the normal or identical distribution
under H0 in the applications – is not surprising.

The results presented in this article apply to the computational level of the test statistics and they
provide no justification of the tests at all. Indeed, the limited assumptions regarding the reference
measure mean examples in which the test from Section 3 performs poorly can be easily constructed.
The classical building block of a theoretical justification, forming a significant part of the literature on
the procedures referred to in Section 4, are, of course, asymptotic results on the large sample behavior.
As these rarely make guarantees for a given sample size, Monte Carlo analysis of a procedure in the
specific setting is an essential tool, too.
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