TRANSFORMING AN ARBITRARY MINSUM PROBLEM
INTO A BINARY ONE

DMITRIJ SCHLESINGER, BORIS FLACH

ABSTRACT. In this report we show, that an arbitrary MinSum problera.(a MinSum
problem with an arbitrary finite set of states) can be adefyatansformed into a binary
one (i.e. into a MinSum problem with only two states). Consgtdly all known results for
binary MinSum problems can be easily extended to the genasal. For instance it gives
the possibility to solve exactly submodular MinSum probdewith more than two states
by using MinCut-MaxFlow based technics.

CONTENTS

1. Introduction 1
2. Notations and definitions 2
2.1. Labeling problems (of second order) 2
2.2.  Submodularity (for MinSum problems of second order) 3
2.3. Equivalent transformations (for MinSum problems afes®l order) 4
3. Transformation "K to 2" 6
4. Construction of a MinCut problem, exact solution of sulbioar MinSum

problems 13
5. Conclusion 14
References 15

1. INTRODUCTION

In this report we deal with labeling problems — a field attraggrowing attention in
pattern recognition. We regard labeling problems as a kinith@oretical frame, which
covers many well known problems from different fields. Somaneples are: Constraint
Satisfaction problems, formal languages and grammarsggmainimization problems,
Markov random fields etc.

Here we discuss in detail only certain special cases. Fanpba all definitions, formu-
lations, explanations are given only for labeling problerfisecond order. The main result
is considered in detail only for MinSum problems etc. It isveger easy to see, that most
of these results can be immediately generalized. We wik gamarks at corresponding
places.

The main result presented in this report consists in theviailg. We will show, that an
arbitrary MinSum problem (i.e. a MinSum problem with an &doiy finite set of states)
can be adequately transformed into a binary one (i.e. intan&lm problem with only two
states). We call this transformation "K to 2". It followsattall results for binary MinSum
problems obtained before can be straightforward geneitiz the case of more than two
states. As an example we will give a scheme for constructivriCut problem for an
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arbitrary MinSum task with many states. If the initial Min8uask (of order not greater
than three) is in addition submodular, the constructed Ming2oblem can be solved in
polynomial time using MaxFlow algorithms.

2. NOTATIONS AND DEFINITIONS

2.1. Labeling problems (of second order). To begin with, we cite a general definition of
labeling problems as given in [16].
A labeling problem is defined by means of the following comguts:
V =(RE) an unoriented graph (we call it "base graph of the task") thiéhset
of nodesR and the set of edgds C Rx R. Nodes and edges are
denoted by € Rande= (r,r") € E respectively;

K a finite set of states, we call an element "state" and denbekit
(W, ®,®) a semiring with a set of elementg and operations) and®;
g :K—-W a function for each node of the base graph, that assigns a value

fromW to each state in that node;
g : Kx K —W afunction for each edg@,r’) € E of the base graph, that assigns a
value fromW to each pair of states on that edge.

Let f : R— K be a mapping (labeling), that maps the set of nodes into thef states,
f(r) denotes the chosen state in the nodghe set of all labelings is denoted 5 = KR
The task is to calculate the quantity

1 G=D |Ka(f() @ & gw(fr),f(r")
(rr")eE

feZ [reR

We are mainly interested in the following special caseshiwgspect to the semiring):
OrAnd: ({0,1},V,A). Such problems can be formulated verbally as follows. Ités-n
essary to answer, whether there exists at least one labelirigh satisfies all given con-
straints — i.e. so called Constraint Satisfaction probleRsnctionsq andg are boolean
constraints. The task is therefore to compute

(2) G= \/ /\Qr(f(r)) A /\ grr’(f(r)vf(r/))
(rr')eE

feZ [reR

OrAnd problems are in a certain sense the simplest caseyiSfyithis case can be however
very helpfull for a better understanding of more complexgems such as e.g. MinSum or
SumProd. Another reason s, that it is sometimes necessaoie (or at least to consider)
certain OrAnd tasks as subtasks in the context of MinSumlpna.

MinMax: (R,min,max)!. MinMax problems really do not differ from OrAnd due to
the fact of the "equivalence” of used operations. They casdes as a fuzzy variant of
Constraint Satisfaction problems.

MinSum: (R, min,+). It can be hardly overseen, that MinSum problems are verylpop
at the moment (they are mainly known as "Energy minimizatasks"). The task is an
optimization problem of type

fez

(3) G=min l;qr(f(r)) + Y O (F(r), £(r"))
re (rr')eE

1R denotes the set of real numbers enlarged-by
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Many practical applications can be (in principle) formelhias optimization problems of
such kind. Beside of this, solutions of corresponding Mim3asks can be often used as a
powerful preprocessing stage in more complex recognitbeses.

SumProd: (R,+, x). MinSum problems (3) as considered above, can be interpeste
maximum a-posteriori decisions for coresponding prolistiiimodels, based on Markov
random fields. That is, MinSum problems are in fact a speeis¢ ©f more general Bayes
decision tasks. For many practical applications they angooisly not the best choice,
because the maximum a-posteriori decision follows from iy peimitive cost function.
When using more appropriate cost functions instead, itrig @ften necessary to calculate
certain marginal a-posteriori probabilities, that is ttvea SumProd problem of type

(@) G=3Y l a(f(n) - 1 o (F(0), 1))
fez |re

(rr")eE

In the following we will concentrate mainly on MinSum probis. We describe such a
task (let us denote it by?) by means of its components, i.€. = (V,K,q,g) where

V =(RE) is the base graph,

K is the set of states,
g:RxK—R are the state qualities,
(orqr:K—=R,VreR)

g ExKxK—=R are the qualities of state pairs.

(orgy : KxK—=R,V(r,r') € E)

2.2. Submodularity (for MinSum problemsof second order). Sub-/supermodularfunc-
tions are well known in mathematics for a very long time. Ttogysbegins in 1781, when

a special class of matrices was introduced by G.Monge [1etailed overview of their

properties can be found e.g. in [4]. At the moment there araymasearchers dealing
with sub-/supermodular optimization problems. In the fieldmage processing the first
promising result was obtained in [8], where the authorszed) that some binary MinSum
problems (i.e. MinSum problems with only two states) candsenfulated as exact solvable
MinCut problems. They used this approach for restoratidnirwdiry images. A theoretical
frame for using sub-/supermodular functions in terms o€lay problems (without the

restriction to be a binary one) was firstly introduced in [28pre detailed considerations
can be found in [5, 24]. We would like to note especially th@gra[14], where some

important results were obtained for binary MinSum problems

In all these works the considered property is denoted diffdy — regular functions,
monoton-interval functions, subconvex functions etc. \\gfqr to denote it as "submodu-
lar functions" to keep traditions. Let us consider the d&éniof this property.

Let the set of stateld be a completely ordered set. It means, that for each paiatdst
ki andk, a relation "above/below" is defined, ilex = k; means "the statk, is located
above the statk; (or coincides withk;)". Let k; andk; be two states in a node so that
ko > ki. Similar letk; andk’, be two states in another node so thatk,, > kj. A function
O is called submodular if

(5) Orr (klv k&) + O/ (ka klz) < O (klv klz) + O/ (ka k&)

holds for each such four-tuple > ki, K, = kj. A MinSum task is called submodular if all
functionsg,,, V(r,r’) € E are submodular. Functiomg can be thereby arbitrary.
This definition can be written in a little bit different forrhet k, = k;+1, i.e. "the state
ko is situated above the statg and it is the lowest one among all such states (besides of
3



k; itself)". The previous definition is then equivalent to tloddwing one. A function,,/
is submodular if

(6) I (K K) + G (k4+1,K'+1) < grpr (K, K'+1) + g (k+1,K)

holds for eaclk, k' € K (despite the "highest" states, which have no succdssj. Ob-
viously (6) follows from (5) directly. It is easy to see, ttihe reverse statement holds as
well, i.e. (5) follows from (6). Let us consider the numbers

C!(kl, k27 kllv klz) = grr/(klv kll) + grr’(kZa klz) - grr/(kla klz) - grr/(kZa kll)
for each four-tuple of statds > ki, ki, = kj. These numbers fulffill

ko—1 ko—1
(7) a(ky ke, ki, k) = Zk > a(ks ks+1 ks, ka+1)
ka=kq K=k}

for each such four-tuple. If a functiag, is submodular according to the second definition
(6), all addends in above formula are not positive, that ésftinctiong,, is submodular
according to the first definition (5) as well.

Obviously the notation of submodularity relates to the aragroduced for the set of
states. A task, which is submodular with respect to a pdaticarder, is in general not
submodular with respect to another order. Consequentlgkie® no sense to speak about
submodularity itself. On the other hand, any finite set caallvays ordered (its elements
can be arbitrary enumerated). Therefore in the followingnileallways assume, that the
set of states is ordered, i.e. it can be represented by atsobisgeger numbers K =
{1,2...|K|}. Considering a task we will say "the task is submodular" i§ isubmodular
with respect to the introduced order.

Remark 1. The definitions (5) and (6) are equivalent only if there arénfinite qualities
g in the task. Otherwise (6) is a necessary condition only.

Remark 2. Submodularity can be defined in a similar way for other serggiby simply
substituting operations and®. Obviously, it is possible only if the relation "grater#s

is defined on the set of elementé of the considered semiring. Note, that submodular
OrAnd tasks are exactly solvable by Relaxation Labelingadigm [19]. For details we
refer to [5, 23].

Remark 3. Itis easy to see, that the class of functigngiven in [9] is a special case of
submodular functions.

2.3. Equivalent transformations (for MinSum problems of second order). Let us con-
sider two tasks# = (V,K,q,9) and <’ = (V,K,d,d’) which have the same base graph
and the same set of states, but different functopaadg. Let f be a labeling. Its qualities
in the taskse and.«?’ are

G(f) = ERqr(f(r)) + % g (F(r),f()
re (r,r")eE
and
G(f) = ERQ§(f(r)) + Y gu(f(n).f(r)
re (rr')ee
respectively. Such two tasks are called equivalei@(if) = G'(f) holds for each labeling
f € & [22]. All equivalent tasks form an equivalence class (ledesote it by#’ (<) — the

set of all tasks which are equivalent4g).
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FIGURE 1. Equivalent transformations.

Starting from a given task/ an equivalent tasks’ can be built using e.g. the transfor-
mation shown in fig.1.a. In the figure nodes are marked by sguamd states by circles.
Let us consider a node and a state in that node — a(pak*). Further let us consider
two edges of the base graph, which are incidemt t@.g.(r*,r") and(r*,r”). If all func-
tion valuesg, (k*,k'), k' € K are increased by some quantgfyand at the same time all
function valuegy,»(k*,k”), k” € K are decreased by the same quantity, no labeling will
change its quality. The quantitigs, (k) are called "potentials" and this transformation is
called "equivalent transformation” of a task. Obviouslyeutials should satisfy certain
constraints to describe an equivalent transformation.ifsiance in the example consid-
ered above@, (k") = —¢,+#(k*) should be satisfied.

Equivalent transformations for state qualitggék) can be defined in a similar way. Let
us consider a paiir*,k*) as well as an edg@*,r), which is incident to this node. If the
quality of the staté* is increased by the same value (let us denote ifybyk*)) as the
qualities of corresponding pairs of statps (k*,k), k € K are decreased, no labeling will
change its quality (see fig.1.b). As in the previous exangpl€ék*) = — ¢y« (k*) should
hold for this one.

In general an equivalent transformation is defined as a topl@otentials® =

(¢rr’(k)a Yr (k)), so that
(8) Wr (k) + Z ¢ (k) =0, VreR keK
r:(rr’")eE

holds. By applying such a transformation to a tagk= (V,K,q,g), a new taskea’ =
(V,K,d,d') is constructed, which is equivalenttd. The new values of functioreg and
g are given by

qr (k) = ar (k) + ¢ (k)
(9) gf'r/(kv k,) - grr’(kv k,) + ¢rr’(k) + ¢r'r(k/)-
Itis easy to see, that conditions (8) guarantee the equigalef both tasks.

Without going deep into details we would like to present samportant properties
of equivalent transformations. Lét; and®, be two equivalent transformations. Apply-
ing them consecutively is equivalent to applying one edaivietransformatiorbs, where
D3rrr (K) = @rper (K) + Py (K) @and sy (k) = Wir (K) + Wor (k). We call transformatiods a
"superposition” of two transformations and denote ittgs= @1 o ®5. It follows immedi-
ately, that the set of all equivalent transformations foanesmmutative group with respect
to the operatior. A further important property of equivalent transformasds the fol-
lowing one. It can be proved, that the set of all equivaleasformations "completely
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describes" an equivalence class in the following sense:
(10) ' €8 () & IO =0(F).

Another characteristic of equivalent transformationfies fact, that these transformations
preserve the submodularity of a task. To show this, let uspadnthe left and the right
sides of submodularity conditions (5) after applying aniegjent transformation:

gl/’r’ (klv k;.) + g{‘r/(ka k,Z) § gl/'r’(klv k,Z) + g{‘r/(kzv k?l.)v

[grr/(klv k/l) + ¢rr’(kl) + ¢r/r(k,1)] + [grr/(ka klz) + ¢rr’(k2) + ¢r/r(k,2)} §

[g;r/(klv klz) + ¢rr’(k1) + ¢r’r(k/2)] =+ [g;r/(k27 k&) + ¢rr’(k2) + ¢r'r(kg.)} )

Orr/ (kla k&) + grr'(kZa klz) s grr’(kla klz) + grr'(kZa kg.)a
i.e. the signs of the conditions remain unchanged. This s)ehat either both tasks” and
/' are submodular (all inequalities are satisfied withor both tasks are not submodular
(there exists at least one inequality, which is satisfieth wit. Due to the fact, that the set
of all equivalent transformations completely describesaumivalence class, the following
holds. An arbitrary equivalence class consists either ohlsubmodular tasks or only of
not submodular tasks.

We also introduce another transformation, which we willch&sger. If all values of a
functiong,s are changed simultaneously by some quantitygf,e(k, k') = gy (k,K') + ¢/,
vk, K € K, then the qualities of all labelings are changed by the sametity. Therefore
the location of the best labeling (arg min) remains unchdngehe same holds also for
changing ofg-s, i.e.q; (k) = qr(k) + ¢, Yk € K. We call such transformations "uniform
transformations” of a task and denote thenas (c;,c,/). Applying an uniform trans-
formation changes the qualities of all labelings by the eglyc; + 5/ ¢,.. The set of all
uniform transformations also forms a group (the operatiain that case the componen-
twise summation). It is easy to see, that uniform transfdiona preserve submodularity
of a task.

Remark 4. All these considerations are correct only if the values efbtentialsp, ¢
andc are finite. Otherwise, the conditions (8) are not satisfied.

Remark 5. Strictly speaking, completness of equivalent transforomat(10) holds only if
the base graph of the task is connected. The set of all egaivitansformations together
with the set of all uniform transformations completely déses an equivalence class even
in the case, if the base graph of the task is not connected.

Remark 6. Equivalent transformations can be formulated for certémepsemirings in a
similar manner by substituting the operatign

3. TRANSFORMATION"K TO 2"

Let <7 (V,K,q,g) be a task with a finite ordered set of states- {1,2...|K|} and letf
be a labelingf : R — K. Its quality is
G(f) = ;qr(f(r)) + 5 e (f(),f(r)).
re (rr)eE
Our goal is to construct another task (namely a task with omty states) in such a way,
that each labeling in the first task has a correspondingitedpéh the second one and
the qualities of these two labelings are equal (may be up tnatant). The number of
labelings in the new task can be greater than the number elitgs in the initial one. We
will show however, that it is possible to build the new task that all these "additional”
6



k=K O O E (rk=KI)

k=|K|-10 D (rk=|K|—1)
k=30 = (rk=3)
k=20 D (rk=2)
k=10 0 (rk=1)
0 k=0 1

r

FIGURE 2. Construction of the set of nodes.

labelings have infinite quality. Let us denote the compamehthe second task (R, E),
K = {0,1}, § andg». Summarizing, we have to build a task(V,{0,1},,G) so, that for

each labeling there exists an unique labelifg R— {0,1} andG(f) = G(f)+C holds.
We build this new task as follows:

(1) First, we construct the set of nodef the new task. We connect these nodes
by certain "special" edges. For each such edge we define adorg; so that
exactly|K|IR labelings in the new task have a finite quality. At the same tive
build a correspondence betwen labeliriga the initial task and labeling6in the
constructed one.

(2) We define state qualitiepini the new task so that

a (f(r) =Y G (f(P)
3. (1) =3 &(f(0)
holds for each pair of corresponding labelirfgand f.
(3) Furthermore we define the set of edgeand the functiong So that

S g (F 1)) =5 & (f(P). ()
(rrNeE E

(F.F)e

holds for each pair of corresponding labelinfgand f.
(4) Finally we simplify the constructed task by equivalentainiform transforma-
tions.

Let us consider these steps in more detail.

The set of nodeR is built as follows. For each state of the initial task (foclkaair
(r,k)) one node in the new task is introduced, Re= Rx K. We denote the nodes of
the second task as= (r,k). Let us consider a nodeof the initial task and the subset
of corresponding nodesifi the new task. We denote this subsetRas= {(r,k) | k =
1...|K[|}. Now, it is necessary to "link" these nodes with edges ancefime functiongy”
on these edges so, that exadHy "sublabelings" in the new task have a finite quality. We
understand the notion "sublabeling” as a mapdingR. — {0,1} —i.e. arestriction of a
labeling f on the seR;. To realize this, we link by edges the "neighboring" nodeih{w
respect to the order of states in the initial task). The fiomstg, k1), K=1...|K|-1
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O a5 © 0 @ ab)

O a4 0 a(4) —a(5)
@ 403 = 0 a(3) —a(4)
O a2 0 a(2) —a(3)
O a®) 0 q(1)—a(2)

FIGURE 3. State qualities.

are defined as follovds

o |0 .
dirk)(rk+1) = ool if k< [K],
0

(]

90 K|~ (r|K|) =

o | 0|
It is easy to see, that on|| sublabelings in the new task have a finite quality (see fig. 2).
"Forbidden" pairs of states i.e. those, for which the valtithe functiong’is « are not
shown.

The states of the new task can be understood as follows. The f&,k) = 0 means,
that the statef(r) of the initial task is located above the state The valuef(r,k) = 1
means, that the stafér) of the initial task is located below the stdter coincides withk.
(The notations "above" and "below" are meant accordingedritroduced order of states
in the initial task). Thus each pdir,k*) of the initial task corresponds to one sublabeling
fo(r,k) =0, k < k*, fi(r,k) = 1, k> k* and vice versa.

The next step consists in choosing the state qualities méw task — i.eqr)(0)
andd (1). These qualities should be defined in such a way, that thétygwdleach
sublabeling will be the same as the qualify(k*) of the corresponding stat€’ of the
initial task. We define these qualities as follows:

~ k) —gr (k+1 .
sy = AW 3* L ifk<K]
. ar (1K
Ger k) = o
It can be seen, that
(11) Z%@ (fr(rk)) = [ar (K) — ar (k+1)] +ar (IK|) = ar (K")
kr <k<|K|

<
holds for each sublabelinf (r,k) = 0, k < k*, fi(r,k) = 1, k > k* (see fig.3, where an
example folK| = 5 andf(r) = 3 is shown).
To build the set of edges (as well as to define functiorg We consider two nodes
andr’ of the initial task, which are connected by an edge, (ig!) € E. There are two
corresponding subsets of nodgs k)} and{(r’,k')} , k.k = 1...|K| in the second task.

2\We write functionggandd'in the form
P (6 §(1.0) [ 6(L.1)
40 §(0,0) | §(0.1)
respectively for shortness. Sometimes we also omit indigég e.g.qinstead ofgf
8
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|K| O O (r',K = |K])
|K| D (r',K =|K[-1)
(rk=3) (r',K =3)
(rk=2) D (r',kK =2)
(rk=1) 3 Z C])- (r',kK =1)

A new edge

FIGURE 4. Construction of the set of edges

We introduce edge§(r,k), (r',k’)) in the new task, i.e. we connect each n¢dé) with
each nodér’, k') by an edge (see fig. 4, where only one of the introduced edgbsyen).
Furthermore let us consider a pair of statl’s k*) on the edgér,r’) of the initial task.
There is a corresponding pair of sublabelings in the new. t&knsequently the goal is
to define qualities for the introduced edges in such a way,theaquality of this pair of
sublabelings (without taking into account ppart) will be equal to the quality,,s (k*, k™)

of the initial pair of stategk*, k'), i.e

k%@(r,k)(r/,k/) (f(rk), f(r'.K)) =

> 3 Gwien©0 £ 3 5 &
k<k* k' <k’* K>k
; Z grk r/k/ (1,0) + z r’k’ -
kSK K'< Z

K/* > * K

(12) = g (K, K").

r/ k/

This should hold for each paik*,k’*) of states in the initial task. Such qualities can be
chosen as

Al K) =g ) ;

where

K') 4+ g (k+1, K 4+1) — gprr (k+1,K) — gper (K K +1), if kK < |K],
K) — g (k+1,K), if k< |K|, K' = K],
) — O (kK +1), if k= |K], K < [K],
), if k=1|K], K =|K|.
9
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L——1] L——1
(r.k) UALY) (r, k) (r', 1K)

FIGURE 5. Equivalent transformation

It is easy to show, that in doing so, the equations (12) aisfieat. Let us substitutg in
(12) by the values defined above.

0+0+0+ 1(kK) =
k; > o (kK)

*k/zkl*
[grr’(k*vk/*) - grr’(k*v |K|) - grr’(|K|vk/*) +grr’(|K|v |K|)} +

[0/ (K K[) = o (K KD + [0 (K1 K) = G (KL KD e (1K KT =
(13) :grr’(k*ak/*)~

Let us consider finally a labelinfy of the initial task. The corresponding labelifign

the new task is
A 1 if k> f(r),
frk) = { 0 otherwise.

It can be seen from (11) and (13), that the quali@&$) (the quality of the labeling in
the new task) an@(f) (the quality of the labeling in the initial one) are equal.

The constructed task can be simplified in the following wayne@an see, that cer-
tain "elements" (qualities on certain nodes and edges)aya@nstant contribution for the
goal function. "Constant contribution" means a quantitiyiolt does not depend on label-
ing. Such elements are the "highest" no@iefK|) for all r € R and the "highest" edges
((r,|K]),(r",|K])) for all (r,r") € E. This holds, because in the nodegK|) really only
one state is allowedf(r,|K|) = 1. These elements can be zeroed out without changing
the location of the best labeling. The values of all labedingll be changed by a valu@,
which is the sum of all zeroed elements:

C= ;qr(IKI) + Y G (KL IK]).
re (r,r')eE
The above simplification is in fact an uniform transformatmonsidered in the previous
section.

A further simplification is based on the fact, that the cdmttion of certain edges for the
goal function depends only on the stateimenode. All those edges, which are connected
to the "highest” nodes {r,k), (1, |K|)) for all (r,r') € E, k < |K|, have this property. The
contribution of these edges depends only on the statesiiespmnding nodes, k). These
contributions can be zeroed out by equivalent transfonatishown in fig.5. Each state
((r, k), 1) gets after that transformation an additional quality

MW= Y Gy LD= T g IKD) =g (L [K])].
r':(rr’)eE r':(rr’)eE
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After these two transformations the "highest" nodle|) can be simply removed from
the set of nodeR without changing the task.

Let us summarise all considerations made so fard/et (V,K,q,g) be a task with the
set of|K| statesK = {1...|K|}. The corresponding tasi’ = (V,{0,1},§,d) with the set
of only two states is constructed as follows:

e The set of nodes is
R={(rk|reR k=1...|K|-1}.
The set of edges is
E={((r.k).(rk+1)) [reR k=1...|K|-2}U
{((r,k),(r",K)) | (r.,r") € E, k,K =1...|K|-1}.

e State qualities are

Ak (0) =0,

ek (L) = 0 (K) — (k1) + (; E[grr«k,|K|>—gm<k+1,|K|> .

r':(rr’)e

Qualities of state pairs are

« o | 0
Jirk(rk+1) = 010

~ 0| ays k, k/ .
Qi k) = g — (O ) , with

arr’(kv k/) = grr’(ka k/)+grr/(k+1a k,"’l) - grr/(k‘|’1a k/) - grr’(kv k/"’l)-

Each labelingf : R — K of the initial task corresponds to exactly one labeling
f : R— {0,1} in the new task. This labeling is

fk {1 if k> f(r),

0 otherwise.

Only such labelings of the new task have a finite quality.
e The qualities of the labelind and the corresponding labelirfgdiffer by a con-
stant, which does not depend on the labeling:
(14) G(f) = G(f) +§Rqr(|Kl) + > (KL IK]).
re (rr)ekE
We would like to note, that the transformation "K to 2" can badw for an arbitrary

MinSum Task. If the initial task is in addition submoduldwetconstructed task is submod-
ular as well. This can be easily proved. There are only edbgpe

. | |0 . |0
9710 °" 9700
in the new task (let us call them "type 1" and "type 2" respety). Edges of the first type
are submodular. If the initial task is submodular, @ik are not positive. Therefore all
edges of the second type are submodular as well.

The constructed task (as described above) is in certaire s@isinique. Obviously the
new task can be changed by equivalent and uniform transt@nsain any way. Conse-
guently, the transformation "K to 2" transforms not onlyetask.c# into onenew taske/,
but rather an equivalence clas$</) into another equivalence clagixz/). This property
11




0 0 a’ a”
=
0 0
(—] (——]
(r,k) (r',K) (r,k) (r',K)

FIGURE 6. Equivalent transformation

can be used to represent all functianandg of a task in an unified manner. Fgrs'we
prefer to use the representation

. |a”] o0
(15) 9=5To
The edges of the first type have already this form @e= 0 anda” = ). The edges

of the second type can be transformed into this form usingthevalent transformation
shown in fig. 6 (witha’ + a” = —a). In addition, if the task is submodular all edges can be
transformed into this form with non-negatiaé anda”. A further possibility to simplify

a task is applying the uniform transformation

Gri(0) =Gk (0) —c,
Giri(1) =G (1) —c,
wherec = min[§ 4 (0), Gk (1)]. After that, all values 065 become non negative.
Summarising, a general MinASum task(V,K,q,g) can be transformed into a corre-
sponding binary MinSum task/(V, {0, 1}, §, §) with the following properties:
e The functiongy'are non-negative.

e The functiongy’have the form (15). If the initial task is submodular, bathand
a” can be chosen non-negative.

We will call the above representation "the canonical form".

Remark 7. Obviously the transformation "K to 2" described above, isgiole only, if
there are no infinite qualities in the initial task. Othemvike operation-" is not always
well defined. In practice it is however always possible tossitlite infinite qualities by
some appropriately chosen big values, so that the locatiswgll as the value) of the
solution remains surely unchanged. It is even always plessithe submodularity of the

initial task should be preserved.

Remark 8. The transformation "K to 2" can be straightforward genegifor such semir-
ings and tasks, where the "inverse'tofs well defined operation for all occurring qualities,
i.e. if the equatiom® X = bis uniquely solvable with respect xdor all valuesa andb, oc-
curring in the task. For example, for SumProd problems thissformation can be easily
done, if there are no zero qualities in the task. The funstifin the constructed task have
again the form (15) in that case (up to replacing 0 by the dament of multiplication).

Remark 9. The transformation "K to 2" can be straightforward genegdi for label-

ing problems of order greater than two. The key idea is, thatvalues of the con-

structed functiong) andd can be seen as a kind of partial derivat@(f)/df(r) and

0°G(f)/af(r)af(r') respectively [6]. Itis easy to see, that for problems of selcorder
12



such derivatives of order higher than two are zero, whiclotstimne case for problems of
higher order. Derivatives of higher order can be howeverdetied" in the new task by
binary functions of formg(ky,ka... k) = o - ki - ka...k with (ki € {0,1}). Consequently
the constructed binary task will have the same order as thalione. Unfortunately, the
number of functiong in the constructed task grows @$|K|“), whereL is the order.

4. CONSTRUCTION OF AMINCUT PROBLEM, EXACT SOLUTION OF SUBMODULAR
MINSUM PROBLEMS

A general MinCut problem is formulated as follows. t7", &) be an oriented graph.
There are two special nodes callsaurce(denoted bys) andtarget (denoted byt) in the
set of nodes. Each edda,v) € & has its qualityc(u,v). A cut% is a subset of edges,
so that there is no directed path from the source to the témgste "remaining” graph
Y(v,&/€). In addition this set should be "minimal” in the followingnse. There is no
proper subset 6 which has the same property. The quality of a cut is the suril efige
qualities in this subset. The task is to find the cut with mimimquality.

Without going deep into details we give the rules for transfation of a binary MinSum
problem.<7(V,{0,1},q,9) (given in canonical form) into a corresponding MinCut task.
These rules are very similar to those given in [14]. A sligtitedence is only, that we
consider also functiong, which can have infinite qualities.

e The set of nodes in the MinCut task is the set of nodes of theShiim problem
with two additional nodes andt (source and target):
¥ =RU{st}.

e The set of edges is the "doubled" set of edges of the MinSuknadk additional
edges going from the source to each node and from each node target:

E={rr)|(rnryeEFU{( )| (rr)eE}U{(sr)|reR}U{(rt)|reR}.
e The edge qualities are:

C(Sv r) = ql’(l)v C(rvt) = Qr(o),

c(r,r')y =aj., c(r',ry=aj.

Let us summarise all above transformations, namely: thestoamation "K to 2", trans-
formation of the functiong into canonical form and construction of the MinCut task.
Let.«” = (V,K,q,g) be a task given by its components:

the base graptt = (R E) is arbitrary,

the set of state = {1...|K|} is an ordered set,
the state qualities aieg,

the qualities of state pairs agg .

The corresponding MinCut tagly = (¥, &’),s€ ¥,t € ¥,c) is built as follows:
e The set of nodes is

¥ ={(rk)|reR k=1...|K|-1}u{stu{t}.
13



e The set of edges is

& ={((rk),(r,k+1)) [reR k=1...|K|-2}U
{((rk+1),(rk) |reR k=1...|K|-2}U
{((rK). (7 K) | () € E, kK = 1..[K|-1}U
{((rK),(rk) | (rr') € E, kK =1...K[-1}U
{(s(rk)|reR k=1...|K|-1}U
{((rk),t) [reR k=1...|K|-1}.

e The edge qualities are

A~ T~/

c((r.k), (r, k+1)):O, reR k=1...|K|-
c((rk+1 k) = oo, reR k=1...|K|—

c((r,k) ):—arr,(k,k’)/z, (rr')yeE, kK =1...|K|-1,
c((r’, K) = —an(kK)/2, (rr'yeE, kK =1...|K|-1,
c(s(r, ) maxdqp, 0], reR k=1...|K|-1,
c((r,k),t) = max—qy, 0], reR k=1...|K|-1,
where

Ay (k, k,) = grr’(kv k,) + grr’(k"’ 1, K + 1) - grr’(k"’ 1, k/) - grr’(ka K + 1)a
O = Gr (k) — ar (k+ 1)+
1/2 Z [grr’(ka 1) +grr/(ka |K|) - grr/(k"’ 1, 1) - grr/(k+ 1, |K|)} .
(rr")eE
If the taske? is submodular, all edge qualities in the constructed Mingablem are non-

negative. In this case the MinCut task can be solved in pahiabtime using MaxFlow
algorithms (see e.g. [1]).

5. CONCLUSION

Labeling problems have attracted attention of many rekeasdn the last years. Very
promising results were obtained especially for binary lialgeproblems, either for Min-
Sum (see e.g.[14]) or for SumProd [18]. There were also mtagn@ts to generalize these
results for the case of more than two states. Some examgleBarwhere an approxima-
tive approach is proposed, [9], where an exact solvablelaskof MinSum problems is
described, etc.

We presented in this report a scheme to construct a corrdsmpbinary labeling prob-
lem for an arbitrary one. Consequently all results obtalmefdre for binary labeling prob-
lems are extended to the general case.

At this place we would like to discuss the relevance of miaetibn of a general sub-
modular functional for practical applications. The sitaatin this field seems to be rather
complex. At the moment we see many possibilities to use oprageh for certain com-
puter vision tasks, like e.g. stereo reconstruction, nmogistimation, segmentation, image
restoration etc. (for examples see [7, 8, 10, 12, 13, 20, A4jually such problems are
often formulated (and more or less successfully solvedhasgy minimization tasks with
"a-priori energy" (or "modell term") which is already coeerby [9] and/or [3, 14]. It is
not easy to explain without going deep into details, why oae weed something more,
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namely the minimization of a general submodular functiohat us consider the follow-
ing example. It might be useful to penalize depth/dispautyps in stereo reconstruction
depending on depth/disparity itself. This leads immedjategeneral submodular penalty
functions. Obviously, this is profitable for those scenasl(anly for those), which fulfill
this assumption. It means, that the use of a general subaoduictional is allways very
task specific. Summarizing, we can not give a concrete exaoffd task, where the min-
imization of a general submodular functional can surelyrionp existing results. In this
situation we can only give some general ideas, where theadetin be used.

Considering a particular application, it is often necegsanply to choose one of those
known energy functionals, which would be hopefully suitabdr the given task. Our
result essentially enlarges "the set of possibilities"dractical applications, allowing to
incorporate "more a-priori knowledge" in prior models.

Actually there are many approximative methods for energymization for the general
case —[2, 3,11, 15] etc. Many of them are based on minimizati@a function over binary
variables. For instance, in [3] an iterative procedure iscdbed, which solves in each
iteration a binary submodular MinSum problem. It seems t@d&sible to extend such
approaches so that the used "auxiliary tasks" are not rexdlgdsinary. Besides of this, all
the methods for approximative minimization of general fioals over binary variables
can be used now directly for MinSum problems with many staiemg "Transformation
K to 2", described in the work). Another way to solve generai®um problems approxi-
matively is to approximate the initial task by an submodolae and solve it then exactly,
rather then to apply approximative algorithms to the ihiaak.

In statistical pattern recognition it is often the casef thha can not assume that all
parameters of the prior model are known. Consequently theuld be learned (often
even in an unsupervised manner). In many cases the finalsgslsed as the maximum
a-posteriori decision, that is just an energy minimizatask. When trying to keep MAP
solvable in the learning phase, it is necessary to reskrécparameters of the prior modell.
It would be obviously useful to be able to restrict the partarseas weak as possible (to
keep the modell adequate). Thus any enlargement of theaflagsctly solvable MinSum
tasks is of interest from this point of view as well.

There are also many other open question in the field of lapgdhoblems. Unfortu-
nately, the scheme "K to 2" presented in this report givesirectiwayto solvelabeling
problems (besides of submodular MinSum tasks). For instathe question of an exact
solvable (and practically relevant) subclass of SumProtlpms is still open even in the
binary case.
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