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First Order Model Problem

Model Problem: Electro-Static Maxwell Equations

setting: Hilbert/Sobolev spaces (L?-based)
geometry: Q c R3 bounded domain with Lipschitz (or weaker) boundary I = 9Q

rotE = F in Q (1)
-diveE=G in Q (2)
vxE=0 at 3)

non-trivial kernel: H;, . ={E € L?: rot E =0, diveE =0, v x E|r =0}
additional condition:

mE=De H])’g (4)

well known:

(1)-(4) uniquely solvable

by Helmholtz decompositions and Poincaré/Maxwell estimates
for given right hand sides F, G, D

Dirk Pauly A Posteriori Estimates for First Order Systems i itat Duisburg-Essen, Campus Essen



LSSC’15: 10th International Conference on Large-Scale Scientific Computations Sozopol, Bulgaria, June 9 2015
oeo
First Order Model Problem

Underlying Structure of the Model Problem

o o o
0 \v rot div 0
0=l 2 L2 2 L2120
0 —dive e~ Llrot -V 0

exact sequence:

unbounded, densely defined, closed, linear operators with adjoints

o o o
V:H1CL2—>L§, —dive = (V)" :s_chL§—>L2 sometimes:
o
rgt:Rch - L2 el rot:(rgt)* :Rcl?-12 R = H(rot) = H(curl)
o o o
div:D cL? > L2, -V = (div)* : H' c L% —» L2 D = H(div)
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First Order Model Problem

Underlying Structure of the Model Problem

o

. o

exact sequence: 0., V 2 rot 5 div 5 0
0=2L" 2 L =2 L2120

—dive e~ lrot -V 0

unbounded, densely defined, closed, linear operators with adjoints

%:lfich2—>L§, —div5=(%)* telDcl? L2 sometimes:

o
rgt:Rch - L2 el rot:(rgt)* :Rcl?-12 R = H(rot) = H(curl)

o o o
div:D cL? > L2, -V = (div)* : H' c L% —» L2 D = H(div)

exact: ‘range c kernel’ (rotV =0, divrot = 0)
UHL = R(V) ¢ N(rot) =Ro, —divee D = R(=dive) c N(0) = L?

rotR = R(rot) c N(div) = Do, e *rotR = R(e ! rot) ¢ N(~dive) = e *Dg

divD = R(div) ¢ N(0) = L2, —VH! = R(=V) ¢ N(c " rot) = Ro
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First Order Model Problem

Underlying Structure of the Model Problem

o o o

0 \v rot div 0
021 2 L2 2 221720
0 —dive e~ 1rot -V 0

exact sequence:

unbounded, densely defined, closed, linear operators with adjoints

%:lfich2—>L§, —div5=(%)* telDcl? L2 sometimes:
rgt:I%ch - L2 el rot:(rgt)* :Rcl?-12 R = H(rot) = H(curl)
diviDcl? > 12 —V = (div)* (H e L2 > L2 D = H(div)

exact: ‘range c kernel’ (rotV =0, divrot = 0)

UHL = R(V) ¢ N(rot) =Ro, —divee D = R(=dive) c N(0) = L?

rotR = R(rot) c N(div) = Do, e *rotR = R(e ! rot) ¢ N(~dive) = e *Dg
divD = R(div) ¢ N(0) = L2, —VH! = R(=V) ¢ N(c " rot) = Ro
crucial: compact embeddings (Rellich’s selection theorem, Maxwell cpt property)
H'o> 12, Rne'D, RnelDo L2
= Helmholtz decompositions and Poincaré/Maxwell estimates /
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First Order Model Problem

Abst

ract Formulation

rotE =F
—-diveE=G
vxE=0
7rDE:He?-LD’5
¢
rot E = F
—-diveE=G
7rDE:He’}-LD’E

Sozopol, Bulgaria, June 9 2015

in Q
in Q
at I

(Aj:=rot, Af-= g1 rot) {(x:=E) (Aisr:=V, A7, =-dive)

A,'X: f
A x=g
TiX = he H,— = N(A,) n N(A:l)
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General First Order Problem

General or Abstract Problem

setting: unbounded, densely defined, closed, linear operators with adjoints
A,‘ZD(A,‘)CH,‘—>H,'+17 A?!D(A?)CH,'Jrl—)H,', ieZ

exact sequence:

Ajp
c2H, 2
A¥ 2

i

exact: ‘range c kernel’ (A;A;_; =0, A} A =0)

R(Ai-1) e N(Aj),  R(A]) e N(AT;)
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General First Order Problem

General or Abstract Problem

setting: unbounded, densely defined, closed, linear operators with adjoints
A,‘ZD(A,‘)CH,‘—>H,'+17 A?!D(A?)CH,'Jrl—)H,', ieZ

exact sequence:

Ajp Ajy
c2Hi, 2 |Hj1 <—AH,+1 2 Hio=2...
A?"Q A*
e

exact: ‘range c kernel’ (A;A;_; =0, A} A =0)

R(Ai-1) e N(Aj),  R(A]) e N(AT;)

problem: find x e D(A;) nD(AY ) s.t.

Aix=f, Al x=g, mx=h,

where f € R(A;), g€ R(AY ;) and h e H; with kernel H; := N(A;) n N(A¥ ;)
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General First Order Problem

tool

box

Hodge/Helmholtz/Weyl decompositions:

H; = N(A)) ®H; F\’(A;f)7 Hii1 =N(Af)®|-| R(A))

i+1

= reduced (injective) operators

Ai: D(Aj) = D(A)) nR(AY) c R(AT) - R(A;j),  (Aj:D(Aj) e Hi > Hi)
Af:D(Af)=D(AF)nR(A) c R(A;) > R(AY), (A} :D(A})cHui—H))

= A7!, (AF)7! exist, exact sequence for A;, A7/
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General First Order Problem

tool box

Hodge/Helmholtz/Weyl decompositions:

H; = N(A)) ®H; F\’(Af)7 Hii1 =N(Af)®|-| R(A))

i+1

= reduced (injective) operators

Ai: D(Aj) = D(A)) nR(AY) c R(AT) - R(A;j),  (Aj:D(Aj) e Hi > Hi)
Af:D(Af)=D(AF)nR(A) c R(A;) > R(AY), (A} :D(A})cHui—H))

= A7!, (AF)7! exist, exact sequence for A;, A7/
crucial: compact embeddings

D(A,)'—’H/ =4 (D(AT)"’HMI)

(general) Poincaré estimates (Poincaré, Friedrichs, Maxwell, ...)
closed ranges

continuous and compact invers operators

Helmholtz decompositions
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General First Order Problem

tool box (Poincaré estimates, closed ranges, compact inverses)

compact embedding D(A;) < H; =
o VoeD(A) loln, <ca;lAivln,,
o Ve D(AY)  [dlnyy, < cax|AfYIn;
® R(Aj)=R(A;), R(A}) = R(A}) closed
= reduced operators
Ai: D(A7) = D(A)) nR(AT) € R(A]) » R(A;),  (Aj:D(A}) c Hi — Hiyr)
A7 i D(A7) = D(AT) N R(A) < R(A)) > R(A]), (A D(A]) c Hisa ~ Hy)

o A1 R(AJ) > D(A) cont., A% R(A7) — R(AY) cpt., 47| = ca,
o (AF)™ s R(A}) — D(AF) cont., (A1) R(AT) — R(A;) cpt., [(A) ] = ey
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General First Order Problem

tool box (Poincaré estimates, closed ranges, compact inverses)

compact embedding D(A;) < H; =
o VoeD(A) loln, <ca;lAivln,,
o Ve D(AY)  [dlnyy, < cax|AfYIn;
® R(Aj)=R(A;), R(A}) = R(A}) closed
= reduced operators
Ai: D(A7) = D(A)) nR(AT) € R(A]) » R(A;),  (Aj:D(A}) c Hi — Hiyr)
A7 i D(A7) = D(AT) N R(A) < R(A)) > R(A]), (A D(A]) c Hisa ~ Hy)

o A1 R(A;) - D(A)) cont., A71: R(A;) » R(AF) cpt., [A7Y] = ca,

o (A7)™H: R(AT) = D(AF) cont., (A7)™1: R(AT) » R(A;) cpt., [(A7) 7} = cax

note: ‘best’ constants ca; and cp» satisfy
i

i _ |AI‘P|H,'+1 ‘A?TMH; 1

ca; 0+¢D(A)  pln;  0speD(AY) [lHy,,  Car i
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General First Order Problem

a short proof of the constants equality

recall: compact embedding D(A;) = H; =

1 [Ailn,
o VyeD(A; < ca.|Aipln..,, with best cons. — = in T
peD(A) eln; < calAielng, PR P v
[Af9ln;

1
o Vipe D(AY) [ln.,, < cax|AT|n,, with best const. — =
' BT AT car  0=yeD(AT) [Plhyy,
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General First Order Problem

a short proof of the constants equality

recall: compact embedding D(A;) = H; =

1 [Ailn,
o VyeD(A; < ca.|Aipln..,, with best cons. — = in T
peD(A) eln; < calAielng, PR P v
[Af9ln;

1
o Vipe D(AY) [Yln,, < cax|ATY|n,, with best const. = inf —/——F
i i+1 Ai i i CAI’.* 0#¢ED(,A?) |¢|H,-+1

€ D(A;) = D(A;) n R(AY), R(AY) = R(A?) closed

S =AM with e D(A?)

= |80|ﬁ,. = (@, AT, = (Aip, V)i < ATl [DlH;, < caxlAielng,, | ATY Ik
_

=p

symmetry
= |(,0|HI. < CA;e|A,'QO|H/.+1 = ca; < CA;* = CA;_(- < Ca; O
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General First Order Problem

tool box (Hodge/Helmholtz/Weyl decompositions)

Hi = N(A)) @n; R(AT),

Hi = R(Aj-1) ®n; N(AT )
D(Aj) = N(A)) &u; D(A),

D(A7 ) =D(A7) OH; N(AT ;)
exact sequence: R(A;_1) c N(A;), R(AT)c N(AL,) =
N(A7 ;) =Hien, R(A]), N(A)=R(Ai-1)@n, Hi, Hi=N(Aj)nN(AT)

= refined Helmholtz decomposition

Hi = R(Aj_1) ©n; Hi ®n; R(A])
D(A;j) = R(Aj-1) ®n, Hi ®n, D(A;)
D(A7;) = D(A;) @n, Hi@n; R(A])

with orthonormal projectors
ﬂ'Al._l ZH,'—>R(A,'_1), VIZJED(A?_I)

max i Hi > R(AT),  VoeD(A))
Uy H,' - H;

ma,_ e D(AL) A
marp e D(A) A

A?—lﬂAi—ldj =AY
Aimarp = Ajp
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General First Order Problem

Abstract Problem and Goal
problem: find x e D(A;) n D(A} ;) s.t.

A,‘X= f
Alix=g
TiX = h
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General First Order Problem

Abstract Problem and Goal
problem: find x e D(A;) n D(A} ;) s.t.

A,‘X= f
Alix=g
TiX = h

Theorem (solution theory)

unique solution (dpd. cont. on data) < feR(A;), geR(A?;) and heH;
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General First Order Problem

Abstract Problem and Goal
problem: find x e D(A;) n D(A} ;) s.t.

A,‘X= f
Alix=g
TiX = h

Theorem (solution theory)

unique solution (dpd. cont. on data) < feR(A;), geR(A?;) and heH;

X = .Al._lf + (A;’_l)_lg +h
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General First Order Problem

Abstract Problem and Goal
problem: find x e D(A;) n D(A} ;) s.t.

A,‘X= f
Alix=g
TiX = h

Theorem (solution theory)

unique solution (dpd. cont. on data) < feR(A;), geR(A?;) and heH;

X = .Al._lf + (A;’_l)_lg +h

goal: functional a posteriori error estimates ‘in the spirit of Sergey Repin’

for X € H; (very non-conforming!) estimate |[x — X|y, in terms of X, f, g, h
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General First Order Problem

Solution Theory by Variational Methods

unique solution x = A7 f + (A7 ) "lg + he D(A;) n D(A} ) of

Aix=f, Al x=g, mx=h

can be found by variational techniques (Lax-Milgram)
o for A71f we solve AjATy = f: find 1 € D(A}) with
Ve D(AT) (Af, Al o, = (f, o)y, (5)
f € R(A;) = (5) holds for all ¢ € D(AY)

= xp; = Afp e D(A;) and Ajxp; = f
= Xxa; = A,Tlf € D(A;) and |xa,|n; < ¢ilfln

i+1
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General First Order Problem

Solution Theory by Variational Methods

unique solution x = A7 f + (A7 ) "lg + he D(A;) n D(A} ) of

Aix=f, Al x=g, mx=h

can be found by variational techniques (Lax-Milgram)
o for A71f we solve AjATy = f: find 1 € D(A}) with

Ve D(AT) (AT, Al on, = (fL o), (5)

f € R(A;) = (5) holds for all ¢ € D(AY)

= xp; = Afp e D(A;) and Ajxp; = f

= Xxa; = A,Tlf € D(A;) and |xa,lu; < ¢ilfln,,,

note: D(A?) = D(A7)n R(A;) and R(A;) = N(A;*)LHIH

= (5) is equivalent to the saddle point problem: find ¥ € D(A}) with

Ve D(AT) (ATU, AT o), = (F,0)H,0
VoeN(AT) = R(AY,;) ®h,,, Hirt (), ®In;,, =0
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General First Order Problem

Solution Theory by Variational Methods

unique solution x = A7 f + (A7 )" lg + he D(A;) n D(A} ) of

Aix=f, Al x=g, mx=h

can be found by variational techniques (Lax-Milgram)
o for (A7 )7lg we solve A¥ [ A;_19 = f: find ¢ € D(A;_1) with
VpeD(Ai-1) (Ais1Y, A1), = (8, P,y (6)

geR(A?_;) = (6) holds for all ¢ € D(Aj_1)
= xpr = Aj_1 e D(A} ;) and AE&IXAL =g

= Xpr = (A,tl)flg e D(A? ;) and |XA/.*71|H,- <cic1lglh,_,

Dirk Pauly A Posteriori Estimates for First Order Systems Universitat Duisburg-Essen, Campus Essen
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General First Order Problem

Sozopol, Bulgaria, June 9 2015

Solution Theory by Variational Methods

unique solution x = A7 f + (A7 )" lg + he D(A;) n D(A} ) of

Aix=f, Al x=g, mx=h

can be found by variational techniques (Lax-Milgram)

o for (A7 )7lg we solve A¥ [ A;_19 = f: find ¢ € D(A;_1) with

VpeD(Ai-1) (Ais1Y, A1), = (8, P,y (6)
geR(A?_;) = (6) holds for all ¢ € D(Aj_1)
= xpr = Aj_1 e D(A} ;) and A?;]'XA?—I =g
= Xpr = (A,tl)flg e D(A};) and |XA/.*71|H,- <cic1lglh,_,
note: D(A;—1) = D(Ai_1) N R(A} ) and R(A} ) = N(A;_1)*Mi1
= (6) is equivalent to the saddle point problem: find ¢ € D(A;_1) with
VpeD(Ai1) (Aic1h, Ais1odm; = (8, 0y
V$eN(Aji-1) = R(Ai—2) &n; Hi-1 (1, ), _, =0
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Functional A Posteriori Error Estimates for First Order Problem

Upper Bounds

problem: | find xe D(A;)nD(A];) st. Aix=f, Al x=g, mwx=h
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Functional A Posteriori Error Estimates for First Order Problem

Upper Bounds

problem: | find xe D(A;)nD(A];) st. Aix=f, Al x=g, mwx=h

‘very’ non-conforming ‘approximation’ of x:

Dirk Pauly fori i fe i rder Systems niversitat Dui: ssen, Campus Essen



LSSC’15: 10th International Conference on Large-Scale Scientific Computations Sozopol, Bulgaria, June 9 2015
®00000000000
Functional A Posteriori Error Estimates for First Order Problem

Upper Bounds

problem: | find xe D(A;)nD(A];) st. Aix=f, Al x=g, mwx=h

‘very’ non-conforming ‘approximation’ of x:

define error

and decompose

€=TA, e+ Tie+mprec Hi = R(Ai1) ®n, Hi ®n; R(AT)
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Functional A Posteriori Error Estimates for First Order Problem

Upper Bounds

problem: ‘ find xeD(A;))nD(A7 ;) st. Aix=f, Al x=g, mx=h ‘

‘very’ non-conforming ‘approximation’ of x:
define error and decompose
e=mp; et+miet+tmare e Hi= R(A;_1) &y, H; Oy, R(AT)

Theorem (sharp upper bounds )

Let x e H; and e := x — x. Then
2 2 2 2
lefi, = Ima,_, eliy, + mieln, + |7TA;‘e|H,-:

massel, = ¢eDn(11i4n* )(Ci—1|g ~ A8l + 16— Ry,
i-1
[mayeln; = min | (cilf = Aiglhy + o= Zn,),
|mieln; = |h—miX|n, = geDTAin ) lh=% = Aia€ = A7 ln;s
i-1)»
CeD(AT)

even wie = h— m;X.
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Functional A Posteriori Error Estimates for First Order Problem
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Upper Bounds

problem: ‘ find xeD(A;))nD(A7 ;) st. Aix=f, Al x=g, mx=h ‘

‘very’ non-conforming ‘approximation’ of x:

define error

and decompose

e=mp; et+miet+tmare e Hi= R(A;_1) &y, H; Oy, R(AT)
Theorem (sharp upper bounds )

Let x e H; and e := x — x. Then
2 2 2 2
lefi, = Ima,_, eliy, + mieln, + |7TA;‘e|H,-:

A, €ln, = min ci_1lg — AF o+ —Xn.),
Ima;_s €lh; ¢eD<A;1)( i-118 = ALy Bln,_, + 10 —Xlu;)
* .= i i f—A . aF — X|H.
|7"AI. e|H, g;en[;w&,-)(c" ISD|H,+1 (% X|H,)7
|7r,-e|Hl_ = ‘h —W;)?‘Hi = ggDr('}Ai?_l), |h—)? - A,'_lf —Adei,
¢eD(AT)

even wije = h—m;X. The minima are attained at
~ *
=7p; e+ X=—(1-mp, )e+x= TN(AY )€ +xeD(A7 ),

-

P=mpre+X=—(l-mps)e+x=myaye+xeD(A)),

A€+ AFE= (m-1)% € R(Aj_1) @, R(AT).
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Functional A Posteriori Error Estimates for First Order Problem

Upper Bounds

recall: XeH;, e=x-% = e[} =|ma,_ €|} +|melf +|marel?
i i i 7 oIH;

1
then |ma. . e|% =inf min 1+ 2)c? —AY oA+ (1 +t)|o—x%) since
Ima;_y |H, t>°¢€D(Al1)(( t) 1le 1—1¢|H,,1 ( I |H,)

22 2 . * o )\2
X5 =|ra, el = min ci-1lg — A7 L+ o= X|H.
lo |H, Imai |H, ¢ED(A;11)( i-1lg i18lh,, 1o ‘H,)
1
<inf  min 1+ 2)c? —AX R+ (L+t)|p-K]A
t>0¢eD(Af_1)(( t) 1lg :—1¢‘H,_1 ( )1 |H,)
=-1,t =

. ~ L2 )
< — =|p—
< Itr;g(1+t)|¢ X[, = o - X,

= |regular (Aj_1A} ; +1)-problem in D(A} ) ‘, ie.,
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Functional A Posteriori Error Estimates for First Order Problem

Upper Bounds

recall: XeH;, e=x-% = e[} =|ma,_ €|} +|melf +|marel?
i i i 7 oIH;

1
then |ma. . e|% =inf min 1+ 2)c? —AY oA+ (1 +t)|o—x%) since
Ima;_y |H, t>°¢€D(Al1)(( t) 1le 1—1¢|H,,1 ( I |H,)

22 2 . * o )\2
X5 =|ra, el = min ci-1lg — A7 L+ o= X|H.
lo |H, Imai |H, ¢ED(A;11)( i-1lg i18lh,, 1o ‘H,)
1
<inf  min 1+ 2)c? —AX R+ (L+t)|p-K]A
t>0¢eD(Af_1)(( t) 1lg :—1¢‘H,_1 ( )1 |H,)
=-1,t =

. ~ L2 )
< — =|p—
< Itr;g(1+t)|¢ X[, = o - X,

= |regular (Aj_1A} ; +1)-problem in D(A} ) ‘, ie.,
ci-1lg = A} 1éln,_,

|¢ = XIn,
VOeD(ALY) i1,t(AT10, Al100n, , +Be(d, O)n; = Be(%, 00, + cvim1,e(8, AT, O)n,
note A7 ;¢ —g e D(Aj_1) and aj_1,:Ai1(A] 16— g) = Bt (X - ¢)

=

find (iteratively) t = and e D(A} ;) s.t.

2
QAiqt

Bt

Ira,iel, < cicvdlg - Al + A1 (Af 16— )7 <velg - A?—1¢‘2D(A,-_1)
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Functional A Posteriori Error Estimates for First Order Problem

Upper Bounds

recall: XeHj,e=x-% = \e|,2_|i = |7|'A,-,1e||2_|,. + |7'r,-e|a’_ + |7rA;« e|a’_

1

2 - - 2 2 ~2

® Ira,yeliy, =inf _min )((1 +)ekalg ALl + (L4 0)lo- K1)
i-1

= regular (A;_1A7 ; +1)-problem in D(AY )| i.e.,
ci-1lg - A7 bn-1ln;_,
|¢n—1 - )?|H,-

VOeD(AT 1) @io1,6,{A7 100, AT 10V, +Bty(@n; O, = Br, (X, ), +aic1 e, (8, AT 10)n;

note A7 ¢n—g e D(Aj_1) and a1 1, Aj1(A] 160~ &) = B, (X — ¢n)

find (iteratively) t, = and ¢p € D(AT ) s.t.
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Functional A Posteriori Error Estimates for First Order Problem

Upper Bounds

recall: XeHj,e=x-% = \e|2, = |7rAHe|2_ + |7'r,-e|a’_ + |7rA;« e|a’_

2 . .
o Imaiyely, =inf min ((+ 3 D)ale - Ao, + (14 Dl6-%R,)

= | regular (Aj_1A} ; +1)-problem in D(A )|
Ci1lg = A7 dn-1ln,_,
|¢n—1 _)?|H,-

Voe D(A;il) Qi-1,t, (A;(;].(b"vA?—16>H,;1+Btn<¢n70>Hi = Btn (>~(70>H,-+aifl,tn <g7 i— ]_6> H;_

note A7 ¢n—g e D(Aj_1) and a1 1, Aj1(A] 160~ &) = B, (X — ¢n)

find (iteratively) t, = and ¢p € D(AT ) s.t.

12 2 o2
° \nA*e\H = ng EnSEZ)((l + ?)c,- If - Ajgly,,, +(1+ t)|‘P_X|H,)

= | regular (AFA; + 1)-problem in D(A;) | i.e
cilf = Ajpn-1ln;,,
lon-1 = X[n;
Ve D(A7) i, (Aign, Ai)n,, + Bt {@n, VIR, = Bty (X, V)N, + i e (F Aitbn,,,

note Ajp, —f € D(AY) and a; 1, Af (Ajpn — ) = B, (X — ¢n)

find (iteratively) t, = and @, € D(A;) s.t.
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Functional A Posteriori Error Estimates for First Order Problem

Upper Bounds

recall: XeH;, e=x-% = |ef =|ma,_ el +|meff +|marel?
2 <2 : < 12
o |mielf. =|h—m; = min  |h-X-Aj_1£-A;
Imieln, = |h—miXli, &D(AH)J %-Aiag - A,
CeD(A])
= ‘coupled AT Aj_1- and A;A7-systems in D(A;_1) and D(A]) ‘
= find £e D(Aj1) and ( € D(A}) s.t. (two saddle point problems)

V7eD(Ai_1) (A1, AT, = (h=X = AT ATy,
= (% Ai1T)n;,

V7o e N(Aj1) = R(Aj—2) ®n, Hix (& 70)H,_, =0,

VoeD(AY) (A7C,Afo)n, =(h-%-Aj_16,Af o),
= —(%,Afo)y;,

VooeN(AT) = R(A},;) ®H;,, Hir1 <<7UO)H,‘+1 =0

AY 1A;_1- and A;A]-systems in D(A;_1) and D(AY) are uncoupled!

note A; 1€ +XxeN(A/ ;) and AT¢+XxeN(A;)
ATC € N(A?_l) and A,'_lf € N(A,) = X+ A,'_lf +Af< € H,’
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Functional A Posteriori Error Estimates for First Order Problem

Upper Bounds (with less computations)

problem: ‘ find xeD(A;))nD(A7 ;) st. Aix=f, Al x=g, mx=h ‘

‘partially’ conforming ‘approximation’ of x: ’ xeD(A)) ‘ or ‘ %eD(A! ;) ‘
setting ¢ =X € D(A;) or ¢ =X e D(A} ) in latter theorem

(or directly by Poincaré type estimates, i.e.,
e XxeD(A;)) = e=x-%xeD(A;)) = Aje=f-Ax
= 7TA;&e € D(A,‘) A |7TA;& 6|H’. < C,"A,'E‘HI.Jr1
e XeD(A7 ;) = e=x-%XeD(A ;) = Al je=g-A7 X

= 7w, ,e€D(A7) A |ma €l < Ci—l‘A,t13|H,-_1)

° Xe D(A,)
2 2 2 2 2 2 2
= |e|D(A,.) = lefiy, +[Ajelq,,, =Ima,_ eli, +Imieli, + |7FA;‘ eliy, +Ajelq,,,

2 o2 2 ©2
Slma;yeln, + 1= mXfg, + (L+c)If - Al
o xeD(AL)
2 2 2 2 2 2 2
= |e|D(A,_*_1) = lef, + ‘A?—13|H,-,1 =|ma;_eln, +|miely, + |7"A;‘ efiy, + |A;k—1e|H,,1
2 o2 2 o2
< \WAfe\H, +h—mxlg, + (L+c_plg - Al X, ,
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Functional A Posteriori Error Estimates for First Order Problem

Upper Bounds (with less computations)

problem: ‘ find xeD(A;))nD(A7 ;) st. Aix=f, Al x=g, mx=h

‘very’ conforming ‘approximation’ of x: ‘ %eD(A;)nD(A! ;)

setting ¢ = ¢ = X in latter theorem (or directly by Poincaré type estimates) =
2 2 2 2 2 2
|e|D(Ai)ﬁD(A,-*_1) = |ma,_ eln, + |mieli, + ‘WA;*G‘H[ +|Ajely,,, + |A?—1e‘H,~,1
~12 2 ~2 2 ~12
<|h- 7T1X|H,. +(1+c)lf - AiX‘H,Jr1 +(1+cy)le - A?—1X|H,v,1
let

. o2 <2 <2
F(%) = |h =&, + |f*AiX‘H,-Jr1 + |g*A?—1X|H,-,1

least squares functional of the problem. set ¢, ; := max{c;, ¢i_1 }

Corollary (error equivalence with least squares functional)

Let X e D(Aj)n D(A? ) and e:= x —X. Then

2 ~ 2
I+, i|e|D(A,)nD(A;_1) SF(%) < |e|D(A;)nD(Af_1)~

note |e|2D(A,~)nD(Af_1) =F(x)+ |7rAHe\,2_|/_ + \wAfe\,Z_'/,

note: also partial results for (part. conf. approx.) X € D(A;) or X € D(A} )
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Functional A Posteriori Error Estimates for First Order Problem

Upper Bounds (Proof)

e, = ma off, + Imielf, + Imas eff,

o A, e=Aj_juwith ue D(A;_1)
for o e D(Aj_1), ¢ € D(AT )
(Aj_1u, A, = (A, e, Ay, = (e, Ajis1)n,
=(x- 9, A1), + {0 - X, Ail1)n;
=(g - A7 190,y + (ma,_ (0= X), A1)y,
< (cic1lg = Afi ¢,y + Ima,y (6= X) K, )A-19lk;

note: Voo € D(Ai—1)  [ln;_; < cim1lAica9ln;

o= u = ma el = Aty < citlg ~ ALidl, +Ima, (0~ Sl |

enough | [, , elu; = [Ai-1ul; < ci-tlg — ALydlu,_, +16 =Xl |

holds for all ¢ € D(A? ;)
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Functional A Posteriori Error Estimates for First Order Problem

Upper Bounds (Proof)

eff, = ma,yeff, +Imielf, + maz e,

o mare=Atu with ue D(A})
for ¢ e D(AY), p € D(A;)
(A?urA?Tl})Hi = (ﬂ'AI’.‘ €, A?’IZJ)H,. = <e’A?w>Hi
= (x =@, AT P, + (9 =%, Al Yy,
=(F = Ao, )y + (max (e = %), Af)u,
< (clf - Aigln,,, + o (o =%)|n; AT Yln;

note: Vi€ D(AY)  [¢lw,,, < clATvlu,

$i=u = | |mpreln; = [Afulb; <Gl = Aipluy,, +Imax (9 = X)k,

enough |7rA;* eln; = |1A7 uln; < cilf = Aigln,,, + e — Xln;

holds for all p € D(A;)
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Functional A Posteriori Error Estimates for First Order Problem

Sozopol, Bulgaria, June 9 2015

Upper Bounds (Proof)

recall
2 2 2 2
|e‘H, = |7rA;716‘H,4 + ‘Wie‘Hf + |7rA;* e|Hf

TA. €|, = min ci_1lg - AT o+ |- Xk,
[TA;_; €ln; ¢€D(A?_l)( i-1lg — Af @l + 16— Kln;)

cely, = min (lf - Aiglu, ~ K,

Imazely; = min (Gilf ~ Al +lo - Slu;)
7r,-e:h77r,-5'<

for all € € D(Aj_1), ¢ € D(A})

lh=mi&[g, = (h=mi% = Aj1& = Af ¢, h—mi%)u,

= Imieln; = |h = miX|n, < |h—mi% = Aj_1€ = AfClw,
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Functional A Posteriori Error Estimates for First Order Problem

Upper Bounds (without harmonic fields)

problem: ‘ find xeD(A;))nD(A7 ;) st. Aix=f, Al x=g, mx=h ‘

‘very’ non-conforming ‘approximation’ of x: with X = A; 17 +AfZ+h

reasonable assumption (by num. method): ’ e=x-XeR(Ai_1) ®n; R(AT) Ly, Hi ‘

= e=7TA/.716+7TA3&e€R(A,',1)®HI. R(Al*)

= no error in the ‘harmonic fields' part |r;e|n;

Dirk Pauly A Posteriori Estimates fc i r Systems i itd i en, Campus Essen



LSSC’15: 10th International Conference on Large-Scale Scientific Computations Sozopol, Bulgaria, June 9 2015
O00000000e00
Functional A Posteriori Error Estimates for First Order Problem

Upper Bounds (without harmonic fields)

problem: ‘ find xeD(A;))nD(A7 ;) st. Aix=f, Al x=g, mx=h ‘

‘very’ non-conforming ‘approximation’ of x: 1 with X = A; 17 +AfZ+h

reasonable assumption (by num. method): ’ e=x-XeR(Ai_1) ®n; R(AT) Ly, Hi ‘

= e=7TA/.716+7TA3&e€R(A,',1)®HI. R(Al*)
i
= no error in the ‘harmonic fields' part |r;e|y;

Theorem (sharp upper bounds I1)

Let X e H; and e :=x—)~<J_H,.’H,,-. Then

2 2 2
|e|H,v = |7TA,'716|H,4 + ‘ﬂ-A?e‘H[’

_ ; . _A* 3
Ima; s eln; = ¢€D"(‘X‘?_1) (C,,1|g A7 Pl , +o X|H«‘)’

|7 axelw; = (PEIBEYA_) (cilf = Aiglhy,y + 1o = Kln;)-
j
The minima are attained at
p=ma,_jet+tX=—(l-7a,_ )e+x= TN(Az )€+ X € D(A},),

P=mpre+X=—(1-mps)e+x=mya e +xeD(A)).

no (computation of) projector 7; onto H; needed!
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Functional A Posteriori Error Estimates for First Order Problem

Lower Bounds

recall problem: \ find xe D(A;))nD(A*;) st Aix=f, Al,x=g, mx= h‘

‘very' non-conforming ‘approximation’ of x:

error

with e = TA; €+ Tie+Tpree H; = R(A,'_l) OH; H; OH; R(Af)

Theorem (sharp lower bounds)

Let X e H; and e :== x — X. Then

2 2 2 2 2 2
lefi, = Ima;_; eliy, +|miely, + |7"A;.* elp, 2 [ma; el + |7"A;.*e|H,-:

2 ~
. - 2 - (2% + Aj1¢, Aiidn,),
Ima,_ el ¢632?§,1)( (8 Dy — (2% + A1, Ai19)m;)
2 ~ * *
ve = 2(F, )., — (2% + AT, AT ),
Imaxeln, wergg;?)( (Fr @My, = (2% + Al Al oy,

7r,-e:h—7r,-)"<.

The maxima are attained at ¢ € D(A;_1) with A;_1¢=ma, e
and @ € D(AY) with Afp =mpxe.
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Functional A Posteriori Error Estimates for First Order Problem

Lower Bounds (Proof)

eff, = ma, yeff, + mielf, + Imas e,

note: |uf? = max (2(u,v) - \v|2) (max at v =u)
= for all ¢ € D(A;_1) and p e D(A}) and with w5, ;e € R(A;_1) and mpxe € R(AT)

2 2
. = 2(ma, e, Ai1dhu, —|Ai
Ima;_elf, ¢e323\>,-(_1)( (ma,_ e Ai1dn, —|Ai10f.)
=(e,Ai_1®)n;
- 2 = 2% AF O — A 87
¢Egzg\>i<_l)( (8, P,y = 2(%, A1 )m, — |Ai16lR,)
= 2 2%+ A1, A1 ddn.
¢552?f_1)( (g, 00,y — (2% + Ai1, Ai_10)n;)
2 * * 12
celf = 2(mare, AX)y, —|AF o3
|7TAI. e|H; ws’g(a;?)( (WA,.e T, | ,90|H,)
=(e,AT o),
= max (2(f,ohn,, —2(%A70n,) — (AT, AT o),
peD(AY)
= WJB?X;%) (2(F, 0)m;,, — (2% + AT, AT ;)
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General Second Order Problem

Abstract Problem and Goal

problem: find x e D(AYA;)nD(A} ) s.t.

AfAix=f
Af i x=g

|
>

TiX =
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General Second Order Problem

Abstract Problem and Goal

problem: find x e D(AYA;)nD(A} ) s.t.

ATAix="f
Af i x=g
mix=h

equivalent mixed formulation (y := A;x):

find pair (x,y) € (D(A;) " D(A*)) x (D(A7) N R(A;) ) st.

| S —
-D(AY)
Aix=y, Aj1y =0
Al x=g, Afy=f
Tix = h, miv1y =0
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General Second Order Problem

Abstract Problem and Goal

problem: find x e D(AYA;)nD(A} ) s.t.

ATAix="f
Af i x=g
mix=h

equivalent mixed formulation (y := A;x):

find pair (x,y) € (D(A;) " D(A*)) x (D(A7) N R(A;) ) st.

| S —
-D(AY)
Aix=y, Aj1y =0
Al x=g, Afy=f
Tix = h, miv1y =0

cont. solution theory \/: x = A7ly + (A ;) lg+hand y = (AF)7If
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General Second Order Problem

Abstract Problem and Goal

problem: find x e D(AYA;)nD(A} ) s.t.

ATAix="f
Af i x=g
mix=h

equivalent mixed formulation (y := A;x):
find pair (x,y) € (D(A,-) n D(Af_l)) x (D(AI*) n R(A,-)) s.t.

[ —

-D(AY)
Aix=y, Aj1y =0
Al x=g, Afy=f
mix = h, miv1y =0

cont. solution theory \/: x = A7ly + (A ;) lg+hand y = (AF)7If
goal: functional a posteriori error estimates ‘in the spirit of Sergey Repin’

‘ for (X,¥) € H; x Hi11 (very non-conforming!) ‘

‘ estimate |(x,y) = (X,¥7)|H;xH,,, in terms of X, 7, f, g, h ‘
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Functional A Posteriori Error Estimates for Second Order Problems

Upper Bounds

problem:

find  (x.y) € (D(A)nD(AS,)) x D(A}) st ‘

‘ Afy=f, Aix=y, Al x=g, 7T,'X=h‘

non-conforming ‘approximation’ of x and y: | (X,¥) € H; x Hj41

define errors

exi=x—-Xand e, =y -y ‘ and decompose

€x = TA;_; & + Ti€x +7rA/‘* ex€H;=R(Ai_1) ®n, Hi ®n; R(A?)

*
€y = TA;€ + TWiy1€6y + WA;:-ley eH;1 = R(A,‘) OH, 4 Hiv1 OH,,, R(Ai+1
_ o e ~———
SYSTAY ST+l ==Tax ¥

i+1

= (1-ma;)ey = =(mis1 +7ax )Y = —(1-74,)¥

{
2 2 2 2
el = ma, el +Imiecld, + s edff,

2 2 <2
leylin,, = Imacevli,, +1(1-ma)5l,,
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Functional A Posteriori Error Estimates for Second Order Problems

Upper Bounds

%,7) €HixHiy1 and e = (x,y) - (%,7) e Hi x Hiyq
miex=h-mX, (1-ma;)ey=—(1-ma,)y
and

|TA;_;exln; = (ci-tle = A}y ¢ln,_, + 16— %)

min
¢eD(AY )

|7 A exlh; = i | (cily = Ailny,, + e = Xlu;)

ITa;eylH;,, = gegli/r;?) (cilf = AfOln, +10 - Flu,,,)
V.5 =Aip e R(A) = a,(y—Ajp) =y — Ajp, Tax, (¥ =Aip) =0, mia(y - Ajp) =0
|

min ) (cilf = Af¢ln, + v — Aieplhy,, )

ly = Ajelh;yy = A, (v = Ajo)lh,, = o,
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Functional A Posteriori Error Estimates for Second Order Problems

Upper Bounds

Theorem (sharp upper bounds)

Let (%,¥) e H; xH;11 and e := (x,y) - (X,¥) e H; x Hjy1.
Then miex = h— ;% and (1 -ma;)ey = —(1-7a,)y and

2 2 2 2
|ex|H,- = |7rA,-_lex‘Hl- + |7riex‘H,- + ‘TFA/% ex|H,-7

2 2 2
ey, = IraeylR,, +1(1-ma,)ey 3,

i+1
as well as
7A€yl = 9eDm(i2,.*) (cilf = A7 Oln; +10 = 1 )
[(T=ma)eylHpy = (L= ma)F|Hpy = &fg(igl_) 7 = Ai€lu,,
|7, exln; = ¢€l;r(1/i\r}-il) (cicilg = A7 19l + 16— %),
7o exln; = weg(igi% (I = Zlu, + ciltd = Aiglh,, + FIf = Afln,)-
weD(AY)
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Functional A Posteriori Error Estimates for Second Order Problems

Lower Bounds
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Applications to First Order Systems

Electro-Static Maxwell

Q c R3 bounded domain with Lipschitz (or weaker) boundary I = 9Q

o
rot E = F erotR in Q
—diveE = G edivD = L? in Q
vxE=0 at I

mE=DeM,. =Rone Do

= EcRne D
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0000000
Applications to First Order Systems

Electro-Static Maxwell

Q c R3 bounded domain with Lipschitz (or weaker) boundary I = 9Q

o
rot E = F erotR in Q
—diveE = G edivD = L? in Q
vxE=0 at I

mE=DeM,. =Rone Do

= EcRne D

seti:=1
& 1 2 2 °l.p 2 2
Aj1=V:H cL® > LZ, Aj:=rot|:Rcli-L
ce7IDcL? 5 12 Af=elrot:Rcl?— 12
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Applications to First Order Systems

Electro-Static Maxwell

compact embeddings:

D(A;_1) = H;i1 <> HL o L2 (Rellich’s selection theorem)
D(A;) = H; = F{m elrotR > L2 (tan. Maxwell cpt property)
Ci—1 = Gp,o (Poincaré/Friedrichs constant) and ¢; = ¢« (tangential Maxwell constant)
VoeD(Aii1)  olh, <cimalAimgly, = Ve H? lepli2 < Cp,o|%w\L§
VOeD(ALY)  Iol ScalAldl, = VeecDAVAL  [0]: < goldived|
VoeD(A) lelm; < cilAjeln,,, & VoeRnelrotR \¢|L£ < Gnytl rot D)2
Vg eD(AY)  [¢l., < GlAT U, o VWeRnrotR Wi < Gaerot W2

Helmholtz decomposition:
o
Hi = R(Aj1) &, Hi®n, R(A]) < L2=vH! ®2 Hp o O2 e 'rotR

orthonormal projectors:

71'AI._1ZH,‘*>R(A,',1)7 WAFZHI"R(A?)v 7T,'ZH,'4>H,‘
o
< e L2 - vHY, Tl ot L2 >etrotR, mp:L2 - Hp e

Dirk Pauly A Posteriori Estimates for First Order Systems Universitat Duisburg-Essen, Campus Essen
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Applications to First Order Systems

Electro-Static Maxwell: Upper Bounds

Theorem (sharp upper bounds [)

Let E € L2 (very non-conforming!) and e := E — E. Then

2 2 2 2
|e||_2 = |7T%e||_g + |7r5*1 rotelLi + |7TDe‘|_§
((=v div+1)-prob. in D)

min (Gp,o|G +dived| 2 + & - E|2)°
Pee~1D N
+min (Gn,t|F — rot®| > +[® - E|» )2 ((rotrot+1)-prob. in R)
¢el?i ©
~ o
+ min |D—E—V¢)—a’1 rot\ll|f2. (—divV—prob. in H' and
$eHl WeR <

(e
rot rot -sad.pt.-prob. in R nrotR

~

4
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Applications to First Order Systems

Electro-Static Maxwell: Upper Bounds

Theorem (sharp upper bounds [)
Let E € L2 (very non-conforming!) and e := E — E. Then

2 2 2 2
|e||_§ = |7T%e||_g + |7r5*1 rotelLi + |7TDe‘|_§

= min (,o|G +dived|2 + |- E2 )2 ((=v div+1)-prob. in D)
Pee~1D N
+min (Gn,t|F — rot®| > +[® - E|» )2 ((rotrot+1)-prob. in R)
$eR

o
+ min |D—E—V¢)—a’1 rot\ll|f2. (—divV—prob. in H' and
$eHl WeR <

~

(e
rot rot -sad.pt.-prob. in R nrotR

o o
note: I connected = 7p = 0 and Ry = VH! and Dy = rotR
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Applications to First Order Systems

Electro-Static Maxwell: Upper Bounds

Theorem (sharp upper bounds [)
Let E € L2 (very non-conforming!) and e := E — E. Then

2 2 2 2
|e||_§ = |7T%e||_g + |7r5*1 rotelLi + |7TDe‘|_§

= min (,o|G +dived|2 + |- E2 )2 ((=v div+1)-prob. in D)
Pee~1D N
+min (Gn,t|F — rot®| > +[® - E|» )2 ((rotrot+1)-prob. in R)
$eR

o
+ min |D—E—V¢)—a’1 rot\ll|f2. (—divV—prob. in H' and
$eHl WeR <

~

(e
rot rot -sad.pt.-prob. in R nrotR

o o
note: I connected = 7p = 0 and Ry = VH! and Dy = rotR

e=p=1 diamQ . .
note: | Q2 convex = Gy o < Gnt < — | = everything is computable!
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Sozopol, Bulgaria, June 9 2015
Applications to First Order Systems

Electro-Static Maxwell: Upper Bounds

reasonable assumption (by num. meth.): Lg sE=vVy+elrotZ+D, yeH!, ZeR

~ o
= e=E-EeVH'@, e lrotR1 My,
= = ’
o
= e=Toe+m1,,ecVH @2 e rotR
v €
=

no error in the ‘Dirichlet fields’ part |mpe] 2
£
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Applications to First Order Systems

Electro-Static Maxwell:

Upper Bounds

reasonable assumption (by num. meth.): L25E Vy+e

~ o ~
LrotZ+D, yeH,ZeR
= e=E-EevVH'@p e lrotR12 My,
= = ’
o
= e_w%e+7r€_1roteeVHleaLz e lrotR
€
=

no error in the ‘Dirichlet fields’ part |mpe] 2

Theorem (sharp upper bounds II)

Let E e L2 (very non- conform/ng’) and e:=E - EJ_Lz Hp,. - Then
|e||_2 |7r° e||_2 + [T rote||_2

= min (cp,0|G +dived| s +|® - E||_2) ((=vdiv+1)-prob. in D)
dec~1D

+ min (Cm7t|F —rot®| 2 + [P - I:-_||_z )2A ((rot rot +1)-prob. in R)
deR
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Applications to First Order Systems

Electro-Static Maxwell:

Upper Bounds

reasonable assumption (by num. meth.): Lg sE=vVy+elrotZ+D, yeH!, ZeR

~ o
= e=E-EeVH'@, e lrotR1 My,
= = ’
o
= e=Toe+m1,,ecVH @2 e rotR
v €
=

no error in the ‘Dirichlet fields’ part |mpe] 2

Theorem (sharp upper bounds II)

Let E e L2 (very non- conform/ng’) and e:=E - EJ_Lz Hp,. - Then
|e||_2 |7r° e||_2 + [T rote||_2

= min (cp,0|G +dived| s +|® - E||_2)
dec~1D

((=vdiv+1)-prob. in D)

+ min (Cm7t|F —rot®| 2 + [P - I:-_||_z )2A ((rot rot +1)-prob. in R)
deR

”
no (computation of) projector mp onto Hy . needed!
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Applications to First Order Systems

Electro-Static Maxwell:

Upper Bounds

. 12 LB ~
reasonable assumption (by num. meth.): L3 E=Vy+e

~ o ~
LrotZ+D, yeH,ZeR
~ o

= e=E-EeVH'@, e lrotR1 My,

= = ’

o
= e:w%e+7r€_1roteeVHleaLz e lrotR
€

=

no error in the ‘Dirichlet fields’ part |mpe] 2

Theorem (sharp upper bounds II)

Let E e L2 (very non- conform/ng’) and e:=E - EJ_Lz Hp,. - Then
|e||_2 |7r° e||_2 + [T rote||_2

min (cp,0|G +dived| o + [P - E||_2) ((=vdiv+1)-prob. in D)
dec~1D

+ min (Cm7t|F —rot®| 2 + [P - I:-_||_z )2A ((rot rot +1)-prob. in R)
deR

no (computation of) projector mp onto Hy . needed!

e=p= diamg
note: | Q convex = o< Gpp < ——

= everything is computable!

Dirk Pauly

r Systems

sen, Campus Essen



LSSC’15: 10th International Conference on Large-Scale Scientific Computations Sozopol, Bulgaria, June 9 2015
[e]e]e]e] lelele]
Applications to First Order Systems

Magneto-Static Maxwell

Q c R3 bounded domain with Lipschitz (or weaker) boundary I = 9Q

rot H=F erotR in Q
—diveH = G edivD = L>nR* in Q
v-eH=0 at I

o
miH=NeHy,. =Rone'Do

= HeRnelD

Dirk Pauly fori i es fi i niversitat Dui: Essen, Campus Essen
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Applications to First Order Systems

Magneto-Static Maxwell

Q c R3 bounded domain with Lipschitz (or weaker) boundary I = 9Q

rot H=F erotR in Q
—diveH = G edivD = L>nR* in Q
v-eH=0 at I

o
miH=NeHy,. =Rone'Do

= HeRne D
set i:=1

Ajp=V:H c 212, Rcl?2 12

o o o o
Af =—dive e D c L2 > L2 Af=elrot:Rcl? L2
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Applications to First Order Systems

Magneto-Static Maxwell

compact embeddings:

N(A;i_1) = Hi1 < H! - L2 (Rellich’s selection theorem)
N(A;) = H; = Rnet rotio? — L2 (nor. Maxwell cpt property)
Ci—1 = ¢ (Poincaré/Friedrichs constant) and ¢; = cun (normal Maxwell constant)
VoeN(Aii) e, <cialAiagln, < VeeH! lolz < el Vel 2
VoOeN(AL)  lély S caalAl b, = VéecDvH |P]2 < cpldivea] 2
VpeN(A) leln; < cilAieln;,, o VoeRnelrotR |¢'\|_% < Gan|rot ®| 2
Vo eN(AY) [l < clAT ¢, & VWeRnrotR W2 < Gunl rot Wi

Helmholtz decomposition:
o
Hi= R(Ai-1) @, Hi@n, R(A]) < L2=vH! &2 Hy,e L2 e rotR

orthonormal projectors:

7'I'Al.71ZH,'—>R(A,',1)7 7TA;&ZH,'—>R(A?‘), 7T,‘1H,'—>H,'
PN Ty * Lg — VHl7 7|—571 2 : Li > e lrot R, mn: Lg — ’HN7€

Dirk Pauly A Posteriori Estimates for First Order Systems Universitat Duisburg-Essen, Campus Essen
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Applications to First Order Systems

Magneto-Static Maxwell: Upper Bounds

Theorem (sharp upper bounds I)

Let H e L2 (very non-conforming!) and e := H— H. Then
2 _ 2 2 2
|e||_£ = |7TVe||_§ + |7T€_1 rgteng + |7TNe‘|_%

o

= min (|G +dived|s +|® - H|2)’ ((~Vdiv+1)-prob. in D)
dec-1D
+min (Gon|F = rot®| 2 + [ - Hl 2 )2 ((rotrot+1)-prob. in R)
®eR <
+ min |[N- H-vp-et rot\ll|f2. ( —div V-prob. in H* nR* and
peH! WeR c

o
rot rot -sad.pt.-prob. in R nrotR )

4
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Applications to First Order Systems

Magneto-Static Maxwell: Upper Bounds

Theorem (sharp upper bounds I)

Let H e L2 (very non-conforming!) and e := H— H. Then
2 2
e[’y +|mye
rot I'—% [ "—%

o

|e|ﬁ§ = |7fve|f§ + |7"€_1
((-vdiv+1)-prob. in D)

min (|G +dived| 2 +|® - A2 )2
dec-1D
+min (Gon|F = rot®| 2 + [ - Hl 2 )2 ((rotrot+1)-prob. in R)
®eR <
( —div V-prob. in H* nR* and

+ min [N-H-vVg-e?! rot\ll|f2.
$eHL, WeR c

o
rot rot -sad.pt.-prob. in R nrotR
v

o o
note: Q simply connected = 7y = 0 and Ry = VH! and Dg = rotR

Duisburg-Essen, Campus Essen
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Applications to First Order Systems

Magneto-Static Maxwell: Upper Bounds

Theorem (sharp upper bounds I)

Let H e L2 (very non-conforming!) and e := H— H. Then
2 2
e[’y +|mye
rot I'—% [ "—%

o

|e|ﬁ§ = |7fve|f§ + |7"€_1
((-vdiv+1)-prob. in D)

min (|G +dived| 2 +|® - A2 )2
dec-1D
+min (Gon|F = rot®| 2 + [ - Hl 2 )2 ((rotrot+1)-prob. in R)
®eR <
( —div V-prob. in H* nR* and

+ min [N-H-vVg-e?! rot\ll|f2.
$eHL, WeR c

o
rot rot -sad.pt.-prob. in R nrotR
v

o o
note: Q simply connected = 7y = 0 and Ry = VH! and Dg = rotR

diamq ..
Cnn £ G £ — | = everything is computable!
T

IN

e=p=
note: |  convex =

Duisburg-Essen, Campus Essen
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Applications to First Order Systems

Magneto-Static Maxwell: Upper Bounds

reasonable assumption (by num. meth.): Lg >H= Vy+et rotZ +D, y e HL, ZeR
= e=H-HevH! ®2 e lrotR L2 Hy o

= e

o
mye+m o eeVH! @2 e lrotR
e~ 1rot €

= no error in the ‘Neumann fields’ part |mye] 2
€

Dirk Pauly
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Applications to First Order Systems

Magneto-Static Maxwell: Upper Bounds

~ ~ ~ o
reasonable assumption (by num. meth.): Lg sH=Vy+eclrotZ+D, yeH! ZeR
~ o
= e=H-HeVH @] e 1rotR 12 Hy.
€ € ’
o
= e=Tye+T erVH1€BLz€_1rotR
. elrot e
= no error in the ‘Neumann fields’ part |mye] 2
€

Theorem (sharp upper bounds II)

Let H 62 L2 (very 2non—conformigg!) and e:= H—H. Then
leliz = [mveliz +Im_, o elz
~ o
= min (|G +dived|2 +|® - Hl|2 )2 ((-=v div+1)-prob. in D)
dee~1D

+min (Gon|F - rot ®[ > + | - A2 )2. ((rotrot+1)-prob. in R)
®eR N
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Applications to First Order Systems

Magneto-Static Maxwell: Upper Bounds

~ ~ ~ o
reasonable assumption (by num. meth.): Lg sH=Vy+eclrotZ+D, yeH! ZeR
~ o
= e=H-HeVH @] e 1rotR 12 Hy.
€ € ’
o
= e=Tye+T erVH1€BLz€_1rotR
. elrot e
= no error in the ‘Neumann fields’ part |mye] 2
€

Theorem (sharp upper bounds II)

Let H 62 L2 (very 2non—conformigg!) and e:= H—H. Then
leliz = [mveliz +Im_, o elz
~ o
= min (|G +dived|2 +|® - Hl|2 )2 ((-=v div+1)-prob. in D)
dee~1D

+min (Gon|F - rot ®[ > + | - A2 )2. ((rotrot+1)-prob. in R)
®eR N

no (computation of) projector my onto Hy . needed!
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0000000

Applications to First Order Systems

Magneto-Static Maxwell: Upper Bounds

~ ~ ~ o
reasonable assumption (by num. meth.): Lg sH=Vy+eclrotZ+D, yeH! ZeR
~ o
= e=H-HeVH @] e 1rotR 12 Hy.
€ € ’
o
= e=Tye+T erVH1€BLz€_1rotR
. elrot e
= no error in the ‘Neumann fields’ part |mye] 2
€

Theorem (sharp upper bounds II)

Let H 62 L2 (very 2non—conformigg!) and e:= H—H. Then
leliz = [mveliz +Im_, o elz

= min (|G +dived| 2 +|® - A2 )2 ((-v div+1)-prob. in B)
dec~1D

+min (Gon|F - rot ®[ > + | - A2 )2. ((rotrot+1)-prob. in R)

PeR
i
no (computation of) projector my onto Hy . needed!
e=p=1 diam . .
note: | Q convex = Gan<G < 2ame everything is computable!
™
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Applications to Second Order Systems

Dirichlet Laplace

Q c R3 bounded domain with Lipschitz (or weaker) boundary I = 9Q

—diveVu=fel? in Q
u=0 at [
- Vu=EevH! rotE=0 in Q
—diveE = f e L? in Q
u=0 vxE=0 at I
mE =0¢€Hy .

o o
= (u,E) eH! x (71D n VH?)

Dirk Pauly
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Applications to Second Order Systems

Dirichlet Laplace

Q c R3 bounded domain with Lipschitz (or weaker) boundary I = 9Q

—diveVu=fel? in Q
u=0 at [
- Vu=EevH! rotE=0 in Q
—diveE = f e L? in Q
u=0 vxE=0 at I
mE =0¢€Hy .

o o
= (u,E) eH! x (71D n VH?)
set i:=0

A=V [:H L2 > 12, Ajypi=rot:Rcl? - L2

gDl - L2 Al =etrot:Rcl? > L2
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LSSC’15: 10th International Conference on Large-Scale Scientific Computations Sozopol, Bulgaria, June 9 2015
(o] lele]
Applications to Second Order Systems

Dirichlet Laplace: Upper Bounds

Theorem (sharp upper bounds)

Let (&1, E) € L> x L2 (very non-conforming!) and e := (u, E) - (1, Eyel?x2.
Then 7; =0, m_give = id and (1 —w%)eg =—(1- n%)E and

|7o€egli2 = min (cp7o\f+divz-:¢||_z+|¢7E|Lz),
V. "¢ o lD c

|(1—7T%)6‘E‘|_§ =1 —W%)Ehg = min |E—ch||_§,

peH!
leul 2 = min (lp = @2 + cpo|® - VQO|L§ + c§,0|f +dived| ).
@eH?,
dee™ID

recall 2 2 2
IeE||_§ = |7T%eEI|_§ + |(1 _ﬂ'%)eE‘L%

note: E ¢ Lg approx. of Vu = ’ applicable to any DG-method ‘
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Applications to Second Order Systems

Neumann Laplace

Q c R3 bounded domain with Lipschitz (or weaker) boundary I = 9Q

—diveVu=fel? in Q
v-eVu=0 at M

mrRU = € R

= Vu=HevH! rotH=0 in Q
~diveH = fel? in Q
v-eH=0 at I

mrU=a €R mH =0¢eHy,

= (u,H) e H x (=D n vHY)
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Applications to Second Order Systems

Neumann Laplace

Q c R3 bounded domain with Lipschitz (or weaker) boundary I = 9Q

—diveVu=fel? in Q
v-eVu=0 at M

mrRU = € R

= Vu=HevH! rotH=0 in Q
~diveH = fel? in Q
v-eH=0 at I

mrU=a €R mH =0¢eHy,

o
= (u,H) e H! x (e7'1D n vH!)
set i:=0
chLQHLg, A,q.l::rot:RcLi%L2

o o ° o
Af = —dive |:e'D c L2 - L2, Al =etrot:RcL? -2
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{eJele] ]
ons to Second Order Systems

Theorem (sharp upper bounds)

Let (&1, H) € L2 x L2 (very non-conforming!) and e := (u, H) — (&1, H) € L xL2. Then
|7rveH\|_§ = min_ (colf +dived| s + [ - I:I|L§),
dec1D
(1~ 7v)enls = (1~ 7v) A2 = an A - Velz,

leul2 = mm (lp = T2 + ol - V<p||_z +c |f+d|vs¢||_z).
L,OEH

oec1D

recall
2 2 2
|eH||_§ = |7rVeH||_§ + |(1 - WV)eH‘Lg

note: H e Lg approx. of Vu = ‘ applicable to any DG-method ‘
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More Applications

First Order Systems

Q c R3 bounded domain with Lipschitz (or weaker) boundary I = 9Q

Electro/Magneto-Static Maxwell with mixed boundary conditions:

rotE = F in Q

—-diveE=G in Q
vxE=0 at [y
v-eE=0 at
mnE =D

Dirk Pauly fori i es fi i niversitat Dui: Essen, Campus Essen
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More Applications

First Order Systems

Q c R3 bounded differentiable Riemannian manifold with Lipschitz boundary I' = 9Q

Electro-Static Maxwell:

rotg E=F on Q

—divogeE =G on Q

TE=0 at I
mE=DeHy,
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More Applications

First Order Systems

Q c R3 bounded differentiable Riemannian manifold with Lipschitz boundary I' = 9Q

Electro-Static Maxwell:

rotg E=F on Q

—divogeE =G on Q

TE=0 at I
mE=DeHy,

Magneto-Static Maxwell:

rotoH=F on

—divoeH =G on Q

veH =0 at [
mH=NeHy,
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More Applications

First Order Systems

Q differentiable Riemannian manifold with cpt closure and Lipschitz boundary I' = 9Q

Generalized Electro-Static Maxwell:

dE=F on Q
-0eE=G on Q

TE=0 onl
mE=DeHy,
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More Applications

First

Order Systems
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Q differentiable Riemannian manifold with cpt closure and Lipschitz boundary I' = 9Q

Generalized Electro-Static Maxwell:

dE=F

-0eE=G

TE=0
mE=DeHy,

Generalized Magneto-Static Maxwell:

dH=F
-deH=G

veH =0
mH=NeHy .

on

on

on

on

on

on

Q

Q
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More Applications

Second Order Systems

Q c R" bounded domain with Lipschitz (or weaker) boundary I' = 9Q

Dirichlet Laplace:

—diveVu="f in Q
u=0 at
Neumann Laplace:
—diveVu="f in Q
v-eVu=0 at I
TRU = @

Dirichlet/Neumann Laplace with mixed boundary conditions:

—diveVu="f in Q

u=0 at I';

v-eVu=0 at I,
mru=a (if [ =Q)
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More Applications

Second Order Systems

Q c R" bounded differentiable Riemannian manifold
with Lipschitz (or weaker) boundary I' = 9Q

Dirichlet/Neumann Laplace:

—divgeVqu="f on Q

Dirk Pauly fori i es fi i niversitat Dui: Essen, Campus Essen



LSSC’15: 10th International Conference on Large-Scale Scientific Computations Sozopol, Bulgaria, June 9 2015
[e]e]e]ele] o]
More Applications

Second Order Systems

Q c R3 bounded domain with Lipschitz (or weaker) boundary I = 9Q

Electro-Static double-rot:

rot/[1 rotE = F in Q

—diveE =G in Q

vxE=0 at [
mE=DeHy,
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More Applications

Second Order Systems

Q c R3 bounded domain with Lipschitz (or weaker) boundary I = 9Q

Electro-Static double-rot:

rot/[1 rotE = F in Q

—diveE =G in Q

vxE=0 at [
mE=DeHy,

Magneto-Static double-rot:

rote lrotH=F in Q

—-divuH=G in Q

v-uH=0 at [
mH=NeHy,
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Second Order Systems

Q bounded differentiable Riemannian manifold
with Lipschitz (or weaker) boundary I' = 9Q

Generalized Electro-Magneto-Static:
-opdE=F
-0eE=G
TE=0 or veE=0
7TDE=D or 7TNE=N

on Q
on Q

onl
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Blagodarya
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