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MATRICES

Let A e RNXN,

trA
skw

(pointwise orthogonality) =

SymAff(Aj:AT), idg:=—id, trA=A-id,  devA:=A-ids

|A2 = |dev A2+ \trA\Z, |A2 = | sym A2+|skw A2, |sym A|?> = |devsym A\2+1N|trA|2
= |devA\,N*‘/2|trA|,|symA\,|skwA| <Al
A:=Vv:=J] forve H'(Q) = (pointwise)
| skw Vv|? = %| rotv|?, trvv=divv,

|Vv|? = |devsym Vv|? + %\div v|? + %\rotv|2 (1
Moreover

[VVv|? = [rotv[? + (Vv, (Vv)T) )
since

2\skav|2:%|Vv (V) T2 =|Vv2 = (Vv,(Vv)T).
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KORN’S FIRST INEQUALITY: STANDARD BOUNDARY CONDITIONS

[e]
Lemma (Korn’s first inequality: H'-version)
Let Q be an open subset of RN with2 < N € N. Then for all v € H (Q)

[Vv|? 72\devsyva| + 7|d|vv| < 2|devsym Vv|?

L2(Q) L2(Q) L2(Q)

and equality holds if and only ifdivv = 0 or N = 2.

Proof.
note: —A =rot*rot —Vdiv  (vector Laplacian)

= VYveC>®(Q) |vV|f2(Q) = |rot v\fz(m +div v, @ (Gaffneys equality) (3)

(3) extends to all v € Ifl‘ (2) by continuity. By (1)

—N .
\wﬁz(m = | devsym vV|f2( |v 2 + oAy vz, (4

L2(Q)
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KORN’S FIRST INEQUALITY: TANGENTIAL/NORMAL BOUNDARY CONDITIONS

main result:

Theorem (Korn’s first inequality: tangential/normal version)

LetQ C RN be piecewise C?-concave and v € H{ (Q). Then Korn's first inequality
VV]2(q) < V2| devsym VW2
holds. If Q is a polyhedron, even

2 —
V|2,  =2|devsymVv[?, + —| divv]?, < 2|devsymVv|?
L2(Q)

L2(Q) L2(Q) L2(Q)

is true and equality holds if and only ifdivv =0 or N = 2.
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KORN’S FIRST INEQUALITY: TANGENTIAL/NORMAL BOUNDARY CONDITIONS
Tools:

Proposition (integration by parts (Grisvard’s book and older...))
LetQ c RN be piecewise C2. Then

v vIZ, o) 1otV o — [VVZ, o = /r1 (dive [val2 + (V) v) - v)

+ (vadivivy — v - Vi),
T4
[divvIZ, o+ ot o) = IVvIZ, :/r1 (dive |val? + (Tv) w) - ).

holds for all v € C>(R) resp. v € C25 ().

Corollary (Gaffney’s inequalities)
LetQ C RN be piecewise C? and v € H! (). Then

<0 ,ifQ is piecewise C?-concave,
- |vV\f2 @ =0 i isapolyhedron,
>0 ,ifQ is piecewise C?-convex.

2
L2(Q

2

| rotv| 2(@

)+|divv|
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KORN’S FIRST INEQUALITY: TANGENTIAL/NORMAL BOUNDARY CONDITIONS

Proof.
(1) and the corollary =
2-N, .
+ W' div v|L2(Q)

|Vv[? < |devsyva| |Vv|

L2(Q) = L2(Q)

= first estimate

Q polyhedron = equality holds |
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