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NON-STANDARD INTEGRATION BY PARTS

Proposition (Grisvard’s book and older...)
Let Ω ⊂ RN be piecewise C2. Then for all v ∈

◦
C∞(Ω)

| div v |2
L2(Ω)

+ | rot v |2
L2(Ω)

− |∇v |2
L2(Ω)

=
L∑

`=1

∫
Γ`

(
div ν |vn|2 + ((∇ν) vt) · vt

)︸ ︷︷ ︸
curvature, sign!

+
L∑

`=1

∫
Γ`

(vn divΓvt − vt · ∇Γvn)︸ ︷︷ ︸
boundary conditions, no sign!

and for all v ∈
◦
C∞t,n(Ω)

| div v |2
L2(Ω)

+ | rot v |2
L2(Ω)

− |∇v |2
L2(Ω)

=
L∑

`=1

∫
Γ`

(
div ν |vn|2 + ((∇ν) vt) · vt

)

≤ 0 , if Ω is piecewise C2-concave,
= 0 , if Ω is a polyhedron,
≥ 0 , if Ω is piecewise C2-convex.
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TWO MAXWELL INEQUALITIES

Ω ⊂ R3 bounded, weak Lipschitz (even weaker possible)

⇒
◦
R(Ω) ∩ rot R(Ω) ↪→ L2(Ω) ⇔ R(Ω) ∩ rot

◦
R(Ω) ↪→ L2(Ω)

⇒ Maxwell estimates:

∃
◦
cm > 0 ∀E ∈

◦
R(Ω) ∩ rot R(Ω) |E |L2(Ω)

≤
◦
cm| rot E |L2(Ω)

∃ cm > 0 ∀H ∈ R(Ω) ∩ rot
◦
R(Ω) |H|L2(Ω)

≤ cm| rot H|L2(Ω)

note: best constants

1
◦
cm

= inf
0 6=E∈

◦
R(Ω)∩rot R(Ω)

| rot E |L2(Ω)

|E |L2(Ω)

,
1

cm
= inf

0 6=H∈R(Ω)∩rot
◦
R(Ω)

| rot H|L2(Ω)

|H|L2(Ω)

Theorem
(i)

◦
cm = cm (ii) Ω convex ⇒ cm ≤ cp

Poincaré estimate: ∃ cp > 0 ∀ u ∈ H1(Ω) ∩ R⊥ |u|L2(Ω)
≤ cp|∇u|L2(Ω)

best constant:
1
cp

= inf
0 6=u∈H1(Ω)∩R⊥

|∇u|L2(Ω)

|u|L2(Ω)
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PROOF OF MAXWELL INEQUALITIES

step one: two lin., cl., dens. def. op. and their reduced op.

A : D(A) ⊂ X → Y , A : D(A) := D(A) ∩ R(A∗) ⊂ R(A∗)→ R(A),

A∗ : D(A∗) ⊂ Y → X , A∗ : D(A∗) := D(A∗) ∩ R(A) ⊂ R(A)→ R(A∗)

crucial assumption: D(A) ↪→ X
(
⇔ D(A∗) ↪→ Y

)
⇓

gen. Poincaré estimates:

∃ cA > 0 ∀ x ∈ D(A) |x | ≤ cA|Ax |
∃ cA∗ > 0 ∀ y ∈ D(A∗) |y | ≤ cA∗ |A∗y |

note: best constants

1
cA

= inf
0 6=x∈D(A)

|Ax |
|x |

,
1

cA∗
= inf

0 6=y∈D(A∗)

|A∗y |
|y |

Theorem
cA = cA∗
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PROOF OF MAXWELL INEQUALITIES
step two: two lin., cl., den. def. op. and their reduced op.

A : D(A) ⊂ X → Y , A : D(A) := D(A) ∩ R(A∗) ⊂ R(A∗)→ R(A),

A∗ : D(A∗) ⊂ Y → X , A∗ : D(A∗) := D(A∗) ∩ R(A) ⊂ R(A)→ R(A∗)

choose

A :=
◦

rot :
◦
R(Ω) ⊂ L2(Ω)→ L2(Ω),

◦
rot :

◦
R(Ω) ∩ rot R(Ω) ⊂ rot R(Ω)→ rot

◦
R(Ω),

rot =
◦

rot
∗

: R(Ω) ⊂ L2(Ω)→ L2(Ω), rot =
◦

rot
∗

: R(Ω) ∩ rot
◦
R(Ω) ⊂ rot

◦
R(Ω)→ rot R(Ω)

crucial assumption:
◦
R(Ω) ∩ rot R(Ω) ↪→ L2(Ω)

(
⇔ R(Ω) ∩ rot

◦
R(Ω) ↪→ L2(Ω)

)
⇓

gen. Poincaré estimates (Maxwell estimates):

∃
◦
cm > 0 ∀E ∈

◦
R(Ω) ∩ rot R(Ω) |E |L2(Ω)

≤
◦
cm| rot E |L2(Ω)

∃ cm > 0 ∀H ∈ R(Ω) ∩ rot
◦
R(Ω) |H|L2(Ω)

≤ cm| rot H|L2(Ω)

Theorem
◦
cm = cm
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PROOF OF MAXWELL INEQUALITIES

step three:

Proposition (integration by parts (Grisvard’s book and older...))
Let Ω ⊂ R3 be piecewise C2. Then for all E ∈

◦
C∞(Ω)

| div E |2
L2(Ω)

+ | rot E |2
L2(Ω)

− |∇E |2
L2(Ω)

=
L∑

`=1

∫
Γ`

(
div ν |En|2 + ((∇ν) Et) · Et

)︸ ︷︷ ︸
curvature, sign!

. . . ≥ 0, if Ω convex.

+
L∑

`=1

∫
Γ`

(En divΓEt − Et · ∇ΓEn)︸ ︷︷ ︸
boundary conditions, no sign!

.

approx. convex Ω from inside by convex and smooth (Ωk )k ⇒

Corollary (Gaffney’s inequality)
Let Ω ⊂ R3 be convex and E ∈

◦
R(Ω) ∩ D(Ω) or E ∈ R(Ω) ∩

◦
D(Ω).

Then E ∈ H1(Ω) and

| rot E |2
L2(Ω)

+ | div E |2
L2(Ω)

− |∇E |2
L2(Ω)

≥ 0.
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PROOF OF MAXWELL INEQUALITIES

step four:

(Poincaré) ∃ cp > 0 ∀ u ∈ H1(Ω) ∩ R⊥ |u|L2(Ω)
≤ cp|∇u|L2(Ω)

Let Ω be convex and E ∈ R(Ω) ∩
◦
D0(Ω). Note

◦
D0(Ω) = rot

◦
R(Ω).

Cor. (Gaffney) ⇒ E ∈ H1(Ω) and E = rot H with H ∈
◦
R(Ω).

⇒ E ∈ H1(Ω) ∩ (R3)⊥ ∩
◦
D0(Ω), since 〈E , a〉L2(Ω)

= 〈rot H, a〉L2(Ω)
= 0 for a ∈ R3

⇓
|E |L2(Ω)

≤ cp|∇E |L2(Ω)
≤ cp| rot E |L2(Ω)

⇓
cm ≤ cp

�

Theorem
Ω convex ⇒

◦
cm = cm ≤ cp
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MATRICES

Let A ∈ RN×N .

sym
skwA :=

1
2

(A± A>), idA :=
tr A
N

id, tr A := A · id, dev A := A− idA

(pointwise orthogonality) ⇒

|A|2 = | dev A|2+
1
N
| tr A|2, |A|2 = | sym A|2+| skw A|2, | sym A|2 = | dev sym A|2+

1
N
| tr A|2

⇒ | dev A|,N−1/2| tr A|, | sym A|, | skw A| ≤ |A|

Ω ⊂ RN and A := ∇v := J>v for v ∈ H1(Ω) ⇒ (pointwise)

| skw∇v |2 =
1
2
| rot v |2, tr∇v = div v ,

|∇v |2 = | dev sym∇v |2 +
1
N
| div v |2 +

1
2
| rot v |2 (1)

Moreover
|∇v |2 = | rot v |2 + 〈∇v , (∇v)>〉

since 2| skw∇v |2 =
1
2
|∇v − (∇v)>|2 = |∇v |2 − 〈∇v , (∇v)>〉.
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KORN’S FIRST INEQUALITY: STANDARD BOUNDARY CONDITIONS

Lemma (Korn’s first inequality:
◦
H1-version)

Let Ω be an open subset of RN with 2 ≤ N ∈ N. Then for all v ∈
◦
H1(Ω)

|∇v |2
L2(Ω)

= 2| dev sym∇v |2
L2(Ω)

+
2− N

N
| div v |2

L2(Ω)
≤ 2| dev sym∇v |2

L2(Ω)

and equality holds if and only if div v = 0 or N = 2.

Proof.
note: −∆ = rot∗ rot−∇ div (vector Laplacian)

⇒ ∀ v ∈
◦
C∞(Ω) |∇v |2

L2(Ω)
= | rot v |2

L2(Ω)
+ | div v |2

L2(Ω)
(Gaffney’s equality) (2)

(2) extends to all v ∈
◦
H1(Ω) by continuity. Then

|∇v |2
L2(Ω)

= | dev sym∇v |2
L2(Ω)

+
1
2
|∇v |2

L2(Ω)
+

2− N
2N

| div v |2
L2(Ω)

follows by (1), i.e., |∇v |2 = | dev sym∇v |2 +
1
N
| div v |2 +

1
2
| rot v |2, and (2).
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KORN’S FIRST INEQUALITY: TANGENTIAL/NORMAL BOUNDARY CONDITIONS

main result:

Theorem (Korn’s first inequality: tangential/normal version)
Let Ω ⊂ RN be piecewise C2-concave and v ∈

◦
H1

t,n(Ω). Then Korn’s first inequality

|∇v |L2(Ω)
≤
√

2| dev sym∇v |L2(Ω)

holds. If Ω is a polyhedron, even

|∇v |2
L2(Ω)

= 2| dev sym∇v |2
L2(Ω)

+
2− N

N
| div v |2

L2(Ω)
≤ 2| dev sym∇v |2

L2(Ω)

is true and equality holds if and only if div v = 0 or N = 2.
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KORN’S FIRST INEQUALITY: TANGENTIAL/NORMAL BOUNDARY CONDITIONS

tools:

Proposition (integration by parts (Grisvard’s book and older...))
Let Ω ⊂ RN be piecewise C2. Then

| div v |2
L2(Ω)

+ | rot v |2
L2(Ω)

− |∇v |2
L2(Ω)

=
L∑

`=1

∫
Γ`

(
div ν |vn|2 + ((∇ν) vt) · vt

)︸ ︷︷ ︸
curvature, sign!

+
L∑

`=1

∫
Γ`

(vn divΓvt − vt · ∇Γvn)︸ ︷︷ ︸
boundary conditions, no sign!

,

| div v |2
L2(Ω)

+ | rot v |2
L2(Ω)

− |∇v |2
L2(Ω)

=
L∑

`=1

∫
Γ`

(
div ν |vn|2 + ((∇ν) vt) · vt

)
.

holds for all v ∈
◦
C∞(Ω) resp. v ∈

◦
C∞t,n(Ω).

Corollary (Gaffney’s inequalities)
Let Ω ⊂ RN be piecewise C2 and v ∈

◦
H1

t,n(Ω). Then

| rot v |2
L2(Ω)

+ | div v |2
L2(Ω)

− |∇v |2
L2(Ω)


≤ 0 , if Ω is piecewise C2-concave,
= 0 , if Ω is a polyhedron,
≥ 0 , if Ω is piecewise C2-convex.
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KORN’S FIRST INEQUALITY: TANGENTIAL/NORMAL BOUNDARY CONDITIONS

Proof.
(1), i.e., |∇v |2 = | dev sym∇v |2 +

1
N
| div v |2 +

1
2
| rot v |2, and the corollary ⇒

|∇v |2
L2(Ω)

≤ | dev sym∇v |2
L2(Ω)

+
1
2
|∇v |2

L2(Ω)
+

2− N
2N

| div v |2
L2(Ω)

⇒ first estimate

Ω polyhedron ⇒ equality holds
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