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The isomorphism problem for circulant graphs via Schur
ring theory

Mikhail Muzychuk, Mikhail Kiin, and Reinhard Pdschel

ABSTRACT. This paper concerns the applications of Schur ring theory to the
isomorphism problem of circulant graphs {Cayley graphs over cyclic groups}.
A digest of the most important facts about Schur rings presented in the first
sections provides the reader with a gentle self-contained introduction to this
area. The developed machinery allows us to give proofs of two conjectures
(Zibin’ 1975 and Toida 1977) about necessary conditions on isomorphisms of
the circulants. These new results together with a few new proofs of some
known facts show the feasibility of the technique of Schur rings in algebraic
combinatorics.

The concluding section contains a short historical and bibliographical
survey of various results related to the isomorphism problem for Cayley graphs.

1. Introduction

A circulant graph with n vertices is a Cayley graph over the cyclic group C,
of order n, that is a graph which is invariant with respect to a cyclic rotation of all
its vertices.

Circulant graphs form a wide and important class of vertex-transitive (directed
or undirected) graphs. Such graphs can be regarded as so-called quasi-random
graphs (in the sense of [16]), which means that various graph-theoretical properties
can be successfully modelled and investigated within the class of circulants.

Though the history of circulants spans more than a century, modern interest in
these graphs did not resurface until the 1960s. In 1967 A. Ad4m posed his famous
conjecture about a necessary and sufficient iscmorphism condition for circulant
graphs, thus opening the current wave of interest in the circulants. The history of
this conjecture over 20 years can be observed in Palfy’s excellent survey [72].

One of the most successful solutions of the isomorphism problem for circulant
graphs is based on the use of Schur rings {S-rings for brevity).

The notion of an S-ring was introduced by I. Schur in 1933 [77). It was devel-
oped and used during a few decades mostly for purely group-theoretical purposes
by H. Wielandt and other disciples and followers of I. Schur. In 1972-78 two of
the authors (M.K. and R.P.) suggested using S-ring theory in graph theory, namely
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for the investigation of the symmetry properties of circulant graphs. Most of their
results were available, for a long time, only in the form of preprints with a very
limited distribution. During the last decade the interest in such application of S-
rings was supported by the publications of the first author (M.M.) and a few other
mathematicians. It became evident that S-rings give a very suitable and natural
way to classify circulants.

The present paper may be regarded as a brief survey of the techniques of S-
rings and applications in graph theory. The methodology presented in the paper
is illustrated by the unified proofs of a number of known and new criteria for the
isomorphism of circulant graphs. In particular, we give complete solutions of two
related problems which were posed by D.K. Zibin’ (1975) and S. Toida (1977).

During the last two decades circulant graphs found various interesting appli-
cations. For example, numerous graph and network models were used for the e-
laboration of reliable architectures of computers and computer networks. For these
purposes one needs to select graphs with certain optimal or quasi-optimal combi-
nations of invariants of a graph such as small diameter, fixed degree, uniformity,
redundant paths, short wires, simple routing algorithm, etc. [35]. It turns out that
rather good solutions of the above-mentioned problems may be found in the class
of circulant graphs, see, for example, [10, 9, 27, 90, 75].

We hope that our survey will be of interest not only to the pure experts in
the graph isomorphism problem but also to those who are interested in various
applications of circulants. This is why we are trying to present here a self-contained
gentle introduction to the subject which may be available to a wide mathematical
audience.

On the other hand our interest here is limited by the consideration of only one
class of Cayley graphs: those over cyclic groups. Other classes of Cayley graphs, as
well as purely group-theoretical approaches to the isomorphism problem of Cayley
graphs {and circulant graphs in particular) appear only in the context of a general
outline of activities, without sufficient details.

The paper consists of seven sections. Section 2 gives a short historical intro-
duction to the isomorphism problem of circulant graphs with a special emphasis on
its natural generalization, suggested by L. Babai: the description of Cayley graphs
with the Cayley isomorphism property (CI-graphs).

Section 3 presents a self-contained introduction to Schur rings. We start with
the main definitions and the characterization of Schur rings as certain subalgebras
of group algebras (3.1). Important properties of subgroups appearing as elements of
S-rings (first formulated by O. Tamaschke) are given in 3.2. In 3.3 we consider three
different sorts of S-ring isomorphisms (algebraic, combinatorial and Cayley), while
in 3.4 we explain how isomorphisms of Cayley graphs are related to isomorphisms of
S-rings. In 3.5, starting from a classical theorem of Schur, a Galois correspondence
between S-rings and permutation groups is established. Example 3.6 provides the
reader an opportunity to “play” a little bit with all the above-mentioned notions.
We have to admit that Section 3 requires from the reader a certain level of a general
algebraic culture.

Section 4 is a short digest of all results about Schur rings over cyclic groups
C,, necessary for our presentation. We start from the classical theorem of Schur,
claiming that for a non-prime n each non-trivial S-ring over C,, is imprimitive. A
number of propositions presented in 4.2 was originally formulated and proved by
Muzychuk in [64], a paper mostly aimed at experts in algebra. In this text we try
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to find transparent formulations of all claims used, such that they will be clear to
a wider mathematical audience.

Section 5 properly concerns the isomorphism problem for circulant graphs. The
machinery developed in the previous sections allows us to give short and rather sim-
ple proofs of various known and new results. In 5.1 we present the proof of Zibin’s
conjecture. As an immediate consequence we get the proof of Toida’s conjecture
and of the theorem about arc-transitive circulants (which recently was proved by
C.H. Li with the aid of the Classification of Finite Simple Groups). It is worth
mentioning that during the last two decades there appeared many papers deal-
ing with various particular cases of the graph isomorphism problem for circulant
graphs. As a rule these results may be reproved by the standard use of S-rings.
In 5.2 we illustrate this claim, giving a new proof of the theorem by X. Fang and
M. Xu [26] about the so-called double-loop circulants. We conclude Section 5 with
a computational example: the solution of the isomorphism problem for 8-vertex
circulant graphs. We think that a careful examination of this example will provide
the reader with an extra insight, which will help to enter the subject more deeply.

Schur rings are just a particular case of more general structures, commonly
treated in Algebraic Combinatorics: association schemes and coherent configura-
tions. A brief outline of such interrelations is given in Section 6, however a deeper
consideration of these notions is out of the scope of this paper.

In Sections 1-6 we were tried to avoid a huge amount of information of historical
and bibliographical nature. This is why most of such information is concentrated
in the final Section 7. Here an interested reader may consider the subject more
widely, making a glance on other techniques and other classes of Cayley graphs.
Nevertheless we are not pretending to submit in this section a comprehensive survey,
being self-restricted by the consideration of only those results which have natural
links with the main content of our paper.

2. Genesis of the problem

Let T’ be a {di)graph on n vertices which we identify with the elements of
Zn = {0,1,...,n—1}. The (di)graph I is called circulant if it has a cyclic symmetry,
ie., if the permutation (0,1,2,...,n — 1} is an automorphism of the graph. Each
circulant graph is completely determined by its connection set § which is the set
of all points connected to 0 in I'. Two vertices 1 and j are T'-connected if and only
if i — § € § where the difference is taken in the cyclic group Z, (additive notation).
Thus a circulant graph is a Cayley graph over the cyclic group Z,,.

In what follows we shall write Cay(Z,,, S) for a circulant graph I' = (V| E) with
connection set S, le. V =2Z,, E={(z,y) |z —y € S}

The isomorphism problem for circulant graphs is stated as follows:

Given two circulant graphs Cay(Z,, S) and Cay(Z,,T).
Find an efficient algorithm which recognizes an isomorphism
between these graphs.

Let Z be the set of all residues modulo n which are relatively prime to n. If
S = mT for some m € Z}, then the permutation  + mz, x € Z, is an isomorphism
between the two graphs. In this case we shall say that the connection sets (and
the graphs) are conjugate by multiplier. In 1967 A. Adam conjectured that two
circulant graphs are isomorphic if and only if they are conjugate by a multiplier
[1]. Rather soon it was found that the conjecture is false in general: the minimal
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counterexample on 8 vertices was constructed by B. Elspas and J. Turner in 1970
[21}]. In general, it was shown by B. Alspach and T.D. Parsons in 1979 [2] and,
independently by V.N. Egorov and A.I. Markov [20] that Adém’s conjecture fails
if n is divisible by 8 or by a square of an odd prime. On the other hand, it was
shown that for specific values of n the conjecture is true (see Section 7 for a detailed
survey). This led to the “corrected” Adam’s conjecture formulated by P.P. Pailfy
in 1987 [72]:

Adam’s conjecture holds if and only if 8 does not divide n and
p? does not divide n for each odd prime number p.

Since then, the topic has attracted the attention of many researchers. Two aspects
have been considered:

1. To prove the corrected Adam’s conjecture;
2. To find an algorithm which solves the isomorphism problem for some specific
values of n which are not covered by the corrected Addm’s conjecture.

An affirmative answer to the corrected Addm’s conjecture was given in 1995-97 by
Muzychuk [66, 67]. The proof combines group theory with computations in Schur
rings.

There are not many results in the second direction: in 1978, M. Klin and
R Poschel [46] and, in 1979, B. Alspach and T.D. Parsons [2] gave a complete
solution for n = p?. In 1980, Klin and Péschel solved the isomorphism problem for
n = p®, p > 2, [43] (in both cases p is a prime).

An important role in the recognition of isomorphisms is played by so-called
layers of connection sets.

Let d be an arbitrary divisor of n. Then the d-th layer of S C Z,, is defined as
(8)q = SN (Zy)q where (Z,)q := {x € Z, | ged(z, n) = d}. It was shown by Klin
and Poschel [43] that if n = p*, then two circulants Cay(Z,,, 5) and Cay(Z,,, T) are
isomorphic if and only if for each din there exist multipliers my € Z7, such that
mq{T)q = (§)4 and which satisfy some compatibility condition.

The layers and multipliers appeared also in a computer enumeration of small
circulants which was done in 1975 by D.K. Zibin’ who made the following conjecture.

Zibin’s conjecture [88]. If Cay(Z,,S) and Cay(Z,.T) are two isomorphic
circulants, then there exist multipliers my € Z;,, d|n, such that m4{S)q = (T)a.

A particular case of this conjecture was independently formulated by S. Toida
in 1977:

Toida’s conjecture [80]. Let § C ZX and T C Z,. Then Cay(Z,,S) is
isomorphic to Cay(Z,,,T) if and only if the connection sets 7" and S are conjugate
by a multiplier.

Inspired by Adam’s conjecture L. Babai started the study of the isomorphism
problem of Cayley combinatorial objects in 1977 [3]. He showed that the
solution of the isomorphism problem for arbitrary Cayley combinatorial objects
may be “found” in the automorphism group of the object. To formulate his results
we need a few definitions.

Let H be a finite group in multiplicative notation and let

Cay(H,S) :={(z,y) € H* |zy~' € S}
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be an arbitrary Cayley graph over H (S C H). We shall say that two Cayley graphs
Cay(H, S) and Cay(H,T) are Cayley isomorphic if there exists an automorphism
@ € Aut{H) such that S¥ =T (5 and T are conjugate by ¢; S¥ := {s¥ | s € 5},
where we use the notation 3% := (s)). It is a trivial observation that two Cayley
isomorphic Cayley graphs are isomorphic as usual graphs. The converse is not true
even for circulants. A subset S C H is called a Cl-subset if for cach T C H
the graphs Cay(H, 5), Cay(H,T) are isomorphic if and only if the sets T and S
are conjugate by an element from Aut{H). A group H is called Cl-group if each
subset of H is a Cl-subset.

Babai [3] gave a group-theoretical criterion whether a combinatorial “Cayley
structure” has the Cl-property. The restriction of his result to Cayley graphs
immediately gives the following theorem.

THEOREM 2.1. A subset S C H is a Cl-subset if and only if every two H-
isomorphic! regular subgroups of Aut(Cay(H,S)) are conjugate in Aut(Cay(H, S)).

Another, purely combinatorial approach, was suggested by Klin and Pdschel in
1978 [46]. They proposed to look more carefully at the combinatorial invariants
of a graph in order to attack the isomorphism problem for Cayley graphs. They
found a very strong combinatorial invariant for a Cayley graph: the Schur ring
generated by its connection set. The key fact is that an isomorphism between
Cayley graphs is also an isomorphism between S-rings generated by their connection
sets. Since S-rings are algebraic objects, an isomorphism testing for S-rings is much
easier than an isomorphism testing for Cayley graphs. We shall see that for cyclic
graphs the structure properties of S-rings yield rather strong necessary conditions
for graph isomorphism. To our knowledge there is no group-theoretical way to
obtain these conditions. Finally, it is worth mentioning that in some cases the
necessary conditions obtained using Schur rings are also sufficient, which leads to
an efficient algorithm for recognizing graph isomorphism.

3. Schur rings.

3.1. Basic definitions. Let H be an arbitrary finite multiplicatively written
group with identity e. The group algebra QH consists of all formal sums 3, .. ,; axh,
ay, € Q which are multiplied according to the following rule

O anh)(D " Bhh) =D ) (anBy)(Fh).
heH heH heH feH
The Schur-Hadamard product in QH is defined as follows:
(3" anh)o (D Buh) =3 (anBi)h.
heH heH heH
For each m € Z and ¢ = Y, .,y xph let ™ = > hen Trh™. For a nonempty
subset T C H we set T := 3, ;. t. Following [85] elements of this form will be
called simple quantities. A simple quantity T is called symmetricif TCY) =T,

A subalgebra A of the group algebra QH is called a Schur ring, for short
S-ring, if it satisfies the following axioms:

(S1) A has a basis of simple quantities Ty, ..., T, where Ty = {e},
(82) T,NT; =0 for i # j,and J;_,T; = H,

! H-isomorphic means isomorphic to H
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(83) Foreachi e {0,1,...,r} there exists ¢’ € {0,1,..., 7}, such that T} = TiM)
By (S1) and (82), the basis Ty, ..., T, is unique and it is called the standard
basis of A. The sets T, 0 < i < r, are called the basic sets of A and the
notation A = (Ty,...,T,) will be used if A is an S-ring over H whose basic sets
are Ty, ..., Tr. The set of all basic sets is also denoted by Basic(A). By (52), every
h € H is contained in exactly one basic set, which will be denoted by Ti). There
are two trivial S-rings over an arbitrary group H, namely (e,G \ {e}) and QH.
The following characterization of Schur rings is folklore (see Section 7 for more
details):

THEOREM 3.1. Let A C QH be a subalgebra of the group algebra QH. Then A
is an S-ring over H if and only ife € A, H ¢ A and A is closed with respect to o
and U,

It follows from this result that the intersection of S-rings over H is an S-ring
over the same group. Given zy, ...,z € QH, we define {zy,...,zi)) to be the least
S-ring which contains the elements x1,...,zx. If 9 is a simple quantity, then we
shall write {(S)) instead of {S)).

An S-ring B C QH is called a fusion of an S-ring A C QH (or an S-subring
of A) if BC A. An S-ring A is called a fission of an S-ring B if B is a fusion of A.
It is a trivial observation that B is a fusion of A if and only if each basic set T" of
B is the union of some basic sets of A.

The following operation is a useful tool in computing {z,,...,zx). Let g € Q be
an arbitrary number. Define the mapping I, : QH — QH by the following formula

1{ Z zph) = z h.

heH heHAzp=q

PROPOSITION 3.2 (SCHUR-WIELANDT PRINCIPLE [85]). If A is an S-ring over
a group H, then I(xz) € A for eachx € A and g € Q.

We finish this section by a simple example how to calculate {z)). Let z =
¢! + g% + ¢% be a simple quantity in the group ring ZCs. Then z°? = ¢% + 2¢% +
3g* + 2¢° + ¢°. By the Schur-Wielandt principle g% + ¢%, ¢° + g%, ¢* € {z)). Now
¢® =z 0(g*+ g°) € {(x)) implies that {z)) = QCs.

3.2. Subgroup properties of S-rings. Let 4 = (Tp,...,7y4) be an S-ring
over a group H. A subgroup F' < H is called an A-subgroup [79] if F € 4. There
are two trivial A-subgroups: {e} and H. If A has a non-trivial .4-subgroup, then
A is called imprimitive, otherwise it is called primitive. A subgroup F < H is

an A-subgroup if and only if it is the union of some basic sets of A.

PROPOSITION 3.3 ([79]). Let F,G be two arbitrary A-subgroups. Then GNF
and ? (F UG) are A-subgroups.

In other words, the set of all A-subgroups is a sublattice of the subgroup lattice
of H. It is not difficult to show that (T} is an A-subgroup for each T’ € Basic(A).
For each T' € Basic(.A4) let

LT) = {heH|hT =T} (left stabilizer),
R(T) := {he H|Th=T} (right stabilizer),
Sta(T) = L(TNR(T) (stabilizer).

2We recall that (X} denotes a subgroup generated by a subset X C G.
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PRrROPOSITION 3.4 ([85, Prop. 23.5]). For every T € Basic(A), the stabilizers
L(T), R(T) and Sta(T') are A-subgroups.

Let F be an 4-subgroup. Define Ap := ANQF. It is easy to check that Az
is an S-ring over the group F and Basic{Ap) = {T € Basic(A) | T C F}. We shall
call Ar an induced S-subring of A. If F is an A-subgroup which is normal in H
one can define a quotient S-ring 4/ F over the factor-group H/F [76], as as shown
in the next proposition. Notice that the natural homomorphism 7 : H — H/F can
be canonically extended to an homomorphism QH — Q(H/F) that also will be
denoted by 7.

PROPOSITION 3.5 ([76]). Let A be an S-ring over H and F < H be a normal
A-subgroup. Then the algebra A/F := n{A) is an S-ring over H/F the basic sets
of which are given by Basic(A/F) = {T/F | T € Basic(A)}.?

3.3. Isomorphisms between S-rings. Two S-rings A and B are called alge-
braically isomorphic, notation A =, B, if there exists a bijection g : Basic(A) —
Basic(B) : T+ T'9 such that the map T +— T induces (via 3 o;T; — > o, T) an
isomorphism between the algebras A and B. o

Two S-rings A = (Ty,...,Tr) € QH and B = (Sy, ..., 5s) € QK will be called
combinatorially isomorphie, notation A =, B, if r = s and there exists a
bijection f : H — K such that {Cay(H,T;)/ |i =0,...,r} = {Cay(K,S;) | i =
0,...,s}. {(Here we use the notation R/ := {(z/,y/) | (z,y) € R} for RC H x H.)
The bijection f is called a combinatorial isomorphism. Each combinatorial
isomorphism f induces a bijection f* : Basic(.A) — Basic(B) given by Cay(H, T)/ =
Cay(K,T'") for T € Basic(A). A combinatorial isomorphism f : H — K is called
normalized! if f(e) = e. If f is a normalized combinatorial isomorphism, then
T/ = T holds for each T € Basic(A).

ProPOSITION 3.6 {{69]). If f is o combinatorial isomorphism between two S-
rings A and B, then f* is an algebraic isomorphism between them.

Two S-rings are called Cayley isomorphic, notation 4 =¢,,, B, if there exists
a combinatorial isomorphism f : H — K which is simultaneously an isomorphism
from the group H onto K. The connection between the three types of isomorphisms
is given by the following implications:
Aoy B = A=, B = A=, B
But the converse is not true in general:
A gC'ay B QE A Heom B ‘@& A galg B.
We shall give a simple example which shows that A ¢, B&= A =, B. Let
H = Z4 and K = Zy & Zy be two abelian groups of order 4 written additively. Take
the following Schur rings A = (0,2,1,3) C QZ4, B = ((0,0),(1,0),(1,1),(0,1)) €
Q|Z2 9 Z2]. These S-rings cannot be Cayley isomorphic, since Zy ¥ Zg  Zg. On
the other hand the bijection 0 -+ (0,0), 1 — (0,1), 2 = (1,0), 3 — {1,1) is a
combinatorial isomorphism between them.
Let A C QH and B C QK be two S-rings over the groups H and K respectively.
We shall write 1s0cqy (A, B), 150c0m (A, B), Is0,1,(A, B) for the sets of all Cayley,

3Here T/F stands for the set of left F-cosets: T/F := {tF [t € T}.
4S-isomorphisms in [47]
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combinatorial and algebraic isomorphisms, respectively, between 4 and B. If A =
B, then

Autcgy(A4) = Isocay(A4,A4) < Sym(H);
Auteom(A) = I1s0com(A,A) < Sym(H);
Autyg(A) = lsoag(A,A) < Sym(Basic(A)).

The subgroup of Auteom(A) consisting of all automorphisms f which induce the
trivial algebraic automorphism of A (i.e. f* is the identity) will be denoted by
Aut(A). We call these automorphisms strong automorphisms of a Schur ring
(cf. with similarly defined notions in [22]). If Basic(A) = {T, ..., T+}, then

Aut(A) = (] Aut(Cay(H,T)).
O<i<r
We have Aut{A4) <8 Auteom(A).
The symmetric group Sym{H) contains two natural copies of H, namely Hp
and Hp defined as follows:

Hp := {hg|hecH}, a"®:=zh,zecH,
H;, = {hy|heH}, M :=hlz,zeH.

Since Hp is a subgroup of the automorphism group of an arbitrary Cayley graph
Cay(H, S), we have Hp < Aut{A) for each S-ring A C QH.

The group Autca,(A4) is a subgroup of the normalizer of Hg in Sym(H) which
is isomorphic to the holomorph H x Aut(H) of H and acts on H by the following
rule: z("%) = z¥h. More precisely Autc,,(A) = H x ® where ® < Aut(H) consists
of all automorphisms which satisfy

T% =T for all T € Basic(A).

An S-ring A over a group H is called CI-S-ring if for arbitrary S-ring B
over H and any f € lso;om{A, B) there exists an automorphism g € Aut{H) such
that T/ = T9 for each T ¢ Basic(A). If f € 150.0m (A, B) is a combinatorial
isomorphism, then fhp is also a combinatorial isomorphism between the same Schur
rings, and, moreover f* = (fhg)*. If h = f(e)™!, then fhr will be a normalized
combinatorial isomorphism. Therefore an S-ring A is a CIl-S-ring if and only if
for each normalized combinatorial isomorphism f € 150.0,,{A, B) there exists an
automorphism ¢ € Aut(H) such that T/ = T% for each T € Basic(A).

3.4. S-rings and Cayley graphs. Given a Cayley graph Cay(H,S5),5C H,
we can associate the S-ring {S)) generated by its connection set. It turns out that
there exists a deep connection between the properties of § and {(9)). In what follows
we shall write {(S)) instead of {S)).

THEOREM 3.7 ([69]). Let f : H — K be an isomorphism between the Cayley
graphs Cay(H, S) and Cay(K, R). Then
(1) f 1s a combinatorial isomorphism between ((S)) and (R). In particular
|Basic((S))| = [Basic({R});
(2) (SN Harg (R);
(3) Let S = J{B | B € I} be the decomposition of S into a disjoint union of
basic sets of {S) (I C Basic(A)), then R=J{B'/" | B I}.

In a particular case, namely when H = K and 5 = T we have a stronger result
which is very useful in computing of the automorphism group of a Cayley graph.
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THEOREM 3.8 ([69]). Let f € Sym(H) be an automorphism of a Cayley graph
Cay(H,S). Then f € Aut({S)) and f* € Autyao((S)).

As a consequence we can easily obtain the following useful statement:

THEOREM 3.9. A subset S C H is a Cl-subset if and only if {S)) 1s a CI-S-ring
over H.

PrOOF. Let S be an Cl-subset, A := (S} and f € Is0.6m (A, B) be an arbitrary
combinatorial isomorphism between A and some S-ring B. W.Lo.g. we may assume
that f is normalized. Let S = |J,c; S; be a decomposition of S into basic sets of
A. Then Cay(H,S;)) = Cay(H,S!") and Cay(H,S)/ = Cay(H,T), where T =
Uier s! ", Since S is a Cl-subset, there exists g € Aut(H) such that T = §9.
Therefore fg=! ¢ Aut(Cay(H,S)). By Theorem 3.7, f¢~! € Aut(A), implying
RU9™)" = R for each R € Basic(4). Since fg~' is normalized, B9 = R
implying that R/ = R/ = R9 for each R € Basic(A), as desired.

Assume now that A := {(9)) is a CI-S-ring and let Cay(H,7’) be a Cayley graph
isomorphic to Cay(H,S). Let f be an arbitrary isomorphism between Cay(H,S)
and Cay(H,T), i.e., Cay(H,S)! = Cay(H,T). Then, by Theorem 3.7, f is a combi-
natorial isomorphism between the S-rings A and B := {T)}. Since A is a CI-S-ring
there exists g € Aut(H) such that fg~! € Aut(A). Then R/ = RY holds for each
R € Basic(A) and our claim follows easily from part (3) of Theorem 3.7. 0

The following result is a direct analogue to Theorem 2.1:

THEOREM 3.10. An S-ring A over a group H is a CI-S-ring if and only if any
two regular H -isomorphic subgroups of Aut{A) are conjugate in Aut{A4).

We shall say that an algebraic isomorphism f : A — B is induced by a
group automorphism if there exists a group automorphism ¢ € Aut(H) such
that T/ = T¥ for each basic set T of .A. The following claim is a direct consequence
of the definition of an CI-S-ring and gives a sufficient condition for being a CI-S-ring
which easily can be verified.

THEOREM 3.11. Let A be an S-ring over a group H. Assume that for every
S-ring B € QH algebraically isomorphic to A each algebraic isomorphism f €
15001 (A, B) is induced by a group automorphism. Then A is a CI-S-ring.

3.5. S-rings and permutation groups. As we have seen before, the auto-
morphism group of a Cayley graph Cay(H, S) contains the subgroup Hy which is
a regular subgroup of the symmetric group Sym(H). Consider an arbitrary group
G < Sym(H) which contains Hg as a subgroup. Let {e} = T4, T, ..., T, be all the
orbits of G.. The vector space spanned by the simple quantities T; (¢ € {0,...,7})
is called the transitivity module of G and is denoted by S(H,G.). The following
result was proved by 1. Schur in 1933.

THEOREM 3.12 ([85, Theorem 24.1]). The transitivity module S(H,G.) is an
S-ring over H.

Not every S-ring is the transitivity module of some permutation group. An
S-ring which is the transitivity module of some group G, Hg < G < Sym(H), is
called a Schurian S-ring ([73]).

Let ® < Aut{H) be an arbitrary subgroup. The group G := H x & acts on H
by the following rule: z(®#} = &¥h. Since G contains Hg, the transitivity module
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S(H,G,.) is an S-ring. The basic sets of this S-ring are exactly the orbits of & on
H. It may be characterized as the subspace of QH which consists of all elements
fixed by . We denote this S-ring by S(H, ®).

The connection between permutation groups and Schur rings is reflected in the
following theorem.

THEOREM 3.13. Let A and B be arbitrary S-rings over a group H and let G
and K be arbitrary overgroups of Hr in Sym(H). Then
(1) ACB = Aut(A) > Aut(B),
(2) G< K = 8(H,G.) 2 S(H, K.),
(3) AC S(H, Aut(A).),
(4) G < Awt(S(H,G,)).

This statement describes a Galois correspondence between S-rings over H and
overgroups of the regular permutation group Hp in Sym(H). It is a particular
case of a Galois correspondence between coherent configurations and permutation
groups [23, 25]. Theorem 3.13 implies that an S-ring A is Schurian if and only if
A= S(H,Aut(A).).

3.6. An example. In this subsection we show by example how to use S-ring
theory for proving that a certain group is a Cl-group. We take the quaternion
group Qs which is known to be a Cl-group (see, for example, [54]). We use the
standard notation for the elements of Qg : 1,i,j,k, ~1, —i, —i, —k where i? = |2 =
k? =ijk = —1.

The complete list of all S-rings over (Jg can be found e.g. by the computer
package COCO {24]. There are 24 non-trivial S-rings over (g which are spread into
10 Cayley-isomorphism classes. We give a list of representatives of these classes:

To = {1}, Th = {-1}, To = {k,~k}, Tz = {i, ~i,j, —j}
As = (To, Th, T, Ty)  with

Ty = {1}, Th = {-1}, To = {i,i,k}, T3 = {~i, -}, —k};
Ay = (Ty, T\, Tp) with To={1}, Ty = {k,~1,—k}, T = {i,j, —i, —j};
Ag = (T, T, T) with Ty ={1}, Ty = {~1}, T2 = {i,j, k, —i, —j, =k}
Ag = (Tp,Th) with Ty = {1}, Ty = {~1,i,j,k —i,—j,—k};
«410 =QQ8«
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Our goal is to show that each S-ring in the list is a CI-S-ring. By Theorem 3.11 it
is sufficient to show that each algebraic isomorphism between two S-rings is induced
by a group automorphism. Thus we have to study algebraic isomorphisms between
the enumerated S-rings. Two algebraically isomorphic S-rings not only have the
same number of basic sets, but also have the same multisets of basic set cardinalities.
Using this observation we can easily find that all S-rings .4; — A, are pairwise non-
isomorphic algebraically. Thus each algebraic isomorphism between two S-rings is,
in fact, an algebraic automorphism of one of the S-rings A;, ¢ = 1,...,8. There
are S-rings the non-trivial basic sets of which are of distinct cardinalities (S-rings
As, Az, Ag, Ag); Ayg is a trivial S-ring and therefore it is an CI-S-ring. Therefore
their groups of algebraic automorphisms are trivial and the corresponding S-rings
are CI. We consider the remaining cases.

S-ring A;: There is only one basic set X which satisfies X? = Ty, namely T.
Therefore Tgf =T, for each f € Aut,gA;. Analogously, the equation X 2 =T, has
two solutions: T and T3. Hence {Ty, T3}/ = {T1, T3} for every f € Aut,,A;. As we
mentioned before, an algebraic automorphism preserves the cardinality of basic sets.
Therefore {Ty,Ts}/ = {T41,Ts} and, finally, AutegA; < {1,(13),(45), (13)(45)}.
On the other hand, a direet check shows (Auteg,A1)* = {1,(13), (45), (13)(45)}.
By Theorem 3.11, A; is a CI-S-ring.

S-ring A;: Since T is the unique non-trivial basic set of cardinality 1, T{ = T
for each f € Auty,A;. Tb is the unique symmetric basic set of cardinality 2.
Therefore T{ = T, for each f € Autgg Ay Thus Aoty Ay < {1,(34)}. Together
with (Autce,A2)* = {1,(34)} we obtain that 4 is a CI-S-ring.

In the same fashion one can show that every S-ring in our list has the property
(AutegyAi)* = AutygA;,i = 1,...,10. Thus, by Theorem 3.11, every S-ring over
Qs is a CI-S-ring and, therefore, Qg is a Cl-group.

4. Schur rings over a cyclic group

In order to avoid confusion between addition in the group algebra and addition
in Z,, we shall use multiplicative notation for the cyclic group of order n. Thus C,,
will stand for a cyclic group of order n, the identity element will be denoted by e,
and by gg we denote a generator of the group. The automorphism group of C,, will
be identified with Z; = {x € Z, | ged(x,n) = 1}, where the action of m € Z;
on C, is defined by g — ¢g™. If X = 3 gec, Tgg is an arbitrary element of QC,,
then for an integer m let X("™ denote the element 5 geC, Tad™ The mapping
X — X{™) is bijective if and only if ged(m,n) = 1. For T C C, and an integer m
let 70 .= {t™ | t € T}. If ged(m,n) = 1, then TV = TU™. For an arbitrary
subset S C (,, we define two groups: Sta, (S) = {g € C, | g5 = S} < C,, and
Sta, (S):={meZ; | S =S} <Z:.

4.1. Classical results. The first result about the structure of S-rings over a
cyclic group was obtained by 1. Schur in 1933.

THEOREM 4.1 ([77]). If n is not prime, then each non-trivial S-ring over C,
1§ tmprimitive.

If n is prime, then each S-ring over C,, will be primitive. The classification
of all S-rings over a cyclic group of prime order p can be easily obtained (see the
references in Section 7).
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THEOREM 4.2. Let p be a prime number. Then each S-ring over C,, coincides
with §(Cp, ®) for some & < Z7,.

The following statement is very useful for the study of S-rings over cyclic groups.

PROPOSITION 4.3. (85] Let A be an S-ring over Cy,. Then, for each m € Z;,,
we have T € Basic(A) <= T'™ ¢ Basic(A).

Two basic sets § and T of A are called conjugate if there exists an m € Z},
such that 8™ = T. It is easy to see that conjugacy is an equivalence relation
on Basic(A). The set T := | J{T"™ | m € Z} is called the trace of T. Let .4
denote the vector space spanned by the simple quantities T .Te¢ Basic(.4). Since
A=4ANnS (Cn,Z2), A is an S-ring over C,, which is a fusion of A. An S-ring is
called rational (or an S-ring of traces) if A= A.

4.2. Algebraic isomorphisms between S-rings over a cyclic group. We
start with the following theorem.

THEOREM 4.4 ({64, Theorem 1.1]). Let X : A — B be an algebraic isomor-
phism between two S-rings A and B over C,, and let T be a basic quantity of A.
Then (T)* = T™ for some m € Z,.

REMARK. Notice that the exponent m may depend on the basic set 7.

As a consequence of this theorem and Proposition 4.3 we obtain:

THEOREM 4.5. (|64, Theorem 1.1]) Any two algebraically isomorphic S-rings
over C,, coincide.

Theorem 4.4 and Theorem 4.5 imply the following theorem.

THEOREM 4.6 ([64]). Let A= (Ty,....,T;) be an S-ring over C,, and let
A : Basic(A) — Basic(A) be an algebraic automorphism of A. Then for every
T € Basic(T) there exists my € Z?, such that T* = T(m7),

Thus each algebraic automorphism of A is uniquely determined by the data
(MmT)reBasic(4) but not vice versa, since each m7 may be replaced by any product
myc with ¢ € Sta,(T). On the other hand, an arbitrary choice of (m7)regasic(a)
may not correspond to a combinatorial automorphism of A, since there may be
some dependencies between the exponents my. To show the simplest connections
between the exponents we need the following statement.

LEMMA 4.7 ([64, Prop. 3.1]). Let f be an algebraic automorphism of an S-ring
A over C,,. Then for every simple quantity T € A and m € Z;, we have
(1) (@) = (T,
(2) Sta.(T7) = Sta.(T) .

For din, let (C,,)y denote the set of all elements in C,, of order n/d. Given
S C (), we define the layer
(S)g:=8N{Cy)a.

LEMMA 4.8 ([69]). Let f be an algebraic automorphism of an S-ring A over
C,. Then for each d|n there exists an my € Z such that T/ = Tma) for gll
T € Basic(A) with (T)g # 0.
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PRrooF. Fix an arbitrary T € Basic(A) with TN {(C},)q # @. By Theorem 4.6
we know that T/ = T("7) for some mp € Z%. If T and T” are two basic sets of A
which intersect non-trivially (C}, )q, then there exists an m € Z* with T NT’ # @.
Therefore T/ = T(™). By Lemma 4.7, T' = (TU")/ = (T1)(™) = (Ttm)(m) =
Tmrm) = Tlmmz) — 7/0")  Thys we can choose my i= mp. O

5. Application of Schur rings to the isomorphism problem for circulants

5.1. Proofs of Zibin’s and Toida’s conjectures.

THEOREM 5.1 (ZIBIN’S CONJECTURE {69]). Let Cay(Ch, S) and Cay(Cr, R) be
two isomorphic circulant graphs. Then for each d|n there exists my € Z}, such that

($)7™ = (R)a.

Proor. Let f : €, — C, be an isomorphism between the Cayley graphs
Cay(Cr,S) and Cay(C,,R). Then, by Theorem 3.7(1)-(2), f is a combinatorial
isomorphism between {(S% and (R} which induces an algebraic isomorphism f*
between Bg := Basic({S)) and Bg := Basic({(R)). By 3.7(3) we have R = | J{T/" |
T € Bgand T C S}. Therefore

(Rl = | M7/ n(Ch)a|T€Bsand T C S}
W | Tt 1 (Co)a | T € Bs and T C S}
= JUTN(Co)a)™ | T €Bs and T C S}
= | H@TN(Cr)a)™ | T €Bs, T CS,TN(Cn)a# 0}
| (TN (C)a)™ | T € BS, T C S, TN (Ca)a #0)

- (U{ (TN(Co)a) | T€Bs, TCSTN(Cn)a # @})md}

= .

O
Since Toida’s conjecture is a partial case of Zibin’s conjecture, the above result
implies the following:

THEOREM 5.2 {TOIDA’S CONJECTURE). Ewery S C 2! is a Cl-subset of Z,,.

Another class of Cl-subsets of the cyclic group is described in the following
statement which is a direct consequence of Theorem 4.6.

THEOREM 5.3. If a subset T ¢ C,, is a basic set of some S-ring over C,,, then T
is a Cl-subset. In particular, this is true if the circulant Cay(C,, T') is arc-transitive.

REMARK. It was shown by C.H. Li [57] that an arc-transitive circulant graph
Cay(C,,T) is a Cl-graph. His proof is purely group-theoretical and relies on the
classification of finite simple groups.

5.2. Isomorphism problem for double-loop circulants. As an illustra-
tion of the previous results we shall solve the isomorphism problem for a special
class of circulant graphs, so-called double-loop circulants. Following [82] a double-
loop circulant graph is (in the original additive notation) a circulant Cay(Z,, S)
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with S = {a, —a,b,—b}, |S| = 4. The isomorphism problem for double-loop circu-
lants was considered in several publications [26, 60, 62]. It was shown in [26] that
S is a Cl-subset of Z,,. We give a short proof of this result based on S-ring theory.

THEOREM 5.4. Every 4-element subset S = {a,—a,b,—b},|S| = 4 of Zy, is a
Cl-subset.

Proor. First we switch to the multiplicative notation. Let H = C,, S =
{a,a=1,b,b7'} and A := ((S)). Without loss of generality we may assume that the
graph Cay(C,,S) is connected. If S is a basic set of A, then S is a Cl-subset by
Theorem 5.3. Assume the contrary, i.e., let S be a union of at least two basic sets.
By Theorem 3.9 we have to show that A is a CI-S-ring. The simple quantity S
belongs to the vector space B := Spang{g + g '] geC,}. Since B=S8(C,,®) for
® = {1,-1} < Z, it is a Schur ring over Cy,. Therefore A C B and each basic set
of A is symmetric. But there is a unique way to split S into a union of symmetric
subsets of C,: S = {a,a='} U{b,b~'}. Therefore A := {a,a™'} and B := {b,b"'}
are basic sets of 4. Since the graph Cay(C,, S) is connected, (a,b) = C,,.

To prove that A is a CI-S-ring it is sufficient to show that each algebraic
automorphism of A is induced by some automorphism of C,. Let A be an algebraic
automorphism of A. Then by Theorem 4.6 there exist m,,my € Z;, such that
A* = Alma) B* — B(™)  We have to show that there exists an automorphism
m € Z* such that A{™a) = A(™) and B{™») = B(™)_ Since the group (a, b) is cyclic,
the automorphisms = — z™=, x € (a), and z — 2™, z € (b}, are induced by an
automorphism of {a, b} if and only if they agree on the intersection F' = (a) N (b).
Thus we have to show that the automorphisms m, and m; may be chosen in such
a way that their restrictions to F' induce the same automorphism, i.e., 2™ = g™
for each z € F. Let s,t be natural numbers such that f := a®* = ' € F and f
generates F'.

The elements A%, B®*) (k > 1) satisfy the recurrences AA®) = A(k-1 4
A+ BBk = Blk—=1) L B(k+1)  Therefore, by induction on k, we obtain

(AN = (AR)y(ma)
(BN = (B(k))(me)
In particular,
(@' +a ") = (a* +a~H)0m),
and
(bs + b—S)/\ — (bs + b—S)(mb).
Together with
(at + a—t)/\ — (bs +bfs)/\
we obtain b*™ € {a'™,a"'™}. Replacing m, by —my, if necessary, we obtain
b*™e = a!™e or, equivalently, f™e = f™. Since m, and m,; agree on the inter-

section {a) N {b), there exists an m € ZZ such that the restrictions of m onto the
subgroups {(a), (b) coincide with m, and m, respectively. g

5.3. Solution of the isomorphism problem for Zg . In previous subsec-
tions we dealt only with necessary conditions for being a ClI-subset. Here we shall
apply S-rings to get a solution for the isomorphism problem for a particular cyclic
group, namely the cyclic group of order 8. In this subsection, instead of Cy we use
the additive notation Zg for the cyclic group.
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We start with a complete list of S-rings over Zg which was obtained in [32, 33,
44]. Tt contains the following S-rings:

Ay =(Ty, Ti, o) with To={0}, T} ={1,2,3,4,5,6,7};

Ay =(Ty, T1, o) with Tp={0}, Ty ={1,3,5,7}, To = {2,6,4};

As = (To, Ty, Tp) with Ty = {0}, Ty = {1,3,5,7,2,6}, To = {4};

Ay =Ty, Ty, Ty, Ts) with Ty = {0}, Ty = {1,3,5,7}, To = {2,6}, Ts = {4} ;

-Aﬁ = <T07 Tla T?t T3a T4: T5> with

T{) = {0}7 T = {1,5}, T2 = {3,7}, Tg = {2}, Ty = {6}’ T5 — {4};
A7 = <TQ? Tl: T27 T31 T4> Wlth

AS = <T0’ Tl) TQ» TS, T4> with

Ty = {0}1 Ty = {113}> Ty = {53 ?}a T3 = {2’6}3 Ty = {4}7
Ag = (Ty, T, Ty, T3, Ty) with

TO = {0}- TI = {177}3 TZ = {375}7 T3 = {236}‘ T4 = {4}1
A =QZs .

Our goal is to find all non-CI-S-rings among this list. We shall use the sufficient
condition formulated in Theorem 3.11 which means that we have to study algebraic
isomorphisms between the enumerated S-rings.

First we note that A, and A are CI, since they are trivial S-rings. By The-
orem 4.5 two distinct S-rings over Zg are pairwise non-isomorphic algebraically.
Therefore, each algebraic isomorphism between two S-rings is, in fact, an algebraic
automorphism of one of the S-rings A;, i =1, ..., 10.

Let now A be one of the above S-rings and let f be one of its algebraic au-
tomorphisms. Since Tg == Ty and f preserves the cardinalities of basic sets, those
S-rings where all non-identical basic sets have distinct cardinalities have a trivial
group Autg,A, and, therefore, are CI-S-rings. This excludes S-rings A; — .44 from
being non-CI-S-rings.

The S-rings A7, Ag, Ag have a unique non-trivial basic set of cardinality one:
{4}. Therefore {4}/ = {4} for each f € AutygA. Furthermore, {2,6} is the unique
symmetric basic set T of A which satisfies T+ T = {4}. Therefore {2,6} = {2,6}
for each f € AutggA. Thus each algebraic automorphism of A fixes Ty, T3 and Ty.
Thus either it is trivial or it swaps 7} and 75. In both cases it is induced by a
group automorphism of Zs.

Thus Ag is the remaining candidate for a non-Cl-S-ring. Take an arbitrary
f € AutggA. Since Ty and Ty are the only basic sets which satisfy the equation
X+ X+ X =Ty, either T3f =Ty, T4f =T, or T{ = Ty, T4f = T3. As f preserves the
cardinalities of basic sets, {T},T»} and {T4, Ty, T3] are f-invariant sets. Combining
these results we obtain that f must be one of the following four permutations:
id,(3,4), (1,2), (3,4)(1,2). A direct check shows that each of this permutations is
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an algebraic automorphism of Ag. The automorphism group of Z, contains four
permutations  + z, £ — 5z, £ + 3z, £ — Tz. Each of these permutes the
basic sets of Ag, and, therefore, induces an algebraic automorphism of Ag. The
first two permutations act trivially on {7y, 11,...,75}. The two others induce the
permutation (3, 4}(1, 2). Therefore the algebraic automorphisms (3, 4) and (1, 2) are
not induced by a group automorphism. If they are not induced by a combinatorial
automorphism, then 4g also would be a CI-S-ring. In fact, it is sufficient to check
one of them, say (3,4). So we are faced with the following question:
Does there exist a permutation g € Sym(Zz) such that

Cay(Zs,T1)? = Cay(Zs, T1), Cay(Zs,T2)¢ = Cay(Zs, T3),
™) Cay(Zs, T5)? = Cay(Zs,Ty), Cay(Zs,Ty)® = Cay(Zs,T3),
Cay(Zsg, T5)9 == Cay(Zg,T5)?

It turns out that the answer to this question is affirmative! Each element x € Zg has
a unique presentation in the form z = x¢ + 22, where zo € {0,1}, z; € {0,1,2,3}
and all arithmetic is done modulo 8. Define the permutation g € Sym(Zsg) as follows
(zo + 2x1)9 = T30 + 67,. A direct check shows that g satisfies (*) | Thus 44 is not
a CI-S-ring. To build a non-Cl-subset it is sufficient to find a union of basic sets
of Ay which generates the whole S-ring. For this purpose we can examine the list
of S-rings over Zg. The set S = T3 UT; = {1,5,2} does not appear as a union of
basic sets of any S-ring except Ag. Therefore {(S)) = Ag. Using Theorem 3.9 we
obtain that {1,5,2} is a non-Cl-subset. It should be mentioned that {1,5,2} was
the first known example of a non-Cl-subset of a cyclic group ([21]).

Our detailed analysis of S-rings yields the complete solution of the isomorphism
problem for Zg. In fact, any two isomorphic circulants on 8 points are either
conjugate by a multiplier or an isomorphism between them may be realized as a
product of g (as defined above) and a multiplier from Zj.

6. Schur rings and association schemes

S-rings were introduced by I. Schur in a purely group-thecretical way. Much
later it was understood that S-rings are a special case of more general combina-
torial objects known as association schemes. The aim of this section is to give a
short introduction to the connection between these two objects. We start with the
definition of an association scheme.

Let X be a finite set. A set R = {Ry,..., R,} of binary relations forms an
association scheme on X ([8]) if it satisfies the following conditions

ASl. Ry =Ix, and X?> = RgU...UR, is a disjoint union;

AS2. V0<i<r30<¢ <r:R] =Ry}

AS3. For each triple 4,4,k € {0,...,r} and arbitrary (u,v) € Ry the cardinality
pk; of the set {y € X | (u,y) € R; and (y,v) € Ry} depends on the triple
(i, 7, k) only and does not depend on the choice of the pair (u,v) € Ry.

The numbers pfj are called the intersection numbers of the association
scheme (X,R). The relations Ry are called basic relations of the association
scheme. The (di)graphs I'; = (X, R;) are called basic graphs of the association
scheme.

The Bose-Mesner algebra of an association scheme (X,R) is the matrix
algebra W the basis of which consists of the adjacency matrices A; of the graphs

SHere BT = {{y,2) | (z,y) € R}.
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T;, i € {0,...,r}. This basis of adjacency matrices is called the standard basis of
the Bose-Mesner algebra.

The automorphism group Aut{W) of an association scheme W = (X, R) is
defined as the intersection of the automorphism groups of all basic graphs I';.

Every S-ring A = (Tp,...,T;) over a group H yields an association scheme
on H the basic relations of which are the Cayley graphs Cay(H,T;), i € {0,...,7}.
We shall denote it by As(A} = {(H;{Cay(H,T})}}.o). A direct check shows that
the structure constants of As{4) coincide with the structure constants of 4. A
combinatorial isomorphism between S-rings as introduced in Section 2 is a par-
ticular case of an association scheme isomorphism. More precisely, two S-rings
A= (Ty,...,T;) € QH and B = (Sy,...,S;) € QF are combinatorially isomor-
phic if and only if the correspounding association schemes are isomorphic in the usual
way. It is well-known that the automorphism group Aut{A) as defined in Section 2
coincides with the automorphism group of the association scheme As(A). As we
have seen before, Aut{.4) contains the subgroup Hpg, the right regular representa-
tion of the group H. Thus Aut{As(.A)) contains a regular subgroup isomorphic to
H. This property characterizes the S-rings among the association schemes. Let
(X,R) (R = {Ry,...,R-}) be an association scheme on a set X. We say that
(X,R) is a Cayley association scheme over a group H if Aut{R) contains a
regular subgroup isomorphic to H.

Let (X,R) be a Cayley association scheme, let H be a regular subgroup of
Aut(X,R)and let x € X be an arbitrary point. We define the Schur projection
of a basic relation R; € R on H at x € X by

Spry . (R:) :={h€ H|(z",2) € R;}
Let T; := Spry .(R;) for i € {0,1,...,7} . Then the following properties are
easy to check:
(1) {Ty,...., o} is a partition of H with Ty = {e};
(2) TR = R, then T; = T} V;
(3) Spry . (R;) = h—lspfﬁ,z(Ri)h-
Every y € X is of the form z" for some uniquely determined h € H. Thus by (3),

if H is abelian, then Spry,; .(R;) does not depend on the choice of x € X.
The following theorem follows directly from the definitions.

THEOREM 6.1. The vector space A = (Ty,...,T;) is an S-ring over H. The
association schemes (X, R) and As(A) are isomorphic [as association schemes).

Moreover, the above S-ring has the same structure constants as {X, R} does:

-
LT =) 5T
k=0
In many cases the automorphism group of (X, A) may contain more than one
regular subgroup. The following result is a direct analogue to Babai’s Theorem 2.1.

THEOREM 6.2. Let (X, R) be a Cayley association scheme and let H, K be two
regular subgroups of Aut(R). Then the Schur projections of (X,R) on H and K
are Cayley isomorphic if and only if H and K are conjugate in Aut(R).

Finally it should be mentioned that association schemes are a particular case of
coherent configurations introduced by D. Higman [36, 37]. The shortest way to
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define them is to drop the requirement that the diagonal relation is one of the basic
relations of a scheme. Equivalent algebraic objects known as cellular algebras
were introduced by B. Weisfeiler and A. Leman [83, 84].

7. Concluding remarks

7.1. Circulant matrices. Circulants have a long history. One of the first
references is attributed to a paper by E. Catalan in 1846. In the 19th century, the
theory of circulants was developed within the origins of matrix theory and especially
determinants theory. The book [17] by Ph.J. Davis gives a vivid description of the
place of circulants in matrix theory from the beginning of the century to the 1970’s.
It also introduces the reader to the powerful methods of spectral analysis of circulant .
matrices. These methods may be reformulated in modern terms of the so-called
second standard basis in commutative coherent algebras, cf. [6, 25].

7.2. Different approaches to Adam’s conjecture. It is worth mentioning
that the dates of the publications sometimes do not give exact attribution to the
time when the corresponding result became known to experts. For example, [29]
and [72] were available as preprints many years before the corresponding papers
appeared, results of [46, 43] were reported in [45], etc. (We refer to the final note
in [5], which cites already in August 1977 several of the above-mentioned results.)

7.3. Conjectures of Zibin’ and Toida. The authors are much obliged to
D.K. Zibin’ {(Riga) — an expert in technical cybernetics —, who attracted the at-
tention of Klin and Pdschel to the isomorphism problem of circulant graphs. The
computer experiments, arranged by him and his colleagues have played a very s-
timulative role. In fact, his conjecture was formulated on a less rigorous level, as
an empirical observation based on the analysis of the experimental results. Toida’s
conjecture was independently considered and attacked in [15] by C.Y. Chao. How-
ever, the proof of the conjecture presented there contains a gap, namely: in the
proof of the main result the author wrote (page 95, line 2) that, w denoting the
n-th root of unity, w®, w?,...,w™ ! are linearly independent over Q contrary to the
well-known identity w® + w! + ... + w?~! = 0. This error makes the whole proof
incorrect.

7.4. Schur rings. Schur’s method as a tool in group theory was known to
experts for a long time due to its detailed presentation in [85, 50, 78]. As a combi-
natorial tool, it is still unpopular and has the reputation of a “heavy technique” (cf.
[41]). One can mention a number of publications, where Schur’s methodology was
rediscovered, for example in the framework of the description of strongly regular
circulant graphs (partial difference sets over cyclic groups) [61]. In the encyclopedi-
cal monograph [12], objects equivalent to S-rings are called translation association
schemes.

Theorem 3.1 was implicitely used by many authors, see for example [11, 18].
In explicit form it was formulated in [63].

7.5. Circulants with a prime number of vertices. In explicit form all
S-rings over Z,, p a prime, were first described in [73]. Much earlier, in 1965,
B. Gordon introduced in [34] a-partitions of a group H, which are equivalent to
S-rings. He also determined all a-partitions over Zj.
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Chao used the method of Schur rings in [13] as a tool for the classification of
vertex-transitive graphs. J. Turner in [81] proved Adam’s conjecture for p-vertex
circulant graphs (though the conjecture itself is not mentioned in this paper). There
is a number of other interesting publications (see for example references in [42]
which are devoted to the circulants with a prime and a prime-power number of
vertices), however their consideration does not fit the framework of our survey.

7.6. Schur rings over cyclic groups. The problem of complete enumeration
of S-rings over the cyclic group of order n was first raised in [73], see also Chapter 8
of the book [74] (this chapter was written jointly with Klin). Although the isomor-
phism problem of circulants was the main application of S-rings, the enumeration
problem was also studied as an interesting combinatorial problem by itself. The
first enumeration results were obtained by M. Klin, Ja. Gol'fand, N. Naimark and
R. Poschel during 1974-85 in {73, 46, 74, 32, 44, 33]. They gave a complete list
of all S-rings over Z,, if n is a prime power or a product of two distinet primes.
Their results were used for a solution of the isomorphism problem for circulants. All
S-rings over Z,, for several small values of n were enumerated by V.A. Zaichenko in
[87], using a computer. The results of an attempt to enumerate all S-rings over Z,
where n is a product of three distinct primes were reported in [28]. The rational S-
rings over the cyclic group of square-free order were classified Ja. Gol'fand in 1985
([31]). This result was generalized by Muzychuk for a cyclic group of arbitrary
order, [63]. All S-rings over the cyclic group of square-free order were classified
by Muzychuk in 1993, see [65]. It should be mentioned that although the latter
classification was not used directly for proving the corrected Adam’s conjecture,
the Schur ring theory was an important ingredient of its proof.

A beautiful survey of some results on enumeration of S-rings is presented in
[61]. An important classification result about Schur rings over a cyclic group was
obtained in [52, 53]. It claims that each S-ring over Z, is either a tensor or a
so-called wedge product of two S-rings over ¢yclic groups of smaller orders. We are
not aware of any attempts to apply these results to the study of the algebraic and
combinatorial isomorphisms of Schur rings.

7.7. Isomorphism criteria for circulant graphs. Just a few results are
known in the case where Adam’s conjecture is not true. Klin and Pdschel presented
in [45, 46, T4, 47] isomorphism criteria for n = p?, p a prime. The proof is based
on the following “complete scheme”:

e enumeration of S-rings,

» description of the automorphism groups,

o finding the normalisers of the automorphism groups in the symmetric group,
e formulation of an isomorphism criterion.

In {43)] necessary and sufficient isomorphism conditions for p™-vertex circulant
graphs, p an odd prime, were obtained on the base of the classification of S-rings
in [73]. In all these papers the multiplier approach was used.

7.8. Multipliers. It turns out that the multiplier approach can be used as a
universal tool for the classification of combinatorial objects with cyclic symmetry.
The main idea of the multiplier approach may be formulated as follows. If two cyclic
objects are not conjugate by one multiplier, then we may take a set of multipliers
and use them to construct an isomorphisin between these objects which will be a
local multiplier isomorphism, i.e. a multiplier isomorphism on each “section” of Z,,
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{of course, the notion of section must be rigorously defined simultaneously with the
exact definition of a combinatorial object). This idea was successfully implemented
for cyclic codes in [39, 40]. Concerning circulant graphs, this approach was used
in {2, 43]. It follows from Theorem 5.1 that the layers of the connection sets of two
isomorphic circulants are conjugate by multipliers. The main problem now is to find
necessary and sufficient conditions which allow us to reconstruct an isomorphism
between the graphs from a list of multipliers. Another approach to the isomorphism
problem for cyclic combinatorial objects was suggested in [68, 70] in the framework
of so-called solving sets.

A very surprising fact is that the origins of this method go back to the beginning
of the century (S. Bays, P. Lambossy}, when it was used for the isomorphism testing
of circulant Steiner systems.

7.9. The isomorphism problem for Cayley graphs. As already men-
tioned, the isomorphism problem for circulants is a particular case of the general
isomorphism problem for Cayley graphs. The main open problem in this area is to
classify all CI-groups. During the last decade C.H. Li and his colleagues, using the
classification of finite simple groups, made significant progress towards a complete
solution of the problem. They found a very narrow list of groups which still remain
as candidates for being CI. The main problem now is to check which of these groups
are really CI. In general, it is a rather hard problem to show that a concrete group
is a Cl-group. In almost all known cases the proof of being CI either essentially
exploits S-ring theory or may be simplified by using calculations in S-rings. For
this reason, we are sure that a combination of group-theoretical techniques with
S-ring theory will be helpful in order to make a further progress in the area.

7.10. Coherent algebras. Coherent (cellular) algebras from the beginning
were considered by representatives of the Soviet school as a tool for the solution
of the isomorphism problem for all graphs. The minimal coherent algebra W{A)
which contains an adjacency matrix A of a given graph I' is a source of various
important invariants of I'.

In [71] coherent algebras together with S-rings are used for the solution of
the recognition problem for circulant graphs with prime number of vertices. We
refer to |48, 49] for the description of other applications of coherent algebras in
isomorphism testing.

7.11. Towards further progress. One can modify the “complete scheme”
{see Subsection 7.7} proposed by Klin and Péschel in order to make it suitable for
a solution of the isomorphism problem for Cayley graphs over an arbitrary group.
In the original “complete scheme” approach we enumerate all S-rings over a giv-
en group. But for the Cayley graph isomorphism problem we need only Schurian
S-rings. This observation together with rather elementary group-theoretical ar-
guments lead sometimes to an essential reduction of the enumeration part. For
example such ideas led to a proof that Z3 is a CI-group [38].
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