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PDEs: de Rham complex 3D

grad-complex

L0 rad rot div TR
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PDEs: de Rham complex ND / manifolds

‘ d-complex (mother of all complexes)

Lo a — a T«R
{0} =—— - L29-1 q:1 L2 Eq L29tl ... —— xR
0 - 6q —O0g+1 LxR

on —sd, on —§d, " —6d, o —8d—dé
N——
=—A¢

elliptic (n = 0) / parabolic (n = 1) / hyperbolic (n = 2)

=Maxwelly
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PDEs: elasticity complex 3D

symGrad-complex

° o T >
Lo symGrad RotRot. Divg TRM
{0} L2 L2 S 12 L2 RM
o — Divg Rot Rotg — symGrad LRM
97 — DivssymGrad, 9" — DivssymGrad, 7 + RotRotJ RotRots ,
—_——— | —
=&sp Ks

97 + RotRotg RotuRot;r — symGrad Divg

4th order 2nd order

elliptic (n = 0) / parabolic (n =1) / hyperbolic (n = 2)
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PDEs: 1st and 2nd biharmonic / general relativity complexes 3D

Gradgrad-complex

Lo Gradgrad Rot Div TRT
{0} L2 £ Lé :S L% - L2 RT
0 divDivg symRotq — devGrad LRT
devGrad-complex
Lo devGrad symRot divDiv. )
{0} L2 12 T, 2 S 12 =
o — Divy Rotg Gradgrad Lp,
07 + divDivg Gradgrad, o — Divr devGrad, 97 + Rotg symDRot-ﬂ-,
| —— N———
=A% =Ar N

0¢ 4+ symRot Rots + Gradgrad divDivg

2nd order 4th order
elliptic (n = 0) / parabolic (n = 1) / hyperbolic (n = 2)
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BGG

whole zoo more . ..

Eastwood, Arnold, Falk, Winther, ...

also important for FEM, DEC, ...
(construction and analysis)
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General Complex / ~» FA-ToolBox

densely defined and closed (unbounded) linear operators

Ao : D(Ao) C Hop — Hi, A D(Al) C Hy — H»
ASZD(AS)CH].A)HQ, AT:D(AI)CHQA)H;[

general complex property , e, R(Ag) C N(A1) (& RAY) c NAD))

Hilbert complex

EN(A) Ao A1 TN(AZ) .
N(AO) .. Ho ~ Hq ~ H, B e § N(An)
TN(AY) A Al LN(AY)
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General Complex ~» FA-ToolBox

Hilbert complex

EN(Ao) Ao A1 TN(A;) .
N(AO)  —— Ho - Hy = Ho, B e N(An)
TN(Ao) Ay Al LN(AY)

some equations

— *
DAASA0,  OPTAIAL. OTHATALEAOAS, a;"—[o Al},

or A}
AL 0 oL

—A; O

elliptic (n = 0) / parabolic (n = 1) / hyperbolic (n = 2) m, ¢ € {0,1}
el(m=£=0)/para(m=1,4=00rm=0,{=1) / hyper (m=£=1)
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Ulrich and Walter

Getting in Touch with Walter and Ulrich

August 2011  1st contact Ulrich AANMPDE 4, Euler Ml, St. Petersburg
October 2012  1st contact Walter DK Statusseminar, Strobl
April 2013 1st longer discussion Walter Korn's inequalities
November 2014  2nd longer discussion Walter  duals of Ho(div) and Ho(rot)

note: known in 2D for simply connected domains
Ho(div)) = H™l(rot)  eq  Ho(rot) = H™1(div)
e What if the domain is not simply connected?

e What about ND?
e What about duals of H(div) and H(rot)?

= 2014: starting point of long, fruitful, and wonderful cooperation with Walter
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Ulrich and Walter

Getting in Touch with Walter and Ulrich

August 2011 1st contact Ulrich AANMPDE 4, Euler MI, St. Petersburg
October 2012  1st contact Walter DK Statusseminar, Strobl
April 2013 1st longer discussion Walter  Korn's inequalities
November 2014  1st project with Walter duals of Ho(div) and Hp(rot)
2016  2nd project with Walter kernel of divDiv

N(divDivs) = R(symRoty)
more precisely, if Q topologically trivial (simply connected and connected boundary)
S € L2(Q, R3%3) symmetric with divDivS = 0
= 3T L%(Q,R3*3) trace-free with symRot T = S

N(symRoty) = R(devGrad)

more precisely, if Q topologically trivial (simply connected and connected boundary)
T € L?(Q,R3*%3) trace-free with symRot T =0
= JvL%(Q,R3) with devGradv =T
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Ulrich and Walter

Getting in Touch with Walter and Ulrich

August 2011  1st contact Ulrich AANMPDE 4, Euler Ml, St. Petersburg
October 2012  1st contact Walter DK Statusseminar, Strobl
April 2013 1st longer discussion Walter ~ Korn's inequalities
November 2014  1st project with Walter duals of Ho(div) and Hp(rot)
2016  2nd project with Walter kernel of divDiv
2016  3rd project with Walter 1st biharmonic complex
) Lo L2 Gradgrad Lé Rotg L% Div 2 TRT RT
o divDivg symRoty — devGrad LRT
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Ulrich and Walter

Getting in Touch with Walter and Ulrich

August 2011 1st contact Ulrich AANMPDE 4, Euler MI, St. Petersburg
October 2012  1st contact Walter DK Statusseminar, Strobl
April 2013 1st longer discussion Walter  Korn's inequalities
November 2014  1st project with Walter duals of Ho(div) and Ho(rot)
2016  2nd project with Walter kernel of divDiv
2016  3rd project with Walter biharmonic complex
2018  4th project with Walter elasticity complex

Lo Div.
{0} L2 L2 >

" S S
0 — Divg RotRotg — symGrad LRM

symnGrad 12 Rot"RotST L2 TRM

RM
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Some Results from the Joint Work with Walter
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Selected Results

mini FA-ToolBox

Theorem (compact complexes)

All the latter Hilbert complexes are compact, i.e., for all n

D(A,) N D(A;_1) < H, compact.

Corollary (closed complexes)

All the latter Hilbert complexes are closed, i.e., for all n

R(An), R(A}) closed.

Corollary (Friedrichs/Poincaré estimates)

All the latter operators admit Friedrichs/Poincaré type estimates.
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mini FA-ToolBox

Corollary (compact resolvents)

All the latter corresponding inverses (of the reduced operators) are compact, i.e., for
all n
ATl (AX)7! compact.

Corollary (spectra)

All the latter operators have discrete point spectra with finite eigenspaces, i.e., for all n

o( [/fn /?f] )\ {0} = £ Vo(AzA) \ {0} = £v/o(A:A7) \ {0}

and o(A5AL) \ {0} = {0 < A2 < A2 < - < A2 — oo} and A2 finite multiplicity.
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mini FA-ToolBox

Corollary (spectral theorems)

All the latter operators admit a spectral representation, i.e., for all n there exist
orthonormal bases (£5) and (¢n) with, e.g.,

x =" xié, Anx = AoxeCe, ArAnx = Xjxeée,
¢ ¢ ¢

y=>_ v Ay =" Neyeée, AnAsy = Niyele.
£ L 4

Corollary (Friedrichs/Poincaré estimates)

Friedrichs/Poincaré estimates type for higher eigenspaces.
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mini FA-ToolBox

key ingredients

Lemma (bounded regular decompositions)

All the latter Hilbert complexes admit for all n bounded regular decompositions

D(An) = Hf + Ap_1HI .

A\

Corollary (bounded regular potentials)

All the latter Hilbert complexes admit for all n bounded regular potentials

R(A;) = A H.

\

Corollary (bounded regular potential operators)

All the latter Hilbert complexes admit for all n bounded lin regular potential operators

Pa, : R(An) = Hi  with A,Pa, =idga,)-

Dirk Pauly Walter's Complexes Institut fiir Analysis, TU Dresden
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mini FA-ToolBox

’ application: characterisation of duals‘

Theorem (characterisation of dual spaces)

Define regular dual spaces H, := (H})’. Then:

regular decomposition [ dual space

D(A1) = Hf + AoHY | D(A1) = {® € H] : Ajd € H '}

D(A5) =H{ +A{H] | D(A]) ={® € Hy : (A])® €H,}

Dirk Pauly Walter's Complexes Institut fiir Analysis, TU Dresden
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mini FA-ToolBox

application: Dirichlet-Neumann fields

Theorem (Dirichlet-Neumann fields / cohomology groups)

The cohomology groups (generalised Dirichlet-Neumann fields) are independent of
’ metric‘ and‘ Sobolev order‘ and admit a . In particular, they possess finite

C®-smooth per-bases (bases after projection).
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mini FA-ToolBox

application: biharmonic split

biharmonic equation equivalent to 3 elliptic 2nd order problems

Adu=f & divDivg Gradgrad u = f

& p=Ap'f,
E = (Rotg sym RotT)Bi\llT:O spngrad p,
u= A51(3p + trsymRoty E)

FE for symRoty needed!
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some recent literature

o DP and Walter Zulehner: Applicable Analysis 2020
The divDiv-Complex and Applications to Biharmonic Equations

o DP and Walter Zulehner: Applicable Analysis 2022
The Elasticity Complex: Compact Embeddings and Regular Decompositions

e DP and Michael Schomburg: Mathematical Methods in the Applied Sciences 2022
Hilbert Complexes with Mixed Boundary Conditions - Part 1: De Rham Complex

e DP and Michael Schomburg: Mathematical Methods in the Applied Sciences 2022
Hilbert Complexes with Mixed Boundary Conditions - Part 2: Elasticity Complex

e DP and Marcus Waurick: Mathematische Zeitschrift 2022
The Index of some Mixed Order Dirac-Type Operators
and Generalised Dirichlet-Neumann Tensor Fields

e Ralf Hiptmair, DP, and Erick Schulz: submitted 2022
Traces for Hilbert Complexes
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... working on our complexes ...
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mini

FA-ToolBox

Theorem (mini FA

Dirk Pauly

Let D(A1) N D(A]) < Hi be compact. Then:

(i) R(An) = R(An), R(A}) = R(A}), n=0,1, are closed.

(i) Al (AX)~L, n=0,1, are compact.
(iii) dim (N(A1) N N(Af)) < oo

(iv) Hi = R(Ao) ®n, No,1 ©n, R(AT)

(v) Forn=0,1: 3 ¢; > 0 such that

(orthogonal Helmholtz-type deco)

(inverse operators compact)

(cohomology group finite dim)

(Friedrichs/Poincaré-type est)

Vx € D(A,) = D(A,) N N(A,)Ho = D(A,) N R(AY) [x[H,

x : N :
Yy € D(A;) = D(A7) N N(AT) Mol = D(AT) N R(A,)  [ylH,

1
(V) Vy € D(A1) ND(AZ) N No ™ Iyl <

2|Asy

<

<

o +lAy

(ranges closed)

CnlAnle,,Jrl >

nl Ay IH, -

Walter's Complexes
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mini FA-ToolBox

one key ingredient

bounded regular decomposition  D(A;) = Hf + AgHZ

Lemma (regular potentials, regular decompositions, and compact embeddings)

Let Hﬁ,r — Hn, n=0,1, be compact embeddings, and
let D(A1) = H1+ + Ao HD+ be a bounded regular decomposition. Then:

(i) D(A1) N D(A{) — Hi is compact. (crucial compact embedding)
(i) R(A1) = AiHf (bd reg pot representation)
(ii") 3 Pa, : R(A1) — Hf with AjPa, = idr(A;) (bd lin reg pot operator)

another key ingredient

bounded regular potentials ,,=" bounded regular decompositions

Dirk Pauly Walter's Complexes Institut fiir Analysis, TU Dresden
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mini FA-ToolBox

‘simple idea of solving equations holds true

Aox = f € R(Ag) + condition on kernel & x= Ao_lf

AjAox = f € R(A})  + condition on kernel < x = Ay (A5)

with Ag" and (A$)~! bounded

Dirk Pauly Walter's Complexes i is, TU Dresden
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mini FA-ToolBox

[emea]

AfAox = f € R(AY), x = Ay H(Ag) L,

2
‘X‘Ho < C0|f|Ho

Aix = f € R(A1), x= A7 4+ (A g + b,
Aix =g € R(A}), Ixln; < calfln, + colglh, + 1hlH;,
TN, X = h € Nojt,

AfA1x = f € R(A}), x = AT (AD) T+ (A Tlg + h,
Ajx =g € R(AY), Ixlu, < cFIfln, + colglhy + 1hlu,
TNy X = he NO,l,

AjAix = f € R(A7), x = AT AD) T+ (A) T A g+ hy
AoAsx =g € R(Ao),  Ixln, < cflflu, + cGlel, + lhlmy,

TNy 1 X = he No,17

Dirk Pauly Walter's Complexes Institut fiir Analysis, TU Dresden
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FA-ToolBox

regular dual spaces:

Dirk Pauly

Lemma (characterisation of dual spaces)

regular decomposition [ dual space

D(A1) = Hf + AoH

D(A1) ={® € H] : Aj® € Hy }

D(A3) = H{ +AfHE

D(AT) ={® € H : (A])®cH;}
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mini FA-ToolBox

number of | Dirichlet-Neumann fields ‘

He,memm = N(roty,) N N(divy, €)

is independent of Sobolev order, i.e.,

Lemma (Dirichlet-Neumann fields / cohomology groups)

For all Sobolev order k

dim N(rot!,)/R(gradk, ) = dim N(div’ )/R(rot! ) = dim He 4, ~, < co.

Dirk Pauly Walter's Complexes Institut fiir Analysis, TU Dresden
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mini FA-ToolBox

More precisely:

Lemma (Dirichlet-Neumann fields / cohomology groups)

There exist smooth pre-bases of Dirichlet-Neumann fields

Brot,y, C N(rot3)) = C?/f(ﬁ) N N(rot), (finite set)
Baiv,ya C N(divsY) = C2(Q) N N(div), (finite set)
such that
He, e,y = lin TN(div-,, E)BrOty’yt = Iin7TN(rot.Yt)Bdiv,'yn~ (bases)

\

Corollary (Dirichlet-Neumann fields / cohomology groups)

For all Sobolev order k

N(rotk,)/R(gradh, ) 2 lin Brot v, 2 Heye,yn = lin Baiv,y, = N(divE )/R(rot )

Dirk Pauly Walter's Complexes Institut fiir Analysis, TU Dresden
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mini FA-ToolBox

Lemma (biharmonic equation)

The biharmonic Dirichlet equation splits equivalently into 3 elliptic (positive) 2nd
order problems.

More precisely: 2 Dirichlet Laplace problems and 1 saddle point problem for
Rotg symRoty.

Dirk Pauly Walter's Complexes Institut fiir Analysis, TU Dresden
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biharmonic split

biharmonic equation
Adu=f & divDivg Gradgrad u = f
variant of devGrad-complex

L devGrad symRot divDivg _ Ky
RT BT, 2 evGra L2 T Lé S H-1 0 {0}

with regular type decomposition
D(divDivy ™) = D(grad) id -+ N(divDivg)
——
=H1
0
solve sequentially
App="f & p:ABlf7
Rotg symRoty E = — Rotg(pid) =spngradp =: P« E = (Rotg symRotT)Bi\lszoP,
Divi E =0
Apu=3p+trsymRotr E =: g & u:ABlg

Dirk Pauly Walter's Complexes Institut fiir Analysis, TU Dresden
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biharmonic split

tr symRoty —Ap]| [p 0
Au=Ff & Rotg(- id) (Rotg symRotr)pivy—o 0 El=1]0
—AD 0 0 ] LI_ —f_
3 tr symRotr 0 —Ap] [p] [0 ]
- Rots(- id) RotgsymRoty ~devGradgr. 0O E| _|o
0 — Divy 0 0 v 0
—Ap 0 0 o | [u] |-f]
3 tr symRot 0 0 —Ap] 1p7 roq
Rotg(-id) RotgsymRoty devGrad 0 0 E 0
& 0 — Divy 0 wr O vi=10
0 0 TTRT 0 0 r 0
—Ap 0 0 0 0o | Lul L—f]

FE for symRoty needed!
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