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MATRICES

Let A ∈ RN×N .

sym
skwA :=

1
2

(A± A>), idA :=
tr A
N

id, tr A := A · id, dev A := A− idA

(pointwise orthogonality) ⇒

|A|2 = | dev A|2+
1
N
| tr A|2, |A|2 = | sym A|2+| skw A|2, | sym A|2 = | dev sym A|2+

1
N
| tr A|2

⇒ | dev A|,N−1/2| tr A|, | sym A|, | skw A| ≤ |A|

A := ∇v := J>v for v ∈ H1(Ω) ⇒ (pointwise)

| skw∇v |2 =
1
2
| rot v |2, tr∇v = div v ,

|∇v |2 = | dev sym∇v |2 +
1
N
| div v |2 +

1
2
| rot v |2 (1)

Moreover
|∇v |2 = | rot v |2 + 〈∇v , (∇v)>〉 (2)

since
2| skw∇v |2 =

1
2
|∇v − (∇v)>|2 = |∇v |2 − 〈∇v , (∇v)>〉.
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KORN’S FIRST INEQUALITY: STANDARD BOUNDARY CONDITIONS

Lemma (Korn’s first inequality:
◦
H1-version)

Let Ω be an open subset of RN with 2 ≤ N ∈ N. Then for all v ∈
◦
H1(Ω)

|∇v |2
L2(Ω)

= 2| dev sym∇v |2
L2(Ω)

+
2− N

N
| div v |2

L2(Ω)
≤ 2| dev sym∇v |2

L2(Ω)

and equality holds if and only if div v = 0 or N = 2.

Proof.
note: −∆ = rot∗ rot−∇ div (vector Laplacian)

⇒ ∀ v ∈
◦
C∞(Ω) |∇v |2

L2(Ω)
= | rot v |2

L2(Ω)
+ | div v |2

L2(Ω)
(Gaffney’s equality) (3)

(3) extends to all v ∈
◦
H1(Ω) by continuity. By (1)

|∇v |2
L2(Ω)

= | dev sym∇v |2
L2(Ω)

+
1
2
|∇v |2

L2(Ω)
+

2− N
2N

| div v |2
L2(Ω)

. (4)
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KORN’S FIRST INEQUALITY: TANGENTIAL/NORMAL BOUNDARY CONDITIONS

main result:

Theorem (Korn’s first inequality: tangential/normal version)
Let Ω ⊂ RN be piecewise C2-concave and v ∈

◦
H1

t,n(Ω). Then Korn’s first inequality

|∇v |L2(Ω)
≤
√

2| dev sym∇v |L2(Ω)

holds. If Ω is a polyhedron, even

|∇v |2
L2(Ω)

= 2| dev sym∇v |2
L2(Ω)

+
2− N

N
| div v |2

L2(Ω)
≤ 2| dev sym∇v |2

L2(Ω)

is true and equality holds if and only if div v = 0 or N = 2.
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KORN’S FIRST INEQUALITY: TANGENTIAL/NORMAL BOUNDARY CONDITIONS

Tools:

Proposition (integration by parts (Grisvard’s book and older...))
Let Ω ⊂ RN be piecewise C2. Then

| div v |2
L2(Ω)

+ | rot v |2
L2(Ω)

− |∇v |2
L2(Ω)

=

∫
Γ1

(
div ν |vn|2 + ((∇ν) vt) · vt

)
+

∫
Γ1

(vn divΓvt − vt · ∇Γvn),

| div v |2
L2(Ω)

+ | rot v |2
L2(Ω)

− |∇v |2
L2(Ω)

=

∫
Γ1

(
div ν |vn|2 + ((∇ν) vt) · vt

)
.

holds for all v ∈
◦
C∞(Ω) resp. v ∈

◦
C∞t,n(Ω).

Corollary (Gaffney’s inequalities)
Let Ω ⊂ RN be piecewise C2 and v ∈

◦
H1

t,n(Ω). Then

| rot v |2
L2(Ω)

+ | div v |2
L2(Ω)

− |∇v |2
L2(Ω)


≤ 0 , if Ω is piecewise C2-concave,
= 0 , if Ω is a polyhedron,
≥ 0 , if Ω is piecewise C2-convex.



KORN’S FIRST INEQUALITIES REFERENCES DISTURBING CONSEQUENCES FOR VILLANI’S WORK (FIELDS MEDAL)

KORN’S FIRST INEQUALITY: TANGENTIAL/NORMAL BOUNDARY CONDITIONS

Proof.
(1) and the corollary ⇒

|∇v |2
L2(Ω)

≤ | dev sym∇v |2
L2(Ω)

+
1
2
|∇v |2

L2(Ω)
+

2− N
2N

| div v |2
L2(Ω)

,

⇒ first estimate

Ω polyhedron ⇒ equality holds
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