BIHARMONIC EQUATIONS

DIRK PAULY AND ALBERTO VALLI

ABSTRACT. In this note we devise and analyse well-posed variational formulations and operator
theoretical methods for boundary value problems associated to the biharmonic operator A2. Of
particular interest are Neumann type and over-/underdetermined (maximal/minimal) boundary

value problems.
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1. INTRODUCTION

Recently, in the new edition of the book of Valli [23], the second author discussed a Neumann
boundary value problem for the biharmonic equation and presented proofs for the well-posedness of
related variational formulations under very strong regularity assumptions (C*-boundary), cf. [23,
Section 5.6].

In this context some interesting questions arose which we will answer in this contribution using
basic methods from functional analysis, cf. Section 2.1. In particular, we can reduce the regularity
to Lipschitz boundaries and even beyond. More precisely, we shall show that even under very
weak regularity and boundedness assumptions on the underlying domain (admissible domains,
cf. Defintion 2.6 and Remark 2.7) we can answer the latter questions and extend the results to a
whole zoo of biharmonic operators, including, among others, the Neumann case.

For simplicity and readability we restrict our analysis to homogeneous boundary conditions.
Note that as soon as proper trace and extension operators are available, the inhomogeneous
boundary value problems can be easily formulated as homogeneous ones. A very general trace
theory, meeting our needs, has been developed recently by the first author and his collaborators
in [7].

Throughout this paper — unless otherwise stated —let  C RY, N € N, be a domain (connected
and open set) with boundary I' := 9 Q.

1.1. Historical Remarks. Let us consider a Neumann boundary value problems for the bihar-
monic operator, that is

A%u=fin Q and Au=0, n-VAu=0onT,
more closely. Later, the corresponding proper Neumann biharmonic operator will be denoted by
By=B,.=LL,

see Section 2.2.7. From the physical point of view this problem is not the most interesting, as
the model which describes the equilibrium position of an elastic thin plate, unconstrained on the
boundary, involves other second order and third order boundary operators, in which the Poisson
ratio also has a role (see Courant and Hilbert [5, p. 250] and more recently, e.g., Verchota [24],
Provenzano [21]; the original physical model even dates back to Kirchhoff and Kelvin).

Instead of

A? = AA,
the bi-Laplacian can also be factorised by means of
A? = divDiv V'V,

cf. [18, 16], with different Neumann boundary conditions and hence different physical interpreta-
tions. We shall come back later to this alternative, cf. Section 1.3 and Section 2.3.

However, despite these remarks, we think that the Neumann problem for the biharmonic op-
erator has a nice and simple mathematical structure, similar to that of other classical problems,
and we find it interesting from the mathematical point of view. Moreover, it is the limiting case,
for the Poisson ratio going to 1 of suitable physical models.

Let us first compare a bit the Neumann problems for —A and AZ2. As it is well-known, the
Neumann boundary value problems for the negative Laplacian —A and what we call the bi-
Laplacian/biharmonic operator A2, i.e.,

_Av:g7 A2u:f in Q,
n-Vo=0, Au=0 on I
n-VAu=0, on I,

have similarities and differences. In particular, for both of them the solution is not unique: adding
to v a constant ¢ € R resp. to v a harmonic function h € H, where

H={pel*Q):Ap=0},
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gives another solution. Moreover, for both of them the data have to satisfy a compatibility
condition (Fredholm alternative): we have

gL R for — A
and

fLH for A2,

where | denotes orthogonality in L2(2). Note that in the smooth case we have

<g,1>|_2(9):—/diVV’U:—/’I’L'VU:O,
Q r

<f,h>L2(Q):/Q(A?u)h:/F(n.VAu)h—/FAu(n-Vh):o.

A first difference concerns the type of the boundary conditions: the Neumann boundary condi-
tion for —A satisfies the so-called complementing condition of Agmon, Douglis, and Nirenberg [1],
that in the present situation simply says that the polynomial ¢ is not divisible by ¢ —¢. This is not
true for the Neumann boundary condition for A?: the complementing condition would require that
the polynomials 1 + 2 and t + > were linearly independent modulo (¢t —4)2, and it is well-known
that this is not the case. For the ease of the reader, let us readily show this last statement: we
have ) s

1+1.f :1+2(1+.zt), t—i—t. =t+2i+2(l_,t>7

(t —i)? (t —i)? (t —i)? (t —1)?
and the second remainder 2(i — t) is proportional to the first remainder 2(1 + 4t) by a factor
1. Note that the difference between the two Neumann problems still shows up when considering
the so-called Lopatinskii-Sapiro condition (see Wloka [25, Examples 11.2 and 11.8]); in fact, it
is known that the complementing condition and the Lopatinskii-Sapiro condition are equivalent
(see, e.g., Negron-Marrero and Montes-Pizarro [9, Appendix Al).

Another difference seems to be related to well-posedness: in fact, the Neumann boundary value
problem associated to —A is well-posed in a suitable space where uniqueness is recovered and
for data which satisfy the necessary compatibility condition (Fredholm alternative). This well-
known result is an easy consequence of the Poincaré inequality, cf. Definition 2.6, and the Riesz
representation theorem, or of more elaborate arguments using linear functional analysis, cf. the
discussion of the Neumann Laplacian Ly from Section 2.2.4. On the contrary, well-posedness for
the Neumann boundary value problem associated to the A2 operator seemed to be questionable so
far (see, e.g., what is explicitly reported in Verchota [24, p. 217 and Sc. 21], and in a more indirect
way in Renardy and Rogers [22, Sc. 9.4.2 and Example 9.30], Gazzola, Grunau and Sweers [6,
Sc. 2.3], Provenzano [21, p. 1006]). In addition to this, it can be noted that Begehr [4] presents a
long list of twelve boundary value problems for the biharmonic operator that are either well-posed
or solvable under suitable compatibility conditions, and in that list the Neumann problem is not
included.

Going a little bit more in depth, in Renardy and Rogers [22], Gazzola, Grunau and Sweers [6],
and Provenzano [21] the comments about the fact that the Neumann problem for the biharmonic
operator A? is possibly not well-posed are related to the fact that the complementing condition
is not satisfied (in particular, this condition is assumed in the existence and uniqueness Theorems
2.16 and 2.20 in [6]; there see also Remark 2.17). This is apparently to be meaningful, as in
Agmon, Douglis and Nirenberg [1, Sc. 10] it is explicitly proved that the complementing condition
is necessary for obtaining higher order a-priori estimates in Holder and L? spaces (in this respect,
see also Lions and Magenes [8, Chap. 2, Sc. 8.3 and Remark 9.8]).

However, rather surprisingly, it turns out that this condition is not necessary for well-posedness
in suitable Hilbert spaces, as the following example shows: Consider the operator

A% +1.

Since the complementing condition only depends on the principal parts of the spatial and boundary
operators, we are in the same situation of the Neumann problem for the biharmonic operator;
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therefore the complementing condition is also not satisfied. However, the weak formulation of the
problem (with homogeneous boundary data) reads: For f € L2(f2) find

(1) ueV:=H(A,Q) = {pel?Q): ApeL*Q)}
such that
VoeV  (Au,Ap)i2) + (u, p)2) = (f, ©)z():
which is uniquely solvable by Riesz’ representation theorem with stability estimate [uly < |f[i2(q)-
Being now evident that the complementing condition is not necessary for well-posedness in

a suitable Hilbert space, in this paper we shall show that indeed, among others, the Neumann
boundary value problem for the biharmonic operator is well-posed.

1.2. Approach by Bi-Laplacians. The approach in [23, Section 5.6] is based on the represen-
tation of the biharmonic operator as bi-Laplacian A? with Dirichlet/Neumann type and over-
/underdetermined boundary conditions.

The story begins with the (full, not mixed) Dirichlet and Neumann boundary conditions for
the negative Laplacian —A. These are the two reasonable boundary conditions for

—-A=—-divV,

resulting in the apparently four “reasonable” (full) boundary conditions for the biharmonic oper-
ator interpreted as bi-Laplacian. More precisely: For a possible solution u of

Ay =f in

we may impose a couple of the boundary conditions

(2) u=0 on I, (Dirichlet on u, i.e., u € HI(Q))

(3) n-Vu=0 on T, (Neumann on u, i.e., Vu € H(div, Q))

(4) Au=0 on T, (Dirichlet on Au, i.e., Au € Hl(Q))

(5) n-VAu=0 on I, (Neumann on Au, i.e., VAu € H(div, Q)

as presented in the equations [23, (5.14)-(5.27)]. Some of these six pairs have prominent names:
Dirichlet:  (2) A (3) Navier: (2) A (4)
Neumann: (4) A (5) Riquier: (3) A (5)
As we will see later, cf. Section 2.2.7, the latter four pairs as well as (2) A (5), then denoted by
LL, LL, LoLp, LuLy, LyLo,

make A? well-posed, while (3) A (4), then denoted by Lp Ly, does not, at least without further
restrictions on the domain of definition. The second author proposes variational formulations for
the Dirichlet, Neumann, Navier, and Riquier biharmonic problems, but notices that for (2) A (5)
and (3) A (4) no well-posed variational formulations are at hand.

[23, Section 5.6.1] is then specifically devoted to the Neumann problem for the biharmonic
equation (4) A (5) (£ £). The natural Sobolev spaces for the variational method are then given by
V from (1) as well as Vi = H(A, Q)NH* and Lz#(Q) =L2(Q)NH*L. For f € Li(Q) the variational
formulation is then to find u € V4 such that

VoeV(orVy)  (Au,Ap)iz) = (f,9)2(@),

cf. (25) in Section 2.2.6. It has been emphasised that the problem is well-posed if the Poincaré
type estimate

(6) Je>0 VeoeVy oz < cAp|i2g)
holds, which follows if the embedding
(7) Vg = L2(Q)
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is compact. The second author could show by regularity and Rellich’s selection theorem that
this is indeed true if Q is bounded and of class C%, since then the embedding Vy < H%(Q) is
continuous, more precisely,

(8) Vi = A(HY(Q) NH(Q)) = H2(Q) NHT = H%(Q)

with equivalent norms. It has also been noted that V < L?(Q) is in general not compact even
for the unit ball and N = 2. The space A(H*(Q2) N H2(Q)) (of high regularity) has already been
proposed by Provenzano [21] for studying an eigenvalue problem for the Neumann biharmonic
operator.

A theory relying on C*-boundaries is unsatisfying. In this contribution we shall present a
solution theory for quite a zoo of biharmonic problems — including the Neumann type — which
works fine with bounded Lipschitz domains €2 or even beyond, cf. the notion of admissible domains
in Defintion 2.6 and Remark 2.7, which need neither to be bounded nor smooth (Lipschitz).

1.2.1. Sketch of Basic Ideas and Concepts. We promote a more operator theoretical method using
basic functional analysis. For simplicity, in this introduction, let us assume that €2 is a bounded
Lipschitz domain.

We consider the two gradients (minimal and maximal)

Vi HY(Q) C L2(Q) = L2(Q); ¢ Vo,
Vp : HY(Q) C L2(Q) — L3(Q),

cf. Section 2.2.4 and [14] for more details and results on the de Rham complex. Note that we have
the Friedrichs’ and Poincaré’s estimates

3¢ >0 VeeH(Q) el < ol V gliza),
9) Vi € H3(Q) lelizo) < APz (a),
Je, >0 Ve HY(Q) =H(Q)NR" loliz) < ¢l V oliz (-

With (9) Vr and V are well-defined, i.e., densely defined and closed linear operators, with closed
ranges, and so are their Hilbert space adjoints (maximal and minimal divergence)

—divyg = (Vp)* : H(div, Q) C L*(Q) — L*(Q); P s div @,
—divy = (Vg)* : H(div, Q) C L2(Q) — L%(Q).
Then the Dirichlet and Neumann negative Laplacians
Lp = Vr* Vr = —divy Vi : D(Ip) C L3(Q) — L*(Q); ¢ —divV e,
Ly = Vy* Vy = —divr Vy : D(Ly) C L3(Q) — L*(),

are selfadjoint and non-negative with kernels N(Lp) = {0} and N(Ly) = R. With the closed
ranges we have the Fredholm alternatives

R(Lp) = N(Lp)* = L*(), R(Ly) = N(Ly)*" = L2(Q) nR* = L%(Q).
Therefore, Lp and Ly = Ly |p+ are bijective and the inverse operators
Lyt L2(Q) —» D(Lp), Ly :L3(Q) - D(Ly) NR* = D(Ly)

are bounded by (9).
We may also consider over- and underdetermined negative Laplacians L and L, respectively,
cf. Section 2.2.5. Now (9), cf. Lemma 2.9 and Lemma 2.1, yields that

L:H*(Q) c L2(Q) — L2(Q); @ —Ag,
L:=L1":H(A,Q) c L%Q) - L2(Q)

are densely defined and closed with kernels N(L) = {0} and N(L) = H and closed ranges
RIL)=NL)' =) nH =13Q), R(L)=NL)*=L*Q).
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Thus L and £ = L |me are bijective and the inverse operators
L' 12(Q) —» D@L), L£7':1%(Q) — DL)NH" = D(L)

are bounded by (9).
One could say that the dual (adjoint) pair L and L defines the minimal and the maximal
L2(Q)-realisations of the negative Laplacian, in the sense

LCLpLyCL

with the two selfadjoint realisations Ly and Ly in-between.
Let f € L2(Q), f € L2(), and f € L%(Q). Then:
o up = Ly Lye D(Lp) is the unique solution of the Dirichlet negative Laplace boundary
value problem Lpup = f.
e u= L' f € D(L) is the unique solution of the underdetermined negative Laplace bound-
ary value problem Lu = f.
o uy = Ly ! ]? € D(Ly) is the unique solution of the Neumann negative Laplace boundary
value problem Ly uy = f
o U= 2_1f€ D(L) is the unique solution of the overdetermined negative Laplace boundary
value problem Li = fv

In classical terms we have

“Aq=f, —Aup = f, —Auy = f, —Au=f in ,

u =0, up = 0 on T,

n-Vu=0, n-Vuy =0 on I,
uy L R, u 1 H.

To find up € D(Lp) C HY(Q) and uy € D(Ly) C ﬁl(Q) by variational methods one may consider
the well-known text book formulations

Ve HY(Q) (Vup, V)i2) = (f, )2,
Ve € HY(Q) (or HY(2)) (Vun, V)20 = (FL )iz
In Remark 2.14 we suggest variational methods to find the two solutions @ € D(L) = HQ(Q) and
u € D(L) = H(A, Q) NHL.
Let us go back to the different biharmonic operators from the beginning of Section 1.2, cf. Section

2.2.6 and Section 2.2.7. From our operator theoretical point of view, these six different boundary
value problems for the biharmonic equation, are given by the following table:

Dirichlet: (2) A (3)  given by Bp = LL with bd right inverse By! = £71 £}
Neumann: (4) A (5)  given by By = LL with bd right inverse Byt = £ £}
Navier: (2) A (4) given by Bpp =LpLp  with bd right inverse Bié =Lt ot
Riquier: (3) A (5)  given by Byy = LyLy  with bd right inverse BN_,% =Lyt oyt
N-D: (2)A(5)  given by Byp=LyLp  with bd right inverse Byp = Ly " Ly
D-N: (3)A(4) given by Bpy = Lp Ly

By our theory the inverses of the first five biharmonic operators are well-defined, while the last
inverse of the biharmonic operator Bp y is not in terms of £y ! Ly 1 Since
L*=L,  L'=L,  Li=Lp, Li=0Ly,
we see that the operators corresponding to the Dirichlet, Neumann, Navier, and Riquier bihar-

monic problems are selfadjoint (and non-negative), while the others are not.
Let f € L2(2), f € L%(Q), and f € L%(Q). Then:

o —1
e up =By =L L' fe D(Bp) is the unique solution of the Dirichlet biharmonic bound-
ary value problem Bpup = f.



BIHARMONIC EQUATIONS 7

® Upp = B];é =Ly Lyt fe D(Bpp) is the unique solution of the Navier biharmonic bound-
ary value problem Bppupp = f.

euy = Byt =7t Z‘lf € D(By) is the unique solution of the Neumann biharmonic
boundary value problem By uy = f

o uyy = By §o= Lyttt f € D(Byy) is the unique solution of the Riquier biharmonic
boundary value problem By y uw = f .

o uyp = By s=rytegt fe D(Byp) is the unique solution of the N-D biharmonic boundary
value problem By p uwp = f .

In classical terms we have

A2UD =f, A2UDD =f, A2UN = J}V7 A2UNN = .]?7 A2UND = fA in €,
up = 0, upp = 0, uyp = 0 on I,
n-Vup =0, n-Vuy=0 on I,
Aupp = 0, Auy =0 onT,
n-V Auy =0, n-VAuyw =0, n-VAuy=0 onT,
uy L H, uyy L R,
Auyy L R, Auyp L R.

In fact, in Section 2.2.7 and Section 2.2.8 we present eighteen different biharmonic operators,
and it turns out that thirteen of those are well defined and lead to uniquely solvable boundary
value problems for the bi-Laplacian. Our general theory extends also to mixed boundary conditions
giving even more well defined bi-Laplacians, cf. Section 2.2.9.

Remark 1.1. Concerning (6), (7), and (8) we can show remarkable results for all bounded do-
mains Q. Note that no(!) reqularity assumptions on  are needed at all.

(i) In Theorem 2.18 we prove that indeed
D(L) =H(A, Q) NH' = Vy — L*(Q)

1§ compact. )
(ii) Moreover, for all ¢ € D(L) = H?(Q) and all ¢ € D(L) we have

lolizio) < AP0,

cf. Remark 2.10.
(iii) For the variational space we see

Vy=LLWVy =A{p e HX(Q): Ap e D(L)} = Af{p e H2(Q) : A%p € L2(Q)},

which — in case of a C*-boundary T' — equals by standard regularity theory for the Dirichlet
bi-Laplacian A(H*(Q) N H?(Q)).

Remark 1.2. Analogously we have:
(1) Analogously, Theorem 2.17 shows that
D(B) = H(AZ, Q) N BH' < L%(Q)

18 compact. ) )
(ii) For all ¢ € D(B) = H*(Q) and all ¢ € D(B) we have

eliz(e) < A%l ()
(iii) For the variational space we have
D(B) = BB~'D(B) = A?{p € HY(Q) : A%p € D(B)} = A*{p € H}(Q) : Aty € L2(Q)},

which — in case of a C¥-boundary T — equals by standard reqularity theory for higher order
elliptic Dirichlet problems A?(H®(Q) N H*(Q2)).
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1.2.2. Shifting Boundary Conditions by Laplacians. Using the latter four different Laplacians,
cf. (26), we can solve the Neumann biharmonic problem by the Dirichlet biharmonic problem and
vice versa. For example,

Byl =LL 'L L = LB L,
i.e., the solution v = By ! f of the Neumann biharmonic problem can be found by solving for the

overdetermined Laplacian L1 f, then for the Dirichlet biharmonic problem v = By Lt f, and
finally taking v = Av. Analogously, we have

Byl=ccte e t=cBt ot
This “trick” can extended to a lot more “allowed” combinations, such as
Byp = Lo Ly Lot Lyt = LoBop Ly,
just to mention one of many options.

1.3. Alternative Approach by the Hessian Complex. For ¢ € C*°(R3) we have point-wise
(10) N¢=> 920¢=> 0;0;0;0;¢=divDivVV ¢,
4,J 4,J

which then extends also to distributions ¢. Here, VV ¢ denotes the Hessian of ¢ and Div acts as
row-wise incarnation of div. Note that divDiv is the formal adjoint of VV. In the following we
use again the basic concepts of functional analysis, cf. Section 2.1.

By (10) another way to look at the biharmonic equation, which respects more the underlin-
ing geometry (Hessian Hilbert complex) of the problem and the corresponding operators, is to
investigate the two Hessian operators

VVr : H2(Q) C L2(Q) — L2(Q); ¢ — VV &,
VYV : H3(Q) C L2(Q) — L2(),

cf. Section 2.3 and [18, 2, 16] for more details and results on the Hessian complex. Note that
Friedrichs’ estimate (9) shows

(11) e >0 VoeHAQ) el <ol Vel < VYV el

Moreover, ¢ € L2(Q2) with VV ¢ € L%(Q) implies ¢ € H*(Q) by the Necas/Lions lemma, and we
have Poincaré’s estimate

(12) Jep >0 Ve H3(Q) =HXQ)NPL  [pliz) < ol Vliz) < 2 VV @iz,

where Py denotes the first order polynomials. With (11), Necas’ lemma, and (12) VVr and VVy
are well-defined, i.e., densely defined and closed linear operators. Their Hilbert space adjoints are
given by

divDivy = (VVr)* : H(divDiv, Q) C L*(Q) — L*(Q); ® - divDiv @,
divDivy = (VVg)* : H(divDiv, Q) C L2(Q) — L2().
We can then investigate the biharmonic operators
Br = VVr* VVr = divDivy VVr : D(Br) C L3(Q) — L*(Q); ¢ — divDiv VV ¢,
By = VVy* VVy = divDivyr VVj : D(By) C L*(Q) — L%(),

which may be called Dirichlet resp. Neumann biharmonic operator as well. Note that indeed by
Remark 2.11 the “new” Dirichlet biharmonic operator equals the “old” one from above, i.e.,

Br =By =LL,

but the “new” Neumann biharmonic operator By is not a biharmonic operator with any combi-
nation of the boundary conditions (2)-(5). In fact, while the boundary conditions of By = LL are
imposed on the scalar Au, the boundary conditions of By are imposed on the symmetric tensor
S=VVu.
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Br and By are selfadjoint and non-negative with kernels N(Br) = {0} and N(By) = P;. By
(11) and (12) the ranges are closed and we have the Fredholm alternatives

R(Br) = N(Br)* = L2(%),  R(By) = N(By)* = L2(@) N P{ = (2().

Therefore, Br and By = By ‘Pf_ are bijective and the inverse operators

Br!: L%(Q) — D(Br), By :L2(Q) — D(By) NP = D(By)

are bounded, i.e., | Bp'| < ¢} and |lS'Q?1 | <cp

Let f € L%(Q) and f; € E2(Q) Then ur = Bp' f € D(Br) is the unique solution of the
Dirichlet biharmonic boundary value problem Brur = f, and ug = By Lfe D(Byp) is the unique
solution of the Neumann biharmonic boundary value problem By ug = fi. In classical terms we
have

divDivVV ur = f, divDivVVuy = fi in Q,
up = 0, (VVug)n=20 on I,
Vur =0, (VVug)n) -n=0 on T,

ug L Py.

~

To find u € D(Br) C H2(2) and v € D(By) C |:|2(Q) by variational methods one may consider
Ve € H(Q) (VVu, VV o) 20) = ([, 9)L2 ()
Ve € H*(Q) (or ﬁQ(Q)) (VV 0, VV ) 1200) = (9, V)12
It is worth noting that the results in [18, Section 4] show that the Dirichlet biharmonic problem
Bru = divDivg g VVru = f

splits up into a sequence of three second order (elliptic) boundary value problems indicated by the
matrix representation

Lp trsymRotr g 3 U 0
0  RotgrsymRotry Rotgrtr*| |E| = (0],
0 0 Lp v f

cf. Section 2.3 for definitions. The matrix has the structure

a*a ¢ 3
0 b c*
0 0 a*a

with @ = Ag = V taken from the de Rham complex (21), and b = A% = symRoty 3 and ¢ = trb
from the Hessian complex (33).

2. OPERATOR THEORY FOR BIHARMONIC EQUATIONS

Let us begin with some abstract basics.

2.1. Tiny FA-ToolBox. We recall a few results from linear functional analysis. In particular,
we use fundamental results from the so-called FA-ToolBox, see, e.g., [12, 13], cf. [10, 11, 14, 15,
16, 18, 19].
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2.1.1. Single Operators. Let us consider a densely defined and closed linear operator A between
two Hilbert spaces Hp and H; together with its (densely defined and closed) Hilbert space adjoint
A* that is
AZD(A)CHQ‘)Hl, A*D(A*)CHlﬁHO
In general, A and A" are unbounded and characterised by
VZ‘ED(A) \V/yED(A*) <A$,y>H1 :<$,A*y>H0-
Since A™ = A we call (A, A") a dual pair. Note that R(A) is closed if and only if R(A™) is closed by

the closed range theorem. Moreover, the projection theorem yields the orthogonal decompositions
(Helmholtz type decompositions)

(13) Ho = R(A*) DHo N(A)v Hy = R(A) DH;, N(A*)7
which suggest to investigate the injective restrictions, also called reduced operators and denoted
by calligraphical letters,
AZ:A|N(A)J_, A* = A*‘N(A*)J-v
more precisely,
A:D(A) C N(A)* — R(A) = N(A")*, D(A):= D(A)NN(A)*,
A*: D(A*) C N(A*)* — R(A¥) = N(A)*, D(A*) := D(A*) N N(A*)*.
(A, A¥) are also densely defined and closed forming another dual pair with dense ranges. Moreover,
by (13) we have
D(A) = D(A) &n, N(A), D(A) = D(A") @n, N(A"),
R(A) = R(A), R(A*) = R(A").
Here we have used the symbols =, @, and L for the closure, the orthogonal sum, and the orthogonal
complement, respectively.

From [11, Lemma 4.1, Remark 4.2], see also [13, Lemma 2.1, Lemma 2.2] or [17, Lemma 2.1,
Lemma 2.4], we cite the following elementary result.

(14)

Lemma 2.1 (fundamental FA-ToolBox lemma 1). The following assertions are equivalent:
(i) 3ea >0 Vze D(A) |z, < cal Azln,
(i) Jea- >0 Vye DAY |yln, < car|Ayln,
(ii) R(A) is closed.
(ii*) R(A™) is closed.
(iii) A~ : R(A) — D(A) is bounded.
(iii*) (A")~': R(A*) — D(A*) is bounded.
The latter assertions hold, if the embedding D(A) — Hy is compact.
(iv) D(A) < Hy is compact, if and only if D(A") < H; is compact.

Remark 2.2 (fundamental FA-ToolBox lemma 1). If the estimate in (i) holds with ca then (ii)
holds with ca= = ca, and vice versa. For the best constants we have

A7
Lemma 2.1 shows that the key point to a proper solution theory in the sense of Hadamard is a
close range (ii) or, equivalently, a Friedrichs/Poincaré type estimate (i).

' |R(A)—>H0 =CA =0 = |(‘A*)_1|R(A*)—>H1'

Lemma 2.3 (automatic regularity). A* A, AA* and A" A, AA* are selfadjoint and nonnegative.
A" A =A"A and AA* = A A" are positive (and hence injective) with dense ranges. Moreover,
the automatic reqularity (14) extends to

...=R(AA"A...)=R(AA")=R(A)=R(A) =R(AA")=RAA"A...)=...,
...=RA"AA"...)=RA"A)=R(A")=R(A")=R(A"A) =RA"AA"...)=...
and it holds
NA)=NA"A)=NAA"A)=..., NA")=NAA")=NA"AA) =....
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Lemma 2.4 (fundamental FA-ToolBox lemma 2). Let R(A) be closed.
(i) A" A: DA A) C N(A)L — R(A*) = N(A)L is bijective with bounded inverse
(A*A)~ L= A1 A1 R(AY) — D(A* A), |(A* A)_1|R(A*)—>Hg =cA.
For x € D(A" A) it holds
(15) [2lhy < calAzln, < A[AT Axly,.
Moreover, A* A= A" A.
(i*) Interchanging A and A* we get a similar results for A* A.
Solving A*Ax = f:
(ii) For f € R(A*) the unique solution z := (A* A)~'f € D(A*A) of A" Az = f can be
found by the variational formulation
Vo eD(A)  (Az,Ad)n, = (f. Oy,
which holds also for all ¢ € D(A) as
(16) (Az,Ad)n, = (Az, Ama-d)n, = (f, A= )nor = (Ta= [, O)Hy, = (f, P)Ho.
where ma~ denotes the orthogonal projector onto N(A): = R(A*), which implies also
ma- : D(A) — D(A).
(ii*) Interchanging A and A™ we get a similar variational formulation for AA* y = g.
Solving Ax = g:
(iii) For g € R(A) the unique solution x == A~ g € D(A) of Az = g can be found by the
variational formulation
VQSGD(A) <Ax7A¢>H1 :<97A¢>H1;
which holds also for all ¢ € D(A) since R(A) = R(A). Note that Az — g € R(A) belongs
to N(A*) = {0}.
Another way is to use a potential y with A* y = x, i.e., to compute the unique potential
y = (A "tz = (A") P A" g € D(AA") which satisfies AA*y = g. By (ii) we can find
y € D(A") by the variational formation

Vw € D(A*) <A* yaA* ?/1>H0 = <g7w>H1'

(iii*) Interchanging A and A* we get similar variational formulations for A"y = f.
(iv) Solving the latter variational formulations leads to saddle point problems which are tricky
to handle. A comprehensive theory can be found in [13].

2.1.2. Helmholtz Projections. The projections in (13) and (14) can be computed as follows:

Let R(A) be closed and let us consider, e.g., Hy = R(A) @n, N(A™).

For g € H; the variational formulation in Lemma 2.4(iii) computes the orthogonal projections
7ag onto R(A) and (1 — ma)g onto N(A*) = R(A)+. More precisely, x € D(A) such that
(17) Vo e D(A) (Az,Ad)n, = (9, Ad)n,
implies Ax — g € N(A™) and thus we get (13), i.e., with mpg = Az

g=Azx—Az+g=mag+ (1 —7a)g € R(A) Bu, N(A™).

Note that Az — g € N(A*) = {0} if and only if g € R(A).

Now let us consider the bounded linear operator A : D(A) — H; and its Banach space adjoint
A’. Using the Riesz isometry Ry, : Hy — H} we introduce the modified adjoint

AT = ARy, :Hi = DAY; y—= A Ruy(-)=Ruy(A-) = (A, yn,.

Then A’ and A" are bounded linear operators with [AT | = |A’| = |A| and AT is an extension
of A*. Moreover, N(AT) = R(A): = N(A*) and R(AT) = R(A') is closed by the closed range
theorem. Therefore, AT |r(a) is boundedly invertible on R(A’) by the bounded inverse theorem,

ie.,

AT = AT [ga) s R(A) = R(A); y— ATy
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is a topological isomorphism.
(17) translates equivalently to

ATg=ATAz=A"T Az
Hence
mag=Ar=(AN)TATg=AA A TTATg=AAUT A AT g
Note that we have indeed 73 = A(A" A)"'AT A(AT A)"TAT = A(AT A1 A" = 75 and that
for g € R(A) it holds mag = (AT) " 'AT g=(AT)"' AT g = ¢. Finally,
mAa=AAT A)TTAT = (AT TAT D H, = R(A),

where AT := (AT A)~1 AT is often called Moore/Penrose inverse of A. Note that AT is a bounded
right inverse of A, i.e.,

AAT=(AD)TTAT, AAT = (AT)TTAT =idga) -

2.1.3. Operator Complezes. Let Hy be another Hilbert space and let

A(] Al
(18) o HO H1 H2
AS A;

be a primal and dual Hilbert complex, i.e.,
Ao : D(Ag) C Hg — Hy, Ay : D(Ay) CHp — Hg,
Aj : D(Aj) € Hy — Ho, A7 : D(A]) C Hy — Hy
are densely defined and closed linear operators satisfying the complex property
(19) A Ay CO.
Note that (19) is equivalent to R(Ag) C N(A;) which is equivalent to R(AT) C N(A{) (dual

complex property) as R(A}) C R(A]) = N(A;)*" C R(Ag)t™ = N(A}) and vice versa.
Defining the cohomology group

No, = N(A1) NN(Ag)
we get the following orthogonal Helmholtz-type decompositions, cf. (13).

Lemma 2.5 (Helmholtz decomposition). The orthogonal Helmholtz-type decompositions

Hi = R(Ao) &n, N(Ay), Hi = N(A1) ®n, R(A7),
(20) N(A1) = R(Ao) ©H, No,1, N(Ag) = No &, R(AY), -
D(A1) = R(Ao) @m, (D(A1) NN(A])), D(AG) = (N(A1) N D(AG)) @n, R(AT),
D(Ag) = D(AG) @n, N(A7), D(A1) = N(A1) @n, D(Ay),
as well as R(A) = R(Ap) and R(A;) = R(A1) hold. Moreover,

Hy = R(Ao) ©®H, N071 ®DH, R(AT),
D(AS) = D('AS) DH, N071 DH, R(AT)’
D(A1) = R(Ag) ®n, No1 ®n, D(A1),

D(A1) N D(Ag) = D(Ag) ®n, No,1 ©ny D(A).

2.2. Applications to the De Rham Complex. For Lebesgue and Sobolev spaces we use stan-
dard notations L2(Q2), H¥(Q2), k € N, and H(rot, Q), H(div, Q2), repsectively, and introduce homo-
geneous boundary conditions by

. —HF () . . H(rot,) . . H(div,Q)
H"“’(Q) = C®(Q) , H(rot, Q) := C>®(Q) , H(div, Q) := C>(Q)
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2.2.1. Domains.
Definition 2.6 (admissible domains). € is called
(1) ‘Friedrichs admissible’ if Friedrichs’ estimate
Jor>0 VoeH(Q) el <ol Vel
(ii) ‘Poincaré admissible’ if Q0 is bounded and Poincaré’s estimate
Jep >0 VoeH(Q) lele) < 6l Vel
holds. Here ﬁl(Q) = HY(Q) NR* and L denotes orthogonality in L2(S2).
From now on, let ¢f and ¢, denote the best possible constants in Defintion 2.6, cf. (9).

Remark 2.7 (admissible domains). We note:

(1) Any Q being bounded in at least one direction with diameter d > 0 is Friedrichs admissible.
Moreover, we emphasise that no reqularity of I' is needed. It holds

1 ) |V ulzq)
— = min Err—
Cf 0#£ucH!(Q) |U\L2(Q)

which means that 1/cs is the square root of the first eigenvalue of the negative Dirichlet

Laplacian.
(ii) Any bounded (weak) Lipschitz domain Q with diameter d > 0 is Poincaré admissible. We
have
1 . |V ulLzq)
= min ——

E ozuchl (@) |UlL2(0)
which means that 1/c, is the square root of the first positive eigenvalue of the negative
Neumann Laplacian.

In both cases we have cf, ¢, < d/m, cf. [20].

2.2.2. De Rham Complex. In the following we shall apply the latter abstract results with different
choices of A for various operators from the de Rham complex

9 A=V 5 Aq=10t 5 As=div 9
(21) L2(2) F L=(Q) ? L=(Q2) A*<:> L=(©),
o=—div I=ro 5=

cf. (18), with the densely defined and closed linear operators from vector calculus
V:HY(Q) C L2(Q) — L2(Q), V: HY(Q) C L2(Q) — L2(Q); ¢ Vo,
rot : H(rot, Q) C L2(Q) — L2(), rot : H(rot, Q) € L2(Q) — L%(Q); & — rot ®,
div : H(div, Q) C L2(Q) = L2(Q),  div: H(div,Q) C L2(Q) = L%(Q); & — div ®.

2.2.3. Gradients and Divergences. Let us start with V and div.
o Let Q be Friedrichs admissible. We consider
A=Ag=V, A"=—div.
By Friedrichs’ estimate and Lemma 2.1 R(A) and R(A") are closed. Moreover,
N(V)=N(A)={0}, R(div) = R(A*) = N(A)* = L2(Q)
and
A:HY(Q) C L2(Q) — R(A),
A* D H(div, Q) N R(A) C R(A) — L3(Q).
Note that by (20)
N(A*) = N(div) = {® € H(div,Q) : div® = 0},
R(A) = R(V) = N(rot) N Hp(Q) = {® € H(rot, Q) : ot ® = 0 A & L Hp(Q)},
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where we denote the harmonic Dirichlet fields (cohomology group) by
Hp(Q) := N(rot) N N(div) = {® € H(rot, ) N H(div, ) : rot ® = 0 A div®d = 0}.
A and A* are bijective with bounded inverses
A" R(A) = D(A), | A7 [Rea)ysL2(0) = o,
(A*)7': R(A®) — D(AY), |(A")~

" 1|R(A*)—>L2(Q) = -
Let f € L2(Q) and G € R(V). Then
w:=A"1GeD(A) =H(Q), E:=(A")"'fe D(A*) =H(div,Q) N R(V)

are the unique solutions of the boundary value problems Vu=G and —div | R(%)E = f,
ie.,

Vu=GaG, —divE=f in Q,

rot E =0 in Q,

u =0, nx E=0 on I,
E 1 Hp(Q).

Extensions to right hand sides f € H™1(€) := H(Q)’ and G € H(div, Q) are straight
forward using Banach space adjoints.
o Let 2 be Poincaré admissible. We consider

A:=—AL=V, A*=—div.

Note that N(V) = N(A) = R and A = A|g:. By Poincaré’s estimate and Lemma 2.1
R(A) = R(A) and R(A") are closed. Moreover,

R(div) = R(A*) = N(A)* = L2(Q) NR*+ =: L2(Q)
and
A:HYQ) C L2(Q) — R(A), HY(Q) = HY(Q) NR*
A* D H(div, Q) N R(A) C R(A) — L2(Q).
By (20)
N(A*) = N(div) ={®e H(div,Q) : div®d = 0},
R(A) = R(V) = N(rot) N Hy(2)" = {® € H(rot, Q) : ot ® =0 A ® L Hy(Q)},
where we denote the harmonic Neumann fields (cohomology group) by
Hy(Q) := N(rot) N N(div) = {® € H(rot,2) N H(div,Q) : rot ® = 0 A divd = 0}.
A and A* are bijective with bounded inverses
A™":R(A) = D(A), A7 [Ra)—12@) = G
(A)7': R(A*) — D(A*), ‘(A )

' 1‘R(A*)—>L2(Q) = G-
Let f € L2(Q) and G € R(V). Then
w:=A""GeDA)=H(Q), E:=(A)"'fe D(A*) =H(div,Q) N R(V)

are the unique solutions of V |E2(Q)“ =G and —div lrev)E = f, ie.,

Vu=GaG, —divE=f in Q,
rot E =0 in Q,
n-E=0 on I,

u L R, E 1 Hy(Q).

Extensions to right hand sides f € H=1(Q) := H(Q)’ and G € H(div, Q)’ are straight
forward using Banach space adjoints.
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Remark 2.8 (duals). Note that in [7] it has been shown

H(div,Q) = {® € H™' :rot ® € H71}, H=*(Q) := H*(Q)’,
H(rot,Q) = {® e H™' :div® e H '},
H(div, Q) = {® € H™ :rot ® € H™'}, H=*(Q) := H*(Q),

H(rot, Q) = {®@ € H™' : div® e H™'}.

2.2.4. Dirichlet/Neumann Laplacians. We use the latter results.

e Let ) be Friedrichs admissible and let A := Ay = V. We introduce the negative Dirichlet
Laplacian

Lp:=A*A = —div V: D(Ip) C L2(Q) = L2(Q); ¢ — —Agp,
where
D(Lp) = {p € HY(Q) : Vp € H(div, Q) } = {p € H(Q) : Ap € L2(Q)}.

Note that £ = A* A = A* A = A* A = L, with closed range R(Lp) = R(A*) = L2(Q2). Lp
is selfadjoint, positive, and bijective with bounded inverse

Lyt = AT A) T L2(Q) = Do), Ly iz)si2) = -
(15) reads
V¢ € D(Lp) leliz) < |l Voliz) < GlAG|2 ).
Let f € L2(Q). Then u := Ly ' f € D(Lp) is the unique solution of the Dirichlet Laplace

boundary value problem Lpu = f, i.e.,

—Au=f in Q,

u=0 on I'.
Note that B B cr
u=A"A)Tf=-V le‘R(%)f,

cf. Section 2.2.3. To find u € H(Q) by variational methods we may consider (16), i.c.,

Vo e HY(Q) (Vu, Vo)o) = (fo)z)-

Extensions to right hand sides f € H™1(Q) are straight forward using Banach space
adjoints.

e Let Q2 be Poincaré admissible and let A := — AJ = V. We introduce the negative Neumann
Laplacian and its reduced version
Ly:=A*A = —div V: D(Ly) C L2(Q) — L*(Q); @ —Ag,
Ly=A"A=A"A=—div Vg : D(Ly) CL2(Q) - [2(9),

where
D(Ly) = {p € HY(Q) : Vp € H(div, Q) },
D(Ly) = {p € HY(Q) : V p € H(div,Q)}.

Ly is selfadjoint, positive, and bijective with closed range R(Ly) = R(A™) = EQ(Q) and
bounded inverse

‘CI\?I = "471("4*)71 : LQ(Q) - D(£N)7 |‘CI\171 |£2(Q)_>|_2(Q) = CF2)'
(15) reads
VoeD(Ly) el < 6l Vel < GlAvlie).

Let f € L2(). Then u := £y' f € D(Ly) is the unique solution of the Neumann
Laplace boundary value problem Lyu = f, i.e.,

—Au=f in Q,
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n-Vu=20 on I,
u L R.
Note that
u= AT AN = = Vg divigo) f:
cf. Section 2.2.3. To find u € I/-\Il(Q) by variational methods we may consider (16), i.e.,
Ve HY(Q) (Vu, V)2 = (f, @)z

Extensions to right hand sides f € Iilfl(Q) are straight forward using Banach space
adjoints.

2.2.5. Owver- and Underdetermined Laplacians. Let € be Friedrichs admissible.
Lemma 2.9. On H2(Q) the norms | - lh2(q) and |A - |2(q) are equivalent. More precisely,
Voe H(Q)  [ple@ < caldpliz),
where cp 1= \/m.
Proof. By (22)
Voe Do) o) + 1V eltaq) + A0l ) < CAlAGIE o)
For ¢ € C*°() we observe

D (0:050,0;0; )2y = Y (07 0,07 0)L2(0) = |A¢IE ()
i i

which extends to ¢ € HQ(Q) by continuity and shows the stated estimate. (]

Let
H(A, Q) = {p € L>(Q) : Ap € L*(Q)}, H:= {¢ € L*(Q) : Ap = 0},
where the latter denotes the harmonic functions.
Lemma 2.9 and Lemma 2.1 yield that the over- and underdetermined Laplacians

L: H3(Q) C L(Q) — L*(Q); ¢ —Agp,
L:=L":H(A,Q) C L2(Q) - L}(Q)
are densely defined and closed with closed ranges R(L) and R(L). Moreover,
) N(L) = {0}, R(L)= N(I;)l = L*(Q) nH' = L*(Q),
N@L)=H, R(L)=N@L)*=L%Q).
The reduced operators
L:HX(Q) C L2(Q) — L2(Q),
L:H(A,Q) c L2(Q) — L2(Q), H(A, Q) := H(A, Q) NH*
are bijective with bounded inverse operators
L7V 3(Q) — D(L) = H*(Q),
L7 12(Q) = D(£) = H(A, Q), |2’_1|E2(Q)_>|_2(Q) = L7 @@ < G,
cf. (22).
Remark 2.10. In particular, we have for all ¢ € D(L) = H2(Q) and all ¢ € D(L) = H(A, Q)

lol2(o) < C?|A¢|L2(Q)~
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Let f € L2(€). Then u:= L' f € D(L) = H2(Q) is the unique solution of the overdetermined
negative Laplace boundary value problem Lu = f, i.e.,

—Au=f in Q,
u=20 on T,
n-Vu=0 on I'.

Remark 2.11. Note that u|lr = 0 implies n x Vu|r = 0. Hence, together with n - Vulpr = 0 we
see Vulr = 0. In other words, for u € HY(Q) it holds

weH)(Q) <  VueH(div, Q) nHY(Q).

Let f € L2(€). Then u:= £~ f € D(£) = H(A,Q) is the unique solution of the underdeter-
mined negative Laplace boundary value problem Lu = f, i.e.,

—Au=f in Q,
w L H.
Remark 2.12. Note that for the different negative Laplacians we have LcC Lp,Ly C L, that is
Lclp=-divVcL, LcLy=-divVcL.

In this sense, L and L are minimal and mazimal L2(Q)-realisations of the negative Laplacian,
respectively.

Theorem 2.13. Let  be bounded. Then D(L) = H(A, Q) < L2(Q) is compact.

Proof. By Lemma 2.1 we have that the embedding D(£) = D(L) = H2(€2) < L2(Q) is compact if
and only if the embedding D(£) = H(A, Q) < L?(Q) is compact. Hence the latter embedding is
compact by Rellich’s selection theorem for, e.g., H(Q). O

2.2.6. Bi-Laplacians and Biharmonic Operators. Let £ be Friedrichs admissible and let us consider
A =L with A* = L from the latter section.

e We introduce the Dirichlet bi-Laplacian (Dirichlet biharmonic operator)
Bp:=A*A=LL:D(Bp) — L2(Q); ¢ AZp,
where
D(Bp) = {u € H*(Q) : Au € H(A, Q)} = {u e H(Q) : A%u € L2(Q)}.

Then By = A* A= LL =LL = LL = By with closed range R(Bp) = R(L) = L2(2). Bp
is selfadjoint, positive, and bijective with bounded inverse

Byl i= AN AT =L LT Q) = D(Bo), By ey sze) < 6
(15) reads
VoeDBp)  lolizq) < FlAg|z) < ¢fA%0|2 ).

Let f € L?(Q). Then u := By' f € D(Bp) is the unique solution of the Dirichlet
boundary value problem for the bi-Laplacian Bpu = f, i.e.,

Ay =f in Q,
u=0 on I,
n-Vu=0 on I
Note that w = £~ L1 f. To find u € Hz(Q) by variational methods we may consider
(16), i.e.,
(24) Vo € HA(Q) (Au, Ap)120) = (f, ©)L2(0)-

Extensions to right hand sides f € H™2(Q) are straight forward using Banach space
adjoints.
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e Analogously, we may consider the Neumann bi-Laplacian (Neumann biharmonic operator)
and its reduced version

By:=AA*=LL: D(By) — L%(Q),
By:= AA* = LL:D(By) — R(L) = L3(),
where we recall (23) and
D(By) = {u € H(A,Q) : Au € H2(Q)},
D(By) = {u € H(A, Q) : Au € H(Q)}.

By and By have closed range R(By) = R(L) = EQ(Q) By is selfadjoint, positive, and
bijective with bounded inverse

Byl i=(ANTTAT =L LT (@) = DBY), By gy sz = -
(15) reads
VoeDBy)  lelz < GlAplz@) < ¢ lA%|z@)-

Let f € L2(€). Then u := By' f € D(By) is the unique solution of the Neumann
boundary value problem for the bi-Laplacian Byu = f, i.e.,

A= in Q,

Au=0 on I

n-VAu=0 on T,
w L H.

As in Remark 2.11 we have V Aulp = 0. Note that u = £7* £71f. To find u € ﬁ(A,Q)
by variational methods we may consider (16), i.e.,

Vo e H(A, Q) (Au, Ap)iz) = (f, @)2q)-

Extensions to right hand sides f € H(A, Q)" are straight forward using Banach space
adjoints.

Remark 2.14 (over- and underdetermined Laplacians). Recall Section 2.2.5.

o For u := BD_lf = L1 L7 f we get that & = Au = L7 f is the unique solution of
the underdetermined Laplace problem. Hence we may solve the underdetermined Laplace
problem using a variational formulation for the Dirichlet bi-Laplace problem (24). In fact,
we compute a potential u and set u := Lu= Au, cf. Lemma 2.4 (iii).

o For u := Bglf =71 2*1]” we get that u := Av = z’lf is the unique solution of
the overdetermined Laplace problem. Thus we can solve the overdetermined Laplace prob-
lem using a variational formulation for the Neumann bi-Laplace problem (25). Here, we
compute a potential u and set u:= Lu = Au, cf. Lemma 2.4 (iii).

2.2.7. A Zoo of Biharmonic Operators. Let  be Poincaré admissible. Note that R C H and hence

L2(Q) c L2(Q).

Let us recall the different reduced negative Laplacians

L, Lo=Lp=—divV, Ly=—divVpg, L

with domains of definition

D(L) = H* (%), D(Lp) = {p € HY(Q) : Ap € L2(Q)},
D(L) = H(A,Q), D(Ly) = {p € H(Q) : Vi € H(div,Q)}
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and their respective bounded inverse operators
L7 12(Q) = D(L) C L2(Q), L' :L2(Q) — D(Lp) C L),
L7V 12(Q) = D(L) C L2(Q), Ly':L2(Q) — D(Ly) C L2(Q).
In Section 2.2.6 we already discussed the Dirichlet and Neumann biharmonic operators
Bo:=Bp=LL=LL=By,, Bo.:=By=LL,
being selfadjoint, positive, bijective and boundedly invertible with the well posed (well defined
and uniquely solvable) inverse operators £ £ and £ LN
Combining the four different Laplacians we obtain a whole zoo of formally sixteen biharmonic

operators. Due to the restrictions of E2(Q) and L2(2) some combinations are — even formally —
not possible (without further restrictions), those are the five combinations

oy N v G e e Y e

(26)

corresponding to EE, Ly ;J, Ly ;J, L Ly, Lp Ly, respectively. One has to consider different operators
to realise even stronger or weaker boundary conditions. We come back to this later.
We end up with only nine more well posed biharmonic operators, namely

B',' = Lﬁ, BD7. = ED ;C, BN,. = EN ﬁ, B.,N = [”CN, BNJ\] = EN EN,
Bo,D = zﬁp, B',D = LED, BD,D = ED ED, BN,D = EN LD .

All eleven biharmonic operators are bijective and boundedly invertible, more precisely

Blo =L L7 LA(Q) - LP(Q), Bl = £ N 12() — [2(9),
Bl =L L7 LA(Q) - (), Byl =L Lyt 12(Q) — [2(9),
Byl = L7 Lt () - (), B =Ly L7 12(Q) - L2(Q),
Bug = L' Ly ' 2(Q) — L2(9), Bl = £yt £ T2(Q) — L2(Q),
By =Ly L7 L2(Q) = L2(Q), Bop =Ly Lyt 1 L2(Q) = L2(Q),

By =Lyt Lyt L2(Q) — L2(9).

Let us write down the classical formulations of the latter eleven (some apparently over- and
underdetermined) biharmonic operators as uniquely solvable boundary value problems for the
bi-Laplacian:

() Bl=L""L7":12(Q) = {u € D(L) = HX(Q) : Au € D(L) = H(A,Q)}

yields the unique solution u of (The last condition is redundant.)

Au=fel?Q) in Q,

u=20 on T,

n-Vu=0 on I,
Au L H.

(i) Bl =L L7 12(Q) = {ue D(L) =H(A, Q) : Aue D(L) = H*(Q)}

yields the unique solution u of

Ay = f e 2(Q) in

Au=0 on I,

n-VAu=0 on T,
w | H.

(ii)) Bl =L L7 L2(Q) = {ue D(L) = H(A,Q) : Aue D(L) = H(A, Q) }
yields the unique solution u of
Au = felL?*Q) in Q,
u 1 H,
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Au 1 H.
(iv) Byl =L Ly L2(Q) = {u € D(L) = H(A, Q) : Au € D(Lp)}

yields the unique solution u of

Au=feLl*Q) in Q,
Au=0 on I,
u 1 H.

(v) Byl =L Lyt i L2(Q) = {ue D(L) = H(A, Q) : Au e D(Ly)}
yields the unique solution w of

A*u=fc EZ(Q) in £,

n-VAu=0 on I,
u 1 H,
Au L R.

(vi) By = Lyt £71:L2(Q) — {u € D(Ly) : Au € D(L) = H(A,Q)}
yields the unique solution u of

A*u=fel?*Q) in Q,

n-Vu=0 on I,
u LR,
Au 1 H.

(vii) By = Ly Ly i L2(Q) = {u € D(Ly) : Au€ D(Ly)}
yields the unique solution u of

A%u=fel?Q) in Q,

n-Vu=0 on I,

n-VAu=0 on I,
u LR,
Au L R.

(viiil) Bog =Lyt L7 L2(Q) — {u € D(Lp) : Au € D(L) = H2(Q)}
yields the unique solution u of

A%u= fel*(Q) in Q,

u =0 on I,
Au=0 on I,
n-VAu=0 on I

(ix) By =L L7 L2(Q) — {u € D(Lp) : Au € D(L) = H(A, Q) }
yields the unique solution u of

Au=fel*Q) in Q,
u=0 on T,
Au 1L H.

(x) Bop =Lp" Ly 1 L2(Q) = {u € D(Lp) : Au e D(Lp)}
yields the unique solution u of
APu=fel?*Q) in
u=0 on I,
Au=0 on I
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(xi) Bys =Ly Lyt :L2(Q) = {u € D(Lp) : Aue D(Ly)}
yields the unique solution u of

A%y = fe Q) in €,

u =0 on I,

n-VAu=0 on I,
Au 1L R.

2.2.8. Over- and Underdetermined Biharmonic Operators. Let €2 be Friedrichs admissible. We
shall follow the rationale from Section 2.2.5. Note that (22) shows

27) VYeeHY Q) |l <ol Velig < dlAgliw < dIAV el < A%,

which holds also for all ¢ € H3(Q) with A2p € L2(1).

Lemma 2.15. On Ii|4(Q) the norms | - |yaq) and |AZ . lL2(q) are equivalent. More precisely,
Vo e HYQ) ol < cazlA%p|i2(q),

where caz == car/1+ct = /T4 +2¢t +cf +cf.

Proof. Note that ¢ € H*(Q) implies ¢, 0;0jp¢€ H2(€). Lemma 2.9, its proof, and (22) show

el = eliec + 3010:0; elfi < A( Aol + 2010:0; Al )
<

,J ,J

Cf|A <P||_2 Q
@ = ‘AQS"‘E?(Q)

completing the proof. O
Let
H(A%, Q) :={p e L?(Q) : A’p € L?(Q)}, BH:={p e L*(Q): A% =0},

where the latter denotes the biharmonic functions.
Lemma 2.15 and Lemma 2.1 show that the over- and underdetermined biharmonic operators
(bi-Laplacians)

B: HY(Q) C L2(Q) — L2(Q); o A2p,
B:=B :H(A% Q) CL2(Q) - LX(Q)
are densely defined and closed with closed ranges R(B) and R(B). Moreover,
N(B) = {0}, R(B)=N(B)*=L%Q)nBH" = [*(Q),
N(B) =BH, R(B)=N(B)*=L%9).
The reduced operators
B:HY(Q) C L2(Q) — [2(Q),
B:H(A% Q) c [2(Q) — L%(), H(A2, Q) := H(A?, Q) nBH

are bijective with bounded inverse operators

B~1:[%(Q) - D(B) = HY(),

B2(@) = DB) =AA% Q). 1B gy = 1B otz <
cf. (27).

Let f € [2( Q). Then u:=B"1f ¢ D( ) = H4(Q) is the unique solution of the overdetermined
biharmonic boundary value problem Bu = f,ie.,

A%y =f in Q,
Vil <3 0%v=0 on I

(28)
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Let f € L2(Q). Then u:= B~ ' f € D(B) = H(A, ) is the unique solution of the underdeter-
mined biharmonic boundary value problem Bu = f, i.e.,

Au=f in Q,
u | BH.

Note that the latter two boundary value problems for A% are the numbers (xii) and (xiii) on
the list from Section 2.2.7.

Remark 2.16. Note that for the different biharmonic operators we have BC Bp, By C B, that is
BcBy=LLcB, BcBy=LLcCB.

In this sense, B and B are minimal and mazimal L2(Q)-realisations of the biharmonic operator,
respectively.

Recall Theorem 2.13.
Theorem 2.17. Let Q be bounded. Then D(B) = H(AQ,Q) < L%(Q) is compact.

Proof. By Lemma 2.1 we have that the embedding D(B) = D(B) = H4(Q) < L2(Q) is compact if
and only if the embedding D(B) = H(AQ, Q) < L2() is compact. Hence the latter embedding is
compact by Rellich’s selection theorem for, e.g., Hl(Q) O
2.2.9. Biharmonic Operators with Mized Boundary Conditions. In principle, everything works also
with mixed boundary conditions. For example, let us consider a division of I' into two relatively
open parts 'y # 0 and Ty := '\ ;. We introduce H{ () as closure of C%f(]l@) (the compact
support does not touch I';) in H*(Q2). Analogously we define Hr, (div, £2).
Let Q be such that the embedding

(29) HY(Q) — L%(Q)

is compact, which holds, e.g., for bounded Lipschitz domains 2.
By the compact embedding (29) we obtain the Friedrichs/Poincaré estimate

(30) Jep >0 Vo eHr () lelew <l Vel
cf. Defintion 2.6. As before, we assume cg, to be the best possible constant.
Then
A=V, tHL(Q) C L*(Q) = L*(Q)

is densely defined and closed with adjoint

A* =V}, = —divr, : Hr, (div, Q) C L*(Q) — L*(Q),
cf. [3, 14]. Note that the cases Iy = ' and I'y = §) have already been discussed by V = Vr and
V = Vy, respectively. By (30) and Lemma 2.1 R(A) and R(A") are closed and we have

N(Vr,)=N(A)={0},  R(divr,) = R(A") = N(A)" = L*(Q).

The full de Rham complex reads, cf. (18) and (21),

Ao:vl"t A1:r0trt A2:diV1—*t
(31) L2(Q) T 12(Q) T 12(Q) m————— [2(Q)).
Af=—divr, Al =rotp, AS=—Vr,

The negative Dirichlet-Neumann-Laplacian
—Ar, = A* A= A*A = —divr, Vr, : D(Ar,) C L}(Q) — L*(Q),
where
D(Ar,) = {<p € H%t(Q) Ve Hpn(div,Q)},
is selfadjoint, positive, and bijective with bounded inverse
—AR = ATH AT L2(Q) = D(Ar), AR =c}

1
|L2(Q)HL2(Q) P

(15) reads
(32) Vo e D(Ar) el < ol Vel < cihlApliz).
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Let f € L2(Q2). Then u := fAl?tlf € D(Ar,) is the unique solution of the Dirichlet-Neumann
Laplace boundary value problem —Ar,u = f, i.e.,

Au=f in Q,
u=20 on I'y,
n-Vu=0 on I',.

To find u € Hf, () by variational methods we may consider (16), i.e
Vo € HE (Q) (Vu, Vo)z) = (f, o)Lz

Moreover, v := AftlA;tlf € D(A,,Ar,) for some other boundary pair ¢ # 0 and 7, := I' \ 7 is
the unique solution of the Dirichlet-Neumann biharmonic boundary value problem A, Arv = f,
ie.,

Av? = f in Q,
v=0 on I'y,
n-Vuo=20 on Iy,
Av=20 on i,
n-VAv=0 on Y.

2.3. Applications to the Hessian Complex. Let € be a bounded Lipschitz domain, and recall
the boundary parts I'y and I',, and the definition of the Sobolev spaces als closures of test fields
from the latter section. In the following we shall apply our theory to the Hessian complex (complex
of the biharmonic equation and general relativity)

Ag=VVr, Aj=Rotgs , Aox=Divr r,

(33) L(Q) L3(9) L3() L2(Q),

A{=divDivg AI:SymRotT,Fn A3=—dev Vr,

cf. (18) and (21), with the densely defined and closed linear operators (acting row-wise on tensors)

VVr, : HE,(Q) C L*(Q) — L3(Q); ¢+ VV &,
Rotgs, : Hsr, (Rot, Q) C LZ(Q) — LA(Q); ® + Rot @,
Divy r, : Hyr, (Div, Q) C L3(Q) — L*(Q); U+ Div ¥,

divDivg , : Hg 1, (divDiv, Q) C LZ(Q) — L*(Q); ® + divDiv @,
symRoty . : Hr p, (symRot, 2) C L2(Q) — L3(Q); ¥ — Rot U,
dev Vr, : HL. () C L*(Q) — LZ(Q); Y= VV i,

cf. [16, 18] for well-posedness.

Recall the identity (10). Hence, another way to look at the biharmonic equation — underlin-
ing more the geometry (complex property) of the underlying operators — is to investigate the
biharmonic operator

Br, := A} Ay = divDivsr, VVr, : D(A§ Ag) C L3(Q) — L*(Q); ® + divDivVV @,
where
D(Br,) = {p € H{.(Q) : VV ¢ € Hg , (divDiv, Q)}.

For I'y = T" we get back the Dirichlet biharmonic operator, i.e., Br = Bp. But if I'; # I we obtain
a different operator due to the boundary conditions being imposed on the scalars v and Awu for
A? and on the other hand on the scalar v and the symmetric tensor S := VV u for Br,.

For simplicity, let us assume () # I’y # . The Friedrichs/Poincaré estimate (30) yields

(34) Vo e HE(Q)  [eliz) < ol Vel < il VV @l (o).
By (34) and Lemma 2.1 R(Ay) and R(Br,) = R(A() are closed and
N(Br,) = N(Ao) = {0},  R(Br,) = R(Aj) = N(Ao)" = L*(Q),
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which shows Br, = Br,. Br, is selfadjoint, positive, and bijective with bounded inverse
Br' = A (A5 L*(Q) — D(Br,), | BRIz @)—12(0) < chy
(15) reads
Vo e DBr,) ¢l < 6l VV @liziq) < ¢l divDiv VV ¢z (g) = ¢4|A%pl2 (o).

Let f € L2(Q). Then u := Blftl f € D(Br,) is the unique solution of the Dirichlet/Neumann
biharmonic boundary value problem Br, u = f, i.e.,

divDivVVu = A%y = f in Q,
u=0 on I',

Vu=0 on I,
(VVu)n=20 on Iy,
(VVu)n) -n=0 on I'y.

To find u € HE, (€2) by variational methods we may consider (16), i.e.,
Vo € HE () (VVu, VV o)20) = (f,0)12(0)-

Extensions to right hand sides f € HI?HQ(Q) are straight forward using Banach space adjoints.
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