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Abstract

Non-CI self-complementary circulant graphs of prime-squared order are
constructed and enumerated. It is shown that for prime p, there exists a
self-complementary circulant graph of order p? not Cayley isomorphic to its
complement if and only if p = 1 (mod 8). Such graphs are also enumerated.
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1 Introduction

1.1. Outline. Self-complementary graphs are combinatorial objects that have
been attracting a great attention of numerous researchers. Recently, several
results were obtained for self-complementary circulant graphs, see for exam-
ple [1, 2, 4, 6]. In the present paper we act in the same direction. For prime-
squared orders n = p?, by using a natural and simple construction and a known
isomorphism theorem we describe a new family of self-complementary circulant
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graphs, called non-CI, and count their number. Here CI stands for Cayley iso-
morphic: a circulant graph I is said to be CI (or one-multiplier equivalent) if for
any circulant graph I'" isomorphic to I, there is an isomorphism between them
which is induced by an automorphism of the underlying cyclic group. Such an
automorphism can be identified with the multiplication by a number prime to
the order.

We show that exactly in the case when p — 1 is divisible by 8, there exists a
strongly non-CI self-complementary circulant graph of order p?, that is, one in
which no isomorphism with its complementary graph is induced by an automor-
phism of the underlying cyclic group (Theorem 3.5). In the literature (see for
example [2]), such an isomorphism is sometimes called Adam complementarity.
We will use the term self-complementing multiplier. Finally, all such graphs with
p? vertices are counted exactly (Theorem 4.4 and formula (15)).

These considerations can be easily extended to arbitrary (admissible) orders
by using composition (called also wreath product) of circulant graphs. In this
case, however, the results are not exhaustive.

It is worth stressing that only a very small fraction of self-complementa-
ry circulant graphs (and circulant graphs in general) are non-CI. For example,
calculations by formulas obtained in [6] show that there exist 56,385,212,104 non-
isomorphic self-complementary circulant graphs of order 13% = 169, and only 4
of them are non-CI. The corresponding numbers of all circulant graphs of order
169 and valency 84 are 21,524,493,412,979,864,466,188 and 16, respectively.

Our approach can be easily applied to self-complementary circulant digraphs.
In particular, it turns out that strongly non-CI self-complementary circulant
digraphs of order p? exist if and only if 4 divides p — 1, and strongly non-CI
circulant tournaments do not exist (see the extended preliminary version of the
present work [11]).

After the present paper had been submitted for publication we learned about
the paper [5] by Jajcay and Li containing the same result on the existence of
strongly non-CI self-complementary circulant graph of order p? (announced also
in the survey [9]). The authors call them not SC-Cl-graphs and use the same
main construction.

1.2. Connection sets and multipliers. For undefined notions we refer to [6].
Given a positive integer n, we denote Z,, := {0,1,2,... ,n—1}and Z, := Z, \ {0}.
Z; stands for the set of numbers in Z,, relatively prime to n. It is an abelian
group with respect to multiplication. In the sequel, all arithmetic operations are
regarded modulo n unless otherwise stated.

A graph (digraph) will mean a finite undirected (resp., directed) graph without
loops and multiple (directed) edges. Graphs may be considered as symmetric
digraphs, i.e. consisting of pairs of oppositely directed arcs. A (di)graph is
called self-complementary if it is isomorphic to its complement in the complete
(di)graph.



An n-(di)graph means a graph of order n, i.e. a (di)graph with n vertices. By
default, the set of vertices is assumed to be Z,,.

A circulant (di)graph of order n, or simply a circulant (or an n-circulant) is
a (di)graph I' on Z,, for which the cyclic permutation (0,1,2,...,n —1) is an
automorphism.

The connection set X = X(I") C Z!, of a circulant (di)graph T is defined to be
the set of all vertices adjacent to the vertex 0. The set X completely specifies I':
two vertices a, b € Z,, are adjacent if and only if a — b € X. Correspondingly, we
write I' = I'(Z,,, X), or simply I' = I'(X). The circulant graph I'(X) is undirected
if and only if X is symmetric, that is, X = —X where =X :={—a | a € X}.

The following simple statement plays a key role in the theory of circulants:
If the connection sets X and X' are one-multiplier equivalent, i.e. if

X' =mX (*)

for some integer m prime to n, then the n-circulant (di)graphs T'(X) and T'(X’)
are 1somorphic.

Condition (*) describes the induced element-wise action of the multiplicative
group Z; on connection sets. With respect to this action, the elements of Z; are
called multipliers. The connection sets X and X' satisfying condition (*), as well
as their corresponding circulants, are called Cayley isomorphic, or CI.

If X presents a self-complementary circulant (di)graph and X" its complement,
then

XuX' =276 and XNX =10.

If the condition (*) holds for them, then m is called a self-complementing multi-
plier for X (and for I'(X)).

(*) is often referred to as Addm’s condition in view of the famous opposite
assertion conjectured by A. Adém (which, however, turned out valid only in
particular cases):

Adam’s conjecture. The connection sets of isomorphic circulant n-(di)graphs
are one-multiplier equivalent, i.e. all circulant (di)graphs of order n are CI.

1.3. Non-CI orders and admissible primes. Recently ([12], see also [14]) it
became known ultimately for which orders there exist non-CI circulant (di)graphs
(that is, Addm’s conjecture is false): these are the numbers divisible by 8 or by
a square of an odd prime for digraphs and the same numbers with the exception
of 8, 9 and 18 for undirected graphs.

On the other hand, undirected self-complementary circulant graphs exist if
and only if the order n is divisible only by primes p = 1 (mod 4), see [4, 1]. In
what follows, such numbers n will be called admissible.



2 Prime-order self-complementary circulant graphs

In this section we characterize constructively self-complementary circulant graphs
of prime order n = p. They will be used later as building blocks for non-CI self-
complementary circulant graphs of order p?.

2.1. Main construction. Let p be an admissible prime. Recall that Z is a

cyclic multiplicative group of order p — 1. Since Adam’s conjecture is valid for
prime orders, each self-complementary circulant p-graph has a self-complemen-
ting multiplier m. Therefore it suffices to construct all such graphs for every
multiplier m. This can be done by the following simple construction (it is well
known in the literature ([16, 15, 17]) though possibly in less detail).

Let m € Z; be a multiplier of order o(m) := 4k dividing p — 1. The action
of m on the set Z; gives a permutation 7, consisting of (p — 1)/4k independent

cycles of length 4k. Since m?* = —1, the permutation 7, has the form

Tm — ((1,1,&2, vy A2k, —Q1, —A2, . . ., —&Qk)(bl,bg, Ce ,ka, —bl, —bg, ey —bgk) PN

The elements of each cycle of 7, can be partitioned into two alternative parts
( “semi-orbits”) according to the “odd” or “even” positions they occupy in the
cycle. Let us arbitrarily select one, and only one, part from every cycle and
consider the union of the selected parts. Let U,, denote the set of all connection
sets obtained as such unions.

2.2. Proposition.

1. A circulant p-graph T is self-complementary with m as a self-complementary
multiplier if and only if T = T'(X) for some X € U,,.

2. The order o(m) of every self-complementing multiplier m divides p— 1 and
1s divistble by 4.

3. [U,,| = 20-D/otm),

The first two statements are well-known (see, for example, [16]). Statement 3
is evident. O

For X € Uy, let Stab(X) := {m’ | m'X = X, m' € Z}} be the stabilizer of 0
in the automorphism group Aut(I'(X)). It is of even order since it contains m’ =
—1 of order 2. Since m is a self-complementing multiplier, we have m? € Stab(X).
Moreover, the set of all self-complementing multipliers of I'(X) is just the coset
m - Stab(X) in the subgroup (m) of Z; generated by m.

The sets U, can be used to determine self-complementary circulant graph
up to isomorphism and to find their full sets of self-complementing multipliers.
To that end, several useful properties of U,, can be easily established based on
properties of cyclic groups (cf. [3]). They are formulated below.
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2.3. Interconnections between the sets U,,.
M1. U,y = U, if and only if o(m') = o(m).

M2. U,, and WU, are disjoint if the orders o(m) and o(m’) contain factor 2 in
different powers.

M3. If o(m) and o(m') contain 2 in the same power, then U,,, "U,» = U,,, where
my is a multiplier of order lem(o(m), o(m')) (least common multiple).

M4. U,y S

S U,y if and only if o(m’)/o(m) is an odd integer greater 1.

2.4. Additional properties. From properties M2 and M4, one can easily es-
tablish:

M5. Let I' = I'(X) be a self-complementary circulant graph with the stabilizer
Stab(X) of order 2k dividing Z*. Then X € WU, if and only if

m’ = m?® for some odd s where m is an element of Z; of order 4k.
Finally, we need the following easily derivable properties of the stabilizers:

M6. Let I' = I'(X) be a self-complementary circulant graph and 4k be the
greatest order of its self-complementing multipliers. Then Stab(X) is of
order 2k.

MT7. There exists a self-complementary circulant p-graph with the stabilizer of
order 2k if and only if 4k divides p — 1.

Property M7 follows directly from M5 and M6 and the fact that |U,,/| < |U,,|
if o(m) < o(m’).

2.5. Definition. Two integers k and /¢ are called 2-concordant, denoted k 2 ¢, if
they contain 2 in the same power, i.e. k = 2"a and ¢ = 2"b with some non-negative
r and odd a and b.

Now we are in position to formulate a statement most important for the
following.

2.6. Proposition. Two self-complementary circulant p-graphs I'(X) and I'(X})
possess a common self-complementing multiplier mq if and only if the orders
|Stab(X)| and |Stab(X;)| are 2-concordant.

PROOF. Let |Stab(X)| = 2"a and |Stab(X;)| = 2"a; with odd numbers a and a;.
By property M5, we have X € U,, and X; € U,,, where m and m; are elements
of orders 2"t1a and 2"'qa,, respectively. Therefore m® = m§.

Again, by M5 we conclude that mgy := m® is a self-complementing multiplier
of both T'(X) and T'(X;). The converse statement

follows directly from M2 and Mb5. a



2.7. Reduced connection sets. To simplify practical calculations, we adopt
the following agreement. It is clear that the connection sets of an undirected
circulant graph of odd order is determined by its reduced (“halved”) connection
set X == XN Z%. Therefore, all calculations modulo p can be done up to
altering the sign. Consequently, one may not distinguish between numbers a and
b whenever a = b (mod p) or a = —b (mod p). This will be denoted as a ~ b, for
instance, 8 ~ 5 modulo 13.

In the subsequent examples we will often operate with X instead of X (writing
I' = I'(X)), and with the reduced permutation ., = (ay, as, . .., asy) (by,ba, ... bay) ...
and its reduced order 6(m) := o(m)/2. To avoid ambiguity, the elements of re-
duced connection sets are enclosed in brackets: X = [a,as, .. .].

Up to equivalence, both, a connection set and its complement, present the
same self-complementary circulant p-graph. By construction, if one of them be-
longs to U,,, then the other does it too. Thus, we can additionally reduce lists
to the half by considering only the reduced sets that contain 1. Correspondingly,
let U,, := {X | 1 EX}

2.8. Example. 3 is a primitive root modulo 17, i.e. it is of reduced
order 8. A repeated multiplication of 3 by itself gives us the permutation

75 = (1,3,9,10,13,5,15,11,16,14,8,7,4,12,2,6),

so that 73 = (1,3,8,7,4,5,2,6). According to Section 2.1, the corresponding
“odd/even” partition is such: [1,2,4,8] or [3,5,6,7]. Thus, Us consists of one
connection set (containing 1). Moreover, 3, 5, 6 and 7 are all self-complementing
multipliers of the corresponding circulant, they are of reduced order 8 and 75, 7
and 77 give rise to the same partition.

Further, o = (1,2,4,8)(3,6,5,7) with the partition ([1,4] or [2,8]) and

([3,5] or [6,7]). The same partition arises for 7tg. Finally, 7, = (1,4)(2,8)(3,5)(6,7)
with ([1] or [4]), ([2] or [8]), ([3] or [5]) and ([6] or [7]).

Now, applying all possible multipliers to the constructed reduced connection
sets in order to reveal isomorphic graphs, after some calculations we obtain four
non-isomorphic self-complementary circulant graphs:



No graph self-complemen- stabilizer
ting multipliers
1 I'([1,2,4,8]) 3,5,6,7] [1,2,4,8] = (2)
I'([1, 3,4, 5])
~T1([1,4,6,7]) 2,8] [1,4]
3 I'([1,2,3,6])
=~ 1([1,2,5,6])
~T1([1,3,6,8))
=1([1,3,7,8]) [4] [1]
4 I'([1,2,3,7])
~T1([1,2,5,7])
>~ 1'([1,5,6,8])
~1'([1,5,7,8])

2.9. The Paley graph of prime order. As a by-product of the descriptions
given in Sections 2.1 — 2.4, two useful and possibly new properties of the well-
known Paley graphs P(p) can be easily deduced (P(p) is defined on the field
GF(p) as follows: two vertices are adjacent if their difference is a square).

If m is a generator of Z;, i.e. o(m) = p — 1, then by Proposition 2.2(3),

U,, contains a single connection set X,. The corresponding self-complementary
circulant graph I'(Xp) is known to be isomorphic to P(p) (see, e.g., [2]).

Definition. The minimal order of self-complementing permutations of a self-
complementary graph is called its (self-complementary) rank.

Clearly, the rank is always a power of 2 (and it is greater than 2 according to
Proposition 2.2(2)).

P1. The self-complementary rank of the Paley graph P(p) of prime order p is
equal to the maximal power of 2 dividing p — 1.

P2. P(p) is the unique self-complementary circulant p-graph having p%l self-
complementing multipliers.

For a simple proof and other details we refer to [11].

2.10. Remark on arbitrary orders. Just the same construction as in Sec-
tion 2.1 generates all self-complementary circulant graphs which are one-multiplier
equivalent (CI) to their complement for an arbitrary admissible order n. The
number of such graphs (possibly, isomorphic to each other) is greater than or
equal to QnT_l_l, where equality holds if "T_l is odd: in this and only in this case
all self-complementary circulant graphs arise from the multiplier of order 4 (by
properties M2 and M4, which are also valid for arbitrary orders). 2" 1 self-
complementary circulants have been constructed for an arbitrary order n in [2].
Thus, our construction yields additional self-complementary graphs whenever 8
divides n — 1.



3 Self-complementary p*-circulants

3.1. Layers. For composite orders, it is natural to partition the elements of con-
nection sets according to their divisors common to the order n: the layers thus
obtained are invariant with respect to the multiplicative action of Z}. For n = p?,
two layers arise:

where the 0-layer X ) is a subset of L and the 1-layer X1y = {z € X | p divides =}
is a subset of pZj.

3.2. Isomorphism theorem for p*-circulants ([7], see also [13]). Two circulant
(di)graphs T = T'(X) and T = T'(X') with n = p* vertices are isomorphic if and
only if their respective layers are multiplicatively equivalent, 1.e.

Xy =moX), X{j)=miXq, (2)
for a pair of multipliers mg, my € Z;‘Q where
mo = 1My (3)
whenever
(1 +p)X0) # X(0)- (4)

3.3. Non-CI circulants. According to Theorem 3.2, the condition
(1 +p) X = X(0 (5)

is necessary in order for I'(X) to be a non-CI circulant (di)graph. Moreover, this
condition is also sufficient whenever both layers X o) and X (1) are proper subsets
of Z;;Q and pZ;,

respectively. Clearly, this is the case for self-complementary circulants.

For non-empty Xy, condition (5) means that

X(o):{oz—l-)\-p | A=0,1,2,....,p—1; a € X,}

for some non-empty subset X, of Z. Moreover, X, is symmetric if and only if
X is symmetric. Thus, X, presents a circulant (di)graph of order p. In turn,
up to the multiple p, the layer X(;) can be considered as the connection set of a
circulant (di)graph of order p as well. Therefore any non-CI circulant (di)graph
['(X) of order p* can be presented by the pair

(X, X1) (6)

of connection sets of circulants of order p where X; := p~' Xy :{@ | me X}
p

3.4. Proposition. The mapping I'(X) — (I'(X,),T'(X1)) is a one-to-one corre-
spondence between non-isomorphic non-CI self-complementary circulant (di)graphs
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of order p* (p an admissible prime) and pairs of self-complementary circulant
(di)graphs of order p. In this correspondence, strongly non-CI self-complementary
circulant p*-(di)graphs correspond to pairs of those self-complementary circulant
p-(di)graphs which do not possess a self-complementing multiplier in common.

PROOF. If two non-CI circulant (di)graphs of order p? are isomorphic, then
they are layer-wise isomorphic by a pair of multipliers (2). It is evident that
mg defines an isomorphism between the corresponding p-circulants I'(X,) and
my defines an isomorphism between the corresponding p-circulants I'(X;). Vice
versa, non-isomorphic p2-circulants give rise to pairs of p-circulants which are
non-isomorphic in at least one of the components.

It is clear that self-complementary circulant (di)graphs of order p? correspond
to pairs of self-complementary circulant (di)graphs of order p. Conversely, any
pair of self-complementary p-circulants gives rise to a non-CI self-complementary
p*~circulant (with the pair (X, X]) corresponding to the complement I'(X")).
This proves the first assertion.

Now, let I'(X') be a non-CI self-complementary circulant (di)graph of order
p? such that T'(mX) is its complement for some multiplier m. This means that
m is a common self-complementing multiplier for both p-circulants, I'(X,) and
['(Xy). O

It is easy to see that
(X)) =2T(X,) o I'(Xy), (7)

where o denotes the composition of two graphs defined as follows: in the first
graph we replace each vertex by a copy of the second graph; each edge of the first
graph gives rise to edges connecting pairwise all the vertices of the corresponding
copies of the second graph.

3.5. Theorem. Strongly non-CI self-complementary circulant graphs of order
p? exist if and only if p — 1 is divisible by 8. On the contrary, a non-CI self-
complementary circulant graph of order p* which is one-multiplier equivalent to
its complement exists for any admissible p.

PrROOF. By property M7, there exists a pair of self-complementary circulant
p-graphs with non-2-concordant orders of their stabilizers (Definition 2.5) if and
only if 8 divides p — 1. Now, applying Proposition 2.6 to the last statement of
Proposition 3.4, we obtain the first assertion of the corollary.

The second assertion is evident (for example, take a pair (I'(X”"), ['(X")) with
an arbitrary self-complementary circulant p-graph I'(X")). O

The first five primes p permitting strongly non-CI self-complementary circu-
lant p?-graphs are the following: 17, 41, 73, 89, 97.



3.6. Example. According to Example 2.8 and Proposition 3.4, one of strongly
non-CI self-complementary circulant graphs of order n = 17% is I' = I'(X) with

Xy ={1,2,4,8,—1,-2,—4,-8} +17-{0,1,... , 16}
and
Xy =17-{1,3,4,5,—1,-3, -4, -5}

(+ and - are the element-wise addition and multiplication). In terms of compo-
sition (and the adopted reduced notations) it can be presented as follows:

I =T1([1,2,4,8]) o I'([1, 3,4, 5)]). (8)

3.7. Remark on admissible orders. Non-CI self-complementary circulant
graphs exist for all admissible non-square-free orders. Indeed, let p* divides
n, let T' be a non-CI self-complementary circulant of order p? and let A be a
self-complementary circulant graph

of order n/p?. Then, as can be easily seen, their composition I' o A is also a
self-complementary non-CI circulant graph, and it is of order n. Moreover, if I" is
a strongly non-CI self-complementary circulant graph, the resulting composition
is also strongly non-CI.

4 Enumeration

4.1. Prime order self-complementary circulant graphs. Properties M1 — M4
given in Section 2.3 are sufficient for counting self-complementary circulant p-
graphs by the order of their stabilizer. Denote by Cy,(p, k) the number of non-
isomorphic self-complementary circulant graphs with p vertices whose stabilizer
is of order 2k where 4k divides p — 1 (here ’sw stands for self-complementary,
undirected). Then Cy,(p, k) can be calculated by the following formula, slightly
modifying one given in [3]:

Calp ) =25 % u(f) 2 )

P o ke
¢/k odd

where (¢) is the number-theoretic Mébius function.

Summing up the expressions (9) over k, one can calculate the number Cq,(p)
of all non-isomorphic self-complementary circulant p-graphs [3]. But there is,
instead, a much simpler enumerative formula obtained in [6]:

Cunlp) = =27 3 612027, (10)

p—1
o=

where ¢(2¢) is the Euler totient function.
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4.2. Non-CI and weakly self-complemetary circulant graphs. Based on
the preceding formulas and Theorem 3.2 we can obtain several new enumerative
results supplementing those given in [6]. We mean the counting of all weakly self-
complementary circulant graphs of order p? (not necessarily non-CI) and strongly
non-CI

circulant graphs. Hereafter we will use the term ‘weakly’ as the property
opposite to strongly’. Thus, a circulant is referred to as weakly self-complemen-
tary if it is one-multiplier equivalent to its complement.

All self-complementary circulant graphs can be separated into three disjoint
classes:

e CI (necessarily weakly self-complementary);
e weakly non-CI self-complementary (ws);
e strongly non-CI self-complementary (ss).

Let Foi(p?), Fus(p?) and Fy(p?) denote the numbers of the corresponding cir-

culants considered up to isomorphism and let F3eak(p?), F¥ek(p?) and FYek(p?)

denote the numbers of them up to one-multiplier equivalence. In fact, by defini-
tion, FErak(p?) = For(p?).

Adhering the general enumerative scheme and nomenclature proposed in [6],
we introduce the following enumerators (the order p? is dropped for brevity):

o Ay, = Fypak 4 pyeak 4 pweak . gelf complementary circulants up to one-
multiplier equivalence;

o By, = FYeak 4 pweak . non-CI self-complementary circulants up to one-
multiplier equivalence;

o Dy, := Fys+ Fy : non-CI self-complementary circulants up to isomorphism;

o Aveak .— pueak  pweak . wweakly self-complementary circulants up to one-
multiplier equivalence;

o BYeak .= Fweak . weakly non-CI self-complementary circulants up to one-
multiplier equivalence;

o Dok .= o ¢ weakly non-CI self-complementary circulants up to isomor-
phism.

The right-hand interpretations of the above quantities are evident.

4.3. Proposition.
Car(p?) = Caa(p?) — Fs(1?). (11)
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PROOF. According to Theorem 3.2,
C’su = Asu - Bsu + Dsu (12)

is the number of non-isomorphic self-complementary circulant graphs of order
2
n = p° and

C;Yleak — Agleak o Bgleak + D;A{Ieak (13)

is the number of non-isomorphic weakly self-complementary circulant graphs.
From the expressions given above we see that

Agfak - Bgleak = Asw — Bau (14)
and
D:Zleak = Dy, — Fis.
These equalities complete the proof. O

Now we can count strongly non-CI self-complementary circulant graphs. In view
of the equality

Fss<p2) = Dsu<p2) - Fws<p2) (15)

(see above), this amounts to the counting of non-CI and weakly non-CI self-com-
plementary circulant graphs.

4.4. Theorem. The numbers of non-isomorphic non-CI self-complementary and
weakly non-CI self-complementary circulant graphs of admissible order p* are
expressed by the following formulas:

Dsu(pz) = Osu(p)2 (16)
and
Fws(pz) = Z Osu(p7 k)Csu<pu 6)7 (17>
koo Pt ke

where Cyy(p) and Cg,(p, k) are determined by formulas (10) and (9), and the

relation = is defined in Section 2.5.
ProOOF. These formulas follow directly from Propositions 3.4 and 2.6. O

Clearly, if 8 does not divide p — 1, we may use, instead of (17), the formula

Fws(pQ) = Csu(p)Q. (17)

Expression (16) was established in [6] though without an explicitly formulated
enumerative meaning of the left-hand term.

Specifically, for p = 17 we obtain Fys(17%) = 12 4+ 12 4+ 22 = 6 by formulas
(9) (or by the data presented in Section 2.8), (10) and (17). So that, there
are Fi4(17?) = 4> — 6 = 10 non-isomorphic strongly non-CI self-complementary
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circulant graphs of order 172. Similarly, for p = 41, Fo(41%) = 12 + 1% + 3% +
51242.1-3+2-1-51 = 2720 and Fi(412) = 562 — 2720 = 416.

4.5. Remark. Due to equality (14), in order to find Cy,(p?) by formula (12),
one can equally well use either the pairs of auxiliary quantities Ay, and Bg, or
Aveak and BYeak In fact, it was the latter that was used in the paper [6] though
the definition concerned the former. This misinterpretation does not affect the
final formula for Cy,(p*) but should be taken into account with respect to the
intermediate numerical results given in Table 1 loc. cit. (reproduced also as
Table 4 in our paper [10]).

For instance, by characteristics of the four self-complementary circulant graphs
of order 17 given in Section 2.8, one can easily calculate BYe(172) = % + % +
(8+8)2

=5 = 38. This coincides with the value calculated in [6] in another, analytical,

way. At the same time, By, (17?) is greater by F¥eak(172) = 2%4—1—2%;“8) = 28.
And just 28 = Ak (172) — A, (17%).
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