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Introduction

Traces for Hilbert Complexes

OVERVIEW and BASIC IDEAS

paper in JFA 2023:

R. Hiptmair, D. Pauly, and E. Schulz: Traces for Hilbert Complexes
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Introduction

Traces for Hilbert Complexes

Question: Why are traces so complicated?

Question ?: What is H−1/2(∂Ω)?

. . . some answers below
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Introduction

Traces

Traces without any regularity of the domain?

Is this even possible?

even better: Traces without domains (and boundaries)?

Dirk Pauly Traces for Hilbert Complexes Institut für Analysis, TUDD



ZHACM Colloquium SAM, ETH Zürich, December 18, 2024

Introduction

Traces

A ∶ D(A) ⊂ H0 → H1 lddc: lin, dendef, cl

Traces for D(A)?

Ω ⊂ RN Lipschitz:

very classical

D(A) = H1 or W1,p , scalar trace us = u∣Γ

classical (we stay in Hilbert spaces)

D(A) = H(curl) or H(div), tan or nor traces vt = (ν × v × ν)∣Γ, vn = (ν ⋅ v)∣Γ

more recent

D(A) = H(CurlCurl), H(divDiv), . . .
. . .H(CurlCurl Curl), H(curlDiv), H(Grad curl) . . .

traces?
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Introduction

Traces

A ∶ D(A) ⊂ H0 → H1 lddc

Traces for D(A)?

Ω ⊂ RN Lipschitz

What if less regularity? What if

Ω just open / no regularity and D(A) = H1(Ω), H(curl,Ω), H(div,Ω), . . . ?

no Ω at all, just D(A)?
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Introduction

Traces

A ∶ D(A) ⊂ H0 → H1 lddc

A∗ ∶ D(A∗) ⊂ H1 → H0 lddc, Hilbert space adjoint

Traces for D(A)?

basic idea: integration by parts / extension of adjoints

∀ x ∈ D(A) ∀ y ∈ D(A∗) ⟨y ,A x⟩H1
− ⟨A∗ y , x⟩H0

= 0

think of A = ˚grad ∶ D(A) = H̊1 ⊂ L2 → L2

and A∗ = −div ∶ D(A∗) = H(div) ⊂ L2 → L2

⟨y , ˚grad x⟩L2 + ⟨div y , x⟩L2 = 0
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Introduction

Traces

Å ⊂ A lddc

A∗ ⊂ A⊺ ∶= Å ∗ (A⊺ transpose of A) lddc, Hilbert space adjoints

Traces for D(A)?
basic idea and setting: integration by parts / extension of adjoints

∃ x ∈ D(A) ∃ y ∈ D(A⊺) ⟨y ,A x⟩H1
− ⟨A⊺ y , x⟩H0

≠ 0

think of ˚grad = Å ⊂ A = grad D( ˚grad) = H̊1 ⊂ D(grad) = H1

and −d̊iv = grad∗ = A∗ ⊂ A⊺ = ˚grad ∗ = −div D(d̊iv) = H̊(div) ⊂ D(div) = H(div)

⟨y ,grad x⟩L2(Ω) + ⟨div y , x⟩L2(Ω) = ⟨yn, xs⟩“ L2(Γ)′′
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

= “∫
Γ
ynxs

′′ = ⟨⟨yn, xs⟩⟩H−1/2(Γ),H1/2(Γ)

≠ 0

for some x ∈ H1, y ∈ H(div)

For simplicity of the talk: real Hilbert spaces
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Introduction

Traces

Å ⊂ A lddc

A∗ ⊂ A⊺ = Å ∗ lddc, Hilbert space adjoints

Traces for D(A)?

basic idea and setting: integration by parts / extension of adjoints

trace τA ∶ D(A) → D(A⊺)′, τAx(y) ∶= ⟨y ,A x⟩H1
− ⟨A⊺ y , x⟩H0

x ↦ τAx

x ∈ D(A), y ∈ D(A⊺)

dual trace τA⊺ ∶ D(A
⊺) → D(A)′, τA⊺y(x) ∶= ⟨x ,A

⊺ y⟩H0
− ⟨A x , y⟩H1

y ↦ τA⊺y

note τA⊺y(x) = −τAx(y) (τA⊺y(x) = −τAx(y) in complex Hilbert spaces)
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Introduction

Traces

Å ⊂ A lddc

A∗ ⊂ A⊺ = Å ∗ lddc, Hilbert space adjoints

(Å,A∗) pair with boundary conditions
(A,A⊺) pair without boundary conditions

(A,A∗), (Å,A⊺ = Å ∗) dual/adjoint pairs

Traces for D(A)?

bounded trace τA ∶ D(A) → D(A⊺)′

bounded dual trace τA⊺ ∶ D(A
⊺) → D(A)′

or bilinear (sesquilinear) form on D(A) ×D(A⊺)

⟨⟨x , y⟩⟩ ∶= τAx(y) = −τA⊺y(x) = ⟨y ,A x⟩H1
− ⟨A⊺ y , x⟩H0
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Introduction

Hilbert Complexes

Why do we need Hilbert Complexes?
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Introduction

Hilbert Complexes

H0
A0Ð→ H1

A1Ð→ H2 Aℓ lddc with R(A0) ⊂ N(A1) (complex)

H0

A∗0←Ð H1

A∗1←Ð H2 Aℓ lddc with R(A∗1 ) ⊂ N(A
∗
0 ) (complex)

Why do we need Hilbert Complexes?

Example: static Maxwell’s Equations (de Rham complex)

˚curlE = F What is a good second equation for E ?

Physics ⇒ divE = f Just Physics? Or ∃ Math justification for div ?

Is div uniquely determined?

abstract setting: A1 x = f
x unique
⇒ x ∈ N(A1)� = R(A∗1 ) ⊂ N(A

∗
0 ) ⇒ A∗0 x = 0

Example: A1 = ˚curl ⇒ A0 = ˚grad ⇒ A∗0 = −div ⇒ div is Math necessary!
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Introduction

Hilbert Complexes

Traces for Hilbert Complexes

We give Traces for Hilbert Complexes.

Hilbert Complexes are necessary for Traces.
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Traces

Traces for Single Operators

Traces for Single Operators
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Traces

Traces for Single Operators

Å ⊂ A and A∗ ⊂ A⊺ = Å ∗ lddc (Hilbert space adjoints)

Traces for D(A) and D(A⊺) — traces come always in pairs

trace τA ∶ D(A) → D(A⊺)′

x ↦ τAx

dual trace τA⊺ ∶ D(A
⊺) → D(A)′

y ↦ τA⊺y

recall: for x ∈ D(A) and y ∈ D(A⊺) (idea: integration by parts / extension of adjoints)

τAx(y) = ⟨y ,A x⟩H1
− ⟨A⊺ y , x⟩H0

( = −τA⊺y(x))

⇒ ∣τAx(y)∣ ≤ ∣x ∣D(A)∣y ∣D(A⊺)
note: τAx(y) = 0 ⇔ x ∈ D(Å) ∨ y ∈ D(A∗) ⇔ τA⊺y(x) = 0

⇒ τAx = 0 ⇔ x ∈ D(Å) and τA⊺y = 0 ⇔ y ∈ D(A∗)

Lemma (kernels and boundedness)

N(τA) = D(Å) and N(τA⊺) = D(A∗) and ∥τA∥, ∥τA⊺∥ ≤ 1
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Traces

Traces for Single Operators (Adjoints)

Å ⊂ A and A∗ ⊂ A⊺ = Å ∗ lddc (Hilbert space adjoints)

primal / dual traces τA ∶ D(A) → D(A⊺)′, τA⊺ ∶ D(A
⊺) → D(A)′

primal / dual adjoint traces τ ′A ∶ D(A
⊺)′′ → D(A)′, τ ′A⊺ ∶ D(A)

′′ → D(A⊺)′

note: Hilbert spaces H self-dual (Riesz) and reflexive here: H = D(A) ∨D(A⊺)

⇒ isometric isomorphisms ρH ∶ H→ H′, ιd ∶ H→ H′′,

x ↦ ρHx ∶= ⟨ ⋅ , x⟩H x ↦ ιdx with ιdx(x ′) ∶= x ′x
for all x ∈ H and all x ′ ∈ H′

note for x ∈ D(A) and y ∈ D(A⊺):
(τ ′Aιdy)(x) = (ιdy)(τAx) = τAx(y) = −τA⊺y(x)

Theorem (adjoints)

τ ′Aιd = −τA⊺ and τ ′
A⊺
ιd = −τA

note: R(τA⊺) = R(τ ′A) = N(τA)
○ = D(Å)○

Remark

R(τA) = D(A∗)○ and R(τA⊺) = D(Å)○
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Traces

Traces for Single Operators (Riesz Isometric Isometries)

Å ⊂ A and A∗ ⊂ A⊺ = Å ∗ lddc (Hilbert space adjoints)

recall Riesz iso2 ρD(A⊺) ∶ D(A
⊺) → D(A⊺)′,

y ↦ ⟨ ⋅ , y⟩D(A⊺)
define domain trace σA ∶= ρ−1D(A⊺)τA ∶ D(A) → D(A⊺), τA ∶ D(A) → D(A⊺)′

note: τA = ρD(A⊺)σA

Let x ∈ D(A).

What is / solves

qy ∶= σAx ∶= ρ−1D(A⊺)τAx ∈ D(A
⊺) ?
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Traces

Traces for Single Operators (Riesz Isometric Isometries)

Å ⊂ A and A∗ ⊂ A⊺ = Å ∗ lddc (Hilbert space adjoints)

Let x ∈ D(A).

What is D(A⊺) ∋ qy = σAx = ρ−1D(A⊺)τAx , i.e., ρD(A⊺)qy = τAx ∈ D(A⊺)′ ?

for all y ∈ D(A⊺)

⟨y , qy⟩H1
+ ⟨A⊺ y ,A⊺ qy⟩H0

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
= ⟨y , qy⟩D(A⊺)

= ρD(A⊺)qy(y) = τAx(y) = ⟨y ,A x⟩H1
− ⟨A⊺ y , x⟩H0

⇒ ⟨A⊺ y ,A⊺ qy + x⟩H0
= ⟨y ,A x − qy⟩H1

⇒ A⊺ qy + x ∈ D(A⊺∗ = Å) and Å(A⊺ qy + x) = A x − qy

x ∈ D(A) ⊃ D(Å) ⇒ qx ∶= A⊺ qy ∈ D(A) ⇒ (AA⊺ +1)qy = 0

⇒ qy ∈ N(AA⊺ +1) and qx ∈ N(A⊺ A+1) and qx + x ∈ D(Å)

note: τA(qx + x) = τA(A⊺ qy + x) = 0
and “formally” (ÅA⊺ qy + 1)qy = (A− Å)x and qy = (ÅA⊺ qy + 1)−1(A− Å)x
are “boundary terms” as (A− Å)x = 0 for x ∈ D(Å)
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Traces

Traces for Single Operators (Riesz Isometric Isometries)

Å ⊂ A and A∗ ⊂ A⊺ = Å ∗ lddc (Hilbert space adjoints)

Lemma (extension / right inverse)

Let x ∈ D(A) and let qx ∶= A⊺ qy and qy = σAx = ρ−1D(A⊺)τAx. Then:

(qx , qy) ∈ N(A⊺ A+1) ×N(AA⊺ +1) and qx + x ∈ D(Å) = N(τA)

⇒ τA A⊺ qy = τAqx = −τAx

φ ∶= −τAx ⇒ τA A⊺ qy = τAqx = φ with qx ∶= A⊺ qy and qy ∶= −ρ−1
D(A⊺)

φ ⇒

Corollary (extension / right inverse)

−τA A⊺ ρ−1
D(A⊺)

= idR(τA) and −A⊺ ρ−1
D(A⊺)

right inverse of τA on R(τA)

note: A qx = AA⊺ qy = −qy ⇒ ∣qx ∣D(A) =
√
∣qx ∣2H0

+ ∣A qx ∣2H1
= ∣qy ∣D(A⊺) and

Corollary (extension / right inverse (S form skw sym))

(S2 −1) [qx
qy
] = (S−1) [qx

qy
] = 0, S2 = −[A

⊺ A 0
0 AA⊺

], S ∶= [ 0 A⊺

−A 0
]
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Traces

Traces for Single Operators (Riesz Isometric Isometries)

Å ⊂ A and A∗ ⊂ A⊺ = Å ∗ lddc (Hilbert space adjoints)

Definition (extensions / right inverses)

Let ϕ ∈ R(τA) and ψ ∈ R(τA⊺). We call:

qϕ = −ρ−1
D(A⊺)

ϕ ∈ N(AA⊺ +1) harm Neumann ext of ϕ since τA A⊺ qϕ = ϕ

q

qϕ = A⊺ qϕ = −A⊺ ρ−1
D(A⊺)

ϕ ∈ N(A⊺ A+1) harm Dirichlet ext of ϕ since τA
q

qϕ = ϕ

qψ = −ρ−1
D(A)

ψ ∈ N(A⊺ A+1) harm Neumann ext of ψ since τA⊺ A
qψ = ψ

q

qψ = A qψ = −Aρ−1
D(A)

ψ ∈ N(AA⊺ +1) harm Dirichlet ext of ψ since τA⊺
q

qψ = ψ

Corollary (extension / right inverse)

−τA A⊺ ρ−1
D(A⊺)

= idR(τA) and qτA ∶= −A⊺ ρ−1D(A⊺) right inverse of τA on R(τA)
−τA⊺ Aρ−1D(A) = idR(τA⊺ ) and qτA⊺ ∶= −Aρ−1D(A) right inverse of τA⊺ on R(τA⊺)

Corollary (extension / right inverse (S form skw sym))

(S−1)
⎡⎢⎢⎢⎢⎣

q

qϕ
qϕ

⎤⎥⎥⎥⎥⎦
= ( − S−1)

⎡⎢⎢⎢⎢⎣

q

qψ
qψ

⎤⎥⎥⎥⎥⎦
= 0, S2 = −[A

⊺ A 0
0 AA⊺

], −S = [0 −A⊺
A 0

]
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Traces

Traces for Single Operators Å ⊂ A and A∗ ⊂ A⊺ = Å ∗ (lddc)

recall trace / dual trace τA ∶ D(A) → D(A⊺)′, τA⊺ ∶ D(A
⊺) → D(A)′

with −τA⊺y(x) = τAx(y) = ⟨y ,A x⟩H1
− ⟨A⊺ y , x⟩H0

extensions ⇒

Theorem (kernels, ranges = annihilators)

N(τA) = D(Å)
N(τA⊺) = D(A∗)

R(τA) = D(A∗)○ = {Φ ∈ D(A⊺)′ ∶ D(A∗) ⊂ N(Φ)}

R(τA⊺) = D(Å)○ = {Φ ∈ D(A)′ ∶ D(Å) ⊂ N(Φ)}
In particular, the kernels and ranges are closed.

Definition and Lemma (trace spaces)

T(A) ∶= D(Å)�D(A) = N(A⊺ A+1) ≅ D(τA)/N(τA) = D(A)/D(Å) =∶ T (A)

T(A⊺) ∶= D(A∗)�D(A⊺) = N(AA⊺ +1) ≅ D(τA⊺)/N(τA⊺) = D(A⊺)/D(A∗) =∶ T (A⊺)

note: T(A) ⊂ R(A⊺) ⊂ N(Å)�H0 = N(Å)�D(A) and T(A⊺) ⊂ R(A) ⊂ N(A∗)�H1 = N(A∗)�D(A⊺)
note: Hilbert (orthogonal complements) and Banach (quotients) space structures.
note:

ιq ∶ D(A) → T (A) ιq ∶ D(A⊺) → T (A⊺)
x ↦ [x] y ↦ [y]
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Traces

Traces for Single Operators Å ⊂ A and A∗ ⊂ A⊺ = Å ∗ (lddc)

some proofs . . .
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Traces

Traces for Single Operators Å ⊂ A and A∗ ⊂ A⊺ = Å ∗ (lddc)

proofs of isometries

x ∈ D(A) ⇒ ιqx = [x] ∈ T (A) and x = x� − x0

∣ιqx ∣T (A) = inf
ξ∈D(Å)

∣x − ξ∣D(A) = inf
ξ∈D(Å)

√
∣x�∣2D(A) + ∣x0 − ξ∣

2
D(A)

= ∣x�∣D(A)

x ∈ T(A) ⇒ ∣ιqx ∣T (A) = ∣x ∣D(A)

ϕ ∈ R(τA) ⇒ qτAϕ = −A⊺ ρ−1D(A⊺)ϕ ∈ T(A) = N(A
⊺ A+1) and A⊺ A qτAϕ = −qτAϕ

and ρ−1
D(A⊺)

ϕ ∈ T(A⊺) = N(AA⊺ +1) and A qτAϕ = ρ−1D(A⊺)ϕ

∣qτAϕ∣D(A) =
√
∣qτAϕ∣2H0

+ ∣A qτAϕ∣2H1
= ∣A qτAϕ∣D(A⊺) = ∣ϕ∣D(A⊺)′

x ∈ D(A) ⇒ ∣τAx ∣D(A)′ = ∣qτAτAx ∣D(A) = ∣x�∣D(A)
x ∈ T(A) ⇒ ∣pτAx ∣D(A)′ = ∣τAx ∣D(A)′ = ∣x ∣D(A)

x ∈ N(A⊺ A+1) ⇒ A x ∈ N(AA⊺ +1) ⇒ A⊺ A x = −x ∈ N(A⊺ A+1)
⇒ A ∶ N(A⊺ A+1) → N(AA⊺ +1) iso2 since:
inj: A x = 0 ⇒ x = 0
surj: y ∈ N(AA⊺ +1) ⇒ −x ∶= A⊺ y ∈ N(A⊺ A+1) and A x = −AA⊺ y = y

iso: ∣A x ∣D(A⊺) =
√
∣A x ∣2

H0
+ ∣A⊺ A x ∣2

H1
= ∣x ∣D(A)
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Traces

Traces for Single Operators Å ⊂ A and A∗ ⊂ A⊺ = Å ∗ (lddc)

proof of R(τA⊺) = D(Å)
○ ⊂ D(A)′

ψ ∈ R(τA⊺) ⇒ ψ(x) = τA⊺y(x) = 0 for x ∈ D(Å) ⇒ ψ ∈ D(Å)○ ⊂ D(A)′
ψ ∈ D(Å)○ ⊂ D(A)′ ⇒ ψ = ρD(A)qx

⇒ ∀ x ∈ D(A) ⟨x , qx⟩D(A) = ψ(x) and ∀ x ∈ D(Å) ⟨x , qx⟩D(A) = 0
⇒ ∀ x ∈ D(Å) ⟨x , qx⟩H0

+ ⟨A x ,A qx⟩H1
= 0

⇒ qy ∶= A qx ∈ D(Å∗ = A⊺) and A⊺ A qx = −qx
⇒ ∀ x ∈ D(A) ψ(x) = ⟨x , qx⟩H0

´¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¶
=−⟨x,A⊺ A qx⟩H0

+⟨A x ,A qx⟩H1
= −τA⊺ qy(x)

⇒ ψ = −τA⊺ qy ∈ R(τA⊺)
note: (qx , qy) ∈ N(A⊺ A+1) ×N(AA⊺ +1) = T(A) ×T(A⊺)

proof of R(τA⊺) = ρD(A)T(A)

ψ ∈ R(τA⊺) = D(Å)
○ ⊂ D(A)′

⇔ ρ−1D(A)ψ ∈ D(A) and ∀ x ∈ D(Å) ⟨x , ρ−1D(A)ψ⟩D(A) = ψ(x) = 0

⇔ ρ−1D(A)ψ ∈ D(Å)
�D(A) = T(A)

⇔ ψ ∈ ρD(A)T(A)

⇒ R(τA⊺) = D(Å)
○ = ρD(A)T(A)
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Traces

Traces for Single Operators Å ⊂ A and A∗ ⊂ A⊺ = Å ∗ (lddc)

one more characterisation of the range:

R(τA⊺) = T(A)
′ and pτA⊺ ∶ T(A⊺) → T(A)′ iso2

R(τA⊺) ⊂ D(A)′ ⊂ T(A)′ (as T(A) ⊂ D(A) share the same norms)

ϕ ∈ T(A)′ ⇒ ϕ̃ ∶= ϕ ○ π� ∈ D(A)′
with π� ∶ D(A) → D(A) orth proj onto T(A) in D(A) = D(Å) ⊕D(A) T(A)
⇒ ϕ̃∣D(Å) = 0 ⇒ D(Å) ⊂ N(ϕ̃) ⇒ ϕ̃ ∈ D(Å)○ = R(τA⊺)

x ∈ T(A) ⇒ ϕx = ϕ̃x ⇒ ϕ = ϕ̃ ∈ R(τA⊺)
∣pτA⊺y ∣T(A)′ = sup

x∈T(A),
∣x ∣D(A)=1

∣pτA⊺y(x)∣

= sup
x∈D(A),
∣x ∣D(A)=1

∣pτA⊺y(x)∣ = ∣pτA⊺y ∣D(A)′ = ∣y ∣D(A⊺) = ∣y ∣T(A⊺)
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Traces

Traces for Single Operators Å ⊂ A and A∗ ⊂ A⊺ = Å ∗ (lddc)

. . . some proofs, end.
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Traces

Traces for Single Operators Å ⊂ A and A∗ ⊂ A⊺ = Å ∗ (lddc)

⇒ well defined reduced traces

pτA ∶= τA∣T(A) ∶ T(A) → R(τA), pτA⊺ ∶= τA⊺ ∣T(A⊺) ∶ T(A
⊺) → R(τA⊺)

recall: T(A) = D(Å)�D(A) = N(A⊺ A+1) and T(A⊺) = D(A∗)�D(A⊺) = N(AA⊺ +1)

Lemma (ranges)

R(pτA) = R(τA) = D(A∗)○ = ρD(A⊺)T(A
⊺) = T(A⊺)′

R(pτA⊺) = R(τA⊺) = D(Å)
○ = ρD(A)T(A) = T(A)′

Theorem (trace isometries)

The reduced operators are isometric isomorphisms.

Remark

Continuity of traces and extensions for free! (no ass on R(A) or domains Ω)
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Traces

Traces for Single Operators Å ⊂ A and A∗ ⊂ A⊺ = Å ∗ (lddc)

Remark (trace /Riesz isometric isomorphisms →→)

τA ∶ D(A) → R(τA) ⊂ D(A
⊺

)
′

, ρA ∶= ρD(A) ∶ D(A) →→ D(A)
′

τA⊺ ∶ D(A
⊺

) → R(τA⊺) ⊂ D(A)
′

, ρA⊺ ∶= ρD(A⊺) ∶ D(A
⊺

) →→ D(A
⊺

)
′

pτA = τA∣T(A) ∶ T(A) →→ R(τA) = T(A
⊺

)
′

, pρA ∶= ρA∣T(A) ∶ T(A) →→ T(A)
′

pτA⊺ = τA⊺ ∣T(A⊺) ∶ T(A
⊺

) →→ R(τA⊺) = T(A)
′

pρA⊺ ∶= ρA⊺ ∣T(A⊺) ∶ T(A
⊺

) →→ T(A
⊺

)
′

Lemma (trace /Riesz isometric isomorphisms →→)

R(τA) = R(pτA) = R(pρA⊺) = T(A
⊺

)
′

, pτA ∶ T(A) →→ T(A
⊺

)
′

, pρA⊺ ∶ T(A
⊺

) →→ T(A
⊺

)
′

R(τA⊺) = R(pτA⊺) = R(pρA) = T(A)
′

, pτA⊺ ∶ T(A
⊺

) →→ T(A)
′

, pρA ∶ T(A) →→ T(A)
′

Definition (inverses of trace /Riesz isometric isomorphisms →→)

qτA ∶= pτ
−1
A ∶ T(A

⊺

)
′

→→ T(A), qρA⊺ ∶= pρ
−1
A⊺ ∶ T(A

⊺

)
′

→→ T(A
⊺

)

qτA⊺ ∶= pτ
−1
A⊺ ∶ T(A)

′

→→ T(A
⊺

), qρA ∶= pρ
−1
A ∶ T(A)

′

→→ T(A)
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Traces

Traces for Single Operators Å ⊂ A and A∗ ⊂ A⊺ = Å ∗ (lddc)

Theorem (trace /Riesz isometric isomorphisms →→)

T(A)′ ≅
pρA

T(A)
pτA
≅ T(A⊺)′

T(A⊺)′ ≅
pρA⊺

T(A⊺)
pτA⊺
≅ T(A)′

bilinear (sesquilinear) form on T(A) ×T(A⊺) or D(A) ×D(A⊺)

⟨⟨x , y⟩⟩ ∶= τAx(y) = −τA⊺y(x) = ⟨A x , y⟩H1
− ⟨x ,A⊺ y⟩H0

Corollary (“integration by parts”)

⟨A x , y⟩H1
= ⟨x ,A⊺ y⟩H0

+ ⟨⟨x , y⟩⟩
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Traces

Traces for Single Operators Å ⊂ A and A∗ ⊂ A⊺ = Å ∗ (lddc)

Isometric Isomorphisms (→→)

D(A)

T (A) T(A) R(τA) = T(A⊺)′

T(A)′ = R(τA⊺) T(A⊺) T (A⊺)

D(A⊺)

π�

ιq pτA

pρA pρA⊺

pτA⊺
ιq

π�

here: D(A) ∋ x = x0 + x� ∈ D(Å) ⊕D(A) T(A)
and [x�] = [x] and τAx� = τAx with orthogonal projections

π0 ∶ D(A) → D(A) π� ∶ D(A) → D(A)
x ↦ π0x = x0 ∈ D(Å) x ↦ π�x = x� ∈ T(A)
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Traces

Traces for Single Operators Å ⊂ A and A∗ ⊂ A⊺ = Å ∗ (lddc)

Isometric Isomorphisms (→→)

D(A) R(A)

T (A) T(A) R(τA) = T(A⊺)′

T(A)′ = R(τA⊺) T(A⊺) T (A⊺)

R(A⊺) D(A⊺)

π�

A

τA

ιq pτA

pρA
pA

pρA⊺

pτA⊺
ιq

π�

A⊺

τA⊺

pA ∶= A ∣T(A)
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Traces

Traces for Single Operators Å ⊂ A and A∗ ⊂ A⊺ = Å ∗ (lddc)

Isometric Isomorphisms (→→)

D(A) R(A)

T (A) T(A) R(τA) = T(A⊺)′ D(A⊺)′

D(A)′ T(A)′ = R(τA⊺) T(A⊺) T (A⊺)

R(A⊺) D(A⊺)

π�=ι
∗

�

τA

τAρA

A

π̃�

ιq pτA

pρA
±pA

ι�

qτA

π′
�

qρA⊺

ι′
�

ι′
�

π′
�

qτA⊺

qρA pρA⊺

pτA⊺

ιq

±xA⊺

ι�

π̃�
π�=ι

∗

�

τA⊺
τA⊺

ρA⊺

A⊺

“on T(A) = N(A⊺ A+1) and T(A⊺) = N(AA⊺ +1)”:
qτA = −pA

⊺
qρA⊺ pτA = pρA⊺

pA pA
−1
= −pA

⊺
pA = A ∣T(A)

qτA⊺ = −pAqρA pτA⊺ = pρApA
⊺

(pA
⊺
)−1 = −pA pA

⊺
= A⊺ ∣T(A⊺)
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Traces

Traces for Single Operators Å ⊂ A and A∗ ⊂ A⊺ = Å ∗ (lddc)

Theorem (kernels and ranges of traces / isometric isomorphisms)

N(τA) = D(Å)

R(τA) = R(pτA) = D(A∗)○ = R(pρA⊺) = T(A⊺)′

T(A) = D(Å)
�D(A) = N(A⊺ A+1)

N(τA⊺) = D(A∗)

R(τA⊺) = R(pτA⊺) = D(Å)○ = R(pρA) = T(A)′

T(A⊺) = D(A∗)
�
D(A⊺) = N(AA⊺ +1)

note:

elements of the trace spaces / kernels N(A⊺ A+1) and N(AA⊺ +1) are “smooth”

regularity is never a problem ⇒ regularity not a good term

integrability is the problem
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Traces and “Surface Differential” Operators

Traces for Hilbert Complexes

Traces for Hilbert Complexes
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Traces and “Surface Differential” Operators

Traces for Hilbert Complexes

Traces for Hilbert Complexes

⋯ H0 H1 H2 ⋯
⋯ Å0

⋯

Å1

A⊺0 =Å
∗

0

⋯

A⊺1 =Å
∗

1
⋯

⋯ H0 H1 H2 ⋯
⋯ A0

⋯

A1

A∗0

⋯

A∗1
⋯
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Traces and “Surface Differential” Operators

Traces for Hilbert Complexes Åℓ ⊂ Aℓ and R(. . . ) ⊂ N(. . . )
setting: ℓ ∈ {0,1}

Åℓ ⊂ Aℓ and A∗ℓ ⊂ A
⊺
ℓ = Å

∗

ℓ (lddc)

R(Åℓ) ⊂ N(Åℓ+1), R(Aℓ) ⊂ N(Aℓ+1) (prim HilComs)

R(A∗ℓ+1) ⊂ N(A
∗
ℓ ), R(A⊺ℓ+1) ⊂ N(A

⊺
ℓ ) (dual HilComs)

Hilbert complex ⇒

R(Å0) ⊂ R(Å0) ⊂ N(Å1) ⊂ D(Å1), R(A⊺1 ) ⊂ R(A
⊺
1 ) ⊂ N(A

⊺
0 ) ⊂ D(A

⊺
0 )

∩ ∩ ∩ ∩ ∪ ∪ ∪ ∪

R(A0) ⊂ R(A0) ⊂ N(A1) ⊂ D(A1), R(A∗1 ) ⊂ R(A∗1 ) ⊂ N(A
∗
0 ) ⊂ D(A

∗
0 )

consider (Banach space) adjoints

A0 ∶ D(A0) → D(A1)

A⊺1
′ ∶ D(A⊺0 )

′ → D(A⊺1 )
′

A⊺1 ∶ D(A
⊺
1 ) → D(A⊺0 )

A′0 ∶ D(A1)′ → D(A0)′
(vol diff ops)

(surf diff ops)
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Traces and “Surface Differential” Operators

Traces for Hilbert Complexes Åℓ ⊂ Aℓ and R(. . . ) ⊂ N(. . . )

A0 ∶ D(A0) → D(A1)

τA0
∶ D(A0) → D(A⊺0 )

′

A⊺1
′ ∶ D(A⊺0 )

′ → D(A⊺1 )
′

A⊺1 ∶ D(A
⊺
1 ) → D(A⊺0 )

τA⊺
1
∶ D(A⊺1 ) → D(A1)′

A′0 ∶ D(A1)′ → D(A0)′

(vol diff ops)

(trace ops)

(surf diff ops)

observation:

T(A1) ⊂ R(A⊺1 ) ⊂ R(A
⊺
1 ) ⊂ N(A

⊺
0 ) ⊂ D(A

⊺
0 )

T(A⊺0 ) ⊂ R(A0) ⊂ R(A0) ⊂ N(A1) ⊂ D(A1)

Remark

T(A⊺0 ) ⊂ N(A1) and T(A1) ⊂ N(A⊺0 ) ⇒ A⊺0 , A1, τA⊺
0
, τA1

well def on T(A⊺0 ) and T(A1)
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Traces and “Surface Differential” Operators

Traces for Hilbert Complexes Åℓ ⊂ Aℓ and R(. . . ) ⊂ N(. . . )
A0 ∶ D(A0) → D(A1)

τA0
∶ D(A0) → D(A⊺0 )

′

A⊺1
′ ∶ D(A⊺0 )

′ → D(A⊺1 )
′

A⊺1 ∶ D(A
⊺
1 ) → D(A⊺0 )

τA⊺
1
∶ D(A⊺1 ) → D(A1)′

A′0 ∶ D(A1)′ → D(A0)′

(vol diff ops)

(trace ops)

(surf diff ops)

computation: x ∈ D(A0) and z ∈ D(A⊺1 )

(τA1
A0 x)(z) = ⟨z,A1 A0 x⟩H2

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=0

−⟨A⊺1 z,A0 x⟩H1
= ⟨A⊺0 A

⊺
1 z, x⟩H1

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=0

−⟨A⊺1 z,A0 x⟩H1

= −τA0
x(A⊺1 z) = −A

⊺
1
′(τA0

x)(z)

Theorem (surface differential operators / commutators with traces)

τA1
A0 = −A⊺1

′τA0

Corollary (surface differential operators for domain traces τdAn
∶= ρ−1

A⊺n
τAn )

τdA1
A0 = ρ−1A⊺

1
τA1

A0 = −ρ−1A⊺
1
A⊺1
′ρA⊺

0
ρ−1
A⊺
0
τA0
= −A⊺1

⋆ρ−1
A⊺
0
τA0
= −A⊺1

⋆τdA0

Banach space adjoints vs (domain) Hilbert space adjoints (A⊺1
⋆ ≠ A⊺1

∗ = Å1)
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Traces and “Surface Differential” Operators

Traces for Hilbert Complexes Åℓ ⊂ Aℓ and R(. . . ) ⊂ N(. . . )
A0 ∶ D(A0) → D(A1)

τA0
∶ D(A0) → D(A⊺0 )

′

A⊺1
′ ∶ D(A⊺0 )

′ → D(A⊺1 )
′

A⊺1 ∶ D(A
⊺
1 ) → D(A⊺0 )

τA⊺
1
∶ D(A⊺1 ) → D(A1)′

A′0 ∶ D(A1)′ → D(A0)′

(vol diff ops)

(trace ops)

(surf diff ops)

Theorem (surface differential operators / commutators with traces)

τA1
A0 = −A⊺1

′τA0
and τA1

xA0 = −yA⊺1
′
pτA0

A⊺1
′∣
R(τA0 )

=∶ yA⊺1
′ = −τA1

xA0qτA0
= −τA1

xA0qτA0
= yA⊺1

′ ∶ R(τA0
) → R(τA1

)

τA⊺
0
A⊺1 = −A

′
0 τA⊺

1
and τA⊺

0

xA⊺1 = −
xA′0pτA⊺

1

A′0 ∣R(τ
A⊺
1
)
=∶ xA′0 = −τA⊺

0

xA⊺1 qτA⊺
1
= −τA⊺

0

xA⊺1 qτA⊺
1
= xA′0 ∶ R(τA⊺

1
) → R(τA⊺

0
)

note:
A′0 τA⊺

1
= −A′0 τA1

′ιd = −(τA1
A0)′ιd = (A⊺1

′τA0
)′ιd = τ ′A0

A⊺1
′′ιd = τ ′A0

ιd A
⊺
1 = −τA⊺

0
A⊺1

with τ ′Aιd = −τA⊺ and A′′ ιd = ιd A
since (A′′ ιdx)(z) = (ιdx)(A′ z) = A′ z(x) = z(A x) = (ιd A x)(z)
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Traces and “Surface Differential” Operators

Traces for Hilbert Complexes Åℓ ⊂ Aℓ and R(. . . ) ⊂ N(. . . )
note: qτA0

= −xA⊺0 qρA⊺
0

and qτA0
= −xA⊺0 qρA⊺

0

more formulas

yA⊺1
′ = −τA1

xA0qτA0
= τA1

xA0
xA⊺0 qρA⊺

0
= −τA1

qρA⊺
0
∶ R(τA0

) → R(τA1
)

pρA0
qτA0
= −pρA0

xA⊺0 qρA⊺
0
= −pτA⊺

0
qρA⊺

0
∶ R(τA0

) → R(τA⊺
0
)

π� = qτA0
τA0
∶ D(A0) → T(A0) as qτA0

τA0
qτA0

´¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¶
=τA0 ι� qτA0=idR(τA0

)

τA0
= qτA0

τA0

actually π� = ι�ι∗� ∶ D(A0) → D(A0) and R(π�) = T(A0)

R(Å0) ⊂ N(Å1) ⊂ D(Å1)

π�xA0 = qτA1
τA1

xA0qτA0
pτA0
= −qτA1

yA⊺1
′
pτA0

π′� = ιR(τ
A⊺
0
) ∶ R(τA⊺

0
) = T(A0)′ → D(A0)′ as

π′� = τ ′A0
qτ ′A0
= −τA⊺

0
ι−1d (pτ

′
A0
)−1 = τA⊺

0
ι−1d (pτA⊺0 ι

−1
d )
−1 = τA⊺

0
qτA⊺

0
= idR(τ

A⊺
0
) or ιR(τ

A⊺
0
)

note: τA⊺
0

qτA⊺
0
= ιR(τ

A⊺
0
) and pτA⊺

0
qτA⊺

0
= idR(τ

A⊺
0
)

(π�xA0)′ = (π� A0 ι�)′ = ι′� A′0 π′� = ι′� A
′
0 ιR(τA0 )

= ι′�xA′0 = xA′0
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Traces and “Surface Differential” Operators

Traces for Hilbert Complexes Åℓ ⊂ Aℓ and R(. . . ) ⊂ N(. . . )
π� = qτA0

τA0
∶ D(A0) → T(A0)

more formulas and trace complexes

A⊺1
′ ∶ D(A⊺0 )

′ → D(A⊺1 )
′ with domain complex

⋯ D(A⊺0 )
′ D(A⊺1 )

′ D(A⊺2 )
′ ⋯⋯ A⊺1

′ A⊺2
′

⋯

since A⊺2
′ A⊺1

′ = (A⊺1 A⊺2 )
′ = 0

yA⊺1
′ = −τA1

xA0qτA0
∶ R(τA0

) → R(τA1
) with domain complex

⋯ R(τA0
) R(τA1

) R(τA2
) ⋯⋯

zA⊺
1
′ zA⊺

2
′

⋯

since yA⊺2
′yA⊺1

′ = {(A⊺2 ′ A
⊺
1
′) = 0

π�xA0 = −qτA1
yA⊺1
′
pτA0
∶ T(A0) → T(A1) with domain complex

⋯ T(A0) T(A1) T(A2) ⋯⋯ π�xA0 π�xA1 ⋯

since π�xA1π�xA0 = qτA2
τA2

xA1qτA1

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=−

zA⊺
2
′

τA1
xA0qτA0

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=

zA⊺
1
′

pτA0
= 0

or π�xA1π�xA0 = qτA2
yA⊺2
′

pτA1
qτA1

´¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¶
=id ∣R(τA1

)

yA⊺1
′
pτA0
= 0
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Traces and “Surface Differential” Operators

Traces for Hilbert Complexes Åℓ ⊂ Aℓ and R(. . . ) ⊂ N(. . . )
note: τAx(y) = 0 ⇔ x ∈ D(Å) ∨ y ∈ D(A∗) ⇔ τA⊺y(x) = 0

more formulas

yA⊺1
′ = −τA1

xA0qτA0
= τA1

xA0
xA⊺0 qρA⊺

0
= −τA1

qρA⊺
0
∶ R(τA0

) → R(τA1
)

π�xA0 = −qτA1
yA⊺1
′
pτA0

and π� = qτA1
τA1

and π′� = τ ′A1
qτ ′A1
= τA⊺

1
qτA⊺

1
= ιR(τ

A⊺
1
)

x ∈ D(A0), z ∈ D(A⊺1 ) ⇒ integration by parts “on trace domains”

⟨⟨A0 x , z⟩⟩1 = τA1
(A0 x)(z) = ⟨z,A1 A0 x⟩H2

− ⟨A⊺1 z,A0 x⟩H1

= −⟨A⊺1 z,A0 x⟩H1
+ ⟨A⊺0 A

⊺
1 z, x⟩H0

= −τA0
(x)(A⊺1 z) = −⟨⟨x ,A

⊺
1 z⟩⟩0

or simply: τA1
A0 = −A⊺1

′τA0

x ∈ T(A0), z ∈ T(A⊺1 ) ⇒ integration by parts “on trace spaces”

⟨⟨π�xA0x , z⟩⟩1 = pτA1
(π�xA0x)(z) = τA1

(A0 ι�x)(ι�z)

= −τA0
(ι�x)(A⊺1 ι�z) = −pτA0

(x)(π�xA⊺1 z) = −⟨⟨x , π�
xA⊺1 z⟩⟩0

as (1 − π�)A0 x ∈ D(Å0) and (1 − π�)A⊺1 z ∈ D(A
∗
0 )

or simply: pτA1
π�xA0 = τA1

xA0 = −yA⊺1
′
pτA0
= −yA⊺1

′π′�pτA0
as π′� = pτA0

qτA0
= idR(τA0 )
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Traces and “Surface Differential” Operators

Traces for Hilbert Complexes Åℓ ⊂ Aℓ and R(. . . ) ⊂ N(. . . )

Theorem (integration by parts . . . )

. . . on domains: x ∈ D(A), y ∈ D(A⊺) or x ∈ T(A), y ∈ T(A⊺) ⇒

⟨A x , y⟩H1
= ⟨x ,A⊺ y⟩H0

+ ⟨⟨x , y⟩⟩

. . . on trace domains τA1
A0 = −A⊺1

′τA0
: x ∈ D(A0), z ∈ D(A⊺1 ) ⇒

⟨⟨A0 x , z⟩⟩1 = τA1
(A0 x)(z) = −τA0

(x)(A⊺1 z) = −⟨⟨x ,A
⊺
1 z⟩⟩0

. . . on trace spaces pτA1
π�xA0 = −yA⊺1

′π′�pτA0
: x ∈ T(A0), z ∈ T(A⊺1 ) ⇒

⟨⟨π�xA0x , z⟩⟩1 = pτA1
(π�xA0x)(z) = −pτA0

(x)(π�xA⊺1 z) = −⟨⟨x , π�
xA⊺1 z⟩⟩0

⟨⟨x , y⟩⟩ = τAx(y) = −τA⊺y(x) = ⟨A x , y⟩H1
− ⟨x ,A⊺ y⟩H0

yA⊺1
′ = −τA1

xA0qτA0
∶ R(τA0

) → R(τA1
)

π�xA0 = −qτA1
yA⊺1
′
pτA0
∶ T(A0) → T(A1) and π� = qτA1

τA1
, π′� = τA⊺

1
qτA⊺

1
= ιR(τ

A⊺
1
)

Dirk Pauly Traces for Hilbert Complexes Institut für Analysis, TUDD



ZHACM Colloquium SAM, ETH Zürich, December 18, 2024

Traces and “Surface Differential” Operators

Traces for Hilbert Complexes Åℓ ⊂ Aℓ and R(. . . ) ⊂ N(. . . )
π′� = pτA0

qτA0
= idR(τA0 ) and π′� = pτA⊺

1
qτA⊺

1
= idR(τ

A⊺
1
)

integration by parts on trace ranges

. . . on trace spaces π�xA0 = −qτA1
yA⊺1
′π′�pτA0

= −qτA1
yA⊺1
′
pτA0

on T(A0)

. . . on trace spaces π�
xA⊺1 = −qτA⊺

0

xA′0π
′
�pτA⊺

1
= −qτA⊺

0

xA′0pτA⊺
1

on T(A⊺1 ) ⇒

⟨⟨qτA1
yA⊺1
′
pτA0

x , z⟩⟩1 = −⟨⟨π�xA0x , z⟩⟩1 = ⟨⟨x , π�xA⊺1 z⟩⟩0 = −⟨⟨x , qτA⊺
0

xA′0pτA⊺
1
z⟩⟩0

Definition

∀ϕ ∈ R(τA1
) ∀ψ ∈ R(τA⊺

1
) ⟨⟨⟨ϕ,ψ⟩⟩⟩1 ∶= ⟨⟨qτA1

ϕ, qτA⊺
1
ψ⟩⟩1

⇒ ∀φ ∈ R(τA0
) ∀ψ ∈ R(τA⊺

1
)

⟨⟨⟨yA⊺1
′φ,ψ⟩⟩⟩1 = ⟨⟨qτA1

yA⊺1
′
pτA0

qτA0
φ, qτA⊺

1
ψ⟩⟩1

= −⟨⟨qτA0
φ, qτA⊺

0

xA′0pτA⊺
1

qτA⊺
1
ψ⟩⟩0 = −⟨⟨⟨φ, xA′0ψ⟩⟩⟩0
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Traces and “Surface Differential” Operators

Traces for Hilbert Complexes Åℓ ⊂ Aℓ and R(. . . ) ⊂ N(. . . )
π�xA0 = −qτA1

yA⊺1
′π′�pτA0

= −qτA1
yA⊺1
′
pτA0

π�
xA⊺1 = −qτA⊺

0

xA′0π
′
�pτA⊺

1
= −qτA⊺

0

xA′0pτA⊺
1

⇒ yA⊺1
′ = (π�xA⊺1 )

′ = −pτ ′
A⊺
1

(xA′0)′qτ ′A⊺
0

= −pτA1
ι−1d (

xA′0)′ιd qτA0
= −pτA1

ι−1d (π�xA0)′′ιd qτA0

Theorem (integration by parts . . . )

. . . on domains: x ∈ D(A), y ∈ D(A⊺) or x ∈ T(A), y ∈ T(A⊺) ⇒

⟨A x , y⟩H1
= ⟨x ,A⊺ y⟩H0

+ ⟨⟨x , y⟩⟩

. . . on trace domains τA1
A0 = −A⊺1

′τA0
: x ∈ D(A0), z ∈ D(A⊺1 ) ⇒

⟨⟨A0 x , z⟩⟩1 = τA1
(A0 x)(z) = −τA0

(x)(A⊺1 z) = −⟨⟨x ,A
⊺
1 z⟩⟩0

. . . on trace spaces pτA1
π�xA0 = −yA⊺1

′π′�pτA0
: x ∈ T(A0), z ∈ T(A⊺1 ) ⇒

⟨⟨π�xA0x , z⟩⟩1 = pτA1
(π�xA0x)(z) = −pτA0

(x)(π�xA⊺1 z) = −⟨⟨x , π�
xA⊺1 z⟩⟩0

. . . on trace ranges yA⊺1
′ = −pτA1

ι−1d (xA
′
0)
′ιd qτA0

: φ ∈ R(τA0
), ψ ∈ R(τA⊺

1
) ⇒

⟨⟨⟨yA⊺1
′φ,ψ⟩⟩⟩1 = ⟨⟨qτA1

yA⊺1
′φ, qτA⊺

1
ψ⟩⟩1 = −⟨⟨qτA0

φ, qτA⊺
0

xA′0ψ⟩⟩0 = −⟨⟨⟨φ, xA′0ψ⟩⟩⟩0
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Traces and “Surface Differential” Operators

Traces for Hilbert Complexes Åℓ ⊂ Aℓ and R(. . . ) ⊂ N(. . . )
A0 ∶ D(A0) → D(A1)

A
⊺

1
′
∶ D(A

⊺

0 )
′
→ D(A

⊺

1 )
′

(vol diff ops)

(surf diff ops)

A
⊺

1 ∶ D(A
⊺

1 ) → D(A
⊺

0 )

A
′

0 ∶ D(A1)
′
→ D(A0)

′

!!! CRAZY !!!
simple idea ⇒ amazing complexity

D(A0) R(A0) D(A1) R(A1)

T (A0) T(A0)

R(τA0 )

∥

T(A⊺0 )
′

D(A⊺0 )
′

T (A1)

T(A1)

∩

D(A⊺0 )

R(τA1 )

∥

T(A⊺1 )
′

D(A⊺1 )
′

D(A0)
′

T(A0)
′

∥

R(τ
A⊺
0
)

T(A⊺0 )
∩

D(A1)

T (A⊺0 ) D(A1)
′

T(A1)
′

∥

R(τ
A⊺
1
)

T(A⊺1 ) T (A⊺1 )

R(A⊺0 ) D(A⊺0 ) R(A⊺1 ) D(A⊺1 )

π�

τ0
τ0

ρ0

A0

A0

⊂

π�
τ1

τ1

ρ1

A1

π̃�

ιq pτ0

pρ0

±xA0

ι�

qτ0

z

A⊺
1
′

π′
�

qρ⊺
0

A⊺
1
′

ι′
�

π̃�

ιq pτ1

pρ1
±xA1

ι�

τ⊺
0 π�

qτ1

π′
�

qρ⊺
1

ι′
�

ι′
�

qτ⊺
0π′

�

qρ0
pρ⊺
0

pτ⊺
0

ιq

±
y

A⊺
0

ι�

τ1

π�

π̃�

A′0

ι′
�

qτ⊺
1

xA′
0

π′
�

qρ1
pρ⊺
1

pτ⊺
1

ιq

±
y

A⊺
1

ι�

π̃�

π�
τ⊺
0τ⊺

0

ρ⊺
0

A⊺
0

⊃

τ⊺
1τ⊺

1

ρ⊺
1

A⊺
1

A⊺
1

π�

− id=
xA0

y

A⊺
0

− id=
pA
⊺

1
pA1

↺ red = blue = cyan ↺
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Traces and “Surface Differential” Operators

Traces for Hilbert Complexes Åℓ ⊂ Aℓ and R(. . . ) ⊂ N(. . . )
trace spaces and operators

zA⊺
1
′ = −pτ1π�xA0 qτ0 = −τ1 xA0 qτ0 = τ1 xA0

xA⊺
0

qρ
⊺

0 = −τ1 qρ
⊺

0 ∶ R(τA0 ) → R(τA1 )

A1 ∣T(A⊺
0
)
= 0 = π�pA1π�xA0

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=0

qτ0 pρ
⊺

0 ∶ T(A
⊺

0 ) → T(A2)

⋯ T(A0) T(A1)

T(A2)

∩

N(A⊺1 )
⋯ (trace space complex) iso2

⋯

R(τA0)
∥

T(A⊺0 )
′

R(τA1)
∥

T(A⊺1 )
′

R(τA2)
∥

T(A⊺2 )
′

⋯ (trace range complex) iso2

⋯

T(A⊺0 )
∩

N(A1)

T(A⊺1 ) T(A⊺2 ) ⋯ (dual trace space complex) iso2

⋯

R(τA⊺
0
)

∥

T(A0)
′

R(τA⊺
1
)

∥

T(A1)
′

R(τA⊺
2
)

∥

T(A2)
′

⋯ (dual trace range complex) iso2

π�zA
−1 π�xA0

pτ0

pρ0

π�xA1

pτ1

pρ1

π�xA2

pτ2

π� A⊺
1
=0

τ⊺
1

pρ2

pτn

z

A⊺
0
′

z

A⊺
1
′

qρ⊺
0

qτ0

z

A⊺
2
′

qρ⊺
1

z

A⊺
3
′

qρ⊺
2

qτn

qρ⊺n

pτ⊺
0

π�
y

A⊺
0

π� A1=0

τ1
pρ⊺
0

π�
y

A⊺
1

pτ⊺
1

π�
y

A⊺
2

pτ⊺
2

π�
y

A⊺
3

pρ⊺n

pτ⊺n

zA′
−1

xA′
0

xA′
1

xA′
2

qτ⊺n
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Regular Subspaces and Their Duals

Regular Subspaces and Duals

“Regular Subspaces” and Duals
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Regular Subspaces and Their Duals

Regular Subspaces and Duals

setting

assume (for all An and A⊺n )

H+n ⊂ D(An) ⊂ Hn (bd dense embs of reg subsps)

D(An+1) = H+n+1 +An H
+
n (with bd reg deco ops)

H+n (An) ∶= {x ∈ H+n ∶ An x ∈ H+n+1} ⊂ H
+
n ⊂ D(An) (bd dense embs)

H̊
−

n ∶= (H+n )′ (duals)

H+n+1 ⊂ D(An+1) ∩D(A⊺n) ⊂ Hn+1 (bd dense embs of reg subsps)
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Regular Subspaces and Their Duals

Regular Subspaces and Duals

A′0 ∶ D(A1)′ → D(A0)′

H+1 ⊂ D(A1) ⊂ H1 (bd dense embs of reg subsps)

D(A1) = H+1 +A0 H
+
0 (bd reg deco ops)

H+0 (A0) = {x ∈ H+0 ∶ A0 x ∈ H+1 } ⊂ H
+
0 ⊂ D(A0) (bd dense embs)

H̊
−

0 = H+0 ′ (duals)

H+1 ⊂ D(A1) ∩D(A⊺0 ) ⊂ H1 (bd dense embs of reg subsps)

H+0 (A0) ⊂ H+0 ⊂ D(A0) ⊂ H0 and H′0 ⊂ D(A0)′ ⊂ H̊
−

0 ⊂ H+0 (A0)′

⇒ extend A′0 to H̊
−

1 by

A′0 ∶ H̊
−

1 → H+0 (A0)′

∀ψ ∈ H̊−1 ∀ x ∈ H+0 (A0) A′0 ψ(x) ∶= ψ(A0 x)

note: ∣A′0 ψ(x)∣ ≤ ∣ψ∣H̊−1 ∣A0 x ∣H+
1
≤ ∣ψ∣

H̊
−

1
∣x ∣H+

0
(A0)
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Regular Subspaces and Their Duals

Regular Subspaces and Duals

A′0 ∶ D(A1)′ → D(A0)′ and A′0 ∶ H̊
−

1 → H+0 (A0)′

extend A′0 ψ to Ã′0ψ ∶= Ã
′
0 ψ ∈ H̊

−

0 by bd dense emb H+0 (A0) ⊂ H+0

⇒ Ã′0 ∶ H̊
−

1 → H̊
−

0

⇒ H̊
−

1 (A′0) ∶= {ψ ∈ H̊
−

1 ∶ A′0 ψ = Ã
′
0ψ ∈ H̊

−

0 }

D(A1) = H+1 +A0 H
+
0 (bd reg deco ops)

H+0 (A0) = {x ∈ H+0 ∶ A0 x ∈ H+1 } ⊂ H
+
0 ⊂ D(A0) ⊂ H0 (bd dense embs)

H′1 ⊂ D(A1)′
?⊂ H̊−1 (A′0) = {ψ ∈ H̊

−

1 ∶ A′0 ψ ∈ H̊
−

0 } ⊂ H̊
−

1 = H+1 ′ ⊂ H
+
1 (A1)′

?: H+1 ⊂ D(A1) ⇒ ψ ∈ D(A1)′ ⊂ H̊
−

1 and A′0 ψ ∈ D(A0)′ ⊂ H̊
−

0

⊃: ψ ∈ H̊−1 (A′0) and D(A1) ∋ y = y1 +A0 y0 ∈ H+1 +A0 H
+
0

⇒ ψy ∶= ψy1 + (A′0 ψ)y0 and ∣ψy ∣ ≤ c ∣ψ∣
H̊
−

1 (A
′

0
)
∣y ∣D(A1)

⇒ ψ ∈ D(A1)′

⇒

H′1 ⊂ D(A1)′ = H̊
−

1 (A
′
0) ⊂ H̊

−

1 ⊂ H+1 (A1)′
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Regular Subspaces and Their Duals

Characterisation of Dual Spaces by Regular Subspaces

Characterisation of Dual Spaces by “Regular Subspaces”
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Regular Subspaces and Their Duals

Characterisation of Dual Spaces by Regular Subspaces

Theorem (Characterisation of Dual Spaces by Regular Subspaces)

D(A1)′ = H̊
−

1 (A
′
0) = {ψ ∈ H̊

−

1 ∶ A
′
0 ψ ∈ H̊

−

0 }

D(A⊺0 )
′ = H̊−1 (A

⊺
1
′) = {ψ ∈ H̊−1 ∶ A

⊺
1
′ψ ∈ H̊−2 }

with equivalent norms by bounded inverse theorem. Dual results:

D(Å1)′ = H−1 (Å
′

0) = {ψ ∈ H
−
1 ∶ Å

′

0 ψ ∈ H
−
0 }

D(A∗0 )
′ = H−1 (A

∗
1
′) = {ψ ∈ H−1 ∶ A

∗
1
′ψ ∈ H−2 }

modifications: Å
′

0 ∶ D(Å1)′ → D(Å0)′, A∗1
′ ∶ D(A∗0 )′ → D(A∗1 )′

H̊
+

1 ⊂ D(Å1) ⊂ H1,
∗

H+1 ⊂ D(A
∗
0 ) ⊂ H1 (bd dense embs of reg subsps)

D(Å1) = H̊
+

1 + Å0 H̊
+

0 , D(A∗0 ) =
∗

H+1 +A
∗
1

∗

H+2 (bd reg deco ops)

H̊
+

0 (Å0) = . . . ,
∗

H+1 (A
∗
0 ) = . . . (bd dense embs)

H−0 = H̊
+

0
′ (duals)
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Regular Subspaces and Their Duals

Characterisation of Trace Ranges by Regular Subspaces

Characterisation of Trace Ranges by “Regular Subspaces”
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Regular Subspaces and Their Duals

Characterisation of Trace Ranges by Regular Subspaces

recall traces: τA0
∶ D(A0) → D(A⊺0 )

′, τA⊺
1
∶ D(A⊺1 ) → D(A1)′

N(τA⊺
1
) = D(A∗1 )

N(τA0
) = D(Å0)

R(τA⊺
1
) = D(Å1)○ = {ψ ∈ D(A1)′ ∶ ψ∣D(Å1)

= 0}

R(τA0
) = D(A∗0 )○ = {ψ ∈ D(A

⊺
0 )
′ ∶ ψ∣D(A∗

0
) = 0}

density of H̊
+

1 ⊂ D(Å1) and
∗

H+1 ⊂ D(A
∗
0 ) ⇒

R(τA⊺
1
) = H̊+1 ○ as closed subspace of D(A1)′

R(τA0
) =

∗

H+1
○ as closed subspace of D(A⊺0 )

′

⇒ more detailed

Theorem (Characterisation of Trace Ranges by Regular Subspaces)

R(τA⊺
1
) = D(A1)′ ∩D(Å1)○ = H̊

−

1 (A
′
0) ∩ H̊

+

1
○ = {ψ ∈ H̊−1 ∶ A

′
0 ψ ∈ H̊

−

0 ∧ ψ∣H̊+1 = 0}

R(τA0
) = D(A⊺0 )

′ ∩D(A∗0 )
○ = H̊−1 (A

⊺
1
′) ∩

∗

H+1
○ = {ψ ∈ H̊−1 ∶ A

⊺
1
′ψ ∈ H̊−2 ∧ ψ∣∗

H+
1

= 0}

with equivalent norms.
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Regular Subspaces and Their Duals

Trace Hilbert Complexes

Hilbert Complexes of Traces and Trace Spaces
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Regular Subspaces and Their Duals

Trace Hilbert Complexes

two interpretations

R(τA0
) =

∗

H+1
○ as closed subspace of D(A⊺0 )

′, note: D(A⊺0 )
′ ⊂ H̊−1

∗

H+1
○ as closed subspace of H̊

−

1

yA⊺1
′ = A⊺1

′ ∶ R(τA0
) → R(τA1

), D(A⊺1
′) = R(τA0

)

⇒ ψ ∈ R(τA0
) ⊂

∗

H+1
○ ⊂ H̊−1 ⇒ A⊺1

′ψ ∈ R(τA1
) ⊂

∗

H+2
○ ⊂ H̊−2

⇒ R(τA0
) = D(A⊺0 )

′ ∩D(A∗0 )
○

= H̊−1 (A
⊺
1
′) ∩

∗

H+1
○

= {ψ ∈ H̊−1 ∶ A
⊺
1
′ψ ∈ H̊−2 ∧ ψ∣∗

H+
1

= 0}

= {ψ ∈
∗

H+1
○ ∶ A⊺1

′ψ ∈
∗

H+2
○} =∶

∗

H+1
○(A⊺1

′)

⇒ different unbounded versions of “surface differential operators”
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Regular Subspaces and Their Duals
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different unbd versions of surf diff ops
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