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)

12(0)
L. - —1 e
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Upper and Lower Bounds for (Very) Conforming Approximations

E € H(curl; Q) approx. of E and H := curl E € L3(Q) approx. of curl E = uH
Corollary 1
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Upper and Lower Bounds for (Very) Conforming Approximations

E € H(curl; Q) approx. of E and H := curl E € L3(Q) approx. of curl E = uH
Corollary 1 For all Ec H(curl; Q)

chrI(E — E)H < inf  My(H;Y,curl Y) + cppcr |G —7E ,
LZ(Q) Y €H(curl;Q) trace
~ 112 ~
chrl(E )L > s Mo(AXcuX)

o
X EH(curl;Q)

+ sup (2<G*TE,}L_1Y> - \|Y\|f2(9)).
Y € pH(curlg;Q) trace
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Upper and Lower Bounds for (Very) Conforming Approximations

E € H(curl; Q) approx. of E and H := curl E € L3(Q) approx. of curl E = uH
Corollary 1 For all Ec H(curl; Q)

chrI(E — E)H < inf  My(H;Y,curl Y) + cppcr |G —7E ,
LZ(Q) Y €H(curl;Q) trace
~ 112 ~
chrl(E )L > s Mo(AXcuX)

o
X EH(curl;Q)

+ sup (2<G*TE,}L_1Y> - HYHfQ(Q)).
Y € pH(curlg;Q) trace

~ ~ ~ [}
Corollary 2 For all E € H(curl; Q) with TE = G, i.e., E — E € H(curl; Q)

sup  M_(H; X,curl X) < chrI(E —E)
XEﬁ(curI;Q)

2 ~
< inf M2(H;Y,curlY).
LQ(Q) Y €H(curl;Q)
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Norm Estimates

m norm estimates for h=puH — H /
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Norm Estimates

m norm estimates for h=puH — H /

o
m E— |curl EHLQ(Q) semi-norm but not norm on H(curl; Q) or H(curl; Q)
(not controlling [div E| 2(q) and projection on Dirichlet fields)
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Norm Estimates

m norm estimates for h=puH — H /

o
m E— |curl EHLQ(Q) semi-norm but not norm on H(curl; Q) or H(curl; Q)

(not controlling [div E| 2(q) and projection on Dirichlet fields)
m for conforming approximations E € H(curl; Q) N e~1H(div; Q) the semi-norm

d
E — ||| := leurl E| 2qy + [diveEl 2y + Y | (€E, Er)y2(g) |
=1

o
is well defined and a norm on H(curl; Q) N e~tH(div; Q)
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Norm Estimates

m norm estimates for h=puH — H /

o
m E— |curl EHLQ(Q) semi-norm but not norm on H(curl; Q) or H(curl; Q)
(not controlling [div E| 2(q) and projection on Dirichlet fields)

m for conforming approximations E € H(curl; Q) N e~1H(div; Q) the semi-norm

d
E — ||| := leurl E| 2qy + [diveEl 2y + Y | (€E, Er)y2(g) |
=1

o
is well defined and a norm on H(curl; Q) N e~tH(div; Q)
m = norm estimates for e = E — E
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Norm Estimates

m norm estimates for h=puH — H /

o
m E— |curl EHLQ(Q) semi-norm but not norm on H(curl; Q) or H(curl; Q)
(not controlling [div E| 2(q) and projection on Dirichlet fields)

m for conforming approximations E € H(curl; Q) N e~1H(div; Q) the semi-norm

d
E — ||| := leurl E| 2qy + [diveEl 2y + Y | (€E, Er)y2(g) |
=1

o
is well defined and a norm on H(curl; Q) N e~tH(div; Q)
® = norm estimates for e = E — E , e.g.,

Corollary 3 For all E € H(curl; Q) Ne~tH(div; Q) with TE = G and diveE =0
and eE1 H_(Q), ie, E— E € H,

sup M_(F;X,cul X) < |[E—EJ> < inf  M2(F; Y, curlY).
XEﬁ(curl;Q) Y €H(curl;Q2)
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Constants and Sharpness

typical features of functional a posteriori error estimates
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Constants and Sharpness

typical features of functional a posteriori error estimates

m estimates for errors: basic (integral) relations, constants for embedding
inequalities cpr, Cu,is Cr
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Constants and Sharpness

Dirk Pauly

typical features of functional a posteriori error estimates

m estimates for errors: basic (integral) relations, constants for embedding
inequalities cpr, Cu,is Cr

m recall e.g.: For E € H(curl; Q) Ne~H(divo; Q) N H.(Q)1e with 7E = G

IE—E< inf My(H;Y,curlY)
Y €H(curl;Q)

inf ¢y 1(cer |[F —curl Y 2ig) + H,u_ll:l - YH .
Y €H(curl;Q) " ( (@) LZ(Q))
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Constants and Sharpness

typical features of functional a posteriori error estimates

m estimates for errors: basic (integral) relations, constants for embedding
inequalities cpr, Cu,is Cr

m recall e.g.: For E € H(curl; Q) Ne~H(divo; Q) N H.(Q)1e with 7E = G

IE—E< inf My(H;Y,curlY)
Y €H(curl;Q)

inf ¢y 1(cer |[F —curl Y 2ig) + H,u_ll:l - YH .
Y €H(curl;Q) " ( (@) LZ(Q))

= Mi(H;Y,cul Y)=0 & upuY=H=H=crEAE=E sharp
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Proofs (Helmholtz Decomposition)

main tools:
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Proofs (Helmholtz Decomposition)

main tools: standard techniques and Helmholtz decomposition
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Proofs (Helmholtz Decomposition)

main tools: standard techniques and Helmholtz decomposition

H approximation of puH =curlE, h:= pH — H error
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Proofs (Helmholtz Decomposition)

main tools: standard techniques and Helmholtz decomposition

H approximation of puH =curlE, h:= pH — H error
simplicity € = p = id
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Proofs (Helmholtz Decomposition)

main tools: standard techniques and Helmholtz decomposition

H approximation of puH =curlE, h:= pH — H error
simplicity € = p = id

L2(Q) > h=curl E. ® Ha

(e}
curl Ec € curlH(curl; Q)
Hga € H(curly; )
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Proofs (Helmholtz Decomposition

main tools: standard techniques and Helmholtz decomposition

H approximation of puH =curlE, h:= pH — H error
simplicity € = p = id

L2(Q) > h=curl E. ® Ha

(e}
curl Ec € curl H(curl; Q) = curl H
Hga € H(curly; )

recall  H = H(curl; Q) N H(divo; Q) N H(Q)*

v
I'IEUs ISSEBNU RG

Universitat Duisburg-Essen, Campus Essen

Dirk Pauly

A Posteriori Estimates for Maxwell Problems



Frame
000000000000

4th Workshop on Advanced Numerical Methods for Partial Differential Equation Analysis for Junior Scientists Euler Institute, St. Petersburg 2011

Proofs (Helmholtz Decomposition

main tools: standard techniques and Helmholtz decomposition

H approximation of puH =curlE, h:= pH — H error
simplicity € = p = id

L2(Q) > h=curl E. ® Ha

(e}
curl Ec € curl H(curl; Q) = curl H
Hga € H(curly; )

recall  H = H(curl; Q) N H(divo; Q) N H(Q)*

curl Ec  regular/conforming error
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Proofs (Helmholtz Decomposition

main tools: standard techniques and Helmholtz decomposition

H approximation of puH =curlE, h:= pH — H error
simplicity € = p = id

L2(Q) > h=curl E. ® Ha

(e}
curl Ec € curl H(curl; Q) = curl H
Hga € H(curly; )

o
recall H = H(curl; Q) N H(divo; Q) N H(Q)*
curl Ec  regular/conforming error

Ha  non-conforming error (boundary error)
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Euler Institute, St. Petersburg 2011

Proofs (Helmholtz Decomposition)

main tools: standard techniques and Helmholtz decomposition
H approximation of puH =curlE, h:= pH — H error
simplicity € = p = id
L2(Q) > h=curl E. ® Ha
o
curl Ec € curl H(curl; Q) = curl H
Hga € H(curly; )
o
recall H = H(curl; Q) N H(divo; Q) N H(Q)*
curl Ec  regular/conforming error

Ha  non-conforming error (boundary error)

orthogonality = Hh||f2(ﬂ) = |curl Ec"EZ(Q) + Hd"EZ(Q)
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Proofs (Upper Bounds)

recall h= H — H = curl E. ® Hy € cul H O H(curlp; Q)
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Proofs (Upper Bounds)

recall h= H — H = curl E. ® Hy € cul H O H(curlp; Q)

standard argument for curl Ec:

UNIVERSITAT
DUISBURG

ESSEN

Dirk Pauly

A Posteriori Estimates for Maxwell Problems

Universitat Dui: ssen, Campus Essen



Frame
0000000080000

4th Workshop on Advanced Numerical Methods for Partial Differential Equation Analysis for Junior Scientists
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Proofs (Upper Bounds)

recall h= H — H = curl E. ® Hy € cul H O H(curlp; Q)
standard argument for curl E¢: for all & € H

(curl Ec, curl @) 5
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Proofs (Upper Bounds)

recall h= H — H = curl E. ® Hy € cul H O H(curlp; Q)
standard argument for curl E¢: for all & € H

(curl Ec,curl @) 2y = (h,curl ®) 5y (HaL curl ®)
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Proofs (Upper Bounds)

recall h= H — H = curl E. ® Hy € cul H O H(curlp; Q)
standard argument for curl E¢: for all & € H
(curl Ec,curl @) 2y = (h,curl ®) 5y (HaL curl ®)

=(F,®)12(q) — <H,cur|¢'>L2(Q)
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Proofs (Upper Bounds)

recall h= H — H = curl E. ® Hy € cul H O H(curlp; Q)

standard argument for curl E¢: for all & € H
(curl Ec,curl @) 2y = (h,curl ®) 5y (HaL curl ®)

(F,®)20) - <I:I,cur|¢°>L2

@
= (F—curl Y, ®) 50 — <F/ — Y, curl ¢>L2(Q)

o
since (curl Y,¢>L2(Q) =(Y,curl ¢>L2(Q) for all Y € H(curl; Q); note H C H(curl; Q).
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Proofs (Upper Bounds)

recall h= H — H = curl E. ® Hy € cul H O H(curlp; Q)
standard argument for curl E¢: for all & € H

(curl Ec,curl @) 2y = (h,curl ®) 5y (HaL curl ®)

=(F,®)12(q) — <H,cur|¢'>L2(Q)

= (F—curl Y, ®) 50 — <F/ — Y, curl ¢>L2(Q)

o
since (curl Y,¢>L2(Q) =(Y,curl ¢>L2(Q) for all Y € H(curl; Q); note H C H(curl; Q).

Cauchy-Schwarz and Poincaré-Friedrichs and ® .= Ec € H =

Jeurl Ecl 2y < cor IF — curl Y] 2(q) + HH —y = My (H; Y, curl Y)

L2(Q)
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Proofs (Upper Bounds Continued)

recall h= H — H = curl E. ® Hy € curl H O H(curlp; Q)
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Proofs (Upper Bounds Continued)

recall h= H — H = curl E. ® Hy € curl H O H(curlp; Q)

argument for Hy:
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Proofs (Upper Bounds Continued)

recall h= H — H = curl E. ® Hy € curl H O H(curlp; Q)
argument for Ha: for all W € H(curly; Q)
(Ha, V) 2(q
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Proofs (Upper Bounds Continued)

recall h= H — H = curl E. ® Hy € curl H O H(curlp; Q)
argument for Ha: for all W € H(curly; Q)

(Ha, W)12(0) = <cur| X —H, w>L2(Q) (Ha+ H — curl X = curl(E — X — Ec)LW)

Eﬁ(curl;ﬂ)
for all X € H(curl; Q) with 7X = G.
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Proofs (Upper Bounds Continued)

recall h= H — H = curl E. ® Hy € curl H O H(curlp; Q)
argument for Ha: for all W € H(curly; Q)

(Ha, W)12(0) = <cur| X —H, w>L2(Q) (Ha+ H — curl X = curl(E — X — Ec)LW)

Gﬁ(curl;ﬂ)
for all X € H(curl; Q) with 7X = G.

Cauchy-Schwarz and ¥V := Hy =

[Hali2(gy < |curl X - HHLZ(Q) = my (H; curl X)
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Proofs (Upper Bounds Continued)

recall h= H — H = curl E. ® Hy € curl H O H(curlp; Q)
argument for Ha: for all W € H(curly; Q)

(Ha, W)12(0) = <cur| X —H, \u> (Ha+ H — curl X = curl(E — X — Ec)LW)
e ——

L2(Q)
Gﬁ(curl;ﬂ)
for all X € H(curl; Q) with 7X = G.
Cauchy-Schwarz and ¥V := Hy =
|Hal 2(q) < ”curIX - HHLZ(Q) = m(H; curl X)
= finally
120y = leurl Eclf2(q) + I Hallt2(q) < M3(A; Y, curl Y) + m?(H; curl X)

for all Y € H(curl; Q) and all X € H(curl; Q) with 7X = G.
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Proofs (Upper Bounds Continued)

recall h= H — H = curl E. ® Hy € curl H O H(curlp; Q)
argument for Ha: for all W € H(curly; Q)

(Ha, W)12(0) = <cur| X —H, \u> (Ha+ H — curl X = curl(E — X — Ec)LW)
e ——

L2(Q)
Gﬁ(curl;ﬂ)
for all X € H(curl; Q) with 7X = G.
Cauchy-Schwarz and ¥V := Hy =
< - F = H:
||Hd|\L2(Q)7”curIX HHLZ(Q) me (F; curl X)
= finally

120y = leurl Eclf2(q) + I Hallt2(q) < M3(A; Y, curl Y) + m?(H; curl X)

for all Y € H(curl; Q) and all X € H(curl; Q) with 7X = G.

L. — _F _ v - < . L F
=  my(H;curl X) chrI(X E)HLZ(Q) chrIT(G TE)HLZ(Q) <ec |G-TE trace
if H = curl E with E € H(curl; Q) —
and we choose X := E — ¥7E + ¥G € H(curl; Q) DU IS BURG

(then 7X = G)
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Proofs (Lower Bounds)

recall h = H — H = curl E. ® Hq € curl H & H(curly; Q)
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Proofs (Lower Bounds)

recall h = H — H = curl E. ® Hq € curl H & H(curly; Q)

standard argument for curl E¢:
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Proofs (Lower Bounds)

recall h = H — H = curl E. ® Hq € curl H & H(curly; Q)
standard argument for curl E¢:

2
|curl Ec "L2(Q)
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Proofs (Lower Bounds)

recall h=H — H = curl E; ® Ha € curl H @& H(curlp; Q)
o
standard argument for curl E.: for all X € H(curl; Q)
|curl Ec "32(9) > 2 {(curl Ec, curl X>|_2(Q) — |curl XHEZ(Q) (HaL curl X)

—_——
=(h,curl X>L2(Q)
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Proofs (Lower Bounds)

recall h=H — H = curl E; ® Ha € curl H @& H(curlp; Q)
o
standard argument for curl E.: for all X € H(curl; Q)
|curl Ec "32(9) > 2 {(curl Ec, curl X>|_2(Q) — |curl XHEZ(Q) (HaL curl X)

—_—

=(h,curl X>L2(Q)

= 2(F,®)2q) <cur| X + 2, curl X>L2(Q) = M_(H; X, curl X)
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Proofs (Lower Bounds)

Dirk Pauly

recall h=H — H = curl E; ® Ha € curl H @& H(curlp; Q)
o
standard argument for curl E.: for all X € H(curl; Q)

|curl Ec "32(9) > 2 {(curl Ec, curl X>|_2(Q) — |curl XHEZ(Q) (HaL curl X)
—_——

=(h,curl X>L2(Q)

= 2(F,®)2q) <cur| X + 2, curl X>L2(Q) = M_(H; X, curl X)

similar for Hy:
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Proofs (Lower Bounds)

recall h=H — H = curl E; ® Ha € curl H @& H(curlp; Q)
standard argument for curl E.: for all X € I(—)l(curl; Q)
|curl Ec "32(9) > 2 {(curl Ec, curl X>|_2(Q) — |curl XHEZ(Q) (HaL curl X)
= 2(F, ®)12(q) — (curl X + 2, cur X>L2(Q) = M_(H; X, curl X)

similar for Hy:

|| Ha || ﬁZ(Q)
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Proofs (Lower Bounds)

recall h=H — H = curl E; ® Ha € curl H @& H(curlp; Q)
standard argument for curl E.: for all X € I(—Dl(curl; Q)
|curl Ec "32(9) > 2 {(curl Ec, curl X>|_2(Q) — |lcurl X”E2(Q) (HaL curl X)
=(heurl X) 2,

= 2(F,®)2q) <cur| X + 2, curl X>L2(Q) = M_(H; X, curl X)

similar for Hy: for all Y € H(curlg; Q) and for all Z € H(curl; Q) with 7Z = G

||Hd||f2(Q) > 2 (Ha, Y)L2(Q) =1 YHE2(Q) (curl Ec 1Y)
N———
:<h‘Y>L2(Q)
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Proofs (Lower Bounds)

recall h=H — H = curl E; ® Ha € curl H @& H(curlp; Q)
standard argument for curl E.: for all X € I(—Dl(curl; Q)
|curl Ec "32(9) > 2 {(curl Ec, curl X>|_2(Q) — |lcurl X”E2(Q) (HaL curl X)
=(heurl X) 2,

= 2(F,®)2q) <cur| X + 2, curl X>L2(Q) = M_(H; X, curl X)

similar for Hy: for all Y € H(curlg; Q) and for all Z € H(curl; Q) with 7Z = G

||Hd||f2(Q) > 2 (Ha, Y)L2(Q) =1 YHE2(Q) (curl Ec 1Y)
N e’
:<h‘Y>L2(Q)
=2 |1 Z—-H,Y —YJ? I(E-2Z)LlY
(unz=H,Y), o =1V EE) (curl (E=2) 1Y)
Eﬁ(curI;Q)
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Proofs (Lower Bounds)

recall h=H — H = curl E; ® Ha € curl H @& H(curlp; Q)
o
standard argument for curl E.: for all X € H(curl; Q)
|curl Ec "32(9) > 2 {(curl Ec, curl X>|_2(Q) — |lcurl X”E2(Q) (HaL curl X)

—_—

=(h,curl X>L2(Q)

= 2(F,®)2q) <cur| X + 2, curl X>L2(Q) = M_(H; X, curl X)

similar for Hy: for all Y € H(curlg; Q) and for all Z € H(curl; Q) with 7Z = G

||Hd||f2(Q) > 2 (Ha, Y)L2(Q) =1 YHE2(Q) (curl Ec 1Y)
N e’
:<h‘Y>L2(Q)
=2 |1 Z—-H,Y —YJ? I(E-2Z)LlY
(unz=H,Y), o =1V EE) (curl (E=2) 1Y)
Eﬁ(curI;Q)

=m_(H;Y,curl Z)
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Proofs (Lower Bounds Continued)

= finally
1hlZ2(q) = lleurl Ecl2q) + Hallf2(q) > M- (H; X, curl X) + m_(H; Y, curl )

for all Y € H(curlp; Q) and all Z € H(curl; Q) with 7Z = G.
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Proofs (Lower Bounds Continued)

= finally
1hlZ2(q) = lleurl Ecl2q) + Hallf2(q) > M- (H; X, curl X) + m_(H; Y, curl )

for all Y € H(curlp; Q) and all Z € H(curl; Q) with 7Z = G.
if H = curl E with E € H(curl; Q) =

m_(H; Y, curl Z) =2 <cur|(Z —B), Y>L2(Q) — 1Y g
=2 <G - TE:,THY>trace ~ 1Yl
N— ——

":/F(G—VXE)Y"
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RENEIS

m Q exterior domain or bounded in one direction
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RENEIS

m Q exterior domain or bounded in one direction

m differential forms, RV, Riemannian manifolds
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m Q exterior domain or bounded in one direction
m differential forms, RV, Riemannian manifolds
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RENEIS

m Q exterior domain or bounded in one direction
m differential forms, RV, Riemannian manifolds

m hyperbolic problems

Thank You!
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