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Some Complexes

classical de Rham complex in 3D (V-rot-div-complex)

Q c R3 bounded weak Lipschitz domain, 0Q =T =T.0l,

(electro-magnetics, Maxwell's equations)

40} v ot div e
0y = L2 =2 L2 =2 L2 =2 L = R
{0} —div rot -V LR

mixed boundary conditions and inhomogeneous and anisotropic media

-1 .
Vr p " rotp divr, p
L t t t s
{0}orR = L2 2 L2 2 2 = L 2 Ror{0}
™ —divr, & e~ Lrotr, =Vr, 3

for this talk: e =p =1 (=id) and

no mixed boundary conditions
for all appearing complexes
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Some Complexes

de Rham complex in ND or on Riemannian manifolds (d-complex)

Q c RN bd w. Lip. dom. or Q Riemannian manifold with cpt cl. and Lip. boundary I

(generalized Maxwell equations | the mother of all complexes ‘)

t{o} d d d . d TR
{0y =2 12 =2 121 = .. 129 = 129l 12N o 12N o R
(0} 55 5 55 5 e
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Some Complexes

elasticity complex in 3D (sym V-Rot Rotg-Divs-complex)

Q c R? bounded strong Lipschitz domain

t{o} > symV 5 RotnRot-Sr 5 Divg 5 TRM
{0} =2 L 2 L 2 L 2 L 2 RM
{0} - Divg Rot Rotg —symV LRM
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Some Complexes

biharmonic / general relativity complex in 3D (VV-Rotgs-Divr-complex)

Q c R3 bounded strong Lipschitz domain

vV Rotg Divy
2 o i

t{o} TRT
{00 =2 1 =2 i = L2 =2 L = RT
{0} div Divg sym Rotp —devV LRT
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Some Complexes

general complex

AoZD(Ao)CHo —>H1, AllD(Al)CHl —>H2 (|ddC)

Aj : D(A;) c Hi — Ho, A7 :D(A]) cHp = Hy

general complex property ,

i.e., R(Ao)c N(A1) and/oreq R(A})c N(Aj)

Ho

A
SNE
A

AL

H; P=2 Hy
*
AT
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FA-ToolBox

general observations

Ax

Il
-

general theory

° ‘ compact embeddings

U

o closed ranges

!
solution theory
Friedrichs/Poincaré estimates and constants
Helmholtz/Hodge/Weyl decompositions
continuous and compact inverse operators
variational formulations
functional a posteriori error estimates
generalized div-curl-lemma

idea: solve problem with general and simple linear functional analysis
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general observations

Ax =f

let'ssay A:D(A)cHg— Hjlinear and Hg, Hy Hilbert spaces

question: How to solve?

Dirk Pauly FA-Toolbox: Part 2 i itd isburg-Essen
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FA-ToolBox

general observations

A:D(A) c Hp — Hj linear

solution theory in the sense of Hadamard

e existence < feR(A)
® uniqueness <  Ainj < N(A)={0} < Al exists
e contdepon f < A7l cont

= x=A"1f e D(A) and cont estimate (Friedrichs/Poincaré type estimate)

Xy = |A™ Flny < calfln, = calAx]u,

= best constant ca = ‘A_l‘R(A),HO \A_l\R(A%D(A) =(c2+ 1)1/2

Dirk Pauly FA-Toolbox: Part 2 Universitat Duisburg-Essen
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general observations

A:D(A)cHy—H;
A*: D(A*) c Hy —» Hg Hilbert space adjoint

Helmholtz/Hodge/Weyl decompositions (projection theorem)
Hi = R(A) @ N(A™) Ho = N(A) @ R(A*)

Ax=f

solution theory in the sense of Hadamard

e existence < feR(A)=NA*)*

e uniqueness < Ainj

= N(A) = {0} < A7l exists

e cont dep on f < R(A)d

< A7lcont (cl range theo)

fund range cond: ‘ R(A) = R(A) closed ‘ (must hold ~ right setting!)

kernel cond: N(A) = {0} (fails in gen ~ proj onto N(A)* = R(A*))

Dirk Pauly
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FA-ToolBox

general observations

Helmholtz/Hodge/Weyl decompositions (projection theorem)

Hy = R(A)® N(A*)  Ho=N(A)® R(A%)

remarkable observations

o time-dependent problems are simple
ingen A:D(A)cH-H, (gen T skew-sa, or alt Isast Re T > 0)
N(A)={0}  N(A")={0}  R(A) (cl) =N(A")" =H
@ time-harmonic problems are more complicated
ingen A:D(A)cH-H,
N(A), N(A*) (fin dim) R(A) (cl, fin co-dim) = N(A*)*

(Fredholm alternative)

@ stat problems are most complicated
ingen A:D(A)cHy— Hj,

dim N(A) = dim N(A*) = co (possibly) R(A) (cl, infin co-dim) = N(A*)*

Dirk Pauly FA-Toolbox: Part 2 Universitat Duisburg-Essen



ICIAM 2019 Valencia, July 16, 2019
0O0000@000000000
FA-ToolBox

1st fundamental observations

A:D(A) cHp — Hjp Idde, A*:D(A*) c Hi — Ho Hilbert space adjoint
(A, A*) dual pair as (A*)* = A=A
A, A* may not be inj
Helmholtz/Hodge /Weyl decompositions (projection theorem)
Hi=N(A*)®R(A)  Ho=N(A)® R(A*)
reduced operators restr to N(A)* and N(A*)*
A= Alyaye = A|W A = A yearye = A*|W

A, A% inj = AL (A7) ex

Dirk Pauly FA-Toolbox: Part 2 Universitat Duisburg-Essen
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FA-ToolBox

1st fundamental observations

A:D(A)cHy—Hi, A*:D(A*)cH; — Hp lddc (A, A*) dual pair

Hi= N(A*)® R(A)  Ho=N(A) @ R(A*)

more precisely

A= Algzey  D(A) e R(A*) > R(A), D(A) = D(A) n N(A)* = D(A) n R(A*)
A* = Ay D(AY) c R(A) = R(A*), D(A*):=D(A*)n N(A*)* = D(A*) n R(A)
(A, A*) dual pair and A, A* inj =
inverse ops exist (and bij)

ATHIR(A) > D(A)  (AY)THR(AY) - D(AY)
refined decompositions

D(A)=N(A)® D(A) D(A*) = N(A*) @ D(A*)

R(A)=R(A)  R(A*)=R(A%)

Dirk Pauly FA-Toolbox: Part 2 Universitat Duisburg-Essen
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1st fundamental observations

closed range theorem & closed graph theorem =

Lemma (Friedrichs-Poincaré type est/cl range/cont inv)

The following assertions are equivalent:

(i) Jeca € (0, oo) Vxe D(.A) |X|H0 < CA|AX‘H1
(i") Jcar €(0,00)  VyeD(A®)  |yln; < cas|Ayln,
(ii)) R(A) = R(A) is closed in Hj.

(ii*) R(A*) = R(A*) is closed in Hg.
(iii) A7 : R(A) » D(A) is continuous and bijective.
(ii*) (A*)7!:R(A*) - D(A*) is continuous and bijective.

In case that one of the latter assertions is true, e.g., (ii), R(A) is closed, we have

Ho = N(A) ® R(A*) Hy = N(A*) @ R(A)
D(A) = N(A) & D(A) D(A*) = N(A*) ® D(A*)
D(A) = D(A) n R(A*) D(A*) = D(A*) nR(A)

and A:D(A)c R(A*) > R(A), A*:D(A*)c R(A) > R(A*).

Note: trivial equivalence to inf-sup condition

Dirk Pauly FA-Toolbox: Part 2 Universitat Duisburg-Essen
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1st fundamental observations

recall

(i) 3ea €(0,00) VxeD(A) [X[Hy < calAx|H,
(i") 3cax € (0,00)  VyeD(AY)  |yln; < caxA™yln,

‘best’ consts in (i) and (i*) equal norms of the inv ops and Rayleigh quotients

ca = A reay,R(A%) car = [(A*) Hrear),r(a)
1 |AX|n, T |A*ylH,
cp  0#xeD(A) |X‘H0 Ccax  0xyeD(A*) ‘Y|H1

Lemma (Friedrichs-Poincaré type const)

CA = Cax

Dirk Pauly FA-Toolbox: Part 2 Universitat Duisburg-Essen
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1st fundamental observations

Lemma (cpt emb/cpt inv)

The following assertions are equivalent:
(i) D(A)<»Hg is compact.

(i*) D(A*)<»H; is compact.

(i) A7L:R(A) - R(A*) is compact.
(ii*) (A*)!:R(A*) - R(A) is compact.

Lemma (Friedrichs-Poincaré type est/cl range/cont inv)

[} ‘ D(A)<>Hg compact‘
(i) 3ca €(0,00) VxeD(A) [X[Hy < calAX|H,
(i) Fear € (0,00) Yy eD(A™)  Iyluy < cas A"yl
(ii) R(A) = R(A) is closed in Hj.
(ii*) R(A*)=R(A*) is closed in Hg.
(iii) A™L: R(A) - D(A) is continuous and bijective.

(iii*) (A*)7!:R(A*) - D(A*) is continuous and bijective.
AT = ca = car =[(A%) Y

(i)-(iii*) equi &  the resp Helm deco hold &

Dirk Pauly FA-Toolbox: Part 2 Universitat Duisburg-Essen
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2nd fundamental observations

So far no complex...

Ao : D(A()) c Ho - H1, A1 : D(Al) (e H1 g H2 (|ddC)
A% :D(A}) cHi = Ho, A} :D(A})cHa > Hy (Iddc)

general complex (AjAg =0, i.e., R(Ag) c N(A1) and R(A7) c N(Aj))

A A
2 Ho T—E H; T—i H, =2
A AF

recall Helmholtz deco

Hi1 = R(Ao) ® N(Ag)
N U = (e.g) N(A1) = R(Ag) @ (N(A1) n N(A5))
———
= N(A1) @ R(A}) =K

= refined Helmholtz deco

Hi = R(Ao) ® K1 ® R(AT)

Dirk Pauly FA-Toolbox: Part 2 Universitat Duisburg-Essen
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2nd fundamental observations

recall
D(A1) = D(A1) n R(AT) R(A1) = R(A1) R(AT) = R(A])
D(Ag) = D(Ag) n R(Ao) R(Ag) = R(Ag) R(Ao) = R(Ao)

cohomology group Ky = N(A1) n N(Af)

Lemma (Helmholtz deco 1)

Hi = R(Ao) @ N(AZ) Hi = R(AT) @ N(A;)
D(Ag) = D(Ag) @ N(Aq) D(A1) = D(A1) ® N(Ar)
N(A1) = D(Ag) & Ki N(A5) = D(A1) & Ki

D(A1) = R(Ao) ® (D(A1) N N(A7))  D(Ag) = R(A]) © (D(Ag) n N(A1))

Lemma (Helmholtz deco II)

H1 = R(Ao) (&) K1 @ R(AT)

D(Al) = R(Ao) o K@ D(.Al)

D(A}) = D(A3) @ K1 @ R(A])
D(A1) nD(A}) = D(AY) @ Ky ® D(Ar)

Dirk Pauly FA-Toolbox: Part 2 Universitat Duisburg-Essen
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2nd fundamental observations

Ki=N(A)AN(A])  D(A)=D(A)NR(AT)  D(A3) = D(A3) n R(Ag)

Lemma (cpt emb II)

The following assertions are equivalent:
(i) D(Ao)<=»Ho, D(A1)<»H:i, and Ki<»H; are compact.
(ii) D(A1)nD(A;)<»H;1 is compact.

In this case K1 < oo.

| \

Theorem (fa-toolbox I)

) ‘ D(A1) n D(Ag)«»Hi compact‘

(i) all emb cpt, i.e., D(Ag)«»Ho, D(A1)«»H1, D(Ag)«»H1, D(A])<»H> cpt
(ii) cohomology group Ki finite dim
(iii) all ranges closed, i.e., R(Ao), R(Aj), R(A1), R(AY) d
(iv) all Friedrichs-Poincaré type est hold
(v) all Hodge-Helmholtz-Weyl type deco | & Il hold with closed ranges

Dirk Pauly FA-Toolbox: Part 2 Universitat Duisburg-Essen
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2nd fundamental observations

Valencia, July 16, 2019

complex 2 Hp 2 Hi =2 Hy =

Theorem (fa-toolbox | (Friedrichs-Poincaré type est))

I ‘D(Al)mD(Ag)«—»Hl compact‘ = 3 A= = car = I(AD) Y € (0,00)

(i) VxeD(Ap) [X[Hy < caglA0X|H,
(i*) VyeD(A7) lylHy < cnglAGYIH,
(ii) YyeD(AL) ¥lhy < caqlAvyln,

(ii*) YzeD(AY) |z|n, < ca,|A] z|H,

(i) Yy e D(A1)nD(Ag) (1 -7mky)yln; < calAryln, + caglAGYIH,

note Tk, y € K1 and (1 -, )y € K{-

enough R(Ao) and R(A1) ¢l

Dirk Pauly FA-Toolbox: Part 2 Universitat Duisburg-Essen
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2nd fundamental observations

Ag Ay
complex - 2 Hy 2 Hy =2 Hy, =2
Ax A

0 1

Theorem (fa-toolbox | (Helmholtz deco))

) ‘ D(A1) n D(Ag)<»Hi compact‘

Hi = R(Ag) @ N(A]) Hy = R(A}) @ N(A;)
D(Ag) = D(Ag) @ N(Ag) D(A1) = D(A1) ® N(A1)
N(A1) = D(Ag) & K1 N(A5) = D(A1) & Ki

D(A1) = R(A0) ® (D(A1)nN(A7))  D(Ag) = R(AT) & (D(A5) n N(A1))

Hi = R(Ao) ® K1 @ R(AY)

D(A1) = R(Ao) ® K1 ® D(A1)

D(Ag) = D(Ag) ® K1 @ R(A])

D(A1) n D(Ag) = D(Ag) ® K1 & D(Ay)

enough R(Ag) and R(A1) cl

Dirk Pauly FA-Toolbox: Part 2 Universitat Duisburg-Essen
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(stat) first order system - solution theory

Ao A
complex - 2 Hp =2 Hy =2 Hy =2
e A)(- A*
0 1

dim N(Ay) = oo

find x e D(A1) n D(Aj) such that the fos

Aix=f (rotE = F)

Ajx=g think of (-divE = g)

Ty X = K (mpE = K)
kernel = cohomology group = Ki=N(Ar)nN(A})

trivially necessary fe R(A1) geR(Aj) keki

apply fa-toolbox

Dirk Pauly
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(stat) first order system

(stat) first order system - solution theory
Ao A
complex w2 Hy 2 Hi 2 H, =
- A A}

find x e D(A1) n D(Ay) st fos Aix=f Ajx=g K X = K

Theorem (fa-toolbox Il (solution theory))

I ‘D(Al) N D(AL)=»Hy compact‘

fos is uniq sol < fe R(A1) g€ R(A}) ke Ki

x:=xf+xg+keD(A1)® D(Ap) ® K1 = D(A1) n D(AG)

dep cont on data  |x|n, < |[x¢lu; + [xglH; + [klny < caq |flh, + caglglhg + [Kln,
moreover 5 5 5 5
TRANX =XF TRA)X =Xg  mrx =k Ixly, = Ixeliay + IXeli, + (KT,

enough R(Ag) and R(A1) cl

Dirk Pauly FA-Toolbox: Part 2 Universitat Duisburg-Essen
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(stat) first order system - variational formulations

x:=xf+xg+keD(A1) ® D(Ag) @ K1 = D(A1) n D(Ag)
xr = A7 f € D(A1) = D(A1) N R(AY) = D(A1) n N(AY) n K}
Xg = (A3)'g € D(Ag) = D(Ag) n R(Ao) = D(Ag) N N(A1) n Kit

A1X: f Ale =f A1Xg =0 A1k= 0
Agx =g Agxr =0 Agxg =g Agk =0
7TK1X:k 7TK1Xf:0 7TK1Xg:0 7'I'K1k:k

o option I: find xr and Xz separately = x=xr+xg+k

@ option Il: find directly

X

Dirk Pauly
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(stat) first order system

(stat) first order system - variational formulations |

finding
x¢ = A7 € D(A) = D(A1) 0 R(A}) = D(A1) n N(AY) n K}
N——
=R(A})
A1Xf =f
ASXf =0

TKy Xf = 0

at least two options
o option la: multiply Aixr=f by A =

V&eD(A) (Arxe, A1&)n, = (F, A1)n,

weak form of | AJAixs = AJf

@ option Ib: repr  xf =Ajyr with potential yr = (Ai’)"l)q e D(AY)
and mult by xf by Aj¢ =

V¢eD(AT) (Alyr, Al DM, = (xr, Al D), = (Arxe, d)n, = (F, d)n,

weak form of and

analogously for  xg

Dirk Pauly FA-Toolbox: Part 2 Universitat Duisburg-Essen
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(stat) first order system

(stat) first order system - a posteriori error estimates

problem: | find xe D(A;)nD(Ag) st Aix=f Ajx=g Ty X = K ‘

‘very’ non-conforming ‘approximation’ of x:
def., dcmp. err. = TR(Ag)€ + Ty € + TR(AY)€ € Hi = R(Ao) ® K1 ® R(AY)

Theorem (sharp upper bounds)

Let X e Hy and e = x — X. Then
2 2 2 2
lelia, = Imr(ag) €l + |7k €l + 1 TReax) €l

reg (AgAg +1)-prbl in D(AS)

T eln, = min (ca |A5d— +|p - X%
ITR(AG) €lH, ¢eD(Ag)(A°| 06— &lHo + | — Klny )

reg (A{ Aq +1)-prbl in D(A7) ‘

‘WR(A;)6|H1 = (PEVBERO (CA1‘A1<P = flu, + o = X|H1)

|7k, €|, = [T, X — kln, = o rlr)'nn |Ao€ + ATC + X — ki,

<eD<A*)

cpld (A§ Ag)-(A1A] )-sys in D(Ag)-D(AT) ‘

v

Even Tk, € = k — mg, X and the minima are attained at
é= TR(A)E T X P = WR(AI«)eJrX A0£+AIC (7K, — 1)%.

Dirk Pauly FA-Toolbox: Part 2 Universitat Duisburg-Essen
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(stat) first order system

Aj-Ai-lemma (generalized global div-curl-lemma)

Lemma (Aj-Ai-lemma)

Let D(A1) n D(Aj) < Hi be compact, and

(i) (xn) bounded in D(A1),

(ii)) (yn) bounded in D(A).
= 3 xe D(A1), y e D(A}) and subsequences st
xn = x in D(A1) and y, —y in D(Aj) as well as

<Xn7Yn>H1 g <X7Y>H1~

Dirk Pauly FA-Toolbox: Part 2 Universitat Duisburg-Essen
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(stat) first order system

Aj-Ai-lemma (generalized global div-curl-lemma)

mma (generalized Aj-A;-lemma)

Let R(Ag) and R(A1 be closed, and let Ki be finite dimensional. Moreover, let
(xn), (yn) € H1 be bounded such that

(i) Ayxn is relatively compact in D(AY),
(ii) Kgyn is relatively compact in D(Ag)’.

= 3 x,y € H; and subsequences st x, — x in H; and y, — y in Hy as well as

<Xn»yn)H1 - <X7Y>H1~

proof uses key observation

Let R(A) be closed. For (xn) c Ho the following statements are equivalent:

(i) Ax, is relatively compact in D(A*)'.
(i) mr(a+)Xn is relatively compact in R(A*) resp. Hi.

If xn — x in H1, then either of cond. (i) or (ii) implies Tp(p+)Xn — TR(a+)X in Hi.

nice results (and joint work/communication with) Marcus Waurick

Dirk Pauly FA-Toolbox: Part 2 Universitat Duisburg-Essen
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applications: fos & sos (first and second order systems)

classical de Rham complex in 3D (V-rot-div-complex)

Q c R3 bounded weak Lipschitz domain, 8Q =T =0,

(electro-magneto dynamics, Maxwell’s equations)

t{o} v rot div TR
0y 2 12 =2 2 =2 2 =2 L) = R
(0} —div rot -V LR

mixed boundary conditions and inhomogeneous and anisotropic media

vr rotr divp

L t t t ™

{0}orR = L? 2 L2 2 L2 2" L2 2 Ror{0}
L —divr, € e Lrotr, -Vr, L

Dirk Pauly
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applications: fos & sos (first and second order systems)

classical de Rham complex in 3D (V-rot-div-complex)

Q c R3 bounded weak Lipschitz domain, 8Q =T = [0,

(electro-magneto dynamics, Maxwell’s equations with mixed boundary conditions)

divr,

vr rotr
L t t e
{0}orR = L? 2 L2 2 L2 =2 L2 2 Ror{0}
™ —divr, € e Lrotr, -Vr, 3
related fos
Vrou=A inQ | rotr, E=J  inQ | divr, H=k inQ | v =>b in Q
mu=a inQ | —divr,eE=]j in Q et rotr, H=K inQ | -Vr,v=B inQ
related sos
—divr, eVr,u=j in Q | et rotr, rotr, E =K inQ | -Vr,divr, H=8 in Q
Tu=a in Q | —divr, eE =] inQ | et rotr, H=K inQ
corresponding compact embeddings:
D(Vr,)nD(w) =D(Vr,) = H|l—t o2 (Rellich’s selection theorem)
D(rotr,) N D(~divr, &) =Rr, ne 'Dp, — L2 (Weck's selection theorem, '72)
D(divr,) nD(e " rotr,) = Dr, NRr, — L (Weck's selection theorem, '72)
D(Vr,)nD(w) =D(Vr,) = H}n o2 (Rellich’s selection theorem)

Weck’s selection theorem for weak Lip. dom. and mixed bc: Bauer/Py/Schomburg ('16)
Weck's selection theorem (Weck '74, (Habil. '72) stimulated by Rolf Leis)

(Weber 80, Picard '84, Costabel '90, Witsch '93, Jochmann '97, Fernandes/Gilardi '97,
Kuhn '99, Picard/Weck/Witsch '01, Py '96, '03, '06, '07, '08)

Valencia, July 16, 2019

Dirk Pauly
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applications: fos & sos (first and second order systems)

classical de Rham complex in 3D (V-rot-div-complex)

rotE =F in Q
—diveE=g in Q
vxE=0 at Ny
v-eE=0 at I,

non-trivial kernel Hpe = {HeL? : rot H=0, diveH =0, v x H|r, =0, v-eH|r, = 0}
additional condition on Dirichlet/Neumann fields for uniqueness

mpE = KeHp,e
vr rot divp
Otk = 12 2 12 =2 12 2" 12 2 Ror{0}
™ —divr, & el rotr, -Vr, L

A Ao Ay Ay A

2 H; =2 Hy 2 Hi 2 H 2 H3; 2 Hy =

A% A AY A A

find EeRr, () neDr, () st (fos) find  xeD(A1)nD(A;) st

rotr, E=F Aix="f
—divr,cE=g translation Agx=g
ﬂ'D/NE:K 7TK1X:k

Dirk Pauly
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applications: fos & sos (first and second order systems)

classical de Rham complex in 3D (V-rot-div-complex)

€A, = Cfp (Friedrichs/Poincaré constant) and ca; = cm (Maxwell constant)

Lemma/Theorem |
(i) all Friedrichs-Poincaré type est hold

D(A1) n D(AZ)<»L2(Q) compact \

VeoeD(Ao)  Iplh, < caplPoplh, Vi eHr, el < cplVili2

<
VoeD(Ag) |olh; < caglAgdlh, <=
VoeD(AL) |oln, < calA1pln, < Y®eRr, netrotRy, |<1>||_% < cm|rot ®| 2
Vipe D(AT)  [Wlm, < caATYl, =

(ii) all ranges R(Ao) = VHE, R(A1)=rotRr,, R(A;)=divDr, areclinL?

(i) the inverse ops (Vr,)™!, (divr,e)™, (rotr,)™%, (e~1rotr,)" are cont, even cpt
(iv) all Helmholtz decomposition hold, e.g.,

Hi=R(Ao)) @ K1 ® R(A]) <« L2=VHf, @2 Ho: @2 e lrotRr,

Vo eeDr, nVHE,  [®]2 < cpldived|

VWVe an nrot th |\U||_2 < Cm| rot \U‘L%

(v) solution theory

(vi) variational formulations

(vii) functional a posteriori error estimates
(viii) div-curl-lemma

(ix) ...

Dirk Pauly FA-Toolbox: Part 2 Universitat Duisburg-Essen
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applications: fos & sos (first and second order systems)

classical de Rham complex in 3D (V-rot-div-complex)

find E € Rr, ne~1Dr, s.t. / think of x € D(A1) n D(A})
rotr, E=F Aix=f
divr,cE=g / think of Ajx=g
THp E =K TK X = K

sol is simply x:i=xf+xg+keD(A1) ® D(Aj) @ K1 = D(A1) n D(A})

ie., E=EFr+E; +K, where

Ef := (rotr,) " F |e D(rotr,) = Rr, e rotRr, = Rr, ne™'Dr, o NH3 _,
Eg := (divr,e) g |€ D(divr,e) = 'Dr, N VH{, =& 'Dr, nRr, 0 nHp

Dirk Pauly FA-Toolbox: Part 2 Universitat Duisburg-Essen
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applications: fos & sos (first and second order systems)

classical de Rham complex in 3D (V-rot-div-complex)

Theorem (sharp upper bounds)

Let (very non-conforming approximation of E!) and . Then

2 2 2 2
|e|L§ = |7rR(Vrt)e|L§ + \WR(E_l rotrn)e‘Lg + |7rHD’Ee|L§

= miln (cfp\ dived + gl 2 + [P - E|L2 )2 reg (~Vr, divr, +1)-prbl in Dr
e~ DI',, €

de

. = \2
+WT||??t (cm|rotW — Flo +|W - E||_§)

reg (rotrn rotr, +1)-prbl in th ‘

+  min  |[VO+e? rot@+E—K|ﬁz
OeH}t,@ean e

q ool
cpld (— divr Vr, )-(rotrt rotr . )-sys in Hrt Rr,

v

o (rotr, rotr, )-prbl needs saddle point formulation

@ Q top trv = mp =0 and Rr, o = lel't and Dr, o = rotRr,

diamg

o |Qconvexande=p=1landlt=Torlp=T= ct<am<<
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applications: fos & sos (first and second order systems)

functional a posteriori error estimates for BEM

(joint work with
Stefan Kurz, Dirk Praetorius, Sergey Repin, Daniel Sebastian)

problem: num approx with

Au=0 inQ, ur=g onT.

functional a posteriori error estimates: num approx with

max (2(n-E, g~ Tlr),- - |E]? = |V(u-m)P = min |Vv}
EeL2<Q)( < T harz(ry = 1Eliay) =190 = Dz ngl(Q)‘ 20
div E=0 g

natural energy norm (H!()-volume norm)

compute upper and lower bounds in a thin boundary layer using

Dirk Pauly FA-Toolbox: Part 2 Universitat Duisburg-Essen
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applications: fos & sos (first and second order systems)

functional a posteriori error estimates for BEM

max (2<"' E,g- mr)H—l/Z(r) - |E|ﬁ2(Q)) =|v(u- Tf)ﬁZ(Q) = mlin ‘VV‘EZ(Q)

Eel?(Q) eH™ (Q)
divE£=0 vir=g-Tlr
of upper bound:
Av=0 in €, vif=g-0lr onT.

of lower bound: saddle point formulation (mixed/dual Laplacian)

Find (E,u) € Do(Q) x L2(Q) s.t. for all (d,¢) € Do(Q) x L2(Q)

(E, ®)2(q) + {divP,u) 2.y = (n- P, g = Ulr)y-172(ry>
(div E, §)2(q) = 0

note: Do(2) = {® € L2(Q) : divd =0}

Dirk Pauly FA-Toolbox: Part 2 Universitat Duisburg-Essen
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applications: fos & sos (first and second order systems)

functional a posteriori error estimates for BEM - some pics

Symms integral equation with majorant and adap
o

error bounds

10°

number of boundary elements

Q: unit square, g(x) = cosh(x1)cos(x2)

o oo residual based estimator by Dirk Praetorius

upper bound
exact error
lower bound

— — — order 3/2
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applications: fos & sos (first and second order systems)

functional a posteriori error estimates for BEM - some pics

Symms i st Ay ot 0 s s o
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applications: fos & sos (first and second order systems)

functional a posteriori error estimates for BEM - some pics

Strobl am Wolfgangsee, July 1, 2019 a1 e E July 1, 2 41

D e s
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applications: fos & sos (first and second order systems)

div-curl-lemma

Lemma (div-curl-lemma (global version))
Assumptions:
(i) (En) bounded in L?()
(") (H») bounded in L?(Q)
(i) (rot E,) bounded in L?(S)
(ii") (diveH,) bounded in L?(Q)
(iii) vxE,=0o0nT:, ie,
(i) v-eHn=0o0nT,, e,
= 3E, H

E, € th(Q)

Hn €eDr, ()
and subsequences st
E, — E, rotE, -~ rotE

and Hp— H, divH, = divH in L2(Q) and

(Eny Hn)i2 ) = (Es H)i2(a)

= classical local version

Dirk Pauly FA-Toolbox: Part 2
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crucial property: compact embedding

key tools to prove compact embeddings

crucial tool: compact embeddings

localisation to top triv domains by partition of unity

Helmholtz decompositions

@ regular potentials
(Here is the hard analysis: weak/strong Lipschitz domains, mixed b, ...)

Rellich’s selection theorem
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literature (complexes, applications to FEM, ...)

Arnold, Falk, Winther, Christiansen, Gopalakrishnan, Schéberl, Zulehner, ...
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literature

literature (fa-toolbox, complexes, a posteriori error estimates, ...

some results of this talk:

o Py: Solution Theory, Variational Formulations, and Functional a Posteriori Error
Estimates for General First Order Systems with Applications to
Electro-Magneto-Statics and More,

(NFAO) Numerical Functional Analysis and Optimization, 2019
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literature

literature (complexes, Friedrichs type constants, Maxwell constants)

some results of this talk:

o Py: On Constants in Maxwell Inequalities for Bounded and Convex Domains,
Zapiski POMI/ (JMS)Journal of Mathematical Sciences (Springer New York),
2015

o Py: On Maxwell’s and Poincare’s Constants,
(DCDS) Discrete and Continuous Dynamical Systems - Series S, 2015

o Py: On the Maxwell Constants in 3D,
(M2AS) Mathematical Methods in the Applied Sciences, 2017

o Py: On the Maxwell and Friedrichs/Poincaré Constants in ND,
(MZ) Mathematische Zeitschrift, 2019

o Py: ...some (so far) unpublished results
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literature

literature (complexes, Friedrichs type constants, compact embeddings)

compact embeddings for Maywell:

o Weck: Maxwell’'s boundary value problems on Riemannian manifolds with
nonsmooth boundaries,
(JMA?2) Journal of Mathematical Analysis and Applications, 1974 (1972)
o Picard: An elementary proof for a compact imbedding result in generalized
electromagnetic theory,
(MZ) Mathematische Zeitschrift, 1984

o Witsch: A remark on a compactness result in electromagnetic theory,
(M2AS) Mathematical Methods in the Applied Sciences, 1993

(Weber '80, Costabel '90, Jochmann '97, Fernandes/Gilardi '97, Kuhn '99,
Picard/Weck/Witsch '01, Py '96, '03, '06, '07, '08)
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literature

literature (complexes, Friedrichs type constants, compact embeddings)

some results of this talk:

o Bauer, Py, Schomburg: The Maxwell Compactness Property in Bounded Weak
Lipschitz Domains with Mixed Boundary Conditions,
(SIMA) SIAM Journal on Mathematical Analysis, 2016

o Py, Zulehner: The divDiv-Complex and Applications to Biharmonic Equations,
(AA) Applicable Analysis, 2019

o Hiptmair, Pechstein, Py, Schomburg, Zulehner,: Regular Potentials and Regular
Decompositions for Bounded Strong Lipschitz Domains with Mixed Boundary
Condlitions in Arbitrary Dimensions,

(almost) submitted

o Py, Schomburg, Zulehner: The Elasticity Complex,
(almost) submitted
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literature

literature (div-curl-lemma)

original papers (local div-curl-lemma):

o Murat: Compacité par compensation,
Annali della Scuola Normale Superiore di Pisa-Classe di Scienze, 1978

@ Tartar: Compensated compactness and applications to partial differential
equations,
Nonlinear analysis and mechanics, Heriot-Watt symposium, 1979
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literature

literature (div-curl-lemma)

recent papers (global div-curl-lemma, H!-detour):

@ Gloria, Neukamm, Otto: Quantification of ergodicity in stochastic
homogenization: optimal bounds via spectral gap on Glauber dynamics,
(IM) Invent. Math., 2015

o Kozono, Yanagisawa: Global compensated compactness theorem for general
differential operators of first order,
(ARMA) Arch. Ration. Mech. Anal., 2013

o Schweizer: On Friedrichs inequality, Helmholtz decomposition, vector potentials,

and the div-curl lemma,
accepted preprint, 2018

recent papers (global div-curl-lemma, general results/this talk):

o Waurick: A Functional Analytic Perspective to the div-curl Lemma,
(JOP) J. Operator Theory, 2018

o Py: A Global div-curl-Lemma for Mixed Boundary Conditions in Weak Lipschitz
Domains and a Corresponding Generalized Aj-Ai-Lemma in Hilbert Spaces,
(ANA) Analysis (Munich), 2019
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literature (full time-dependent Maxwell equations)

@ Py, Picard: A Note on the Justification of the Eddy Current Model in
Electrodynamics,
(M2AS) Mathematical Methods in the Applied Sciences, 2017

@ Py, Picard, Trostorff, Waurick: On a Class of Degenerate Abstract Parabolic
Problems and Applications to Some Eddy Current Models,
submitted, 2019
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literature

literature (Maxwell's equations and more...)

MAXWELL’'S
ONS

o Langer, Py, Repin (Eds): Maxwell’s equations. Analysis and numerics,
Radon Series on Applied Mathematics, De Gruyter, July 2019
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