Poincaré meets Korn via Maxwell:
Extending Korn's First Inequality to H(Curl)-Tensor Fields
and Applications to Gradient Plasticity with Plastic Spin

Dirk Pauly

Universitat Essen, Jyvaskylan Yliopisto

joint work with

Patrizio Neff, Karl-Josef Witsch, Essen
Jan Valdman, Ostrava
Immanuel Anjam, Jyvaskyla

MAANMPDE 5: 5th Workshop on Mathematical Analysis and Advanced
Numerical Methods for Partial Differential Equations for Junior Scientists

Konnevesi, Suomi

August 2, 2012
UNIVERSITAT ,/tf

JYVASKYLAN YLIOPISTO
DelsISeByU R € T vniversity of syvaskyia

Dirk Pauly (Anjam, Neff, Valdman, Witsch) Poincaré meets Korn via Maxwell Universitat Essen, Jyvaskylan Yliopisto



Frame
©000000000000000

MAANMPDE 5: 5th Workshop on Analysis and Advanced Numerical Methods for PDEs Konnevesi, Suomi, August 2, 2012

Tiny Motivation: Gradient Plasticity / Special Micromorphic Model

NEW MODEL (gradient plasticity for finite deformations)
Neff ('06) for (non-symmetric!) plastic deformation (distortion) tensor (PDT) P:

UNIVERSITAT ¢
& jvvASKYLAN YLIOPISTO
DEUslsSEBNU RG

University of Jyvaskyla

Dirk Pauly (Anjam, Neff, Valdman, Witsch) Poincaré meets Korn via Maxwell Universitat Essen, J



Frame
©000000000000000

MAANMPDE 5: 5th Workshop on Analysis and Advanced Numerical Methods for PDEs Konnevesi, Suomi, August 2, 2012

Tiny Motivation: Gradient Plasticity / Special Micromorphic Model

NEW MODEL (gradient plasticity for finite deformations)
Neff ('06) for (non-symmetric!) plastic deformation (distortion) tensor (PDT) P:

let: u classical displacement, G := Vu classical deformation, displacement gradient
plasticity: decomposition G = E + P in elastic and plastic distortion
plastic spin: P non-symmetric
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NEW MODEL (gradient plasticity for finite deformations)
Neff ('06) for (non-symmetric!) plastic deformation (distortion) tensor (PDT) P:

let: u classical displacement, G := Vu classical deformation, displacement gradient
plasticity: decomposition G = E + P in elastic and plastic distortion
plastic spin: P non-symmetric

MINIMIZATION PROBLEM @ (formulation for the plastic distortion P)
Find PDT-field P : Q C R® — R3*3 with 7P = 7G on I';(open,# 0) C I := dQ
minimizing

min E(P) = £(P),
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Tiny Motivation: Gradient Plasticity / Special Micromorphic Model

NEW MODEL (gradient plasticity for finite deformations)
Neff ('06) for (non-symmetric!) plastic deformation (distortion) tensor (PDT) P:

let: u classical displacement, G := Vu classical deformation, displacement gradient
plasticity: decomposition G = E + P in elastic and plastic distortion
plastic spin: P non-symmetric

MINIMIZATION PROBLEM @ (formulation for the plastic distortion P)
Find PDT-field P : Q C R® — R3*3 with 7P = 7G on I';(open,# 0) C I := dQ
minimizing .

min £(P) = E(P),

where P, P € H(Curl; Q) and (free thermodynamic energy functional)

E(P) = p sym (G — P) ”ﬁ2(9)+ plsym PHﬁZ(Q) + )‘"C”HP"EZ(Q) +rtr PHEZ(Q)
——

=E

linear kinematic energy  dislocation energy density trace free!

elastic energy

with g, A >0, kK > 0.
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Tiny Motivation: Gradient Plasticity / Special Micromorphic Model

NEW MODEL (gradient plasticity for finite deformations)
Neff ('06) for (non-symmetric!) plastic deformation (distortion) tensor (PDT) P:

let: u classical displacement, G := Vu classical deformation, displacement gradient
plasticity: decomposition G = E + P in elastic and plastic distortion
plastic spin: P non-symmetric

MINIMIZATION PROBLEM @ (formulation for the plastic distortion P)
Find PDT-field P : Q C R® — R3*3 with 7P = 7G on I';(open,# 0) C I := dQ
minimizing .

min £(P) = E(P),

where P, P € H(Curl; Q) and (free thermodynamic energy functional)

E(P) = p sym (G — P) ”ﬁ2(9)+ plsym PHﬁZ(Q) + )‘"C”HP"EZ(Q) +rtr PHEZ(Q)
——

=E

linear kinematic energy  dislocation energy density trace free!

elastic energy

with g, A >0, kK > 0.
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Tiny Motivation: Gradient Plasticity / Special Micromorphic Model

cal T:-=E=G—-P
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Tiny Motivation: Gradient Plasticity / Special Micromorphic Model

call T:==E=G-P
MINIMIZATION PROBLEM @ (formulation for the elastic distortion T')

o ] o
Find tensor field T € H(Curl; ¢,Q), i.e., 7T = 0 on ¢, minimizing

m_li_nE(T) = S('i')7

where T, T € H(Curl; T, Q) and (energy functional)

E(T) = plsym Tltzq)+ 1 lsym(T — G)Ifziq) + A lCurl TlEz )+ ftr(T — Gz
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Tiny Motivation: Gradient Plasticity / Special Micromorphic Model

call T:==E=G-P
MINIMIZATION PROBLEM @ (formulation for the elastic distortion T')

o ] o
Find tensor field T € H(Curl; ¢,Q), i.e., 7T = 0 on ¢, minimizing

m_li_nE(T) = S('i')7

where T, T € H(Curl; T, Q) and (energy functional)

E(T) = plsym Tltzq)+ 1 lsym(T — G)Ifziq) + A lCurl TlEz )+ ftr(T — Gz

o
note: T = Vv with v € Hl(rt;Q) = standard linear elasticity, i.e.,

E(Vv) = p]sym VVHﬁZ(Q) + pfsym(Vv — G)HﬁZ(Q) + K ftr(Vv — G)"ﬁz Q
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Tiny Motivation: Variational Principle

VARIATIONAL PROBLEM Find 7 in H(Curl; T, Q) such that

VT eH(CurliTe,Q)  b(T, T)=F(T),

where
b(S, T) :=2u(symS,sym T} 2(q) + A(Curl S, Curl T)y2(gy + K (tr S, tr T)2(q)
f(T):= —p(sym G,sym T>L2(Q) — K (tr G, tr T>L2(Q) .

—_—
=(divu,tr T) L2()
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Tiny Motivation: Variational Principle

VARIATIONAL PROBLEM Find 7 in H(Curl; T, Q) such that

VT eH(CurliT,Q)  b(T, T)=f(T),
where
b(S, T) :=2u(symS,sym T} 2(q) + A(Curl S, Curl T)y2(gy + K (tr S, tr T)2(q)

f(T):= —p(sym G,sym T>L2(Q) — K (tr G, tr T>L2(Q) .
—_—
=(div u,tr T>L2(Q)

A © . ©
STRONG PROBLEM Find T € H(Curl; T, Q) with Curl T € H(Curl; [, Q) such that
ACurlCurl T+ 2usym T+ ktr Tid=F = —pusym G —ktrGid.
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Tiny Motivation: Variational Principle

VARIATIONAL PROBLEM Find 7 in H(Curl; T, Q) such that

VT eH(CurliT,Q)  b(T, T)=f(T),
where
b(S, T) :=2u(symS,sym T} 2(q) + A(Curl S, Curl T)y2(gy + K (tr S, tr T)2(q)

f(T):= —p(sym G,sym T>L2(Q) — K (tr G, tr T>L2(Q) .
—_—
=(div u,tr T>L2(Q)

STRONG PROBLEM Find T ¢ ISI(CurI; I+, Q) with Curl Te IE|(CurI; [n, Q) such that
ACurlCurl T+ 2usym T+ ktr Tid=F = —pusym G —ktrGid.
& Find T € H(Curl; Q) with Curl T € H(Curl; Q) such that
A Curl Curl '7'+2,usym THrtrTid=F inQ,
rT=0 only (tangential Dirichlet bc)
7Cul T=0 onl,:=I\T; (tangential Neumann bc)
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Tiny Motivation: Variational Principle

VARIATIONAL PROBLEM Find 7 in H(Curl; T, Q) such that

VT eH(CurliT,Q)  b(T, T)=f(T),
where
b(S, T) :=2u(symS,sym T} 2(q) + A(Curl S, Curl T)y2(gy + K (tr S, tr T)2(q)

f(T):= —p(sym G,sym T>L2(Q) — K (tr G, tr T>L2(Q) .
—_—
=(div u,tr T>L2(Q)

STRONG PROBLEM Find T ¢ ISI(CurI; I+, Q) with Curl Te IE|(CurI; [n, Q) such that
ACurlCurl T+ 2usym T+ ktr Tid=F = —pusym G —ktrGid.
& Find T € H(Curl; Q) with Curl T € H(Curl; Q) such that
A Curl Curl '7'+2,usym THrtrTid=F inQ,
rT=0 only (tangential Dirichlet bc)
7Cul T=0 onl,:=I\T; (tangential Neumann bc)

note: sym T inst. of T strongly couples the system, R %\ oioeran xiromsro
h . < JYVASKYLAN YLIOP

otherwise 3 decoupled coercive Maxwell problems Pels!sSehy! R 6 University of Jyviskyl
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Model Problem

VARIATIONAL MODEL PROBLEM Find T in H(Curl; [, Q) such that
b(T, T):=(Curl S, Curl T) 2y + (sym S, sym T) 2(q) = (F, T) 20

o
for all T € H(Curl; ¢, Q).
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Model Problem

VARIATIONAL MODEL PROBLEM Find T in H(Curl; [, Q) such that
b(T, T):=(Curl S, Curl T) 2y + (sym S, sym T) 2(q) = (F, T) 20
for all T € H(Curl; T, Q).

OPEN PROBLEMS (’'06-'11) well defined problem?,
right Hilbert space (tangential trace)?, b coercive?, unique solution?
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Model Problem

VARIATIONAL MODEL PROBLEM Find T in H(Curl; [, Q) such that
b(T, T):=(Curl S, Curl T) 2y + (sym S, sym T) 2(q) = (F, T) 20
for all T € H(Curl; T, Q).

OPEN PROBLEMS (’'06-'11) well defined problem?,
right Hilbert space (tangential trace)?, b coercive?, unique solution?

ANSWER (Xmas '10) new estimate = unique solution by Lax-Milgram and ... v/
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A New Look at Korn's First Inequality

m Q C RY bounded domain with Lipschitz boundary I := 8Q  (think of N = 2,3)
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A New Look at Korn's First Inequality

m Q C RY bounded domain with Lipschitz boundary I := 8Q  (think of N = 2,3)
m () # ': C T relatively open, separated from I, := I' \ T by Lipschitz curve
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A New Look at Korn's First Inequality

m Q C RY bounded domain with Lipschitz boundary I := 8Q  (think of N = 2,3)
m () # ': C T relatively open, separated from I, := I' \ T by Lipschitz curve

m tensor-H(Curl; Q) = row-wise-vector-H(curl; )
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A New Look at Korn's First Inequality

m Q C RY bounded domain with Lipschitz boundary I := 8Q  (think of N = 2,3)
m () # ': C T relatively open, separated from I, := I' \ T by Lipschitz curve

m tensor-H(Curl; Q) = row-wise-vector-H(curl; )

o o
note: v € HY(I't; Q) = Vv € H(Curlg;T+,Q), i.e., v=0o0nTs = 7Vv=00nT;
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A New Look at Korn's First Inequality

m Q C RY bounded domain with Lipschitz boundary I := 8Q  (think of N = 2,3)
m () # ': C T relatively open, separated from I, := I' \ T by Lipschitz curve
m tensor-H(Curl; Q) = row-wise-vector-H(curl; )
o o
note: v € HY(I't; Q) = Vv € H(Curlg;T+,Q), i.e., v=0o0nTs = 7Vv=00nT;

Theorem (Korn's First Inequality, Tangential Neumann Version)

o
Jc>0 VYveHYQ) with Vv € H(Curlp; T+, Q)
IVVia@y < cllsym Vvlizq)
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A New Look at Korn's First Inequality

m Q C RY bounded domain with Lipschitz boundary I := 8Q  (think of N = 2,3)
m () # ': C T relatively open, separated from I, := I' \ T by Lipschitz curve
m tensor-H(Curl; Q) = row-wise-vector-H(curl; )
o o
note: v € HY(I't; Q) = Vv € H(Curlg;T+,Q), i.e., v=0o0nTs = 7Vv=00nT;

Theorem (Korn's First Inequality, Tangential Neumann Version)
o
Jc>0 VYveHYQ) with Vv € H(Curlp; T+, Q)
IVVliz ) < cllsym Vv]2 (g
M (Curl T=0< T = Vv if Q simply connected) |}
Theorem (Korn's First Inequality, Irrotational Version)

O
Jc>0 VT e€H(Curly; T, Q) ITl2q) < clsym Ti2(q)
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A New Look at Korn's First Inequality

m Q C RY bounded domain with Lipschitz boundary I := 8Q  (think of N = 2,3)
m () # ': C T relatively open, separated from I, := I' \ T by Lipschitz curve
m tensor-H(Curl; Q) = row-wise-vector-H(curl; )
o o
note: v € HY(I't; Q) = Vv € H(Curlg;T+,Q), i.e., v=0o0nTs = 7Vv=00nT;

Theorem (Korn's First Inequality, Tangential Neumann Version)

o
Jc>0 VYveHYQ) with Vv € H(Curlp; T+, Q)
IVVia@y < cllsym Vvlizq)

M (Curl T=0< T = Vv if Q simply connected) |}

Theorem (Korn's First Inequality, Irrotational Version)

o
Jec>0 VT eH(Curl; ¢, Q) "T||L2(Q) < c|sym T”LZ(Q)
o o .
now: replace H(C“r|0$ rty Q) by H(CUY'; rt7 Q)r 1.e., ::;E:s;l; URG ﬁ JYVASKYLAN YLIOPISTO
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Main Results

= Q C RY bounded domain with Lipschitz boundary I := 8Q  (think of N = 2,3)
m () £ T CT relatively open, separated from I, :=T \ﬁ by Lipschitz curve
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Main Results

= Q C RY bounded domain with Lipschitz boundary I := 8Q  (think of N = 2,3)
m () £ T CT relatively open, separated from I, :=T \ﬁ by Lipschitz curve

m Q sliceable < Q sliceable into finitely many simply connected subdomains with
boundary part in [+ (‘Any domain is sliceable!")
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Main Results

Q C RN bounded domain with Lipschitz boundary I := dQ  (think of N = 2,3)
() # '+ C T relatively open, separated from I, := I'\ T¢ by Lipschitz curve

m Q sliceable < Q sliceable into finitely many simply connected subdomains with
boundary part in [+ (‘Any domain is sliceable!")

o
semi-norm || - || for tensor fields T € H(Curl;Q) (easy: ||- || norm on C>°(Q))
I = loym Tlaggy + 10 Tl < 1Ty

)
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Main Results

Q C RN bounded domain with Lipschitz boundary I := dQ  (think of N = 2,3)
() # '+ C T relatively open, separated from I, := I'\ T¢ by Lipschitz curve

m Q sliceable < Q sliceable into finitely many simply connected subdomains with
boundary part in [+ (‘Any domain is sliceable!")

o
semi-norm || - || for tensor fields T € H(Curl;Q) (easy: ||- || norm on C>°(Q))
ITI? = lsym Ty + ICur Tl gy < 1713,

Curl;Q)

3e>0 VT eH(Curlile,Q)  clTIgq) < ITI? = Isym Tlf2q) + ICurl Tl2 g

UNIVERSITAT ¢
E jvviscyLin yLorsTo
v 1a

University of Jyvisky

Dirk Pauly (Anjam, Neff, Valdman, Witsch) Poincaré meets Korn via Maxwell Universitat Essen, Jyvaskylan Yliopisto



Frame

0000080000000 000
MAANMPDE 5: 5th Workshop on Analysis and Advanced Numerical Methods for PDEs Konnevesi, Suomi, August 2, 2012

Main Results

= Q C RY bounded domain with Lipschitz boundary I := 8Q  (think of N = 2,3)
m () # 't C T relatively open, separated from I, := I'\ T by Lipschitz curve

m Q sliceable < Q sliceable into finitely many simply connected subdomains with
boundary part in [+ (‘Any domain is sliceable!")

o
semi-norm || - || for tensor fields T € H(Curl;Q) (easy: ||- || norm on C>°(Q))
ITI? = fsym TlRagq, + ICur Tiz(gy < IR, o

url;Q)

Theorem

3e>0 VT eH(Curlile,Q)  clTIgq) < ITI? = Isym Tlf2q) + ICurl Tl2 g

Corollary

o
Il -l is @ norm on H(Curl; T+, Q) equivalent to the | - -norm, i.e.:

HH(CurI;Q)
[e]
Fe>0 VT EH(CuiT, Q) cITIg ) < ITI? = Isym Tl +ICurl TIzz )
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Sliceable Domains

Two ways to cut a sliceable domain:

(Thanks to Kostas Pamfilos for the pictures!)
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Interesting Mathematical Conseque

The three fundamental inequalities are implied by two!

1. Maxwell
[v| < (] curl v|+| div v])

2. Poincaré
lul < | Vul

3. Korn

[Vv| < &l sym V|

g=1, v vector field
=curl, §=div

Curl T=0

I. gen. Poincaré Il. new inequality

[E1 < GralldEI+ 06D [ g3 TG ™| |71 < el sym I 4| Curl T1)
Curl T>VT
;'"I‘;E Sl;; URG /ﬁ JYVASKYLAN YLIOPISTO
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Interesting Mathematical Consequ

The three fundamental inequalities are implied by two!

1. Maxwell
[v| < (] curl v|+| div v])

2. Poincaré
lul < | Vul

3. Korn

[Vv| < &l sym V|

g=1, v vector field
d=curl, §=div

Curl T=0

I. gen. Poincaré Il. new inequality

|E

| < Goeg(|d |+ S E|) [ 40 fingtin Ty seowsil | T| < (| sym T|+| Curl T])
Curl TV T

Cp = Gp£,05 Cm = Cpf,1, Ck;Cp < C
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Interesting Mathematical Consequ

The three fundamental inequalities are implied by two!

1. Maxwell
[v| < (] curl v|+| div v])

2. Poincaré
lul < | Vul

3. Korn

[Vv| < &l sym V|

g=1, v vector field
d=curl, §=div

Curl T=0

I. gen. Poincaré

Il. new inequality
|E| < Gpe,q(|d E[+]6 E)

q=0, u function

I gmgren T s ™ | T| < c(]sym T|+| Curl T))
Curl T>VT
Cp = Gp£,05 Cm = Cpf,1, Ck;Cp < C
( a I 0 [ 1 [ 2 [ 3
d grad = V curl = VX div =V 0
5 0 div —curl grad
o 01 o o 2
DI(r¢, Q) H(grad; [, Q) = HY(T4; Q) H(curl; T, Q) H(div; ¢, Q) L%(Q)
[e] o o o
AI(Mp, Q) 12(Q) H(div; Tp, Q) H(curl; Tn, Q) H(grad; T, Q) = HY(Tp; Q)
LIi‘tE Elr, v X Elr, v Elr, 0
®,,Fn * E 0 v Elr, —v x (v X E)lr, Elr,
identification table for ;ml‘;“s':; URG /ﬁ JYVASKYLAN YLIOPISTO
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Proof of Main Inequality: 3 Tools & 1 Trick

combination of techniques from

m electro-magnetic theory (static Maxwell equations with mixed bc)
m linear elasticity theory
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Proof of Main Inequality: 3 Tools & 1 Trick

combination of techniques from
m electro-magnetic theory (static Maxwell equations with mixed bc)
m linear elasticity theory

three crucial tools:
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Proof of Main Inequality: 3 Tools & 1 Trick

combination of techniques from

m electro-magnetic theory (static Maxwell equations with mixed bc)
m linear elasticity theory

three crucial tools:

(HD) Helmholtz' decomposition for tensor fields, i.e.,

L2(Q) = ﬁ(CurIo; I, Q) @ Curl Ifl(Curl; In, Q)
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Proof of Main Inequality: 3 Tools & 1 Trick

combination of techniques from

m electro-magnetic theory (static Maxwell equations with mixed bc)
m linear elasticity theory

three crucial tools:

(HD) Helmholtz' decomposition for tensor fields, i.e.,
o o
L2(2) = H(Curlg; [+, Q) @ Curl H(Curl; T, Q)

(MI) the Maxwell inequality for solenoidal tensor fields, i.e.,

1Ty < @ lCurl T2,

for all T € H(Curl; T, Q) N Curl H(Curl; [y, Q)
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Proof of Main Inequality: 3 Tools & 1 Trick

combination of techniques from

m electro-magnetic theory (static Maxwell equations with mixed bc)
m linear elasticity theory

three crucial tools:

(HD) Helmholtz' decomposition for tensor fields, i.e.,
o o
L2(2) = H(Curlg; [+, Q) @ Curl H(Curl; T, Q)

(MI) the Maxwell inequality for solenoidal tensor fields, i.e.,

1Ty < @ lCurl T2,
o ]
for all T € H(Curl; ¢, Q) N Curl H(Curl; Ty, Q)
o
(K1) irrotational Korn's first inequality, i.e., for all T € H(Curlo; '+, Q)
1Tl () < allsym Ti2(q)
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Proof of Main Inequality: 3 Tools & 1 Trick

combination of techniques from

m electro-magnetic theory (static Maxwell equations with mixed bc)
m linear elasticity theory

three crucial tools:

(HD) Helmholtz' decomposition for tensor fields, i.e.,
o o
L2(2) = H(Curlg; [+, Q) @ Curl H(Curl; T, Q)

(MI) the Maxwell inequality for solenoidal tensor fields, i.e.,

ITl2) < @ lCurl Tf2(q)
for all T € H(Curl; T, Q) N Curl H(Curl; [y, Q)
(K1) irrotational Korn's first inequality, i.e., for all T € I?i(Curlg; I, Q)
1Tl () < allsym Ti2(q)

and one trick:
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Proof of Main Inequality: 3 Tools & 1 Trick

combination of techniques from
m electro-magnetic theory (static Maxwell equations with mixed bc)
m linear elasticity theory

three crucial tools:

(HD) Helmholtz' decomposition for tensor fields, i.e.,
L2(Q) = ﬁ(CurIo; I, Q) @ Curl Ifl(Curl; In, Q)
(MI) the Maxwell inequality for solenoidal tensor fields, i.e.,
ITl2) < @ lCurl Tf2(q)
for all T € H(Curl; T, Q) N Curl H(Curl; [y, Q)
(K1) irrotational Korn's first inequality, i.e., for all T € I?i(Curlg; I, Q)
1Tl () < allsym Ti2(q)

and one trick:

(SD) sliceable domains to get Kl
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DUISBURG

University of Jyvaskyla

Dirk Pauly (Anjam, Neff, Valdman, Witsch) Poincaré meets Korn via Maxwell
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First Tool: HD - The Helmholtz Decomposition

generally:

Hp: Hilbert spaces, A: D(A) C Hi — H- linear, closed, densely defined operator
projection theorem =

Hi = N(A) & R(A%),  Ha = N(A*) & R(A)
—— O~

kernel range kernel range

UNIVERSITAT ¢
& jvvASKYLAN YLIOPISTO
DEUS SEBNU RE I University of Jyviskyld

Universitat Essen, askylan Yliopisto

Dirk Pauly (Anjam, Neff, Valdman, Witsch)

Poincaré meets Korn via Maxwell



Frame
000000000 e000000

MAANMPDE 5: 5th Workshop on Analysis and Advanced Numerical Methods for PDEs Konnevesi, Suomi, August 2, 2012

First Tool: HD - The Helmholtz Decomposition

generally:

Hp: Hilbert spaces, A: D(A) C Hi — H- linear, closed, densely defined operator
projection theorem =

Hy = N(A)® R(A%),  H, = N(A*) @ R(A)
N~ N — —— N~
kernel range

choose: H, as L?(2)-spaces and

kernel range

o

A := curl, D(A) := H(curl; T, Q) R(A) = AD(A)

A* = curl, D(A*) := H(curl; T, Q) N(A*) = H(curlo; T't, Q)
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First Tool: HD - The Helmholtz Decomposition

generally:

Hp: Hilbert spaces, A: D(A) C Hi — H- linear, closed, densely defined operator
projection theorem =

Hy = N(A)® R(A%),  H, = N(A*) @ R(A)
N~ N — —— N~
kernel range

choose: H, as L?(2)-spaces and

kernel range

o

A= curl, D(A) = H(curl; T, Q) R(A) = AD(A)
A* = curl, D(A*) := H(curl; T, Q) N(A*) = H(curlo; T't, Q)

H, deco.
=

o o
vector-L2(€) = H(curlp; T't, Q) & curl H(curl; T, Q)
—_—

already closed
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First Tool: HD - The Helmholtz Decomposition

generally:

Hp: Hilbert spaces, A: D(A) C Hi — H- linear, closed, densely defined operator
projection theorem =

Hy = N(A)® R(A%),  H, = N(A*) @ R(A)
N~ N — —— N~
kernel range

choose: H, as L?(2)-spaces and

kernel range

o

A = curl, D(A) := H(curl;Tp, Q) R(A) = AD(A)
A* = curl, D(A*) := H(curl; T+, Q) N(A*) = H(curlg; T, Q)
o o

Ho deco. vector-L2(Q) = H(curlg; T't, Q) @ curl H(curl; Ty, Q)
—_—

already closed

row-wise
=

o o
tensor-L2(Q2) = H(Curly; T+, Q) & Curl H(Curl; [, Q)
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Second Tool: MI - The Maxwell Inequality

generally:

Hp: Hilbert spaces, A: D(A) C Hi — H- linear, closed, densely defined operator
with D(A) < Hi compact (graph norm)

standard indirect argument =

Jc>0 VYue D(A)NN(A)* lulp, < clAulm,
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Second Tool: MI - The Maxwell Inequality

generally:

Hp: Hilbert spaces, A: D(A) C Hi — H- linear, closed, densely defined operator
with D(A) < Hi compact (graph norm)

standard indirect argument =

Jc>0 VYue D(A)NN(A)* lulp, < clAulm,
example:

o}
H, scalar/vector L?(Q)-spaces, A=V, D(A) = H(Q) or D(A) = H}(Q),
compact embedding D(A) — L%(Q) (Rellich’s selection theorem) =

36 >0 Yue D(A)NNAL luliziq) < & IVuli2(q) (Poincaré’s inequality)

UNIVERSITAT ¢
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v 1a

University of Jyvisky
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Second Tool: MI - The Maxwell Inequality

generally:

Hp: Hilbert spaces, A: D(A) C Hi — H- linear, closed, densely defined operator
with D(A) < Hi compact (graph norm)

standard indirect argument =

Jc>0 VYue D(A)NN(A)* lulp, < clAulm,

example:

o}
H, scalar/vector L?(Q)-spaces, A=V, D(A) = H(Q) or D(A) = H}(Q),
compact embedding D(A) — L%(Q) (Rellich’s selection theorem) =

36 >0 Yue D(A)NNAL luliziq) < & IVuli2(q) (Poincaré’s inequality)

Maxwell Inequality:
analogously, H, (product) vector L?(Q)-spaces, A = (curl, div),

D(A) = ﬁ(curl; I, Q)N Igl(div; [n,Q), comp. emb. D(A) — L2(Q) (MCP) =

Ja >0 VEEDANNAY Bl < al leurl Elfq)+1divE[f g )2 (M)

UNIVERSITAT ¢
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Second Tool: MI - The Maxwell Inequality Continued

note: MCP = dim N(A) < oo for space of Dirichlet-Neumann fields

N(A) = ﬁ(curlo; I, Q)N I?I(divo; In, Q)

o o
= {E € H(curl; T'+,Q2) N H(div; [,,Q) : curl E =0, divE = 0}
={E€L?*(Q): culE=0,dvE=0,vx E|r, =0, v- E|r, =0} (classical)
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Second Tool: MI - The Maxwell Inequality Continued

note: MCP = dim N(A) < oo for space of Dirichlet-Neumann fields

o o
N(A) = H(curlg; '+, 2) N H(divo; I'n, Q)
o o
= {E € H(curl; T'+,Q2) N H(div; [,,Q) : curl E =0, divE = 0}
={E€L?*(Q): culE=0,dvE=0,vx E|r, =0, v- E|r, =0} (classical)
then: VE € H(curl; T, Q) Ncurl H(curl; Ty, Q) C D(A) N N(A)+

||E”L2(Q) < o |eurl E”LQ(Q)
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Second Tool: MI - The Maxwell Inequality Continued

note: MCP = dim N(A) < oo for space of Dirichlet-Neumann fields

o o
N(A) = H(curlg; '+, 2) N H(divo; I'n, Q)
o o
= {E € H(curl; T'+,Q2) N H(div; [,,Q) : curl E =0, divE = 0}
={E€L?*(Q): culE=0,dvE=0,vx E|r, =0, v- E|r, =0} (classical)
then: VE € H(curl; T, Q) Ncurl H(curl; Ty, Q) C D(A) N N(A)+

||E”L2(Q) < o |eurl E”LQ(Q)

o [e]
row-wise: VT € H(Curl; T+, Q) N Curl H(Curl; T, Q)
1Tz < an|Curl T2(q) (needed estimate)
UNIVERSITAT ,4
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MAANMPDE 5: 5th Workshop on Analysis and Advanced Numerical Methods for PDEs Konnevesi, Suomi, August 2, 2012

Third Tool & Trick: Kl - The Generalized Korn's First Inequality

o
Korn's 1. Inequality: Ja >0 VveHY(T;Q)

IVViizg) < allsym Vv 2,
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Third Tool & Trick: Kl - The Generalized Korn's First Inequality

o
Korn's 1. Inequality: Ja >0 VveHY(T;Q)

IVViizg) < allsym Vv 2,

note: Vv € H(Curlg; I'¢, Q)
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Third Tool & Trick: Kl - The Generalized Korn's First Inequality

o
Korn's 1. Inequality: Ja >0 VveHY(T;Q)

IVViizg) < allsym Vv 2,

note: Vv € H(Curlg; I'¢, Q)

o
extension to irrotational tensor fields: Jeac >0 VT € H(Curlg; ¢, Q)

1Tl ) <  lsym Tli2(q)
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Third Tool & Trick: Kl - The Generalized Korn's First Inequality

o
Korn's 1. Inequality: Ja >0 VveHY(T;Q)

IVViizg) < allsym Vv 2,

note: Vv € H(Curlg; I'¢, Q)

o
extension to irrotational tensor fields: Jeac >0 VT € H(Curlg; ¢, Q)

1Tl ) <  lsym Tli2(q)

(e} [e]
problem: generally VHl(Ft; Q) g H(Curlg; T¢, Q) if Q not simply connected
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Third Tool & Trick: Kl - The Generalized Korn's First Inequality

o
Korn's 1. Inequality: Ja >0 VveHY(T;Q)

IVViizg) < allsym Vv 2,

note: Vv € H(Curlg; I'¢, Q)

o
extension to irrotational tensor fields: Jeac >0 VT € H(Curlg; ¢, Q)

1Tl ) <  lsym Tli2(q)

(e} [e]
problem: generally VHl(Ft; Q) g H(Curlg; T¢, Q) if Q not simply connected

solution: sliceable-trick
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Proof of Main Inequality

[}
T € H(Curl; T, Q)

2 & e
DUISBURG - JYVASKYLAN YLIOPISTO

University of Jyvaskyla

Witsch) Poincaré meets Korn via Maxwell

niversitat Essen, Jyvaskyldn Yliopisto
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MAANMPDE 5: 5th Workshop on Analysis and Advanced Numerical Methods for PDEs Konnevesi, Suomi, August 2, 2012

Proof of Main Inequality

[}
T € H(Curl; T, Q)

m HD = T =R+S¢eH(Curly; M, Q) & (H(Curl; T, ) N Curl H(Curl; T, Q)
and Curl S =Curl T
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Proof of Main Inequality

[}
T € H(Curl; T, Q)

m HD = T =R+S¢eH(Curly; M, Q) & (H(Curl; T, ) N Curl H(Curl; T, Q)
and Curl S =Curl T

B M= S|z < @lCurl Tlag) ()
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Proof of Main Inequality

[}
T € H(Curl; T, Q)

m HD = T =R+S¢eH(Curly; M, Q) & (H(Curl; T, ) N Curl H(Curl; T, Q)
and Curl S =Curl T

B M= [S|ag) S @lCurl Tlag) (%)
m Kl and (%) =
I T2 () = IRIE2(q) + ISIE2(0

< C}? Isym R"ﬁz(g) + “5”32(9) < 2C§ [sym T"fz(g) +(1+ 2513) “SHﬁZ(Q)
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Almost Last Slide!

FIRST PAPERS
[1,2] QCR3 It =T connected
[3] Q C RN, I'y =T connected (differential forms, curl :=d ...)
[4] Q C R3, Iy CT (this talk!)
[5] @ C RN, Iy C T (differential forms)
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ONGOING WORK
exterior domains, non-homogeneous tangential traces, L?, inhomogeneous media ...
(already done, needs to be LaTexed ...)
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[1,2] QCR3 It =T connected
[3] Q C RN, I'y =T connected (differential forms, curl :=d ...)
[4] Q C R3, Iy CT (this talk!)
[5] @ C RN, Iy C T (differential forms)

ONGOING WORK
exterior domains, non-homogeneous tangential traces, L?, inhomogeneous media ...
(already done, needs to be LaTexed ...)

NUMERICS/COMPUTATIONS/SIMULATIONS
with Jan Valdman (Ostrava) and Immanuel Anjam (Jyvaskyld)
new tensor-H(Curl)-FE with homogeneous restricted tangential traces
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...now some numerics by
Jan and Immanuel...
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