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Introduction

(trace space complex) iso”

Traces for Hilbert Complexes

(trace range complex) iso”

Question: Why are traces so complicated?

(dual trace space complex) iso”

Question: What is AHT/ISO(O) (divr /rotr,)?

some answers below

(dual trace range complex) iso”
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Introduction

Traces for Hilbert Complexes

OVERVIEW and BASIC IDEAS

paper in JFA 2023:

R. Hiptmair, D. Pauly, and E. Schulz: Traces for Hilbert Complexes
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Introduction

Traces

Traces without any regularity of the domain?

Is this even possible?

even better:

Traces without domains (or boundaries)?
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Introduction

Traces

A:D(A) cHg - H; Iddc: lin, dendef, cl

Traces for D(A)?

Q c RN Lipschitz:
very classical
D(A) = H! or W', scalar trace us = u|r
classical (we stay in Hilbert spaces)
D(A) = H(rot) or H(div), tan or nor traces vt = (v x v x 1/)|r, Vo= (v- v)|r
more recent (BGG, zoo of complexes)

D(A) = H(Rot Rotg), H(div Divs), H(sym Rotr), . ..
...H(Rot Rot Rot), H(rot Div), H(Gradrot) ...
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Introduction

Traces

A: D(A) S Ho — H; lddc

Traces for D(A)?

Q c RN Lipschitz

What if less regularity? What if

° ‘ Q just open / no regularity | and D(A) = HY(Q), H(rot, Q), H(div,Q), ...?

° at all, just D(A)?
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Introduction

Traces & Literature

Trace for D(A) where A : D(A) c Hg — H; Iddc

What is known?

| well known/basic idea: | D(7p)/N(a) = D(A)/D(A) = T(A) = T(A) = D(A)*2®

’ not so well known: ‘ T(A)

=5, | T(A) = N(ATA+1) |22 T(AT) = R(7a) = D(A*)°
o Friedrichs (Friedrichs systems): 1958 (S skew-sym, i.e., S+ST =0)
@ Ern, Guermond (Aubin): 2006, 2007 (S alm skew-sym, i.e., [(S+ST)x|u < c|x|n)
o Picard, Trostorff: 2024 (S skew-sym)

theory: bc =  well-posedness / skew-selfadjoint extensions / accretive extensions
. . 0 -AT -ATA 0
connection to our setting: S = [

2 _
A 0 ] but no complexes, S = [ 0 _AAT

‘ maybe not known (at all?): ‘

NOT! |7a, Ao =Af'7ay | I(?U'I;‘!f Ta; Ao = —A] 'Ta, | surface differential operators
index shift

compact embeddings

... dual representations by regular potentials and continuous extensions
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Introduction

Traces

A:D(A)cHy—Hp Iddc
A*: D(A*) cHy - Ho Iddc, Hilbert space adjoint

Traces for D(A)?

basic idea: integration by parts / extension of adjoints

VXED(A) VyED(A*) <y7AX>H17(A*y7X>Hg:0

think of A = grad: D(A) = Al c L2 - L2
and A* = —div: D(A*) = H(div) c L? - L?

(y,groad X)2 +(divy,x)2=0

Dirk Pauly TUDD - Institut fiir Analysis Traces for Hilbert Complexes FNMNLPDE BCFS October 8, 2025



Intro
0O000000e00
Introduction

Traces

AcA Iddc

A*c AT:=A* (AT formal transpose of A) Iddc, Hilbert space adjoints

Traces for D(A)?

basic idea and setting: integration by parts / extension of adjoints

3xeD(A) 3yeD(AT) (v, Ax)u; = (AT y, x)n, #0

think of grad = A c A = grad D(grad) = H! c D(grad) = H!
and —div=grad* =A* c AT =A* =grad* = —div  D(div) = H(div) c D(div) = H(div)

(y,gradx)2q) + {divy, x)2(q) = (¥n,xs)e12(ryr #0
—_—

“w "
= [YnXs = «.yl'hXS»H—l/2 ). HY2(F
for some x € H, y € H(div) r (NHYEn)

‘ For simplicity of this talk: real Hilbert spaces
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Introduction

Traces

AcA Iddc

A*c AT = A% Iddc, Hilbert space adjoints
(A, A*) pair “with” boundary conditions (A,A%), (A,AT =A%)
(A,AT) pair “without” boundary conditions dual/adjoint pairs

Traces for D(A)?

basic idea and setting: integration by parts / extension of adjoints

Ta:D(A) > D(ATY,  Tax(y) = {y, Ax)u, — (AT y,x)n,

X = TAX

xeD(A), y e D(AT) ‘

bd dual trace | 7pr: D(AT) = D(A),  7aty(x) = {(x,AT y)n, — (AX, ¥ )H,

Y = TATY 0 AT
note ’ TaTY(x) = —Tax(y) ‘ skew-symmteric structure S = [ ]

A 0
equivalently on D(A) x D(AT) resp. D(AT) x D(A)

«Xa)/» = TAX(y) = _TATy(X) = (y’AX>H1 - (AT y)X)Ho = (SI:;:I ) [;] >H0><H1
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Introduction

Hilbert Complexes

Traces for Hilbert Complexes

o We give Traces for Hilbert Complexes.

@ On the other hand Hilbert Complexes are necessary for Traces.
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Traces for Single Operators

Traces for Single Operators

Traces for Single Operators
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Traces for Single Operators

Traces for Single Operators (and Adjoints)

AcA and A*cAT=A*Iddc (Hilbert space adjoints)

Traces for D(A) and D(AT) —  traces come always in pairs

TAX(y) = <y7AX)H1 - (AT.y7X>H0

primal / dual traces 7a: D(A) = D(AT)', a7 : D(AT) > D(A)’
primal / dual adjoint traces 74 : D(AT)” - D(A)’,  7pr : D(A)" - D(AT)’

note: Hilbert spaces H here D(A) v D(AT) are | self-dual | (Riesz) and

= isometric isomorphisms py:H—-H’" and 1y:H—>H"

Theorem (kernels, boundedness, and adjoints)

o N(7a) =D(A) and N(7ar)=D(A*) and |7al,|7at] <1

© Tplg = —Tat  and  Tyrig = —Ta

R(7a7) = R(74) = N(7a)° = D(A)° and R(7a) = D(A*)°
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Traces for Single Operators

Traces for Single Operators (Riesz Isometric Isometries)

AcA and A*cAT=A* lddc (Hilbert space adjoints)

Let x e D(A). What is / solves

V= —pparyTax € D(AT) and X:=ATy?

v

Lemma (extension / right inverse)

(%,7) e N(ATA+1) x N(AAT+1) and X-xe D(A) = N(ra)

= ‘TAAT)V/:TASZ:TAX‘

= |[-TaAT pBl(AT) =idgiry | = -AT p_Dl(AT) right inverse of Ta on R(Ta)
y
M _ AT
note s+1)|%|=0 with S= 0 A formally skew-symmetric
y A 0
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Traces for Single Operators

Traces for Single Operators (Riesz Isometric Isometries)

AcA and A*cAT=A*lddc (Hilbert space adjoints)

Lemma (extensions / right inverses)

—TA AT pBl(AT) =idg(r,) and 7Ta:=-AT pBl(AT) right inverse of 7o on R(7a)
—TAT ApD(A) idr(ryr) and Tari=-— ApBl(A) right inverse of Tpt on R(7Tat)

Definition (extensions / right inverses)

Let ¢ € R(7a) and 1) € R(7a7). We call:
° = —PBI(AT)¢ e N(AAT +1) harm Neumann ext of ¢ since T AT ¢ = ¢
0 G=ATH=-AT pD(AT)¢> e N(ATA+1) harm Dirichlet ext of ¢ since Ta¢ = ¢
° = pD(A)¢ e N(ATA+1) harm Neumann ext of v since Tor Ath = 4
b =Ap = 7Ap51(A)w e N(AAT +1) harm Dirichlet ext of v since TATzZ P
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Traces for Single Operators

Traces for Single Operators AcA and A*cAT=A* (lddc)

o N(7a) = D(A) o R(7a) =D(A*)° = {® e D(AT) : D(A*) c N(¥)}

o N(7pr) = D(A*) o R(7ar) = D(A)° = {® e D(A) : D(A) c N(®)}
In particular, the kernels and ranges are closed.

€

Definition and Lemma (trace spaces)
o T(A):= D(A)*2® = N(AT A+1) = D(7a)/N(7a) = D(A)/D(A) =: T(A)
o T(AT):= D(A*)*PAT) = N(AAT +1) = D(7a7)/N(7a) = D(AT)/D(A*) = T(AT)

= red traces

7a = TalT(a) : T(A) = R(7a) ‘ ’?AT = TaT|T(AT) | T(AT) > R(7ar) ‘

Theorem (ranges and trace isometries)

R(7a) = R(7a) = D(A")° = pp(ary T(AT) = T(AT)’
R(7at) = R(7at) = D(A)° = pp(ay T(A) = T(A)’

’ The reduced traces are isometric isomorphisms. ‘
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Traces for Single Operators
Traces for Single Operators AcA and A*cAT=A* (lddc)
Remark (trace /Riesz isometric isomorphisms —)
7a: D(A) = R(7a) € D(ATY’, pa = pp(ay : D(A) - D(A)’
Tat : D(AT) > R(7a1)  D(A)', PAT = Pp(AT) ¢ D(AT) - D(AT)’
7a = TalT(ay : T(A) > R(7a) = T(AT), Pa = palr(ay : T(A) > T(A)'

7t = Tatlr(aty  T(AT) = R(7p7) = T(A)’ Pat = patlreary s T(AT) > T(AT)'

Lemma (trace /Riesz isometric isomorphisms —)

|

R(7a) = R(7a) = R(pat) = T(AT), Ta:T(A) > T(AT),  par: T(AT) — T(AT)
R(7at) = R(Fa7) = R(Pa) = T(A)', a7 : T(AT) - T(A), pa: T(A) - T(A)

Definition (inverses of trace /Riesz isometric isomorphisms —»)

Fai= Al T(AT) - T(A), Pat = Ppr : T(AT) > T(AT)
TAT = ?;Tl 8 T(A), —> T(AT)7 PA = /3;1 8 T(A)/ - T(A)

Continuity of traces and extensions for free! (no ass on R(A) or domains )

/\ EVEN ISOMETRIES A\
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Traces for Single Operators

Traces for Single Operators AcA and A*cAT=A* (lddc)

Remark (trace /Riesz isometric isomorphisms —)

Continuity/isometry of traces and extensions for free! (no ass on R(A) or domains Q)

A ‘ NO compact embeddings or Friedrichs/Poincaré type estimates NEEDED ‘ A

’We do NOT need: ‘

e.g.: QcR3 bd, weak Lip (compact embeddings)
(Weck 1972/'74, Weber 1980, Picard 1984)

HY(Q) «» L2(2) or H(rot,Q) nH(div,Q) «» L2(Q)
or even weaker (Friedrichs/Poincaré type estimate <> closed range)

Q (weak Lip, bd in ONE direction) = R(grad) and R(div) closed
Q (weak Lip, bd in TWO directions) = R(rot) and R(rot) closed

Q (weak Lip, bd in directions) = and closed
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Traces for Single Operators

Traces for Single Operators AcA and A*cAT=A*

Theorem (trace /Riesz isometric isomorphisms —)

T(A) 25, T(A) 25, T(ATY, T(AT) 25, T(AT) 22, T(A)

bilinear (sesquilinear) forms on T(A) x T(AT) or D(A) x D(AT)

{06y = {6y Dr = Tax(y) = =Taty () = (Ax, ¥ )u; = (%, AT ¥)hg,
{0 = pax(y) = (X, ¥)pay = (X ¥IHg + (Ax, Ay)n,

Corollary (“integration by parts”)

<AX7y>H1 = <X7AT y>Ho + «X7y>)

Dirk Pauly TUDD - Institut fiir Analysis Traces for Hilbert Complexes FNMNLPDE BCFS
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Traces for Single Operators

Traces for Single Operators AcA

and A*cAT=A* (lddc)

Isometric Isomorphisms (—)

D(A)
T(A) «—2 T(A) — A5 R(ra) = T(ATY

A Toar

T(A)' = R(rar) 4——— T(AT) ——> T(A")

T

D(AT)

D(A) = D(A) @p(ay T(A)

[x1] = [x] and Taxy = Tax = Ta[Xx]

Dirk Pauly TUDD - Institut fiir Analysis

Traces for Hilbert Complexes
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Traces for Single Operators

Traces for Single Operators AcA and A*cAT=A* (lddc)

Isometric Isomorphisms (—)

D(A) A R(A)

n TR

T(A) ¢—2— T(A) — 25 R(ra) = T(ATY

ﬁAi \» Tﬁu

T(A) = R(ra1) 4——— T(AT) ——» T(AT)

e

D(AT)

R(AT) —

/& = A|T(A)

Dirk Pauly TUDD - Institut fiir Analysis Traces for Hilbert Complexes FNMNLPDE BCFS October 8, 2025
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Traces for Single Operators

Traces for Single Operators AcA and A*cAT=A* (lddc)

Isometric Isomorphisms (—>)

A
DA)=— = T RA)

TA
TA
LLH’“ “I\
7 ™

T(A) &= R(ra) = T(A") == D(A")’

R(AT) AT D(A”

AT

“on T(A) = N(ATA+1) and T(AT) = N(AAT +1)":
~~1

- ~To N A ~T ~
A =-A PAT TA=pATA A =-A A=A|T(A>
- ~L N AT ~T ~ ~T

TaT = —Apa TaT = paAA (A) L=_A A =AT ‘T(AT)

Dirk Pauly TUDD - Institut fiir Analysis Traces for Hilbert Complexes FNMNLPDE BCFS October 8, 2025
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Traces for Single Operators

Traces for Single Operators AcA and A*cAT=A* (lddc)

Theorem (kernels and ranges of traces / isometric isomorphisms)

o N(7a) = D(A) ® N(7at)=D(AY)

® R(7a) = R(7a) = D(A™)° = R(pa7) = T(AT)" @ R(7sr) = R(7ar) = D(A)° = R(pa) = T(A)’
o T(A)=D(A)'PM® = N(ATA+1) o T(AT) = D(A*)*DAT) = N(AAT +1)

o T(A)=T(A)=D(A)/D(A) o T(AT) 2T (AT)=D(AT)/D(A*)

Remark (summary)

@ trace ranges are annihilators of trace kernels

@ trace ranges are duals of reduced transpose trace spaces

o trace spaces are kernels N(AT A+1) and N(AAT +1) (“harmonic fields")
@ trace spaces are orthogonal complements of trace kernels (—)
@ trace spaces are minimal norm extensions (—)

@ trace spaces are quotient spaces of trace kernels
note:
o elements of the trace spaces are “smooth”

o regularity is never a problem (regularity not a good term)

o integrability is always the problem
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Traces for Hilbert Complexes and “Surface Differential” Operators

Traces for Hilbert Complexes

’ so far NO (Hilbert) complexes ‘

Dirk Pauly TUDD - Institut fiir Analysis Traces for Hilbert Compl. FNMNLPDE BCFS Octo
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Traces for Hilbert Complexes and “Surface Differential” Operators

Traces for Hilbert Complexes

Traces for Hilbert Complexes

Dirk Pauly TUDD - Institut fiir Analysis Traces for Hilbert Compl. FNMNLPDE BCFS Octo



Tr HilCom & SrfDffOps
[e]e] lele]e]

Traces for Hilbert Complexes and “Surface Differential” Operators

Traces for Hilbert Complexes

’ Different Hilbert Complexes ‘

Ao Ay
Ho Hi Hz (unbd prim/dual HilComs)
AJ=AS AT=A}
Ag A
Ho Hq H» (unbd prim/dual HilComs)
AT AT
= D(A) —22 D(A1) —2Ls D(Ag) — - (bd DomCom)
=+ 4= D(A0)' ¢~ D(A1)’ ¢—— D(A2)’ =— -+ (bd adjoint DomCom)
0 1
AL Al
w2 D(AT)) «—— D(A]) +—— D(A]) +—— -~ (bd DomCom)
- —— D(AL}) - D(A{) NG D(A])" —— -+ (bd adjoint DomCom)
° !
o AycAy and Ay cA] =Aj (Iddc)
@ R(Ag) c N(A1),  R(Ag) c N(Ay) (prim HilComs)
@ R(AY) c N(A}), R(A]) € N(A}) (dual HilComs)
@ R(A}) c N(Ap), R(AG ") e N(AT") (adjoint HilComs)
Al’:D(AT )" - D(AT )’
= AT' 2 A, :D(A,) = D(Aps1) but AT 2A,;:D(A, 1) — D(A,) (index shift)

Dirk Pauly TUDD - Institut fiir Analysis Traces for Hilbert Complexes FNMNLPDE BCFS October 8, 2025
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Traces for Hilbert Complexes and “Surface Differential” Operators

Traces for Hilbert Complexes AjcA; and R(...)cN(...

Ag: D(Ag) — D(A1) A] :D(A]) - D(Ag) (vol diff ops)
T, : D(Ag) = D(A])’ AT D(A]) - D(A1)’ (trace ops)
A]":D(A}) - D(A]) Al : D(A1)" — D(Ag)’ (surf diff ops)

Theorem (surface differential operators / commutators with traces)

T/ T 4
TA1A0:*A1 TAO and TAEA1:7AOTAI

Theorem (integration by parts ...)
@ ...on domains: xe D(A), ye D(AT) orxe T(A), ye T(AT) = (Ax, y)u; = (x, AT YIHg + (v

° ..o t,mdoma,-nsXeo(%),zeo(q) -
(A0 %, 201 =Taq (Ao X)(2) = =Taq (X)(A] 2) = ~((x, AT 0o

a o AT
Fay iAo = —A] ' Fag

xeT(Ag), ze T(A]) =

@ ...on trace spaces

(L Agx, 201 = 7ay (mLAgx)(2) = ~7ag 0L AT2) = ~(x, w1 AT 2o

AT/ __~ =17, %
/’-\1 =-TA g (Ao) tdTAg

@ ...on trace ranges P ER(TpAy), b eR(TT) =
1

QAT "o, w1 = §Fa AT "o, AT V01 = (g e %Ag%w»o = (2. AL EMo

Traces for Hilbert Complexes FNMNLPDE BCFS October 8, 2025
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Traces for Hilbert Complexes and “Surface Differential” Operators

Traces for Hilbert Complexes AjcA; and R(...)cN(..)
Ag i D(Ag) — D(A1) (vol diff ops) A] i D(A]) — D(A]) A CRAZY A

AI s D(Ag)’ — D(AI)' (surf diff ops) A6 8 D(Al)' — D(AO)' simple idea = amazing complexity

Dirk Pauly TUDD - Institut fiir Analysis Traces for Hilbert Complexes FNMNLPDE BCFS October 8, 2025
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Traces for Hilbert Complexes and “Surface Differential” Operators

Traces for Hilbert Complexes AjcA; and R(...)cN(..)

(trace space complex) iso’

(trace range complex) iso®

(dual trace space complex) iso?

(dual trace range complex) iso?
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Examples of Traces

... Examples of Traces. ..

Examples
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Examples of Traces

Example 1 De Rham Complex — V /div
AcaA Iddc
A*cAT =A% (A, A*) pair “with” and (A,A") pair “without” bc
bd trace 75 : D(A) - D(AT)’ with ((x, y)) = Tax(y) = (¥, Ax)n, — (ATy, X)Hy = —TaTY (%)
classical ibp (u, EY) = 79 u(E) = (Vu, E) 2y = {u, —divE) 2 q) = (ulr, v Elr) 2y = —T—divE(v)
V:D(V)= IZII(Q) cL?(Q) - L%(Q)  (minimal gradient) V' = —div
V:D(V) =HY(Q) c L2(Q) - L2(Q) (maximal gradient) v* = —div

o
i —

div: D(div) = H(div,Q) c L2(Q) » L?(Q) (minimal divergence) div = -V
div : D(div) = H(div, Q) c L2(Q) - L2(Q) (maximal divergence) div* = -V

@:ACA:V
—div=V*=A*cAT=A*=V

*

= —div

Dirk Pauly TUDD - Institut fiir Analysis Traces for Hilbert Complexes FNMNLPDE BCFS October 8, 2025
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Examples of Traces

Example 1 De Rham Complex — V /div
Aca Iddc
A*cAT =A% (A, A*) pair “with” and (A,A") pair “without” bc
bd trace 74 : D(A) > D(AT)"  with {(x, y) = Tax(y) = (v, Ax)y = (AT ¥, )ty = ~TAT¥ (%)
classical ibp (u, B = Ty u(E) = (V u, E) 2y = (u, = div E) 2 gy = {ulr, v+ Elr) 2y = ~T— v E()
V=AcA=v ~div=A* c AT = —div
v : HY(Q) = H(div, Q)’, rvu(E) “E* {ulr,v- Elr)io
T aw : H(div, Q) > HI(Q)', T avE(u) (- Elr, ulr) 2 r

H(div, Q)" s> rgu(-) = {(u, - )) clgss (ulr v ()P 2y Tyu ~ u|r class scalar trace
HY(Q) s _gvE(-) = —((-, E)) class —(v-Er, '>L2(r) class normal trace

N(- 7 div+1)’ = Fi(div, Q)° = R(ry) 3 ryu "€ HTY2(T) < HY2(T)

N(-divV +1)" = ' (Q)° = R(raiy) > a E "6 HY2(F) = H7V2(T)
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Examples of Traces

Example 2 De Rham Complex — rot

AcA Iddc
A*cAT =A* (A, A*) pair “with" and (A,A") pair “without” bc

bd trace 74 : D(A) — D(AT)’ with ((x, y)) = Tax(y) = (v, Ax)n; - (AT Y X)Hg = —TaTY (%)

classical ibp ((E, H)) = Trot E(H) = (rot E, H)LZ(Q) —(E,rot H>L2(Q) =(vxvxE|r,vx le)LZ(I') = —Trot H(E)

rét: D(rét) = H(rot, Q) c L2(Q) » L2(Q)  (minimal rotation) rot” = rot
rot : D(rot) = H(rot, Q) c L2(Q) — L%(Q) (maximal rotation) rot” = rot

rt=AcA-=rot

ot =rot* = A* c AT = A* = rét* = rot

FNMNLPDE BCFS

October 8, 2025
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Examples of Traces

Example 2 De Rham Complex — rot

Aca Iddc
A*cAT=A* (A, A*) pair “with” and (A,AT) pair “without” bc

bd trace 74 : D(A) — D(AT)’ with ((x, y)) = Tax(y) = (y.Ax)Hl —(AT Y‘X>H0 = —TpTy(X)

classical ibp ((E, H)) = Trot E(H) = (rot E, H)LQ(Q) —(E, rot H>L2(Q) =(vxvxE|r,vx le)LZ(r) = —Trot H(E)

rot=AcA=rot rot = A* c AT = rot

Trot + H(rot, Q) » H(rot, Q)’, ot E(H) “Z* (v x v x Elr,v x Hlr)2(ry “E° ~Tiot H(E)

H(rot, Q)" > ot E(-) = (E, - )) clgss (v xvx Elr,vx (+)Ir)2(ry | class tangential trace

H(rot, Q) 5 1ot H(-) = =((-, H)) clgss (vx Hlr,vx (4)lr xv)2¢ry | cl twisted tan trace

class

N(rotrot +1)’ = F(rot, 2)° = R(Trot) > Trot E € H’1/2(r0tr, r)« H;1/2(divr’ r

class = _

N(rotrot +1)’ = H(rot, Q)° = R(7rot) 3 TrotH € Hxl/z(divr, r= H_1/2(rotr7 ry
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Examples of Traces

Example 3 De Rham Complex — mixed bc

AcA Iddc
A*c AT =A* (A,A*) pair “with” and (A,AT) pair “without” bc

bd trace 74 : D(A) — D(AT)’ with ((x, y)) = Tax(y) = (v, Ax)n; — (AT y,X)HO = —TpTy(X)

classical ibp ((u, E)) = Tgu(E) =(V u, E)LZ(Q) —(u, —div E)LZ(Q) = (ulp,v- E|r)L2(r) =-7_gqwE(u)
(E. H) = Teot ECH) = (1ot E. H), 2, — (E. 10t H) 2 gy = (v x v x Elp, v HIF) 2y = ~7rotH(E)

“T=Touly"

Vro : D(Vry) = HE (Q) € LP(Q) - L*(Q)  (gradient) Vi, = —divr,
divr, : D(divr,) = Hr,(div,Q) c L2(Q) - L%(Q) (divergence) divg, = -Vr,
rotr, : D(rotry) = Hry(rot, Q) ¢ L>(Q) - L2(Q)  (rotation) rotf, = rotr,

Viy = AcA=v ~ .
) . TV=(')‘r : partial scalar trace on Iy
—div:v*:A*cAT:A*:vlfo:—divrl 0

Taw =V - (-)|r1: partial normal trace on 'y

rotr0=ACA=rot . ) _
o Trot=V X ()|r : partial tangential trace on Iy
ot=rot* =A*c AT =A* = rotl’fo = rotr, 0
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Example 4 De Rham Complex — Laplacians

AcA Iddc

A* cAT =A% (A, A*) pair “with” and (A,AT) pair “without” bc

bd trace 75 : D(A) - D(AT)’ with ((x, y)) = Tax(y) = (¥, Ax)n, — (ATy, X)Hy = —TaTY (%)

clibp  {(u, V) = Tau(v) = (Au,v) 2 gy = (8 AV) 20y = (00 ulrs VIFh 2 ry = (8l B Vi) 2y = ~Tav(s)

R:D(R)=f(Q) c L2(Q) > L2(Q)
Ap =divv : D(Ap) c L2(Q) - L2(Q)
Ay =divv: D(Ay) c L2(Q) - L2(Q)
A:D(A)=H(A,Q) cL?(Q) - L2(Q)

(minimal Laplacian) A=A
(Dirichlet Laplacian, s.a.)  Af = Ap
(Neumann Laplacian, s.a.)  Aj = Ay

(maximal Laplacian) A=A

A=AcA=A
A=A"=A*cAT=A"=A*=A

Ap=AcA=A
A=A"=A*"cAT=A*=A; = A

App=Byy=A"cAT=A"= A=A

AN:ACA:A
A=A"=A"cAT=A*=A} = Ay

October 8, 2025
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Examples of Traces

Example 4 De Rham Complex — Laplacians

AcA Iddc
A*cAT =A% (A, A*) pair “with” and (A,A") pair “without” bc

bd trace 74 : D(A) — D(AT)’ with {(x,y)) = Tax(y) = (y,Ax)H1 — (AT y‘X)HO = —TpTy(X)

clibp  (u, v)) = Tau(v) = (Bu, v) 2 gy = (U, Av) 2 gy = (9v ulr, vIF) 2(ry = {ulr, v viF) 2y = —Tav(W)

A=AcA=A =AcA= Av=AcA=A
A=A*cAT=A =A*CcAT= R=A*cAT = Ay

A tH(A, Q) = H(A,Q),  Tau(v) 2 (Ov ulr, vIrdizery = (ulrs Ov Vi) 2¢ry
0 H,Q) > D(AsY,  7au() e BV gy, ve (@)

2 H(A,Q) > D(Ay),  7au(v) “F* Dy ulr vIF) 2y, Vv e FI(div, Q)

it D(Ao) » H(A,Q)Y, 74 v(u) “2* (ulr, 00 vir) 2ry, veH (Q)

75, D(Ay) > H(A,Q), 73 v(1) “F* (0 ulr,vir) 2y, Vv e F(div, Q)

Dirk Pauly TUDD - Institut fiir Analysis Traces for Hilbert Complexes FNMNLPDE BCFS October 8, 2025
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Examples of Traces

De Rham Complex — Laplacians

Example 4

AcA Iddc
A*cAT =A% (A, A*) pair “with” and (A,A") pair “without” bc

bd trace 75 : D(A) — D(AT)’ with ((x, y)) = Tax(y) = (v, Ax)n; — (AT y,x)HO = —TaTy(x)

clibp  (u, v)) = Tau(v) = (Au, v) 2 gy = (U, AV) 2 gy = (9v ulr, vIF) 2y = {ulr, v ViF) 2y = —Tav(w)

A=AcAa=n
AH:A* CAT =4 ’ class
Ta tH(A, Q) = H(A, Q) mau(v) "= By ulrs vIr) 2y = (ulrs O vIF) 2(ry
=AcA=
A% AT o tH(A, Q) = D(Ap),  Tau(W) T —(ulr, 00 vIF) 2 rys  vERT(R)
= c
V v e H(div, Q)

2 I
T tH(A,Q) = D(Aw)',  Tau(v) “F(Dy ulr, vir) 2ry.

[ Dir and Neu trace as sum ‘

HA,2) 2 mau(-) = (s ) 2% (00 tlr. I 2oy = (el (00 Iz
D(Ap)" > mau(-) = (u, ) “= ~(ulr, (9w Ir2r non-standard Dirichlet trace

l non-standard Neumann trace ‘

D(Aw) > mau(-) = (u, ) “E* (0, ulr, Iy

Traces for Hilbert Complexes FNMNLPDE BCFS October 8, 2025
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Examples of Traces

Example 4 De Rham Complex — Laplacians

AcA Iddc
A*c AT =A* (A, A*) pair “with” and (A,AT) pair “without” bc

bd trace 74 : D(A) - D(AT)’ with ((x, y)) = Tax(y) = (y, Ax)n; — (AT ¥y X)Hg = —TaTY(X)

clibp (u, v)) = Tau(v) = (Au, V)2 gy = (8 AV) 2 q) = (B ulr Vi) 2ry = (uls Do Vi 2 gy = —av(s)

p tH(A, Q) = H(A, Q) rau(v) 925 (8, ulr, v 2y = (el O Vi) 2.y

T tH(A,Q) — D(Ap), Tau() Bl 0y ) oy ve RN @)

Ta tH(A,9) > D(Ay)’, rau(v) 925 (0, drvipl2geye Vv e R 9)
H(A,9) > Tau(-) = G, ) 2 (00 vl 1) 2y~ (ol (D0 )2y [ Dir and Neu trace as sum |
D(Ap)' > Tau(-) = (u, ) “F ~(ulr, (9w )2y non-standard Dirichlet trace
D(Ay) > Tpu(-) = (u, ) class (9y ulr, '|r)|_2(|—) l non-standard Neumann trace l
’ N(AA +1) = F2(Q)° = R(7a) > Tau &7
’ N(AA +1)" = F2(Q)° = R(r1) 5 7o u & HT2(r)" @ H1/2(r) ‘

N(AA +1) = F2(Q)° = R(ra) > Tau & HY2(F) = H-Y2(r) ‘ ’ Grisvard trace (Lions/Magenes)

Dirk Pauly TUDD - Institut fiir Analysis Traces for Hilbert Complexes FNMNLPDE BCFS October 8, 2025
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Examples of Traces

...to be continued .
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Appendix |: Regular Subspaces and Their Duals

Regular Subspaces and Duals

“Regular Subspaces” and Duals
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Appendix |: Regular Subspaces and Their Duals

Regular Subspaces and Duals

A : D(A1)" - D(Ag)’

e Hf ¢ D(A1) cH; (bd dense embs of reg subsps)
o D(A1) =Hf +AgH{ (bd reg deco ops)
o HE(Ag) ={xeH{:AgxeH]} c Hf ¢ D(Ag) c Ho (bd dense embs)
o Fg =HZ’ (duals)
e Hi c D(A1) nD(A]) c H; (bd dense embs of reg subsps)

note: HE (Ag) ¢ HY ¢ D(Ag) € Hp and H) ¢ D(Ag)’ c Hg  HE (Ag)’

by

= extend Aj to ‘AB:IZHAHB'(AO)’
VxeHg(Ao) Ag(x):=1(Agx)
o Hi e D(AL) | Fip (A)) = (v e Py s AQus < Fig}

cHy =H{ ' cHi(A;)

c: Hf cD(A;) = eD(A1) cH; and AjweD(Ag) cHy
o eHi(A)) and D(A1)3y =y +Agyo € Hf +AgH} (reg deco)

= Yy=vy+(Ag¥)y and WyISCIW,:.l—(Aé)IyID(Al) = ¢eD(A)
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Appendix |: Regular Subspaces and Their Duals

Characterisation of Dual Spaces by Regular Subspaces

Characterisation of Dual Spaces by “Regular Subspaces”
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Appendix |: Regular Subspaces and Their Duals

Characterisation of Dual Spaces by Regular Subspaces

Theorem (Characterisation of Dual Spaces by Regular Subspaces)
D(A1)" = Hy (Ag) = {w e Ay : Ag e A}
D(AJ) =Hy(A]") = {y e Hy : Al "y e Ay}

with equivalent norms.

Theorem (Characterisation of Dual Spaces by Regular Subspaces)

D(A1) =Hi(Ag) = {¢ e HT : Agy e Hy}
D(A3) =HI (A1) = { e HT : A{ " e H3}

with equivalent norms.
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Appendix |: Regular Subspaces and Their Duals

Characterisation of Trace Ranges by Regular Subspaces

Characterisation of Trace Ranges by “Regular Subspaces”
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Appendix |: Regular Subspaces and Their Duals

Characterisation of Trace Ranges by Regular Subspaces

recall traces: Ta, : D(Ao) - D(A])’, AT D(A]) - D(Ay)’
o N(7ar)=D(A])  © R(mar) = D(A1)° = { € D(A1): Y|, = O}

o N(7a,) =D(Ao) @ R(a,) = D(A5)° = {1 € D(A)) : ¥lp(ar) = 0}

° ° *
density of H; c D(A;) and Hf c D(A}) =

° R(TAI) = I:II0 as closed subspace of D(A;1)’

*
o R(7a,) = H° as closed subspace of D(A])’

= more detailed

Theorem (Characterisation of Trace Ranges by Regular Subspaces)

O o - .

R(7a7) = D(A1)" n D(A1)° = Hy (Ag) nH;° = {p e Hy s Agyp e Ho A g = 0}

R(7a,) = D(Ag)" n D(AG)° = Ay (A ) nHI® = { e Ay : Al "peFy Ayl =0}
Hl

with equivalent norms.
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Appendix |: Regular Subspaces and Their Duals

Trace Hilbert Complexes

Hilbert Complexes of Traces and Trace Spaces
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Appendix |: Regular Subspaces and Their Duals

Trace Hilbert Complexes

‘ Hilbert Complexes of Traces and Trace Spaces ...to be continued ...

o different unbounded versions of “surface differential operators”

AT/ AT/
D(Ag)'%D(AI)’éD(A;)’;%“ D(A;H'):R(rAn)cD(A;)’
v+ 4 D(AY)' 4 D(A2)' 4 D(As)’ 4 D(A) = R(ryr )€ D)’

1 2 n
R(py) = ﬁ{"’ cl sbsp of both D(A])” < HT

* AT7 % AT Al’ :R(mp,) = R(7a,)
1 2 1 ¢ A A
. N Hf° N H;C’ N H§'° S e 0 1
* o —
o . o R(rp ) cHP2 chi
+ + + A
B Hlo — H20 — H3O - " L et
Al Ay R(7py) = D(Ag) N D(A)°

= (AT Iy
=A7(A{ HnHT®

AT/ AT/
e 1 . P R T
= H; : A H. =0
.ﬁHITHZTHsﬁM {ypeH] :A] " e 2/\1/»’\',;Ir }
= (g ehfo Al Ty e fiFo)
. - —
@ compact embeddings for trace Hilbert complexes =’ﬁ{'°(‘q')

@ boundary value problems on trace Hilbert complexes

October 8, 2025
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Appendix |I: Compact Embeddings and Fredholm Properties

...to be continued .

...to be continued . ..
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