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Introduction: Helmholtz Decomposition

Ω ⊂ R3 exterior domain

ε : Ω→ R3×3 medium property: bd., sym., unif. pos. def. matrix

⇒ Helmholtz decomposition

L2(Ω) = grad
◦
H1(Ω)⊕ε HD,ε(Ω)⊕ε ε−1curl H(curl,Ω)

2× proj. theo. in Hilbert space, R(A)⊥ = ker(A∗), H = R(A)⊕ ker(A∗),
Dirichlet fields:

HD,ε(Ω) =
˘
E ∈ L2(Ω) | curl E = 0 , div εE = 0 , ν × E |∂ Ω = 0

¯
∂ Ω Lipschitz (even weaker LMCP) ⇒

L2(Ω) = grad
◦
H1
−1(Ω)⊕ε HD,ε(Ω)⊕ε ε−1 curl H−1(curl,Ω)

even:

curl H−1(curl,Ω) = curl
˘
E ∈ L2

−1(Ω) | curl E ∈ L2(Ω) , div E = 0 , ν · E |∂ Ω = 0
¯

APPLICATIONS: all kinds of Maxwell problems, s.a.,
Cauchy problems, electro-magneto statics, time-harmonic problems,
low frequency asymptotics, ...
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¯

APPLICATIONS: all kinds of Maxwell problems, s.a.,
Cauchy problems, electro-magneto statics, time-harmonic problems,
low frequency asymptotics, ...
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Introduction: Problem of Vector Analysis

well known

L2(Ω) = grad
◦
H1
−1(Ω)⊕ε HD,ε(Ω)⊕ε ε−1 curl H−1(curl,Ω)

question: replace weight 0 by s ∈ R, i.e., −1 s − 1

L2
s (Ω) = grad

◦
H1

s−1(Ω)uHD,ε,s(Ω)u ε−1 curl Hs−1(curl,Ω) ?

answer:

small weights: NO (!sum not direct!), but ...

mid weights around 0: YES

large weights: NO (!right hand side too small!), but ...

here:
L2

s (Ω) =
˘
f | ρs f ∈ L2(Ω)

¯
ρ(r) := (1 + r2)1/2 ' r , r(x) := |x |
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Problem for Differential Forms (q-forms)

Ω ⊂ RN exterior domain, q ∈ {0, . . . ,N}
ε : Ω→ {lin., bd., sym., unif. pos. def. transformation on q-forms}
s ∈ R

question: Hodge-Helmholtz decomposition

L2,q
s (Ω) = d

◦
Dq−1

s−1 (Ω)uHq
ε,s(Ω)u ε−1 δ ∆q+1

s−1(Ω), s ∈ R ?

d: exterior derivative, δ = ± ∗ d ∗: co-derivative, formally skew adjoint

spaces: e.g.
◦
Dq−1

s−1 (Ω) :=
n

E ∈ L2,q−1
s−1 (Ω) | d E ∈ L2,q

s (Ω) , ι∗E = 0
o

Dirichlet fields:

Hq
ε,s(Ω) =

˘
E ∈ L2,q

s (Ω) | d E = 0 , δ εE = 0 , ι∗E = 0
¯

= 0

◦
Dq

s (Ω) ∩ ε−1
0∆q

s (Ω)

answer again:

small weights: NO (!sum not direct!), but ...

mid weights around 0: YES

large weights: NO (!right hand side too small!), but ...

classical cases: e.g. N = 3, q = 1 (Dirichlet), q = 2 (Neumann)
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Literature and Known Results

q p s ε Ω

all 2 0 id, ε LMCP

N − 1 (1,∞) almost all id C2

all (1,∞) almost all id RN

all 2 almost all id C3

all 2 almost all ε LMCP/Lipschitz

Picard (′81, ′82, ′88, ′90, ...)

Specovius-Neugebauer (′90, scalar Neumann case, not full deco.)

Weck/Witsch (′94)

Bauer (Diplomarbeit (Master Thesis) ′00, close to/ideas of Weck/Witsch)

methods not applicable for non smooth boundaries and ε 6= id

P. (′08)

Lipschitz ⇒ LMCP:
◦
Dq

s (Ω) ∩ ∆q
s (Ω) ↪→ L2,q

t (Ω) compact ∀ s > t
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Decomposition Results (P. ′08)

Ω ⊂ RN (LMCP/Lipschitz exterior domain)

weight s ∈ R \ I (I discrete set)

ε = id +ε̂ ∈ L∞(Ω), i.e., L∞-perturbation of id

near infinity ε̂ ∈ C1

decaying ε̂ = O(r−τ ), ∂n ε̂ = O(r−τ−1) with τ > 0

then: Hodge-Helmholtz ‘decompositions’

L2,q
s (Ω) =

8>>><>>>:
d
◦
Dq−1

s−1 (Ω) + ε−1 δ ∆q+1
s−1(Ω) , s ∈ (−∞,−N/2)

d
◦
Dq−1

s−1 (Ω)u ε−1 δ ∆q+1
s−1(Ω)u

◦
Bq(Ω) , s ∈ (−N/2,N/2)

d
◦
Dq−1

s−1 (Ω)u ε−1 δ ∆q+1
s−1(Ω)u

◦
Bq(Ω)u∆εηPq

s−2 , s ∈ (N/2,∞)

here:

∆ε = d δ+ε−1 δ d = ∆ + ε̌ δ d

Pq
s−2 3 P` = r−`P, where ` ∈ N and P hom. harm. polyn. q-form in RN

d P = 0, δ P = 0 and ∆P` = 0

∆εηPq
s−2 finite dim. subspace of

◦
H1,q

s (Ω) ∩
◦
C1,q(Ω)
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for s > N/2 + 1

no repres. by co-closed (δ-free) or co-exact

resp. closed (d-free) or exact forms from L2,q
s−1(Ω)

either representation in L2,q
s−1(Ω)

or co-closed resp. closed representation in L2,q
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(Ω)
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s−1(Ω)� ηHq+1
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here:

Hq±1
s−1 3 H` = r−`H, where ` ∈ N and H hom. polyn. (q ± 1)-form in RN

d H` = 0, δH` = 0 and ∆H = 0

ηHq
s−2 finite dim. subspace of Lq±1

<N/2
(Ω) of smooth forms
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Sketch of Proofs

pick F ∈ L2,q
s (Ω)

use ‘trivial’ decompositions

L2,q
s (Ω) = d

◦
Dq−1

s−1 (Ω)⊕ε,s ε−1∆e q
s (Ω), L2,q

s (Ω) = ε−1δ ∆q+1
s−1(Ω)⊕ε,s

◦
De q

s (Ω)

note: 0 = d(r2sΦ) = 2sr2s−1 d r ∧ Φ + r2s d Φ ⇒ d Φ = −2sr−1 d r ∧ Φ

⇒ F = Fd + ε−1Fδ + F̃ with F̃ ∈
◦
Dq

s (Ω) ∩ ε−1 ∆q
s (Ω)

crucial trick: F̃ more regular than F and still in L2,q
s (Ω)

remark: replaces the ‘old’ H−1-idea

crucial tool: (weighted) st. sol. theo. for Maxwell problems (P. ′07)

solve: d E = d F̃ , δ εE = 0, ι∗E = 0

solve: d H = 0, δ εH = δ εF̃ , ι∗H = 0

!harm. polyn.! E ,H ∈ L2,q
s (Ω)� ηHq

s ⊂ L2,q
t (Ω) with t < min{s,N/2− 1}

then: F = Fd + H| {z }
∈0

◦
D

q
t (Ω)

+ε−1(Fδ + εE| {z }
∈0∆

q
t (Ω)

) + F̃ − E − H| {z }
∈Hq

ε,t (Ω)

now: refine with st. sol. theo. ⇒ diff. repres., weights, ...

Dirk Pauly Hodge-Helmholtz Decompositions Universität Duisburg-Essen, Campus Essen



Frame

8th AIMS International Conference on Dynamical Systems, Differential Equations and Applications Technische Universität Dresden, 28. Mai 2010

Sketch of Proofs

pick F ∈ L2,q
s (Ω)

use ‘trivial’ decompositions

L2,q
s (Ω) = d

◦
Dq−1

s−1 (Ω)⊕ε,s ε−1∆e q
s (Ω), L2,q

s (Ω) = ε−1δ ∆q+1
s−1(Ω)⊕ε,s

◦
De q

s (Ω)

note: 0 = d(r2sΦ) = 2sr2s−1 d r ∧ Φ + r2s d Φ ⇒ d Φ = −2sr−1 d r ∧ Φ

⇒ F = Fd + ε−1Fδ + F̃ with F̃ ∈
◦
Dq

s (Ω) ∩ ε−1 ∆q
s (Ω)

crucial trick: F̃ more regular than F and still in L2,q
s (Ω)

remark: replaces the ‘old’ H−1-idea

crucial tool: (weighted) st. sol. theo. for Maxwell problems (P. ′07)

solve: d E = d F̃ , δ εE = 0, ι∗E = 0

solve: d H = 0, δ εH = δ εF̃ , ι∗H = 0

!harm. polyn.! E ,H ∈ L2,q
s (Ω)� ηHq

s ⊂ L2,q
t (Ω) with t < min{s,N/2− 1}

then: F = Fd + H| {z }
∈0

◦
D

q
t (Ω)

+ε−1(Fδ + εE| {z }
∈0∆

q
t (Ω)

) + F̃ − E − H| {z }
∈Hq

ε,t (Ω)

now: refine with st. sol. theo. ⇒ diff. repres., weights, ...

Dirk Pauly Hodge-Helmholtz Decompositions Universität Duisburg-Essen, Campus Essen



Frame

8th AIMS International Conference on Dynamical Systems, Differential Equations and Applications Technische Universität Dresden, 28. Mai 2010

Sketch of Proofs

pick F ∈ L2,q
s (Ω)

use ‘trivial’ decompositions

L2,q
s (Ω) = d

◦
Dq−1

s−1 (Ω)⊕ε,s ε−1∆e q
s (Ω), L2,q

s (Ω) = ε−1δ ∆q+1
s−1(Ω)⊕ε,s

◦
De q

s (Ω)

note: 0 = d(r2sΦ) = 2sr2s−1 d r ∧ Φ + r2s d Φ ⇒ d Φ = −2sr−1 d r ∧ Φ

⇒ F = Fd + ε−1Fδ + F̃ with F̃ ∈
◦
Dq

s (Ω) ∩ ε−1 ∆q
s (Ω)

crucial trick: F̃ more regular than F and still in L2,q
s (Ω)

remark: replaces the ‘old’ H−1-idea

crucial tool: (weighted) st. sol. theo. for Maxwell problems (P. ′07)

solve: d E = d F̃ , δ εE = 0, ι∗E = 0

solve: d H = 0, δ εH = δ εF̃ , ι∗H = 0

!harm. polyn.! E ,H ∈ L2,q
s (Ω)� ηHq

s ⊂ L2,q
t (Ω) with t < min{s,N/2− 1}

then: F = Fd + H| {z }
∈0

◦
D

q
t (Ω)

+ε−1(Fδ + εE| {z }
∈0∆

q
t (Ω)

) + F̃ − E − H| {z }
∈Hq

ε,t (Ω)

now: refine with st. sol. theo. ⇒ diff. repres., weights, ...

Dirk Pauly Hodge-Helmholtz Decompositions Universität Duisburg-Essen, Campus Essen



Frame

8th AIMS International Conference on Dynamical Systems, Differential Equations and Applications Technische Universität Dresden, 28. Mai 2010

Sketch of Proofs

pick F ∈ L2,q
s (Ω)

use ‘trivial’ decompositions

L2,q
s (Ω) = d

◦
Dq−1

s−1 (Ω)⊕ε,s ε−1∆e q
s (Ω), L2,q

s (Ω) = ε−1δ ∆q+1
s−1(Ω)⊕ε,s

◦
De q

s (Ω)

note: 0 = d(r2sΦ) = 2sr2s−1 d r ∧ Φ + r2s d Φ ⇒ d Φ = −2sr−1 d r ∧ Φ

⇒ F = Fd + ε−1Fδ + F̃ with F̃ ∈
◦
Dq

s (Ω) ∩ ε−1 ∆q
s (Ω)

crucial trick: F̃ more regular than F and still in L2,q
s (Ω)

remark: replaces the ‘old’ H−1-idea

crucial tool: (weighted) st. sol. theo. for Maxwell problems (P. ′07)

solve: d E = d F̃ , δ εE = 0, ι∗E = 0

solve: d H = 0, δ εH = δ εF̃ , ι∗H = 0

!harm. polyn.! E ,H ∈ L2,q
s (Ω)� ηHq

s ⊂ L2,q
t (Ω) with t < min{s,N/2− 1}

then: F = Fd + H| {z }
∈0

◦
D

q
t (Ω)

+ε−1(Fδ + εE| {z }
∈0∆

q
t (Ω)

) + F̃ − E − H| {z }
∈Hq

ε,t (Ω)

now: refine with st. sol. theo. ⇒ diff. repres., weights, ...

Dirk Pauly Hodge-Helmholtz Decompositions Universität Duisburg-Essen, Campus Essen



Frame

8th AIMS International Conference on Dynamical Systems, Differential Equations and Applications Technische Universität Dresden, 28. Mai 2010

Sketch of Proofs

pick F ∈ L2,q
s (Ω)

use ‘trivial’ decompositions

L2,q
s (Ω) = d

◦
Dq−1

s−1 (Ω)⊕ε,s ε−1∆e q
s (Ω), L2,q

s (Ω) = ε−1δ ∆q+1
s−1(Ω)⊕ε,s

◦
De q

s (Ω)

note: 0 = d(r2sΦ) = 2sr2s−1 d r ∧ Φ + r2s d Φ ⇒ d Φ = −2sr−1 d r ∧ Φ

⇒ F = Fd + ε−1Fδ + F̃ with F̃ ∈
◦
Dq

s (Ω) ∩ ε−1 ∆q
s (Ω)

crucial trick: F̃ more regular than F and still in L2,q
s (Ω)

remark: replaces the ‘old’ H−1-idea

crucial tool: (weighted) st. sol. theo. for Maxwell problems (P. ′07)

solve: d E = d F̃ , δ εE = 0, ι∗E = 0

solve: d H = 0, δ εH = δ εF̃ , ι∗H = 0

!harm. polyn.! E ,H ∈ L2,q
s (Ω)� ηHq

s ⊂ L2,q
t (Ω) with t < min{s,N/2− 1}

then: F = Fd + H| {z }
∈0

◦
D

q
t (Ω)

+ε−1(Fδ + εE| {z }
∈0∆

q
t (Ω)

) + F̃ − E − H| {z }
∈Hq

ε,t (Ω)

now: refine with st. sol. theo. ⇒ diff. repres., weights, ...

Dirk Pauly Hodge-Helmholtz Decompositions Universität Duisburg-Essen, Campus Essen



Frame

8th AIMS International Conference on Dynamical Systems, Differential Equations and Applications Technische Universität Dresden, 28. Mai 2010

Sketch of Proofs

pick F ∈ L2,q
s (Ω)

use ‘trivial’ decompositions

L2,q
s (Ω) = d

◦
Dq−1

s−1 (Ω)⊕ε,s ε−1∆e q
s (Ω), L2,q

s (Ω) = ε−1δ ∆q+1
s−1(Ω)⊕ε,s

◦
De q

s (Ω)

note: 0 = d(r2sΦ) = 2sr2s−1 d r ∧ Φ + r2s d Φ ⇒ d Φ = −2sr−1 d r ∧ Φ

⇒ F = Fd + ε−1Fδ + F̃ with F̃ ∈
◦
Dq

s (Ω) ∩ ε−1 ∆q
s (Ω)

crucial trick: F̃ more regular than F and still in L2,q
s (Ω)

remark: replaces the ‘old’ H−1-idea

crucial tool: (weighted) st. sol. theo. for Maxwell problems (P. ′07)

solve: d E = d F̃ , δ εE = 0, ι∗E = 0

solve: d H = 0, δ εH = δ εF̃ , ι∗H = 0

!harm. polyn.! E ,H ∈ L2,q
s (Ω)� ηHq

s ⊂ L2,q
t (Ω) with t < min{s,N/2− 1}

then: F = Fd + H| {z }
∈0

◦
D

q
t (Ω)

+ε−1(Fδ + εE| {z }
∈0∆

q
t (Ω)

) + F̃ − E − H| {z }
∈Hq

ε,t (Ω)

now: refine with st. sol. theo. ⇒ diff. repres., weights, ...

Dirk Pauly Hodge-Helmholtz Decompositions Universität Duisburg-Essen, Campus Essen



Frame

8th AIMS International Conference on Dynamical Systems, Differential Equations and Applications Technische Universität Dresden, 28. Mai 2010

Sketch of Proofs

pick F ∈ L2,q
s (Ω)

use ‘trivial’ decompositions

L2,q
s (Ω) = d

◦
Dq−1

s−1 (Ω)⊕ε,s ε−1∆e q
s (Ω), L2,q

s (Ω) = ε−1δ ∆q+1
s−1(Ω)⊕ε,s

◦
De q

s (Ω)

note: 0 = d(r2sΦ) = 2sr2s−1 d r ∧ Φ + r2s d Φ ⇒ d Φ = −2sr−1 d r ∧ Φ

⇒ F = Fd + ε−1Fδ + F̃ with F̃ ∈
◦
Dq

s (Ω) ∩ ε−1 ∆q
s (Ω)

crucial trick: F̃ more regular than F and still in L2,q
s (Ω)

remark: replaces the ‘old’ H−1-idea

crucial tool: (weighted) st. sol. theo. for Maxwell problems (P. ′07)

solve: d E = d F̃ , δ εE = 0, ι∗E = 0

solve: d H = 0, δ εH = δ εF̃ , ι∗H = 0

!harm. polyn.! E ,H ∈ L2,q
s (Ω)� ηHq

s ⊂ L2,q
t (Ω) with t < min{s,N/2− 1}

then: F = Fd + H| {z }
∈0

◦
D

q
t (Ω)

+ε−1(Fδ + εE| {z }
∈0∆

q
t (Ω)

) + F̃ − E − H| {z }
∈Hq

ε,t (Ω)

now: refine with st. sol. theo. ⇒ diff. repres., weights, ...

Dirk Pauly Hodge-Helmholtz Decompositions Universität Duisburg-Essen, Campus Essen



Frame

8th AIMS International Conference on Dynamical Systems, Differential Equations and Applications Technische Universität Dresden, 28. Mai 2010

Sketch of Proofs

pick F ∈ L2,q
s (Ω)

use ‘trivial’ decompositions

L2,q
s (Ω) = d

◦
Dq−1

s−1 (Ω)⊕ε,s ε−1∆e q
s (Ω), L2,q

s (Ω) = ε−1δ ∆q+1
s−1(Ω)⊕ε,s

◦
De q

s (Ω)

note: 0 = d(r2sΦ) = 2sr2s−1 d r ∧ Φ + r2s d Φ ⇒ d Φ = −2sr−1 d r ∧ Φ

⇒ F = Fd + ε−1Fδ + F̃ with F̃ ∈
◦
Dq

s (Ω) ∩ ε−1 ∆q
s (Ω)

crucial trick: F̃ more regular than F and still in L2,q
s (Ω)

remark: replaces the ‘old’ H−1-idea

crucial tool: (weighted) st. sol. theo. for Maxwell problems (P. ′07)

solve: d E = d F̃ , δ εE = 0, ι∗E = 0

solve: d H = 0, δ εH = δ εF̃ , ι∗H = 0

!harm. polyn.! E ,H ∈ L2,q
s (Ω)� ηHq

s ⊂ L2,q
t (Ω) with t < min{s,N/2− 1}

then: F = Fd + H| {z }
∈0

◦
D

q
t (Ω)

+ε−1(Fδ + εE| {z }
∈0∆

q
t (Ω)

) + F̃ − E − H| {z }
∈Hq

ε,t (Ω)

now: refine with st. sol. theo. ⇒ diff. repres., weights, ...

Dirk Pauly Hodge-Helmholtz Decompositions Universität Duisburg-Essen, Campus Essen



Frame

8th AIMS International Conference on Dynamical Systems, Differential Equations and Applications Technische Universität Dresden, 28. Mai 2010

Sketch of Proofs

pick F ∈ L2,q
s (Ω)

use ‘trivial’ decompositions

L2,q
s (Ω) = d

◦
Dq−1

s−1 (Ω)⊕ε,s ε−1∆e q
s (Ω), L2,q

s (Ω) = ε−1δ ∆q+1
s−1(Ω)⊕ε,s

◦
De q

s (Ω)

note: 0 = d(r2sΦ) = 2sr2s−1 d r ∧ Φ + r2s d Φ ⇒ d Φ = −2sr−1 d r ∧ Φ

⇒ F = Fd + ε−1Fδ + F̃ with F̃ ∈
◦
Dq

s (Ω) ∩ ε−1 ∆q
s (Ω)

crucial trick: F̃ more regular than F and still in L2,q
s (Ω)

remark: replaces the ‘old’ H−1-idea

crucial tool: (weighted) st. sol. theo. for Maxwell problems (P. ′07)

solve: d E = d F̃ , δ εE = 0, ι∗E = 0

solve: d H = 0, δ εH = δ εF̃ , ι∗H = 0

!harm. polyn.! E ,H ∈ L2,q
s (Ω)� ηHq

s ⊂ L2,q
t (Ω) with t < min{s,N/2− 1}

then: F = Fd + H| {z }
∈0

◦
D

q
t (Ω)

+ε−1(Fδ + εE| {z }
∈0∆

q
t (Ω)

) + F̃ − E − H| {z }
∈Hq

ε,t (Ω)

now: refine with st. sol. theo. ⇒ diff. repres., weights, ...

Dirk Pauly Hodge-Helmholtz Decompositions Universität Duisburg-Essen, Campus Essen



Frame

8th AIMS International Conference on Dynamical Systems, Differential Equations and Applications Technische Universität Dresden, 28. Mai 2010

Sketch of Proofs

pick F ∈ L2,q
s (Ω)

use ‘trivial’ decompositions

L2,q
s (Ω) = d

◦
Dq−1

s−1 (Ω)⊕ε,s ε−1∆e q
s (Ω), L2,q

s (Ω) = ε−1δ ∆q+1
s−1(Ω)⊕ε,s

◦
De q

s (Ω)

note: 0 = d(r2sΦ) = 2sr2s−1 d r ∧ Φ + r2s d Φ ⇒ d Φ = −2sr−1 d r ∧ Φ

⇒ F = Fd + ε−1Fδ + F̃ with F̃ ∈
◦
Dq

s (Ω) ∩ ε−1 ∆q
s (Ω)

crucial trick: F̃ more regular than F and still in L2,q
s (Ω)

remark: replaces the ‘old’ H−1-idea

crucial tool: (weighted) st. sol. theo. for Maxwell problems (P. ′07)

solve: d E = d F̃ , δ εE = 0, ι∗E = 0

solve: d H = 0, δ εH = δ εF̃ , ι∗H = 0

!harm. polyn.! E ,H ∈ L2,q
s (Ω)� ηHq

s ⊂ L2,q
t (Ω) with t < min{s,N/2− 1}

then: F = Fd + H| {z }
∈0

◦
D

q
t (Ω)

+ε−1(Fδ + εE| {z }
∈0∆

q
t (Ω)

) + F̃ − E − H| {z }
∈Hq

ε,t (Ω)

now: refine with st. sol. theo. ⇒ diff. repres., weights, ...

Dirk Pauly Hodge-Helmholtz Decompositions Universität Duisburg-Essen, Campus Essen



Frame

8th AIMS International Conference on Dynamical Systems, Differential Equations and Applications Technische Universität Dresden, 28. Mai 2010

Sketch of Proofs

pick F ∈ L2,q
s (Ω)

use ‘trivial’ decompositions

L2,q
s (Ω) = d

◦
Dq−1

s−1 (Ω)⊕ε,s ε−1∆e q
s (Ω), L2,q

s (Ω) = ε−1δ ∆q+1
s−1(Ω)⊕ε,s

◦
De q

s (Ω)

note: 0 = d(r2sΦ) = 2sr2s−1 d r ∧ Φ + r2s d Φ ⇒ d Φ = −2sr−1 d r ∧ Φ

⇒ F = Fd + ε−1Fδ + F̃ with F̃ ∈
◦
Dq

s (Ω) ∩ ε−1 ∆q
s (Ω)

crucial trick: F̃ more regular than F and still in L2,q
s (Ω)

remark: replaces the ‘old’ H−1-idea

crucial tool: (weighted) st. sol. theo. for Maxwell problems (P. ′07)

solve: d E = d F̃ , δ εE = 0, ι∗E = 0

solve: d H = 0, δ εH = δ εF̃ , ι∗H = 0

!harm. polyn.! E ,H ∈ L2,q
s (Ω)� ηHq

s ⊂ L2,q
t (Ω) with t < min{s,N/2− 1}

then: F = Fd + H| {z }
∈0

◦
D

q
t (Ω)

+ε−1(Fδ + εE| {z }
∈0∆

q
t (Ω)

) + F̃ − E − H| {z }
∈Hq

ε,t (Ω)

now: refine with st. sol. theo. ⇒ diff. repres., weights, ...

Dirk Pauly Hodge-Helmholtz Decompositions Universität Duisburg-Essen, Campus Essen



Frame

8th AIMS International Conference on Dynamical Systems, Differential Equations and Applications Technische Universität Dresden, 28. Mai 2010

Sketch of Proofs

pick F ∈ L2,q
s (Ω)

use ‘trivial’ decompositions

L2,q
s (Ω) = d

◦
Dq−1

s−1 (Ω)⊕ε,s ε−1∆e q
s (Ω), L2,q

s (Ω) = ε−1δ ∆q+1
s−1(Ω)⊕ε,s

◦
De q

s (Ω)

note: 0 = d(r2sΦ) = 2sr2s−1 d r ∧ Φ + r2s d Φ ⇒ d Φ = −2sr−1 d r ∧ Φ

⇒ F = Fd + ε−1Fδ + F̃ with F̃ ∈
◦
Dq

s (Ω) ∩ ε−1 ∆q
s (Ω)

crucial trick: F̃ more regular than F and still in L2,q
s (Ω)

remark: replaces the ‘old’ H−1-idea

crucial tool: (weighted) st. sol. theo. for Maxwell problems (P. ′07)

solve: d E = d F̃ , δ εE = 0, ι∗E = 0

solve: d H = 0, δ εH = δ εF̃ , ι∗H = 0

!harm. polyn.! E ,H ∈ L2,q
s (Ω)� ηHq

s ⊂ L2,q
t (Ω) with t < min{s,N/2− 1}

then: F = Fd + H| {z }
∈0

◦
D

q
t (Ω)

+ε−1(Fδ + εE| {z }
∈0∆

q
t (Ω)

) + F̃ − E − H| {z }
∈Hq

ε,t (Ω)

now: refine with st. sol. theo. ⇒ diff. repres., weights, ...

Dirk Pauly Hodge-Helmholtz Decompositions Universität Duisburg-Essen, Campus Essen



Frame

8th AIMS International Conference on Dynamical Systems, Differential Equations and Applications Technische Universität Dresden, 28. Mai 2010

Sketch of Proofs

pick F ∈ L2,q
s (Ω)

use ‘trivial’ decompositions

L2,q
s (Ω) = d

◦
Dq−1

s−1 (Ω)⊕ε,s ε−1∆e q
s (Ω), L2,q

s (Ω) = ε−1δ ∆q+1
s−1(Ω)⊕ε,s

◦
De q

s (Ω)

note: 0 = d(r2sΦ) = 2sr2s−1 d r ∧ Φ + r2s d Φ ⇒ d Φ = −2sr−1 d r ∧ Φ

⇒ F = Fd + ε−1Fδ + F̃ with F̃ ∈
◦
Dq

s (Ω) ∩ ε−1 ∆q
s (Ω)

crucial trick: F̃ more regular than F and still in L2,q
s (Ω)

remark: replaces the ‘old’ H−1-idea

crucial tool: (weighted) st. sol. theo. for Maxwell problems (P. ′07)

solve: d E = d F̃ , δ εE = 0, ι∗E = 0

solve: d H = 0, δ εH = δ εF̃ , ι∗H = 0

!harm. polyn.! E ,H ∈ L2,q
s (Ω)� ηHq

s ⊂ L2,q
t (Ω) with t < min{s,N/2− 1}

then: F = Fd + H| {z }
∈0

◦
D

q
t (Ω)

+ε−1(Fδ + εE| {z }
∈0∆

q
t (Ω)

) + F̃ − E − H| {z }
∈Hq

ε,t (Ω)

now: refine with st. sol. theo. ⇒ diff. repres., weights, ...

Dirk Pauly Hodge-Helmholtz Decompositions Universität Duisburg-Essen, Campus Essen



Frame

8th AIMS International Conference on Dynamical Systems, Differential Equations and Applications Technische Universität Dresden, 28. Mai 2010

Sketch of Proofs

pick F ∈ L2,q
s (Ω)

use ‘trivial’ decompositions

L2,q
s (Ω) = d

◦
Dq−1

s−1 (Ω)⊕ε,s ε−1∆e q
s (Ω), L2,q

s (Ω) = ε−1δ ∆q+1
s−1(Ω)⊕ε,s

◦
De q

s (Ω)

note: 0 = d(r2sΦ) = 2sr2s−1 d r ∧ Φ + r2s d Φ ⇒ d Φ = −2sr−1 d r ∧ Φ

⇒ F = Fd + ε−1Fδ + F̃ with F̃ ∈
◦
Dq

s (Ω) ∩ ε−1 ∆q
s (Ω)

crucial trick: F̃ more regular than F and still in L2,q
s (Ω)

remark: replaces the ‘old’ H−1-idea

crucial tool: (weighted) st. sol. theo. for Maxwell problems (P. ′07)

solve: d E = d F̃ , δ εE = 0, ι∗E = 0

solve: d H = 0, δ εH = δ εF̃ , ι∗H = 0

!harm. polyn.! E ,H ∈ L2,q
s (Ω)� ηHq

s ⊂ L2,q
t (Ω) with t < min{s,N/2− 1}

then: F = Fd + H| {z }
∈0

◦
D

q
t (Ω)

+ε−1(Fδ + εE| {z }
∈0∆

q
t (Ω)

) + F̃ − E − H| {z }
∈Hq

ε,t (Ω)

now: refine with st. sol. theo. ⇒ diff. repres., weights, ...

Dirk Pauly Hodge-Helmholtz Decompositions Universität Duisburg-Essen, Campus Essen



Frame

8th AIMS International Conference on Dynamical Systems, Differential Equations and Applications Technische Universität Dresden, 28. Mai 2010

Sketch of Proofs

pick F ∈ L2,q
s (Ω)

use ‘trivial’ decompositions

L2,q
s (Ω) = d

◦
Dq−1

s−1 (Ω)⊕ε,s ε−1∆e q
s (Ω), L2,q

s (Ω) = ε−1δ ∆q+1
s−1(Ω)⊕ε,s

◦
De q

s (Ω)

note: 0 = d(r2sΦ) = 2sr2s−1 d r ∧ Φ + r2s d Φ ⇒ d Φ = −2sr−1 d r ∧ Φ

⇒ F = Fd + ε−1Fδ + F̃ with F̃ ∈
◦
Dq

s (Ω) ∩ ε−1 ∆q
s (Ω)

crucial trick: F̃ more regular than F and still in L2,q
s (Ω)

remark: replaces the ‘old’ H−1-idea

crucial tool: (weighted) st. sol. theo. for Maxwell problems (P. ′07)

solve: d E = d F̃ , δ εE = 0, ι∗E = 0

solve: d H = 0, δ εH = δ εF̃ , ι∗H = 0

!harm. polyn.! E ,H ∈ L2,q
s (Ω)� ηHq

s ⊂ L2,q
t (Ω) with t < min{s,N/2− 1}

then: F = Fd + H| {z }
∈0

◦
D

q
t (Ω)

+ε−1(Fδ + εE| {z }
∈0∆

q
t (Ω)

) + F̃ − E − H| {z }
∈Hq

ε,t (Ω)

now: refine with st. sol. theo. ⇒ diff. repres., weights, ...

Dirk Pauly Hodge-Helmholtz Decompositions Universität Duisburg-Essen, Campus Essen



Frame

8th AIMS International Conference on Dynamical Systems, Differential Equations and Applications Technische Universität Dresden, 28. Mai 2010

Sketch of Proofs

pick F ∈ L2,q
s (Ω)

use ‘trivial’ decompositions

L2,q
s (Ω) = d

◦
Dq−1

s−1 (Ω)⊕ε,s ε−1∆e q
s (Ω), L2,q

s (Ω) = ε−1δ ∆q+1
s−1(Ω)⊕ε,s

◦
De q

s (Ω)

note: 0 = d(r2sΦ) = 2sr2s−1 d r ∧ Φ + r2s d Φ ⇒ d Φ = −2sr−1 d r ∧ Φ

⇒ F = Fd + ε−1Fδ + F̃ with F̃ ∈
◦
Dq

s (Ω) ∩ ε−1 ∆q
s (Ω)

crucial trick: F̃ more regular than F and still in L2,q
s (Ω)

remark: replaces the ‘old’ H−1-idea

crucial tool: (weighted) st. sol. theo. for Maxwell problems (P. ′07)

solve: d E = d F̃ , δ εE = 0, ι∗E = 0

solve: d H = 0, δ εH = δ εF̃ , ι∗H = 0

!harm. polyn.! E ,H ∈ L2,q
s (Ω)� ηHq

s ⊂ L2,q
t (Ω) with t < min{s,N/2− 1}

then: F = Fd + H| {z }
∈0

◦
D

q
t (Ω)

+ ε−1(Fδ + εE| {z }
∈0∆

q
t (Ω)

) + F̃ − E − H| {z }
∈Hq

ε,t (Ω)

now: refine with st. sol. theo. ⇒ diff. repres., weights, ...

Dirk Pauly Hodge-Helmholtz Decompositions Universität Duisburg-Essen, Campus Essen



Frame

8th AIMS International Conference on Dynamical Systems, Differential Equations and Applications Technische Universität Dresden, 28. Mai 2010

Sketch of Proofs

pick F ∈ L2,q
s (Ω)

use ‘trivial’ decompositions

L2,q
s (Ω) = d

◦
Dq−1

s−1 (Ω)⊕ε,s ε−1∆e q
s (Ω), L2,q

s (Ω) = ε−1δ ∆q+1
s−1(Ω)⊕ε,s

◦
De q

s (Ω)

note: 0 = d(r2sΦ) = 2sr2s−1 d r ∧ Φ + r2s d Φ ⇒ d Φ = −2sr−1 d r ∧ Φ

⇒ F = Fd + ε−1Fδ + F̃ with F̃ ∈
◦
Dq

s (Ω) ∩ ε−1 ∆q
s (Ω)

crucial trick: F̃ more regular than F and still in L2,q
s (Ω)

remark: replaces the ‘old’ H−1-idea

crucial tool: (weighted) st. sol. theo. for Maxwell problems (P. ′07)

solve: d E = d F̃ , δ εE = 0, ι∗E = 0

solve: d H = 0, δ εH = δ εF̃ , ι∗H = 0

!harm. polyn.! E ,H ∈ L2,q
s (Ω)� ηHq

s ⊂ L2,q
t (Ω) with t < min{s,N/2− 1}

then: F = Fd + H| {z }
∈0

◦
D

q
t (Ω)

+ ε−1(Fδ + εE| {z }
∈0∆

q
t (Ω)

) + F̃ − E − H| {z }
∈Hq

ε,t (Ω)

now: refine with st. sol. theo. ⇒ diff. repres., weights, ...

Dirk Pauly Hodge-Helmholtz Decompositions Universität Duisburg-Essen, Campus Essen



Frame

8th AIMS International Conference on Dynamical Systems, Differential Equations and Applications Technische Universität Dresden, 28. Mai 2010

Sketch of Proofs

pick F ∈ L2,q
s (Ω)

use ‘trivial’ decompositions

L2,q
s (Ω) = d

◦
Dq−1

s−1 (Ω)⊕ε,s ε−1∆e q
s (Ω), L2,q

s (Ω) = ε−1δ ∆q+1
s−1(Ω)⊕ε,s

◦
De q

s (Ω)

note: 0 = d(r2sΦ) = 2sr2s−1 d r ∧ Φ + r2s d Φ ⇒ d Φ = −2sr−1 d r ∧ Φ

⇒ F = Fd + ε−1Fδ + F̃ with F̃ ∈
◦
Dq

s (Ω) ∩ ε−1 ∆q
s (Ω)

crucial trick: F̃ more regular than F and still in L2,q
s (Ω)

remark: replaces the ‘old’ H−1-idea

crucial tool: (weighted) st. sol. theo. for Maxwell problems (P. ′07)

solve: d E = d F̃ , δ εE = 0, ι∗E = 0

solve: d H = 0, δ εH = δ εF̃ , ι∗H = 0

!harm. polyn.! E ,H ∈ L2,q
s (Ω)� ηHq

s ⊂ L2,q
t (Ω) with t < min{s,N/2− 1}

then: F = Fd + H| {z }
∈0

◦
D

q
t (Ω)

+ ε−1(Fδ + εE| {z }
∈0∆

q
t (Ω)

) + F̃ − E − H| {z }
∈Hq

ε,t (Ω)

now: refine with st. sol. theo. ⇒ diff. repres., weights, ...

Dirk Pauly Hodge-Helmholtz Decompositions Universität Duisburg-Essen, Campus Essen



Frame

8th AIMS International Conference on Dynamical Systems, Differential Equations and Applications Technische Universität Dresden, 28. Mai 2010

Sketch of Proofs

pick F ∈ L2,q
s (Ω)

use ‘trivial’ decompositions

L2,q
s (Ω) = d

◦
Dq−1

s−1 (Ω)⊕ε,s ε−1∆e q
s (Ω), L2,q

s (Ω) = ε−1δ ∆q+1
s−1(Ω)⊕ε,s

◦
De q

s (Ω)

note: 0 = d(r2sΦ) = 2sr2s−1 d r ∧ Φ + r2s d Φ ⇒ d Φ = −2sr−1 d r ∧ Φ

⇒ F = Fd + ε−1Fδ + F̃ with F̃ ∈
◦
Dq

s (Ω) ∩ ε−1 ∆q
s (Ω)

crucial trick: F̃ more regular than F and still in L2,q
s (Ω)

remark: replaces the ‘old’ H−1-idea

crucial tool: (weighted) st. sol. theo. for Maxwell problems (P. ′07)

solve: d E = d F̃ , δ εE = 0, ι∗E = 0

solve: d H = 0, δ εH = δ εF̃ , ι∗H = 0

!harm. polyn.! E ,H ∈ L2,q
s (Ω)� ηHq

s ⊂ L2,q
t (Ω) with t < min{s,N/2− 1}

then: F = Fd + H| {z }
∈0

◦
D

q
t (Ω)

+ ε−1(Fδ + εE| {z }
∈0∆

q
t (Ω)

) + F̃ − E − H| {z }
∈Hq

ε,t (Ω)

now: refine with st. sol. theo. ⇒ diff. repres., weights, ...

Dirk Pauly Hodge-Helmholtz Decompositions Universität Duisburg-Essen, Campus Essen



Frame

8th AIMS International Conference on Dynamical Systems, Differential Equations and Applications Technische Universität Dresden, 28. Mai 2010

Sketch of Proofs

pick F ∈ L2,q
s (Ω)

use ‘trivial’ decompositions

L2,q
s (Ω) = d

◦
Dq−1

s−1 (Ω)⊕ε,s ε−1∆e q
s (Ω), L2,q

s (Ω) = ε−1δ ∆q+1
s−1(Ω)⊕ε,s

◦
De q

s (Ω)

note: 0 = d(r2sΦ) = 2sr2s−1 d r ∧ Φ + r2s d Φ ⇒ d Φ = −2sr−1 d r ∧ Φ

⇒ F = Fd + ε−1Fδ + F̃ with F̃ ∈
◦
Dq

s (Ω) ∩ ε−1 ∆q
s (Ω)

crucial trick: F̃ more regular than F and still in L2,q
s (Ω)

remark: replaces the ‘old’ H−1-idea

crucial tool: (weighted) st. sol. theo. for Maxwell problems (P. ′07)

solve: d E = d F̃ , δ εE = 0, ι∗E = 0

solve: d H = 0, δ εH = δ εF̃ , ι∗H = 0

!harm. polyn.! E ,H ∈ L2,q
s (Ω)� ηHq

s ⊂ L2,q
t (Ω) with t < min{s,N/2− 1}

then: F = Fd + H| {z }
∈0

◦
D

q
t (Ω)

+ ε−1(Fδ + εE| {z }
∈0∆

q
t (Ω)

) + F̃ − E − H| {z }
∈Hq

ε,t (Ω)

now: refine with st. sol. theo. ⇒ diff. repres., weights, ...

Dirk Pauly Hodge-Helmholtz Decompositions Universität Duisburg-Essen, Campus Essen



Frame

8th AIMS International Conference on Dynamical Systems, Differential Equations and Applications Technische Universität Dresden, 28. Mai 2010

Remark

L2,q
s (Ω)-Hodge-Helmholtz decompositions ⇔ static solution theory, i.e.:

d E = G ∈ 0

◦
Dq+1

s+1 (Ω) ∩ . . .⊥

δ εE = F ∈ 0∆q−1
s+1 (Ω) ∩ . . .⊥

ι∗E = 0

εE ⊥
◦
Bq(Ω)

remark: ⊥ perpendicular to Dirichlet forms

Dirk Pauly Hodge-Helmholtz Decompositions Universität Duisburg-Essen, Campus Essen



Frame

8th AIMS International Conference on Dynamical Systems, Differential Equations and Applications Technische Universität Dresden, 28. Mai 2010

Remark

L2,q
s (Ω)-Hodge-Helmholtz decompositions ⇔ static solution theory, i.e.:

d E = G ∈ 0

◦
Dq+1

s+1 (Ω) ∩ . . .⊥

δ εE = F ∈ 0∆q−1
s+1 (Ω) ∩ . . .⊥

ι∗E = 0

εE ⊥
◦
Bq(Ω)

remark: ⊥ perpendicular to Dirichlet forms

Dirk Pauly Hodge-Helmholtz Decompositions Universität Duisburg-Essen, Campus Essen



Frame

8th AIMS International Conference on Dynamical Systems, Differential Equations and Applications Technische Universität Dresden, 28. Mai 2010

Remark

L2,q
s (Ω)-Hodge-Helmholtz decompositions ⇔ static solution theory, i.e.:

d E = G ∈ 0

◦
Dq+1

s+1 (Ω) ∩ . . .⊥

δ εE = F ∈ 0∆q−1
s+1 (Ω) ∩ . . .⊥

ι∗E = 0

εE ⊥
◦
Bq(Ω)

remark: ⊥ perpendicular to Dirichlet forms

Dirk Pauly Hodge-Helmholtz Decompositions Universität Duisburg-Essen, Campus Essen



Frame

8th AIMS International Conference on Dynamical Systems, Differential Equations and Applications Technische Universität Dresden, 28. Mai 2010

Remark

L2,q
s (Ω)-Hodge-Helmholtz decompositions ⇔ static solution theory, i.e.:

d E = G ∈ 0

◦
Dq+1

s+1 (Ω) ∩ . . .⊥

δ εE = F ∈ 0∆q−1
s+1 (Ω) ∩ . . .⊥

ι∗E = 0

εE ⊥
◦
Bq(Ω)

remark: ⊥ perpendicular to Dirichlet forms

Dirk Pauly Hodge-Helmholtz Decompositions Universität Duisburg-Essen, Campus Essen



Frame

8th AIMS International Conference on Dynamical Systems, Differential Equations and Applications Technische Universität Dresden, 28. Mai 2010

Remark

L2,q
s (Ω)-Hodge-Helmholtz decompositions ⇔ static solution theory, i.e.:

d E = G ∈ 0

◦
Dq+1

s+1 (Ω) ∩ . . .⊥

δ εE = F ∈ 0∆q−1
s+1 (Ω) ∩ . . .⊥

ι∗E = 0

εE ⊥
◦
Bq(Ω)

remark: ⊥ perpendicular to Dirichlet forms

Dirk Pauly Hodge-Helmholtz Decompositions Universität Duisburg-Essen, Campus Essen



Frame

8th AIMS International Conference on Dynamical Systems, Differential Equations and Applications Technische Universität Dresden, 28. Mai 2010

Remark

L2,q
s (Ω)-Hodge-Helmholtz decompositions ⇔ static solution theory, i.e.:

d E = G ∈ 0

◦
Dq+1

s+1 (Ω) ∩ . . .⊥

δ εE = F ∈ 0∆q−1
s+1 (Ω) ∩ . . .⊥

ι∗E = 0

εE ⊥
◦
Bq(Ω)

remark: ⊥ perpendicular to Dirichlet forms

Dirk Pauly Hodge-Helmholtz Decompositions Universität Duisburg-Essen, Campus Essen



Frame

8th AIMS International Conference on Dynamical Systems, Differential Equations and Applications Technische Universität Dresden, 28. Mai 2010

Remark

L2,q
s (Ω)-Hodge-Helmholtz decompositions ⇔ static solution theory, i.e.:

d E = G ∈ 0

◦
Dq+1

s+1 (Ω) ∩ . . .⊥

δ εE = F ∈ 0∆q−1
s+1 (Ω) ∩ . . .⊥

ι∗E = 0

εE ⊥
◦
Bq(Ω)

remark: ⊥ perpendicular to Dirichlet forms

Dirk Pauly Hodge-Helmholtz Decompositions Universität Duisburg-Essen, Campus Essen



Frame

8th AIMS International Conference on Dynamical Systems, Differential Equations and Applications Technische Universität Dresden, 28. Mai 2010

Conclusion

crucial improvements:

complete analysis of the problem in all L2,q(Ω)-cases

non smooth boundaries

inhomogeneities ε 6= id

basic tools:

generalized spherical harmonics and harmonic polynomials for q-forms

static solution theory for Maxwell’s equations in weighted Sobolev spaces

applications:

electro-magneto statics

time-harmonic Maxwell equations

Cauchy problems for Maxwell’s equations

low frequency asymptotics for Maxwell’s equations

eddy current problems

functional a posteriori error estimates for conforming and non conforming
numerical methods (Sergey Repin, Steklov Institute, St. Petersburg)

briefly: all kinds of Maxwell problems

Stokes equations

acoustics

elasticity

..., ..., ..., ..., ...
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