On the Gradgrad and divDiv Complexes,
and a Related Decomposition Result
for Biharmonic Problems in 3D: Part 2

Dirk Pauly (Fakultit fiir Mathematik, UDE, Germany)

&

Walter Zulehner (Institut fiir Numerische Mathematik, JKU, Austria)
UNIVERSITAT
DEUS [} SSEBNU R G
Open-hind e

RICAM Special Semester 2016

Workshop 1: Analysis and Numerics of Acoustic and Electromagnetic Problems

October 17-21, 2016, Linz, Austria

Dirk Pauly Gradgrad and divDiv Complexes Universitat Duisburg-Essen, Campus Essen



RICAM Special Semester, Workshop 1: Analysis and Numerics of Acoustic and Electromagnetic Problems Linz, Austria, October 17, 2016
o
Problem

Kernel of div Div

Walter's central question

N(divDiv) =7

more precisely: kernel
N(divDivg) =7

of
div Divs : D(div Divg) c L2(©,S) — L2(Q,R), M +— divDivM

with Q (open) c R3? and
D(divDivg) := {M € L?(,S) : divDiv € L>(Q,R)}

note in general
DivM e H"}(Q,R?)

= div Divg # (div)(Divs)
with

D((div)(Divs)) := {M € L*(Q,S) : DivM € L*(Q,R*) and divDivM € L*(Q,R)}
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De-Rahm Complexes

grad-rot-div Complexes

sequence or complex

o ° ° ° o M
— % D(grad) = D(rot) — D(div) — . 12() —*

R
with dual or adjoint sequence or complex
% 2@ =% Ddiv) " D(rot) 2% D(grad) —F R

unbounded, densely defined, closed, linear operators with adjoints

grad : D(grad) c L2 - L2, (grad)* = —div: D(div) c L% - L2,
rot : D(rgt) cl?- 12 (rgt)’r =rot: D(rot) c L2 > L2
div: D(div) c L2 —» L2, (div)* = —grad : D(grad) c L? — L2

spaces
D(grad) = H! = HE = Ho(grad), D(div) = D = H(div),
D(rot) = R = Ho(rot) = Ho(curl), D(rot) = R = H(rot) = H(curl),
D(div) = D = Ho(div), D(grad) = H! = H' = H(grad)
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De-Rahm Complexes

grad

-rot-div Complexes

sequence or complex

— % . D(grad) =¥ D(rot) —— D(div) — . 12(Q) — = L R
with dual or adjoint sequence or complex
<% 12Q) =™ p(div) " D(rot) £ D(grad) — % R

complex property: ‘range c kernel’ (rotgrad = 0, divrot = 0)
R(0) = {0} = N(grad),  R(grad) c N(rot), R(rot) c N(div),  R(div) = N(mz) = R*,
R(tr) =R = N(grad), R(-grad) c N(rot), R(rot) c N(-div), R(-div)=N(0)=L%(Q

complex closed < all ranges are closed
complex exact <> all cohomology groups are trivial, i.e., if

Hp = N(rgt) e R(gr(;d) = N(div) © R(rot) = N(rgt) n N(div) = {0} (Dirichlet fields),
1, = N(div) & R(rot) = N(rot) & R(grad) = N(div) n N(rot) = {0} (Neumann fields)

dimension depends only on topology, Betti numbers

Dirk Pauly

Gradgrad and divDiv Complexes Universitat Duisburg-Essen, Campus Essen



RICAM Special Semester, Workshop 1: Analysis and Numerics of Acoustic and Electromagnetic Problems Linz, Austria, October 17, 2016
ooe
De-Rahm Complexes

grad-rot-div Complexes

sequence or complex:

o Od o o o
— % . D(grad) -2 D(rot) —=— D(div) — 2 12(Q) —E L R
with dual or adjoint sequence or complex
0 rot —grad

—% 12 ™ D(div) D(rot) D(grad) «—=%— R

‘crucial’: compact embeddings (for, e.g., Q bounded and strong Lipschitz)

D(grad) «» L2 (Rellich’s selection theorem),
D(rgt) N D(div) «» L2 (Weck's selection theorem, Weck '74),
o
D(rot) n D(div) «=» L2 (Weck's selection theorem)

= closed complexes and finite cohomology groups

= Helmholtz decompositions

= Friedrichs/Poincaré type estimates

= continuous and compact inverses of reduced operators
= ...all from general fa-toolbox /
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Functional Analysis Toolbox

General Complexes

setting: unbounded, densely defined, closed, linear operators with adjoints
A,'ID(A,')CH,'—>H,'+17 A?!D(A?)CH,'JA—)H,', i€Z
sequence or complex with adjoint:

Aj Ajp1

L D(Aig) —E D(A) D(Ain1)

Al . A7 oy | A .
—— D(AL)) D(A}) «—— D(A

i+1

complex: ‘range c kernel', i.e., AjA; 1 =0, A7 |AT =0, e,
R(Ai-1) € N(Aj), R(A])cN(AL)

related problem: find x € D(A;) n D(AY ;) s.t.

Aix=f, Al x=g, mx=h,

where f € R(A;), g€ R(AY ;) and he H;
with kernel/cohomology group H;:= N(A;) n N(AY )
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Functional Analysis Toolbox

Reduced Operators and Compact Embeddings

Hodge/Helmholtz/Weyl decompositions:

Hi = N(A;) ®n; R(AT), Hiy1 = N(AT) @n,,, R(A)

= reduced (injective) operators

.A,' : D(.A,') = D(A,‘) n R(AI*) (= R(AI*) d R(A,‘), (A,’ : D(A,’) c H,' id H,'+1)
Af i D(Af)=D(A7)nR(A)) c R(Aj) > R(AT), (Af:D(A})cHig —H))

= Ai’l, (Af)’1 exist, exact sequence for A;, A¥ /
crucial: compact embeddings

D(A;) > H; < D(A]) > Hi;
note
D(Ai-1) > Hisy A D(A)<>H; A H;i<>H; < D(A)nD(A;;)H;

(general) Poincaré type estimates (Poincaré, Friedrichs, Maxwell, ...)
closed ranges

continuous and compact invers operators

Helmholtz decompositions
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Functional Analysis Toolbox

Friedrichs/Poincaré Type Estimates

Linz, Austria, October 17, 2016

compact embedding D(A;) «» H; =
o VpeD(A) loln <ca;lAieln,,
o Ve D(AY)  [dlnyy, < cax|AfdIn,;
® R(Aj)=R(A;), R(A}) = R(A}) closed
= reduced operators
Aj: D(A;) := D(A}) nR(AT) « R(AT) - R(A)),
A7 D(AT) = D(AT) N R(A) € R(A)) - R(AD),

(A

:D(A;) e Hi > Hiuq)

(A7 :D(AF) c Hipy — H;)

o A1 R(AJ) > D(A) cont., A% R(A7) — R(AY) cpt., 47| = ca,
o (AF)™ s R(A}) — D(AF) cont., (A1) R(AT) — R(A;) cpt., [(A) ] = ey

note: ‘best’ constants ca; and cp» satisfy
i

1 . |A"<'0|Hi+1 _

B o Afgly, 1
llm; 020peD(AY) []u;,,

= n
CA; 0+peD(A;)

Cj = CA’. = Cp*
i

CA*
I
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Functional Analysis Toolbox

Friedrichs/Poincaré Type Constants

recall: compact embedding D(A;) «» H; =

1 [Aieln,
o VyeD(A; < ca.|Aipln..,, with best cons. — = in — T
peD(A) eln; < calAielng, PR P v
[Af9ln;

1
o Vipe D(AY) |¥ln,,, < cax|ATY|n,, with best const. =
' BT AT car  0=yeD(AT) [Plhyy,

¢ € D(A;) = D(A;) n R(AY), R(AY) = R(A?) closed

S =AM with e D(A?)

= |80|ﬁ,. = (@, ATV, = (Aip, V)i < Al [PlH;, < caxlAielhg,, | ATY Ik
_

=p

symmetry
= |(,0|HI. < CA;e|A,'QO|H/.+1 = ca; < CA;* = CA;_(- < Ca; O
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Functional Analysis Toolbox

Helmholtz Type Decomposition

Hi = N(A)) ®n; R(AT),

Hi = R(Aj-1) @n; N(AT )
D(Aj) = N(A)) &u; D(A),

D(A7 ) =D(A7,) OH; N(AT ;)
exact sequence: R(A;_1) c N(A;), R(AT)c N(AL,) =
N(A7 ;) =Hien, R(A]), N(A})=R(Ai-1) @n, Hi, Hi=N(Aj)nN(AT)

= refined Helmholtz decomposition

Hi = R(Aj_1) @n; Hi ®n; R(A])
D(Aj) = R(Ai-1) ®n, H; ®n;, D(A;)
D(A7;) = D(A) ®n, Hi@n; R(A])

with orthonormal projectors
ﬂ'Al._l ZH,'—>R(A,'_1), VIZJED(A?_I)

max i Hi > R(AT),  VeoeD(A))
Uy H,' - H;

A, e D(AL) A
marp e D(A) A

A?—lﬂAi—ldj =AY
Aimarp = Ajp
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Functional Analysis Toolbox

Solution Theory

problem: find x e D(A;) nD(A} ) s.t.

Aix=f
Alix=g
Tix=h

Theorem (solution theory)

unique solution (dpd. cont. on data) < feR(A;), geR(A} ;) and heH;

x=Af+ (A ) tg+h
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Functional Analysis Toolbox

Variations (Saddle Point) Formulations

unique solution x = A7 f + (A7 ) "lg + he D(A;) n D(A} ) of

‘A,‘X= f, Al x=g, mx=h

can be found by variational techniques (Lax-Milgram)
o for A71f we solve AjATy = f: find 1) € D(A}) with

Ve D(AT) (AT, Al on, = (f o), (1)

f e R(A;) = (1) holds for all ¢ € D(AY)

= xp; = Afp e D(A;) and Ajxp, = f

= Xxa; = A,Tlf € D(A;) and |xa,ln; < ¢ilfln,,,

note: D(A?) = D(A7)n R(A;) and R(A;) = N(A;*)LHIH

= (1) is equivalent to the saddle point problem: find ¥ € D(A}) with

Ve D(AT) (A7U, AT o), = (F,0)H,0
VoeN(AT) = R(A},;) ®h,,, Hirt (), ®In;,, =0
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Functional Analysis Toolbox
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Variations (Saddle Point) Formulations

unique solution x = A7 f + (A7 ) 7lg + he D(A;) n D(A} ) of

‘A,—x: f, Al x=g, mx=h

can be found by variational techniques (Lax-Milgram)
o for (A7 )7g we solve A¥ [ A;_19 = f: find 9 € D(A;_1) with

VeD(Ai-1) (Ais1Y, A1), = (8, P,y (2)
geR(A?_;) = (2) holds for all ¢ € D(Aj_1)
= xXpr = Aj_1 e D(A} ;) and A?;]'XA?—I =g
= Xpr = (A,tl)flg e D(A};) and |XA/.*71|H,- <cic1lglh,_,
note: D(A,‘,l) = D(A,’,l) n R(A;il) and R(Afil) = N(Aifl)J‘Hi—l
= (2) is equivalent to the saddle point problem: find ¢ € D(A;_1) with
v @Y€ D(Ai—l) (Ai—1¢7 Ai—190>H,' = <g7 SO)H,-_17
VoeN(Ai—1) = R(Ai2) &, Hia (1, ), =0
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Functional Analysis Toolbox Application: The Grad grad and div Div Complexes

Grad grad and div Div Complexes

complex . ]
. D(Gradgrad) ~22E% p(Rotg) — =L D(Divy) ——ms L2(Q) ——s RT,
with dual or adjoint complex

: (@) e D(divDivg) mir D(symRot1) <=“°*L D(dev Grad) PRGLLI-S

unbounded, densely defined, closed, linear operators with adjoints

Gradgrad : D(Gradgrad) c L2 - L3,  (Gradgrad)* = divDivg : D(divDivg) c L3 » L2,
Rots : D(Rotg) c L3 — L3, (Rotg)* = symRotr : D(symRott) c L3 — L2,
Divy: D(Divy) c L - L%;,  (Divy)* = —devGrad : D(dev Grad) c L2; — L%

setting in natural Hilbert spaces
one can show

D(Gradgrad) = H2, D(dev Grad) = H
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Functional Analysis Toolbox Application: The Grad grad and div Div Complexes

Results for Grad grad and div Div Complexes (triv. top.)

complex and adjoint complex

o N o R0 o Do' T
O, D(Gradgrad) Z¥*% D(Rots) —=° ., D(Divy) — 1 12(Q) — 2, RT,
div Di R — 3
— % 12(9) &Y p(divDivs) IEMT psymRotr) <2 D(dev Grad) «—%  RT,

’ general assumption: ‘Q c R3 (R") bounded strong Lipschitz domain

Lemma

Let Q be additionally topologically trivial. Then:

e N(Rotg) = R(Grad grad) = Grad grad H?
N(Divr) = R(Rotg) = Rot H}
L2 S - 01
o = R(Divr) = DivHy
N(symRott) = R(dev Grad) = dev Grad H!

e RT

o N(divDivg) = R(sym RotT) = sym Rot Hjlr (original question)
o L? = R(divDivg) = div Div H2

Especially, all ranges are closed and admit regular potentials.

= both complexes are closed
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Functional Analysis Toolbox Application: The Grad grad and div Div Complexes

Results for Grad grad and div Div Complexes (triv. top.)

complex and adjoint complex

o > o DD T
D(Gradgrad) 228 D (Rotg) Rotg D(Divy) —2T 5 12(Q) —°, RT,
div Di R - L
— % 12(9) Y p(divDivs) <EMT psymRoty) <22 D(dev Grad) <% RT,

’ general assumption: ‘ Q c R3 (R") bounded strong Lipschitz domain

Let Q be additionally topologically trivial. Then all cohomology groups are trivial, i.e.,
HE := N(Rotg) n N(divDivg) = N(Rotg) © R(Grad grad) = N(divDivg) © R(sym Rot ) = {0}

HY = N(DoivT) N N(symRotT) = N(DoivT) 2] R(RZ)tg) = N(symRot ) © R(dev Grad) =/{0}
(The symmetric Dirichlet fields and trace-free Neumann fields vanish.) Moreover, the
following Helmholtz type decompositions hold:

LZ(?,S) = N(Rf)tgo) ®2(q,s) N(divDivg), L? = R(divDivg)

N(Rotg) = R(Grad grad), N(divDivg) = R(sym ROt’H‘)

L%(,T) - N(DIVT) @2 N(symRoty),  RT," = R(Divy),

N(DIVT) R(Rotg) N(symRott) = R(dev Grad).

= both complexes are closed and exact
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Functional Analysis Toolbox Application: The Grad grad and div Div Complexes

Linz, Austria, October 17, 2016

Results for Grad grad and div Div Complexes (gen. top.)

complex and adjoint complex

o o
Grad grad Rotg
T

D(Grad grad)

o o DO' T
D(Rots) D(Divy) —T 5 12(Q) —°, RT,

0 L2(Q) divDivg

R — L
D(divDivs) <™ D(symRotr) <2 D(devGrad) « % RT,

’ general assumption: ‘Q c R3 (R") bounded strong Lipschitz domain

The following embeddings are compact:

D(Rots) n D(divDivg) «» L2(,S),  D(Divr)n D(symRotr) «» L2(Q,T)

proof: partition of unity, results for triv. top. (HD and reg. pot.) and

It holds directly and topologically

{MeL?(Q,S) : divDivM e H71(Q)} = Y 1d N(div Divg).

Dirk Pauly

Gradgrad and divDiv Complexes

Universitat Duisburg-Essen, Campus Essen



RICAM Special Semester, Workshop 1: Analysis and Numerics of Acoustic and Electromagnetic Problems Linz, Austria, October 17, 2016

[e]e]e]e] lelele]
Functional Analysis Toolbox Application: The Grad grad and div Div Complexes

Results for Grad grad and div Div Complexes (gen. top.)

complex and adjoint complex

D(Gradgrad) 22#°% D(Rots) —2°, D(Divr) L2(Q) RTo
div Di R — L
— % 12(9) &Y p(divDivg) <EMT psymRoty) <% D(dev Grad) <% RT,

’ general assumption: ‘Q c R3 (R") bounded strong Lipschitz domain

Lemma

The cohomology groups HSD : H.ﬁ-\’ (symmetric Dirichlet fields and trace-free Neumann
fields) are finite dimensional. Moreover, the following Helmholtz type decompositions
hold:

L2(Q S) = R(Grad grad) ®2(q 5) HE ®12(q ) R(sym RotT),

N(Rotg) = R(Grad grad) ®2(q 5y HE, N(divDivs) = R(symRott) @2 5y HE,
L2(S'2 T) = R(Rotg) ®2(q,1) HT ®12(q 1) R(dev Grad),

N(DIVT) = R(Rots) DL2(q,1) HY, N(symRot) = R(dev Grad) &2 (q 1) HY.
Especially, all ranges are closed.

o

= both complexes are closed
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Functional Analysis Toolbox Application: The Grad grad and div Div Complexes

Results for Grad grad and div Div Complexes (gen. top.)

complex and adjoint complex

o

Rotg

o

°
Grad grad Div
—_—

D(Grad grad) D(Rots) D(Divr)

12(Q) —°, RT,

div Di R - L
— % 12(9) &Y p(divDivs) <EMT psymRoty) <% D(dev Grad) «—%  RT,

’ general assumption: ‘Q c R3 (R") bounded strong Lipschitz domain

The following Friedrichs/Poincaré type estimates hold: 3 cgg, cp,cr > 0 s.t.

Yue Ifl2
V M e D(divDivg) n R(Gradograd)
¥ N ¢ D(Divr) n R(dev Grad)
VEeH! ART,"
¥ M € D(Rots) n R(sym Rot )
¥ N € D(symRot1) n R(Rots)

luli2(q) < cegl Gradgrad uli2(q),
IMli2(q) < cg|divDiv M 2(q),
IN|L2(q) < cp| Div N 2(q),
|ElL2(q) < cpldevGrad E| 2(q),
IM2(q) < crlRot Ml 2(q),

[Nl 2(q) < crlsym Rot N2 (q)

note: same constants!
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Functional Analysis Toolbox Application: The Grad grad and div Div Complexes
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Results for Grad grad and div Div Complexes (gen. top.)

complex and adjoint complex

o 0 o & o 5 .
© . D(Gradgrad) “2E, D(Rots) ——fn D(Divy) —ie L2(Q) — s RTy
div Di R _ L
— % 12(9) &Y p(divDivs) <EMT psymRoty) <% D(dev Grad) <% RT,

’ general assumption: ‘Q c R3 (R") bounded strong Lipschitz domain

The respective reduced operators have continuous resp. compact inverses, e.g.,

o o o
(Rotg)™ : R(Rotg) conts, D(Rotg) N R(sym Rot ) EAY R(symRot ),

1. cont. © cpt. ©
(symRotT) ™" : R(symRot1) —> D(symRotT) n R(Rots) “» R(Rotg),
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Functional Analysis Toolbox Application: The Grad grad and div Div Complexes

Results for Grad grad and div Div Complexes (triv. top.)

complex and adjoint complex

o

0 Div

o
Rotg

D(Gradograd) Sraderad, D(R%ts) D(DoiVT) S

L2(Q) RTo

0

div Div R - Y
L2(Q) <2 pdivDive) < psymRotr) <2 D(devGrad) % RT,

’ general assumption: ‘Q cR3 (R") bounded strong Lipschitz domain

Let Q be additionally topologically trivial. Then the following regular decompositions

hold:
D(Rotg) = H! + N(Rotsg), N(Rots) = R(Grad grad),
D(Divr) = HL + N(Divr), N(Divr) = R(Rots),
D(symRot) = HL + N(symRotr), N(symRot1) = R(dev Grad),

extension to general domains ...
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Results for Rot Rot" or Elasticity Complexes

complex

o

Rot Rot &
S

o

0 Divg

o
sym Grad
e

o o o
D(sym Grad) D(RotRot) D(Divg)

L2(Q) —M , RM

adjoint complex ...

’ general assumption: ‘Q c R3 (R") bounded strong Lipschitz domain

Similar results hold.
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