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Traces for Hilbert Complexes

ToC

1 Introduction

2 Traces for Single Operators

3 Traces for Hilbert Complexes and “Surface Differential” Operators

4 Examples of Traces

5 Appendix I: Regular Subspaces and Their Duals

6 Appendix II: Compact Embeddings and Fredholm Properties

Dirk Pauly TUDD – Institut für Analysis Traces for Hilbert Complexes Martin Emeritus U Ume̊a Oct 15, 2025



3/50

Intro Tr SglOps Tr HilCom & SrfDffOps Tr Ex RgSubSp & Duals CmpEmb & FredProp

Introduction

Traces for Hilbert Complexes

Question: Why are traces so complicated?

Question: What is H̃
±1/2
∥/�/0(0)(divΓ / rotΓ,Γ)?

. . . some answers below . . .
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Introduction

Traces for Hilbert Complexes

OVERVIEW and BASIC IDEAS

paper in JFA 2023:

R. Hiptmair, D. Pauly, and E. Schulz: Traces for Hilbert Complexes

Dirk Pauly TUDD – Institut für Analysis Traces for Hilbert Complexes Martin Emeritus U Ume̊a Oct 15, 2025



5/50

Intro Tr SglOps Tr HilCom & SrfDffOps Tr Ex RgSubSp & Duals CmpEmb & FredProp

Introduction

Traces

? Traces ?

Traces without any regularity of the domain?

Is this even possible?

even better:

? Traces ?

Traces without domains (or boundaries)?
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Introduction

Traces

A ∶ D(A) ⊂ H0 → H1 lddc: lin, dendef, cl

Traces for D(A)?

Ω ⊂ RN Lipschitz:

very classical

D(A) = H1 or W1,p , scalar trace us = u∣Γ

classical (we stay in Hilbert spaces)

D(A) = H(rot) or H(div), tan or nor traces vt = (ν × v × ν)∣Γ, vn = (ν ⋅ v)∣Γ

more recent (BGG, zoo of complexes)

D(A) = H(Rot⊺ RotS), H(divDivS),H(symRotT), . . .
. . .H(RotRotRot), H(rotDiv), H(Grad rot) . . .

traces?
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Introduction

Traces

A ∶ D(A) ⊂ H0 → H1 lddc

Traces for D(A)?

Ω ⊂ RN Lipschitz

What if less regularity? What if

Ω just open / no regularity and D(A) = H1(Ω), H(rot,Ω), H(div,Ω), . . . ?

no Ω at all, just D(A)?
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Introduction

Traces & Literature

Trace for D(A) where A ∶ D(A) ⊂ H0 → H1 lddc

What is known?

well known/basic idea: D(τA)/N(τA) = D(A)/D(Å) = T (A) ≅ T(A) = D(Å)�D(A)

not so well known: T(A)′ ≅
pρA

T(A) = N(A⊺ A+1) ≅
pτA

T(A⊺)′ = R(τA) = D(A∗)○

Friedrichs (Friedrichs systems): 1958 (S skew-sym, i.e., S+S⊺ = 0)
Ern, Guermond (Aubin): 2006, 2007 (S alm skew-sym, i.e., ∣(S+S⊺)x ∣H ≤ c ∣x ∣H)
Picard, Trostorff: 2024 (S skew-sym)

theory: bc ⇒ well-posedness / skew-selfadjoint extensions / accretive extensions

connection to our setting: S = [0 −A⊺
A 0

] but no complexes, S2 = [−A
⊺ A 0
0 −AA⊺

]

maybe not known (at all?): connection to Hilbert complexes

connection to trace complexes

NOT! τA1
A0 = A⊺0 ′τA0

BUT! τA1
A0 = −A⊺1 ′τA0

surface differential operators

compact embeddings

. . . dual representations / regular potentials

. . . continuous extensions by regular potentialsDirk Pauly TUDD – Institut für Analysis Traces for Hilbert Complexes Martin Emeritus U Ume̊a Oct 15, 2025
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Introduction

Traces

A ∶ D(A) ⊂ H0 → H1 lddc

A∗ ∶ D(A∗) ⊂ H1 → H0 lddc, Hilbert space adjoint

Traces for D(A)?

basic idea: integration by parts / extension of adjoints

∀ x ∈ D(A) ∀ y ∈ D(A∗) ⟨y ,A x⟩H1
− ⟨A∗ y , x⟩H0

= 0

think of A = ˚grad ∶ D(A) = H̊1 ⊂ L2 → L2

and A∗ = −div ∶ D(A∗) = H(div) ⊂ L2 → L2

⟨y , ˚grad x⟩L2 + ⟨div y , x⟩L2 = 0
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Introduction

Traces

Å ⊂ A lddc

A∗ ⊂ A⊺ ∶= Å ∗ (A⊺ formal transpose of A) lddc, Hilbert space adjoints

Traces for D(A)?
basic idea and setting: integration by parts / extension of adjoints

∃ x ∈ D(A) ∃ y ∈ D(A⊺) ⟨y ,A x⟩H1
− ⟨A⊺ y , x⟩H0

≠ 0

think of ˚grad = Å ⊂ A = grad D( ˚grad) = H̊1 ⊂ D(grad) = H1

and −d̊iv = grad∗ = A∗ ⊂ A⊺ = Å ∗ = ˚grad ∗ = −div D(d̊iv) = H̊(div) ⊂ D(div) = H(div)
⟨y ,grad x⟩L2(Ω) + ⟨div y , x⟩L2(Ω) = ⟨yn, xs⟩“ L2(Γ)′′

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
= “∫

Γ
ynxs

′′ = ⟨⟨yn, xs⟩⟩H−1/2(Γ),H1/2(Γ)

≠ 0

for some x ∈ H1, y ∈ H(div)
For simplicity of this talk: real Hilbert spaces
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Introduction

Traces

Å ⊂ A lddc

A∗ ⊂ A⊺ = Å ∗ lddc, Hilbert space adjoints

(Å,A∗) pair “with” boundary conditions (A,A∗), (Å,A⊺ = Å ∗)
(A,A⊺) pair “without” boundary conditions dual/adjoint pairs

Traces for D(A)?
basic idea and setting: integration by parts / extension of adjoints

bd trace τA ∶ D(A) → D(A⊺)′, τAx(y) ∶= ⟨y ,A x⟩H1
− ⟨A⊺ y , x⟩H0

x ↦ τAx
x ∈ D(A), y ∈ D(A⊺)

bd dual trace τA⊺ ∶ D(A⊺) → D(A)′, τA⊺y(x) ∶= ⟨x ,A⊺ y⟩H0
− ⟨A x , y⟩H1

y ↦ τA⊺y

note τA⊺y(x) = −τAx(y) skew-symmteric structure S = [0 −A⊺
A 0

]

equivalently bilinear form on D(A) ×D(A⊺) resp. D(A⊺) ×D(A)

⟨⟨x , y⟩⟩ ∶= τAx(y) = −τA⊺y(x) = ⟨y ,A x⟩H1
− ⟨A⊺ y , x⟩H0

= ⟨S [x
y
] , [x

y
] ⟩

H0 ×H1
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Introduction

Hilbert Complexes

Traces for Hilbert Complexes

We give Traces for Hilbert Complexes.

On the other hand Hilbert Complexes are necessary for Traces.
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Traces for Single Operators

Traces for Single Operators

Traces for Single Operators
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Traces for Single Operators

Traces for Single Operators (and Adjoints)

Å ⊂ A and A∗ ⊂ A⊺ = Å ∗ lddc (Hilbert space adjoints)

Traces for D(A) and D(A⊺) — traces come always in pairs

τAx(y) = ⟨y ,A x⟩H1
− ⟨A⊺ y , x⟩H0

primal / dual traces τA ∶ D(A) → D(A⊺)′, τA⊺ ∶ D(A⊺) → D(A)′

primal / dual adjoint traces τ ′A ∶ D(A⊺)′′ → D(A)′, τ ′A⊺ ∶ D(A)
′′ → D(A⊺)′

note: Hilbert spaces H
here= D(A) ∨D(A⊺) are self-dual (Riesz) and reflexive

⇒ isometric isomorphisms ρH ∶ H→ H′ and ιd ∶ H→ H′′

Theorem (kernels, boundedness, and adjoints)

N(τA) = D(Å) and N(τA⊺) = D(A∗) and ∥τA∥, ∥τA⊺∥ ≤ 1
τ ′Aιd = −τA⊺ and τ ′

A⊺
ιd = −τA

Remark

R(τA⊺) = R(τ ′A) = N(τA)
○ = D(Å)○ and R(τA) = D(A∗)○
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Traces for Single Operators

Traces for Single Operators (Riesz Isometric Isometries)

Å ⊂ A and A∗ ⊂ A⊺ = Å ∗ lddc (Hilbert space adjoints)

Let x ∈ D(A). What is / solves

qy ∶= −ρ−1D(A⊺)τAx ∈ D(A
⊺) and qx ∶= A⊺ qy ?

Lemma (extension / right inverse)

(qx , qy) ∈ N(A⊺ A+1) ×N(AA⊺ +1) and qx − x ∈ D(Å) = N(τA)

⇒ τA A⊺ qy = τAqx = τAx

⇒ −τA A⊺ ρ−1D(A⊺) = idR(τA) ⇒ −A⊺ ρ−1D(A⊺) right inverse of τA on R(τA)

note (S+1) [qx
qy
] = 0 with S = [0 −A⊺

A 0
] (formally skew-symmetric)
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Traces for Single Operators

Traces for Single Operators (Riesz Isometric Isometries)

Å ⊂ A and A∗ ⊂ A⊺ = Å ∗ lddc (Hilbert space adjoints)

Lemma (extensions / right inverses)

−τA A⊺ ρ−1
D(A⊺) = idR(τA) and qτA ∶= −A⊺ ρ−1D(A⊺) right inverse of τA on R(τA)

−τA⊺ Aρ−1D(A) = idR(τA⊺ ) and qτA⊺ ∶= −Aρ−1D(A) right inverse of τA⊺ on R(τA⊺)

Definition (extensions / right inverses)

Let ϕ ∈ R(τA) and ψ ∈ R(τA⊺). We call:

qϕ = −ρ−1
D(A⊺)ϕ ∈ N(AA⊺ +1) harm Neumann ext of ϕ since τA A⊺ qϕ = ϕ

q

qϕ = A⊺ qϕ = −A⊺ ρ−1
D(A⊺)ϕ ∈ N(A

⊺ A+1) harm Dirichlet ext of ϕ since τA
q

qϕ = ϕ

qψ = −ρ−1
D(A)ψ ∈ N(A

⊺ A+1) harm Neumann ext of ψ since τA⊺ A
qψ = ψ

q

qψ = A qψ = −Aρ−1
D(A)ψ ∈ N(AA⊺ +1) harm Dirichlet ext of ψ since τA⊺

q

qψ = ψ
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Traces for Single Operators

Traces for Single Operators Å ⊂ A and A∗ ⊂ A⊺ = Å ∗ (lddc)

Theorem (kernels, ranges = annihilators)

N(τA) = D(Å)
N(τA⊺) = D(A∗)

R(τA) = D(A∗)○ = {Φ ∈ D(A⊺)′ ∶ D(A∗) ⊂ N(Φ)}

R(τA⊺) = D(Å)○ = {Φ ∈ D(A)′ ∶ D(Å) ⊂ N(Φ)}
In particular, the kernels and ranges are closed.

Definition and Lemma (trace spaces)

T(A) ∶= D(Å)�D(A) = N(A⊺ A+1) ≅ D(τA)/N(τA) = D(A)/D(Å) =∶ T (A)
T(A⊺) ∶= D(A∗)�D(A⊺) = N(AA⊺ +1) ≅ D(τA⊺)/N(τA⊺) = D(A⊺)/D(A∗) =∶ T (A⊺)

⇒ red traces pτA ∶= τA∣T(A) ∶ T(A) → R(τA) pτA⊺ ∶= τA⊺ ∣T(A⊺) ∶ T(A⊺) → R(τA⊺)

Theorem (ranges and trace isometries)

R(pτA) = R(τA) = D(A∗)○ = ρD(A⊺)T(A⊺) = T(A⊺)′

R(pτA⊺) = R(τA⊺) = D(Å)○ = ρD(A)T(A) = T(A)′

The reduced traces are isometric isomorphisms.
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Traces for Single Operators

Traces for Single Operators Å ⊂ A and A∗ ⊂ A⊺ = Å ∗ (lddc)

Remark (trace /Riesz isometric isomorphisms →→)

τA ∶ D(A) → R(τA) ⊂ D(A⊺)′, ρA ∶= ρD(A) ∶ D(A) →→ D(A)′

τA⊺ ∶ D(A
⊺) → R(τA⊺) ⊂ D(A)′, ρA⊺ ∶= ρD(A⊺) ∶ D(A

⊺) →→ D(A⊺)′

pτA = τA∣T(A) ∶ T(A) →→ R(τA) = T(A⊺)′, pρA ∶= ρA∣T(A) ∶ T(A) →→ T(A)′

pτA⊺ = τA⊺ ∣T(A⊺) ∶ T(A
⊺) →→ R(τA⊺) = T(A)′ pρA⊺ ∶= ρA⊺ ∣T(A⊺) ∶ T(A

⊺) →→ T(A⊺)′

Lemma (trace /Riesz isometric isomorphisms →→)

R(τA) = R(pτA) = R(pρA⊺) = T(A⊺)′, pτA ∶ T(A) →→ T(A⊺)′, pρA⊺ ∶ T(A
⊺) →→ T(A⊺)′

R(τA⊺) = R(pτA⊺) = R(pρA) = T(A)′, pτA⊺ ∶ T(A
⊺) →→ T(A)′, pρA ∶ T(A) →→ T(A)′

Definition (inverses of trace /Riesz isometric isomorphisms →→)

qτA ∶= pτ
−1
A ∶ T(A⊺)′ →→ T(A), qρA⊺ ∶= pρ

−1
A⊺ ∶ T(A

⊺)′ →→ T(A⊺)

qτA⊺ ∶= pτ
−1
A⊺ ∶ T(A)

′ →→ T(A⊺), qρA ∶= pρ
−1
A ∶ T(A)

′ →→ T(A)

Remark

Continuity of traces and extensions for free! (no ass on R(A) or domains Ω)

△! even isometries △!
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Traces for Single Operators

Traces for Single Operators Å ⊂ A and A∗ ⊂ A⊺ = Å ∗ (lddc)

Remark (trace /Riesz isometric isomorphisms →→)

Continuity/isometry of traces and extensions for free! (no ass on R(A) or domains Ω)

△! NO compact embeddings or Friedrichs/Poincaré type estimates NEEDED △!

We do NOT need:

e.g.: Ω ⊂ R3 bd, weak Lip (compact embeddings)
(Weck 1972/’74, Weber 1980, Picard 1984)

H1(Ω) ↪↪ L2(Ω) or H̊(rot,Ω) ∩H(div,Ω) ↪↪ L2(Ω)

or even weaker (Friedrichs/Poincaré type estimate ⇔ closed range)

Ω (weak Lip, bd in ONE direction) ⇒ R( ˚grad) and R(div) closed

Ω (weak Lip, bd in TWO directions) ⇒ R(r̊ot) and R(rot) closed

Ω (weak Lip, bd in THREE directions) ⇒ R(d̊iv) and R(grad) closed
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Traces for Single Operators

Traces for Single Operators Å ⊂ A and A∗ ⊂ A⊺ = Å ∗ (lddc)

Theorem (trace /Riesz isometric isomorphisms →→)

T(A)′ ≅
pρA
T(A) ≅

pτA
T(A⊺)′, T(A⊺)′ ≅

pρA⊺
T(A⊺) ≅

pτA⊺
T(A)′

bilinear (sesquilinear) forms on T(A) ×T(A⊺) or D(A) ×D(A⊺)

⟨⟨x , y⟩⟩ ∶= ⟨⟨x , y⟩⟩τ ∶= τAx(y) = −τA⊺y(x) = ⟨A x , y⟩H1
− ⟨x ,A⊺ y⟩H0

,

⟨⟨x , y⟩⟩ρ ∶= ρAx(y) = ⟨x , y⟩D(A) = ⟨x , y⟩H0
+ ⟨A x ,A y⟩H1

Corollary (“integration by parts”)

⟨A x , y⟩H1
= ⟨x ,A⊺ y⟩H0

+ ⟨⟨x , y⟩⟩
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Traces for Single Operators

Traces for Single Operators Å ⊂ A and A∗ ⊂ A⊺ = Å ∗ (lddc)

Isometric Isomorphisms (→→)

D(A)

T (A) T(A) R(τA) = T(A⊺)′

T(A)′ = R(τA⊺) T(A⊺) T (A⊺)

D(A⊺)

π�

ιq pτA

pρA pρA⊺

pτA⊺
ιq

π�

D(A) = D(Å) ⊕D(A) T(A)

[x�] = [x] and τAx� = τAx = τA[x]
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Traces for Single Operators

Traces for Single Operators Å ⊂ A and A∗ ⊂ A⊺ = Å ∗ (lddc)

Isometric Isomorphisms (→→)

D(A) R(A)

T (A) T(A) R(τA) = T(A⊺)′

T(A)′ = R(τA⊺) T(A⊺) T (A⊺)

R(A⊺) D(A⊺)

π�

A

τA

ιq pτA

pρA
pA

pρA⊺

pτA⊺
ιq

π�

A⊺

τA⊺

pA ∶= A ∣T(A)
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Traces for Single Operators

Traces for Single Operators Å ⊂ A and A∗ ⊂ A⊺ = Å ∗ (lddc)

Isometric Isomorphisms (→→)

D(A) R(A)

T (A) T(A) R(τA) = T(A⊺)′ D(A⊺)′

D(A)′ T(A)′ = R(τA⊺) T(A⊺) T (A⊺)

R(A⊺) D(A⊺)

π�=ι∗�

τA

τAρA

A

π̃�

ιq pτA

pρA
±pA

ι�

qτA

π′�

qρA⊺

ι′�

ι′�

π′� qτA⊺

qρA pρA⊺

pτA⊺

ιq

±xA⊺

ι�

π̃�
π�=ι∗�

τA⊺
τA⊺

ρA⊺

A⊺

“on T(A) = N(A⊺ A+1) and T(A⊺) = N(AA⊺ +1)”:
qτA = −pA

⊺
qρA⊺ pτA = pρA⊺

pA pA
−1 = −pA

⊺
pA = A ∣T(A)

qτA⊺ = −pAqρA pτA⊺ = pρApA
⊺ (pA⊺)−1 = −pA pA

⊺ = A⊺ ∣T(A⊺)
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Traces for Single Operators

Traces for Single Operators Å ⊂ A and A∗ ⊂ A⊺ = Å ∗ (lddc)

Theorem (kernels and ranges of traces / isometric isomorphisms)

N(τA) = D(Å)

R(τA) = R(pτA) = D(A∗)○ = R(pρA⊺) = T(A⊺)′

T(A) = D(Å)�D(A) = N(A⊺ A+1)

T(A) ≅ T (A) = D(A)/D(Å)

N(τA⊺) = D(A∗)

R(τA⊺) = R(pτA⊺) = D(Å)○ = R(pρA) = T(A)′

T(A⊺) = D(A∗)�D(A⊺) = N(AA⊺ +1)

T(A⊺) ≅ T (A⊺) = D(A⊺)/D(A∗)

Remark (summary)

trace ranges are annihilators of trace kernels

trace ranges are duals of reduced transpose trace spaces

trace spaces are kernels N(A⊺ A+1) and N(AA⊺ +1) (“harmonic fields”)

trace spaces are orthogonal complements of trace kernels (—)

trace spaces are minimal norm extensions (—)

trace spaces are quotient spaces of trace kernels
note:

elements of the trace spaces are “smooth”

regularity is never a problem (regularity not a good term)

integrability is always the problem

Dirk Pauly TUDD – Institut für Analysis Traces for Hilbert Complexes Martin Emeritus U Ume̊a Oct 15, 2025



25/50

Intro Tr SglOps Tr HilCom & SrfDffOps Tr Ex RgSubSp & Duals CmpEmb & FredProp

Traces for Hilbert Complexes and “Surface Differential” Operators

Traces for Hilbert Complexes

so far NO (Hilbert) complexes
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Traces for Hilbert Complexes

Traces for Hilbert Complexes
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Traces for Hilbert Complexes

Different Hilbert Complexes

⋯ H0 H1 H2 ⋯
⋯ Å0

⋯

Å1

A⊺0 =Å
∗
0

⋯

A⊺1 =Å
∗
1

⋯ (unbd prim/dual HilComs)

⋯ H0 H1 H2 ⋯
⋯ A0

⋯

A1

A∗0

⋯

A∗1
⋯ (unbd prim/dual HilComs)

⋯ D(A0) D(A1) D(A2) ⋯⋯ A0 A1 ⋯ (bd DomCom)

⋯ D(A0)′ D(A1)′ D(A2)′ ⋯⋯
A′0 A′1

⋯ (bd adjoint DomCom)

⋯ D(A⊺−1) D(A⊺0 ) D(A⊺1 ) ⋯⋯ A⊺0 A⊺1 ⋯ (bd DomCom)

⋯ D(A⊺−1)′ D(A⊺0 )′ D(A⊺1 )′ ⋯⋯
A⊺0
′ A⊺1

′ ⋯ (bd adjoint DomCom)

setting

Åℓ ⊂ Aℓ and A∗ℓ ⊂ A⊺ℓ = Å
∗
ℓ (lddc)

R(Å0) ⊂ N(Å1), R(A0) ⊂ N(A1) (prim HilComs)

R(A∗1 ) ⊂ N(A∗0 ), R(A⊺1 ) ⊂ N(A⊺0 ) (dual HilComs)

R(A′1) ⊂ N(A′0), R(A⊺0
′) ⊂ N(A⊺1

′) (adjoint HilComs)

note A⊺n
′ ∶ D(A⊺n−1 )

′ → D(A⊺n )
′

⇒ A⊺n
′

p/≅ An ∶ D(An) → D(An+1) but A⊺n
′

p≅ An−1 ∶ D(An−1) → D(An) (index shift)
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Traces for Hilbert Complexes Åℓ ⊂ Aℓ and R(. . . ) ⊂ N(. . . )

A0 ∶ D(A0) → D(A1)

τA0
∶ D(A0) → D(A⊺0 )

′

A⊺1
′ ∶ D(A⊺0 )

′ → D(A⊺1 )
′

A⊺1 ∶ D(A
⊺
1 ) → D(A⊺0 )

τA⊺
1
∶ D(A⊺1 ) → D(A1)′

A′0 ∶ D(A1)′ → D(A0)′

(vol diff ops)

(trace ops)

(surf diff ops)

Theorem (surface differential operators / commutators with traces)

τA1
A0 = −A⊺1 ′τA0

and τA⊺
0
A⊺1 = −A

′
0 τA⊺

1

Theorem (integration by parts . . . )

. . . on domains: x ∈ D(A), y ∈ D(A⊺) or x ∈ T(A), y ∈ T(A⊺) ⇒ ⟨A x, y⟩H1
= ⟨x,A⊺ y⟩H0

+ ⟨⟨x, y⟩⟩

. . . on trace domains τA1
A0 = −A⊺

1
′τA0

x ∈ D(A0), z ∈ D(A
⊺
1
) ⇒

⟨⟨A0 x, z⟩⟩1 =τA1
(A0 x)(z) = −τA0

(x)(A⊺
1
z) = −⟨⟨x,A⊺

1
z⟩⟩0

. . . on trace spaces pτA1
π�xA0 = −

z

A⊺
1
′π′� pτA0

x ∈ T(A0), z ∈ T(A
⊺
1
) ⇒

⟨⟨π�xA0x, z⟩⟩1 = pτA1
(π�xA0x)(z) = −pτA0

(x)(π�
y

A⊺
1
z) = −⟨⟨x,π�

y

A⊺
1
z⟩⟩0

. . . on trace ranges
z

A⊺
1
′ = −pτA1

ι−1
d
(

xA′
0
)′ιd qτA0

φ ∈ R(τA0
), ψ ∈ R(τ

A⊺
1
) ⇒

⟨⟨⟨
z

A⊺
1
′φ,ψ⟩⟩⟩1 = ⟨⟨qτA1

z

A⊺
1
′φ, qτ

A⊺
1
ψ⟩⟩1 = −⟨⟨qτA0

φ, qτ
A⊺
0

xA′
0
ψ⟩⟩0 = −⟨⟨⟨φ,

xA′
0
ψ⟩⟩⟩0
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Traces for Hilbert Complexes Åℓ ⊂ Aℓ and R(. . . ) ⊂ N(. . . )

A0 ∶ D(A0) → D(A1)

A
⊺
1
′
∶ D(A

⊺
0 )
′
→ D(A

⊺
1 )
′

(vol diff ops)

(surf diff ops)

A
⊺
1 ∶ D(A

⊺
1 ) → D(A

⊺
0 )

A
′
0 ∶ D(A1)

′
→ D(A0)

′
△! CRAZY △!

simple idea ⇒ amazing complexity

D(A0) R(A0) D(A1) R(A1)

T (A0) T(A0)
R(τA0 )
∥

T(A⊺0 )
′

D(A⊺0 )
′ T (A1)

T(A1)
∩

D(A⊺0 )

R(τA1 )
∥

T(A⊺1 )
′

D(A⊺1 )
′

D(A0)′
T(A0)′
∥

R(τ
A⊺
0
)

T(A⊺0 )
∩

D(A1)
T (A⊺0 ) D(A1)′

T(A1)′
∥

R(τ
A⊺
1
)

T(A⊺1 ) T (A⊺1 )

R(A⊺0 ) D(A⊺0 ) R(A⊺1 ) D(A⊺1 )

π�

τ0
τ0

ρ0

A0

A0

⊂

π�
τ1

τ1

ρ1

A1

π̃�

ιq pτ0

pρ0
±xA0

ι�

qτ0

z

A⊺
1
′

π′�

qρ⊺
0

A⊺
1
′

ι′�
π̃�

ιq pτ1

pρ1
±xA1

ι�

τ⊺
0 π�

− id=
y

A⊺
0

xA0

qτ1

π′�

qρ⊺
1

ι′�

ι′�

qτ⊺
0π′�

qρ0
pρ⊺
0

pτ⊺
0

ιq

±
y

A⊺
0

ι�

τ1

π�

− id=xA0
y

A⊺
0

π̃�

A′0

ι′�

qτ⊺
1

xA′
0

π′�

qρ1
pρ⊺
1

pτ⊺
1

ιq

±
y

A⊺
1

ι�

π̃�

π�
τ⊺
0τ⊺

0

ρ⊺
0

A⊺
0

⊃

τ⊺
1τ⊺

1

ρ⊺
1

A⊺
1

A⊺
1

π�
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Traces for Hilbert Complexes Åℓ ⊂ Aℓ and R(. . . ) ⊂ N(. . . )

⋯ T(A0) T(A1)
T(A2)
∩

N(A⊺1 )
⋯ (trace space complex) iso2

⋯
R(τA0)
∥

T(A⊺0 )
′

R(τA1)
∥

T(A⊺1 )
′

R(τA2)
∥

T(A⊺2 )
′

⋯ (trace range complex) iso2

⋯
T(A⊺0 )
∩

N(A1)
T(A⊺1 ) T(A⊺2 ) ⋯ (dual trace space complex) iso2

⋯
R(τA⊺

0
)

∥
T(A0)′

R(τA⊺
1
)

∥
T(A1)′

R(τA⊺
2
)

∥
T(A2)′

⋯ (dual trace range complex) iso2

π�zA−1 π�xA0

pτ0

pρ0

π�xA1

pτ1

pρ1

π�xA2

pτ2

π� A⊺
1
=0

τ⊺
1

pρ2

pτn

z

A⊺
0
′ z

A⊺
1
′

qρ⊺
0

qτ0

z

A⊺
2
′

qρ⊺
1

z

A⊺
3
′

qρ⊺
2

qτn

qρ⊺n

pτ⊺
0

π�
y

A⊺
0

π� A1=0

τ1pρ⊺
0

π�
y

A⊺
1

pτ⊺
1

π�
y

A⊺
2

pτ⊺
2

π�
y

A⊺
3

pρ⊺n

pτ⊺n

zA′
−1

xA′
0

xA′
1

xA′
2

qτ⊺n
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Examples of Traces

. . . Examples of Traces. . .

Examples
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Examples of Traces

Example 1 De Rham Complex – ∇/div

Å ⊂ A lddc

A
∗ ⊂ A

⊺ = Å
∗ (Å,A∗) pair “with” and (A,A⊺) pair “without” bc

bd trace τA ∶ D(A) → D(A⊺)′ with ⟨⟨x, y⟩⟩ = τAx(y) = ⟨y,A x⟩H1
− ⟨A⊺ y, x⟩H0

= −τA⊺ y(x)

classical ibp ⟨⟨u,E⟩⟩ = τ∇u(E) = ⟨∇ u,E⟩
L2(Ω)

− ⟨u,− divE⟩
L2(Ω)

= ⟨u∣Γ, ν ⋅ E ∣Γ⟩L2(Γ) = −τ− divE(u)

∇̊ ∶ D(∇̊) = H̊1(Ω) ⊂ L2(Ω) → L2(Ω) (minimal gradient) ∇̊∗ = −div
∇ ∶ D(∇) = H1(Ω) ⊂ L2(Ω) → L2(Ω) (maximal gradient) ∇∗ = −d̊iv

d̊iv ∶ D(d̊iv) = H̊(div,Ω) ⊂ L2(Ω) → L2(Ω) (minimal divergence) d̊iv
∗ = −∇

div ∶ D(div) = H(div,Ω) ⊂ L2(Ω) → L2(Ω) (maximal divergence) div∗ = − ∇̊

∇̊ = Å ⊂ A = ∇

−d̊iv = ∇∗ = A∗ ⊂ A⊺ = Å ∗ = ∇̊∗ = −div
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Example 1 De Rham Complex – ∇/div

Å ⊂ A lddc

A
∗ ⊂ A

⊺ = Å
∗ (Å,A∗) pair “with” and (A,A⊺) pair “without” bc

bd trace τA ∶ D(A) → D(A⊺)′ with ⟨⟨x, y⟩⟩ = τAx(y) = ⟨y,A x⟩H1
− ⟨A⊺ y, x⟩H0

= −τA⊺ y(x)

classical ibp ⟨⟨u,E⟩⟩ = τ∇u(E) = ⟨∇ u,E⟩
L2(Ω)

− ⟨u,− divE⟩
L2(Ω)

= ⟨u∣Γ, ν ⋅ E ∣Γ⟩L2(Γ) = −τ− divE(u)

∇̊ = Å ⊂ A = ∇ −d̊iv = A∗ ⊂ A⊺ = −div

τ∇ ∶ H1(Ω) → H(div,Ω)′, τ∇u(E) class= ⟨u∣Γ, ν ⋅ E ∣Γ⟩L2(Γ)

τ− div ∶ H(div,Ω) → H1(Ω)′, τ− divE(u)
class= −⟨ν ⋅ E ∣Γ,u∣Γ⟩L2(Γ)

H(div,Ω)′ ∋ τ∇u( ⋅ ) = ⟨⟨u, ⋅ ⟩⟩ class= ⟨u∣Γ, ν ⋅ ( ⋅ )∣Γ⟩L2(Γ) τ∇u ↝ u∣Γ class scalar trace

H1(Ω)′ ∋ τ− divE( ⋅ ) = −⟨⟨ ⋅ ,E⟩⟩
class= −⟨ν ⋅ E ∣Γ, ⋅ ⟩L2(Γ) class normal trace

N(−∇div+1)′ = H̊(div,Ω)○ = R(τ∇) ∋ τ∇u
class∈ H−1/2(Γ)′ ιd= H1/2(Γ)

N(−div∇+1)′ = H̊1(Ω)○ = R(τdiv) ∋ τdivE
class∈ H1/2(Γ)′ = H−1/2(Γ)
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Example 2 De Rham Complex – rot

Å ⊂ A lddc

A
∗ ⊂ A

⊺ = Å
∗ (Å,A∗) pair “with” and (A,A⊺) pair “without” bc

bd trace τA ∶ D(A) → D(A⊺)′ with ⟨⟨x, y⟩⟩ = τAx(y) = ⟨y,A x⟩H1
− ⟨A⊺ y, x⟩H0

= −τA⊺ y(x)

classical ibp ⟨⟨E ,H⟩⟩ = τrotE(H) = ⟨rotE ,H⟩
L2(Ω)

− ⟨E , rotH⟩
L2(Ω)

= ⟨ν ×ν ×E ∣Γ, ν ×H ∣Γ⟩L2(Γ) = −τrotH(E)

r̊ot ∶ D(r̊ot) = H̊(rot,Ω) ⊂ L2(Ω) → L2(Ω) (minimal rotation) r̊ot
∗ = rot

rot ∶ D(rot) = H(rot,Ω) ⊂ L2(Ω) → L2(Ω) (maximal rotation) rot∗ = r̊ot

r̊ot = Å ⊂ A = rot
r̊ot = rot∗ = A∗ ⊂ A⊺ = Å ∗ = r̊ot∗ = rot
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Example 2 De Rham Complex – rot

Å ⊂ A lddc

A
∗ ⊂ A

⊺ = Å
∗ (Å,A∗) pair “with” and (A,A⊺) pair “without” bc

bd trace τA ∶ D(A) → D(A⊺)′ with ⟨⟨x, y⟩⟩ = τAx(y) = ⟨y,A x⟩H1
− ⟨A⊺ y, x⟩H0

= −τA⊺ y(x)

classical ibp ⟨⟨E ,H⟩⟩ = τrotE(H) = ⟨rotE ,H⟩
L2(Ω)

− ⟨E , rotH⟩
L2(Ω)

= ⟨ν ×ν ×E ∣Γ, ν ×H ∣Γ⟩L2(Γ) = −τrotH(E)

r̊ot = Å ⊂ A = rot r̊ot = A∗ ⊂ A⊺ = rot

τrot ∶ H(rot,Ω) → H(rot,Ω)′, τrotE(H) class= ⟨ν × ν × E ∣Γ, ν ×H ∣Γ⟩L2(Γ)
class= −τrotH(E)

H(rot,Ω)′ ∋ τrotE( ⋅ ) = ⟨⟨E , ⋅ ⟩⟩ class= ⟨ν × ν × E ∣Γ, ν × ( ⋅ )∣Γ⟩L2(Γ) class tangential trace

H(rot,Ω)′ ∋ τrotH( ⋅ ) = −⟨⟨ ⋅ ,H⟩⟩ class= ⟨ν ×H ∣Γ, ν × ( ⋅ )∣Γ × ν⟩L2(Γ) cl twisted tan trace

N(rot rot+1)′ = H̊(rot,Ω)○ = R(τrot) ∋ τrotE
class∈ H−1/2(rotΓ, Γ)

ιd= H
−1/2
× (divΓ, Γ)′

N(rot rot+1)′ = H̊(rot,Ω)○ = R(τrot) ∋ τrotH
class∈ H

−1/2
× (divΓ, Γ) = H−1/2(rotΓ, Γ)′
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Example 3 De Rham Complex – mixed bc

Å ⊂ A lddc

A
∗ ⊂ A

⊺ = Å
∗ (Å,A∗) pair “with” and (A,A⊺) pair “without” bc

bd trace τA ∶ D(A) → D(A⊺)′ with ⟨⟨x, y⟩⟩ = τAx(y) = ⟨y,A x⟩H1
− ⟨A⊺ y, x⟩H0

= −τA⊺ y(x)

classical ibp ⟨⟨u,E⟩⟩ = τ∇u(E) = ⟨∇ u,E⟩
L2(Ω)

− ⟨u,− divE⟩
L2(Ω)

= ⟨u∣Γ, ν ⋅ E ∣Γ⟩L2(Γ) = −τ− divE(u)
⟨⟨E ,H⟩⟩ = τrotE(H) = ⟨rotE ,H⟩

L2(Ω)
− ⟨E , rotH⟩

L2(Ω)
= ⟨ν × ν × E ∣Γ, ν × H ∣Γ⟩L2(Γ) = −τrotH(E)

“Γ = Γ0 ∪ Γ1”∇Γ0 ∶ D(∇Γ0) = H
1
Γ0
(Ω) ⊂ L2(Ω) → L2(Ω) (gradient) ∇∗Γ0 = −divΓ1

divΓ0 ∶ D(divΓ0) = HΓ0(div,Ω) ⊂ L
2(Ω) → L2(Ω) (divergence) div∗Γ0 = −∇Γ1

rotΓ0 ∶ D(rotΓ0) = HΓ0(rot,Ω) ⊂ L
2(Ω) → L2(Ω) (rotation) rot∗Γ0 = rotΓ1

∇Γ0
= Å ⊂ A = ∇

−d̊iv = ∇∗ = A
∗ ⊂ A

⊺ = Å
∗ = ∇∗Γ0 = −divΓ1

τ∇p=( ⋅ )∣
Γ0
: partial scalar trace on Γ0

∇̊ = Å ⊂ A = ∇Γ0

−divΓ1 = ∇
∗

Γ0
= A

∗ ⊂ A
⊺ = Å

∗ = ∇̊∗ = −div
τdivp=ν ⋅ ( ⋅ )∣

Γ1
: partial normal trace on Γ1

rotΓ0 = Å ⊂ A = rot

r̊ot = rot
∗ = A

∗ ⊂ A
⊺ = Å

∗ = rot
∗

Γ0
= rotΓ1

τrotp=ν × ( ⋅ )∣Γ0 : partial tangential trace on Γ0
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Example 4 De Rham Complex – Laplacians

Å ⊂ A lddc

A
∗ ⊂ A

⊺ = Å
∗ (Å,A∗) pair “with” and (A,A⊺) pair “without” bc

bd trace τA ∶ D(A) → D(A⊺)′ with ⟨⟨x, y⟩⟩ = τAx(y) = ⟨y,A x⟩H1
− ⟨A⊺ y, x⟩H0

= −τA⊺ y(x)

cl ibp ⟨⟨u, v⟩⟩ = τ∆u(v) = ⟨∆u, v⟩
L2(Ω)

− ⟨u,∆v⟩
L2(Ω)

= ⟨∂ν u∣Γ, v ∣Γ⟩L2(Γ) − ⟨u∣Γ, ∂ν v ∣Γ⟩L2(Γ) = −τ∆v(u)

∆̊̊∆∆ ∶ D(∆̊̊∆∆) = H̊2(Ω) ⊂ L2(Ω) → L2(Ω) (minimal Laplacian) ∆̊̊∆∆∗ =∆
∆̊D = div ∇̊ ∶ D(∆̊D) ⊂ L2(Ω) → L2(Ω) (Dirichlet Laplacian, s.a.) ∆̊∗D = ∆̊D

∆̊N = d̊iv∇ ∶ D(∆̊N) ⊂ L2(Ω) → L2(Ω) (Neumann Laplacian, s.a.) ∆̊∗N = ∆̊N

∆ ∶ D(∆) = H(∆,Ω) ⊂ L2(Ω) → L2(Ω) (maximal Laplacian) ∆∗ = ∆̊̊∆∆

∆̊̊∆∆ = Å ⊂ A =∆
∆̊̊∆∆ =∆∗ = A∗ ⊂ A⊺ = Å ∗ = ∆̊̊∆∆∗ =∆

∆̊D = Å ⊂ A =∆
∆̊̊∆∆ =∆∗ = A∗ ⊂ A⊺ = Å ∗ = ∆̊∗D = ∆̊D

∆̊̊∆∆ = Å ⊂ A = ∆̊D/N

∆̊D/N = ∆̊∗D/N = A
∗ ⊂ A⊺ = Å ∗ = ∆̊̊∆∆∗ =∆

∆̊N = Å ⊂ A =∆
∆̊̊∆∆ =∆∗ = A∗ ⊂ A⊺ = Å ∗ = ∆̊∗N = ∆̊N

Dirk Pauly TUDD – Institut für Analysis Traces for Hilbert Complexes Martin Emeritus U Ume̊a Oct 15, 2025



38/50

Intro Tr SglOps Tr HilCom & SrfDffOps Tr Ex RgSubSp & Duals CmpEmb & FredProp

Examples of Traces

Example 4 De Rham Complex – Laplacians

Å ⊂ A lddc

A
∗ ⊂ A

⊺ = Å
∗ (Å,A∗) pair “with” and (A,A⊺) pair “without” bc

bd trace τA ∶ D(A) → D(A⊺)′ with ⟨⟨x, y⟩⟩ = τAx(y) = ⟨y,A x⟩H1
− ⟨A⊺ y, x⟩H0

= −τA⊺ y(x)

cl ibp ⟨⟨u, v⟩⟩ = τ∆u(v) = ⟨∆u, v⟩
L2(Ω)

− ⟨u,∆v⟩
L2(Ω)

= ⟨∂ν u∣Γ, v ∣Γ⟩L2(Γ) − ⟨u∣Γ, ∂ν v ∣Γ⟩L2(Γ) = −τ∆v(u)

∆̊̊∆∆ = Å ⊂ A =∆
∆̊̊∆∆ = A∗ ⊂ A⊺ =∆

∆̊D = Å ⊂ A =∆
∆̊̊∆∆ = A∗ ⊂ A⊺ = ∆̊D

∆̊N = Å ⊂ A =∆
∆̊̊∆∆ = A∗ ⊂ A⊺ = ∆̊N

τ∆ ∶ H(∆,Ω) → H(∆,Ω)′, τ∆u(v) class= ⟨∂ν u∣Γ, v ∣Γ⟩L2(Γ) − ⟨u∣Γ, ∂ν v ∣Γ⟩L2(Γ)

τ∆ ∶ H(∆,Ω) → D(∆̊D)′, τ∆u(v) class= −⟨u∣Γ, ∂ν v ∣Γ⟩L2(Γ), v ∈ H̊1(Ω)

τ∆ ∶ H(∆,Ω) → D(∆̊N)′, τ∆u(v) class= ⟨∂ν u∣Γ, v ∣Γ⟩L2(Γ), ∇ v ∈ H̊(div,Ω)

τ∆̊D
∶ D(∆̊D) → H(∆,Ω)′, τ∆̊D

v(u) class= ⟨u∣Γ, ∂ν v ∣Γ⟩L2(Γ), v ∈ H̊1(Ω)

τ∆̊N
∶ D(∆̊N) → H(∆,Ω)′, τ∆̊N

v(u) class= −⟨∂ν u∣Γ, v ∣Γ⟩L2(Γ), ∇ v ∈ H̊(div,Ω)
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Examples of Traces

Example 4 De Rham Complex – Laplacians

Å ⊂ A lddc

A
∗ ⊂ A

⊺ = Å
∗ (Å,A∗) pair “with” and (A,A⊺) pair “without” bc

bd trace τA ∶ D(A) → D(A⊺)′ with ⟨⟨x, y⟩⟩ = τAx(y) = ⟨y,A x⟩H1
− ⟨A⊺ y, x⟩H0

= −τA⊺ y(x)

cl ibp ⟨⟨u, v⟩⟩ = τ∆u(v) = ⟨∆u, v⟩
L2(Ω)

− ⟨u,∆v⟩
L2(Ω)

= ⟨∂ν u∣Γ, v ∣Γ⟩L2(Γ) − ⟨u∣Γ, ∂ν v ∣Γ⟩L2(Γ) = −τ∆v(u)

∆̊̊∆∆ = Å ⊂ A = ∆

∆̊̊∆∆ = A
∗ ⊂ A

⊺ = ∆

∆̊D = Å ⊂ A = ∆

∆̊̊∆∆ = A
∗ ⊂ A

⊺ = ∆̊D

∆̊N = Å ⊂ A = ∆

∆̊̊∆∆ = A
∗ ⊂ A

⊺ = ∆̊N

τ∆ ∶ H(∆,Ω) → H(∆,Ω)′, τ∆u(v) class= ⟨∂ν u∣Γ, v ∣Γ⟩L2(Γ) − ⟨u∣Γ, ∂ν v ∣Γ⟩L2(Γ)

τ∆ ∶ H(∆,Ω) → D(∆̊D)
′
, τ∆u(v) class= −⟨u∣Γ, ∂ν v ∣Γ⟩L2(Γ), v ∈ H̊1(Ω)

τ∆ ∶ H(∆,Ω) → D(∆̊N)
′
, τ∆u(v) class= ⟨∂ν u∣Γ, v ∣Γ⟩L2(Γ), ∇ v ∈ H̊(div,Ω)

H(∆,Ω)′ ∋ τ∆u( ⋅ ) = ⟨⟨u, ⋅ ⟩⟩ class= ⟨∂ν u∣Γ, ⋅ ∣Γ⟩L2(Γ) − ⟨u∣Γ, (∂ν ⋅ )∣Γ⟩L2(Γ) Dir and Neu trace as sum

D(∆̊D)′ ∋ τ∆u( ⋅ ) = ⟨⟨u, ⋅ ⟩⟩ class= −⟨u∣Γ, (∂ν ⋅ )∣Γ⟩L2(Γ) non-standard Dirichlet trace

D(∆̊N)′ ∋ τ∆u( ⋅ ) = ⟨⟨u, ⋅ ⟩⟩ class= ⟨∂ν u∣Γ, ⋅ ∣Γ⟩L2(Γ) non-standard Neumann trace
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Examples of Traces

Example 4 De Rham Complex – Laplacians

Å ⊂ A lddc

A
∗ ⊂ A

⊺ = Å
∗ (Å,A∗) pair “with” and (A,A⊺) pair “without” bc

bd trace τA ∶ D(A) → D(A⊺)′ with ⟨⟨x, y⟩⟩ = τAx(y) = ⟨y,A x⟩H1
− ⟨A⊺ y, x⟩H0

= −τA⊺ y(x)

cl ibp ⟨⟨u, v⟩⟩ = τ∆u(v) = ⟨∆u, v⟩
L2(Ω)

− ⟨u,∆v⟩
L2(Ω)

= ⟨∂ν u∣Γ, v ∣Γ⟩L2(Γ) − ⟨u∣Γ, ∂ν v ∣Γ⟩L2(Γ) = −τ∆v(u)

τ∆ ∶ H(∆,Ω) → H(∆,Ω)
′
, τ∆u(v)

class
= ⟨∂ν u∣Γ, v ∣Γ⟩L2(Γ)

− ⟨u∣Γ, ∂ν v ∣Γ⟩L2(Γ)

τ∆ ∶ H(∆,Ω) → D(∆̊D)
′
, τ∆u(v)

class
= −⟨u∣Γ, ∂ν v ∣Γ⟩L2(Γ)

, v ∈ H̊
1
(Ω)

τ∆ ∶ H(∆,Ω) → D(∆̊N)
′
, τ∆u(v)

class
= ⟨∂ν u∣Γ, v ∣Γ⟩L2(Γ)

, ∇ v ∈ H̊(div,Ω)

H(∆,Ω)′ ∋ τ∆u( ⋅ ) = ⟨⟨u, ⋅ ⟩⟩ class= ⟨∂ν u∣Γ, ⋅ ∣Γ⟩L2(Γ) − ⟨u∣Γ, (∂ν ⋅ )∣Γ⟩L2(Γ) Dir and Neu trace as sum

D(∆̊D)′ ∋ τ∆u( ⋅ ) = ⟨⟨u, ⋅ ⟩⟩ class= −⟨u∣Γ, (∂ν ⋅ )∣Γ⟩L2(Γ) non-standard Dirichlet trace

D(∆̊N)′ ∋ τ∆u( ⋅ ) = ⟨⟨u, ⋅ ⟩⟩ class= ⟨∂ν u∣Γ, ⋅ ∣Γ⟩L2(Γ) non-standard Neumann trace

N(∆∆ + 1)′ = H̊
2(Ω)○ = R(τ∆) ∋ τ∆u

class
∈ ?

N(∆∆ + 1)′ = H̊
2(Ω)○ = R(τ∆) ∋ τ∆u

class
∈ H−1/2(Γ)′

ιd= H1/2(Γ)

N(∆∆ + 1)′ = H̊
2(Ω)○ = R(τ∆) ∋ τ∆u

class
∈ H1/2(Γ)′ = H−1/2(Γ) Grisvard trace (Lions/Magenes)
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Examples of Traces

. . . to be continued . . .

Appendix
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Appendix I: Regular Subspaces and Their Duals

Regular Subspaces and Duals

“Regular Subspaces” and Duals
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Appendix I: Regular Subspaces and Their Duals

Regular Subspaces and Duals

A′0 ∶ D(A1)′ → D(A0)′

H+1 ⊂ D(A1) ⊂ H1 (bd dense embs of reg subsps)

D(A1) = H+1 +A0 H
+
0 (bd reg deco ops)

H+0 (A0) = {x ∈ H+0 ∶ A0 x ∈ H+1 } ⊂ H+0 ⊂ D(A0) ⊂ H0 (bd dense embs)

H̊
−
0 = H+0 ′ (duals)

H+1 ⊂ D(A1) ∩D(A⊺0 ) ⊂ H1 (bd dense embs of reg subsps)

note: H+0 (A0) ⊂ H+0 ⊂ D(A0) ⊂ H0 and H′0 ⊂ D(A0)′ ⊂ H̊
−
0 ⊂ H+0 (A0)′

⇒ extend A′0 to A′0 ∶ H̊
−
1 → H+0 (A0)′ by

∀ x ∈ H+0 (A0) A′0 ψ(x) ∶= ψ(A0 x)

H′1 ⊂ D(A1)′ != H̊
−
1 (A′0) ∶= {ψ ∈ H̊

−
1 ∶ A′0 ψ ∈ H̊

−
0 } ⊂ H̊

−
1 = H+1 ′ ⊂ H+1 (A1)′

⊂: H+1 ⊂ D(A1) ⇒ ψ ∈ D(A1)′ ⊂ H̊
−
1 and A′0 ψ ∈ D(A0)′ ⊂ H̊

−
0

⊃: ψ ∈ H̊−1 (A′0) and D(A1) ∋ y = y1 +A0 y0 ∈ H+1 +A0 H
+
0 (reg deco)

⇒ ψy ∶= ψy1 + (A′0 ψ)y0 and ∣ψy ∣ ≤ c ∣ψ∣
H̊
−
1 (A′0)

∣y ∣D(A1) ⇒ ψ ∈ D(A1)′
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Appendix I: Regular Subspaces and Their Duals

Characterisation of Dual Spaces by Regular Subspaces

Characterisation of Dual Spaces by “Regular Subspaces”
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Appendix I: Regular Subspaces and Their Duals

Characterisation of Dual Spaces by Regular Subspaces

Theorem (Characterisation of Dual Spaces by Regular Subspaces)

D(A1)′ = H̊
−
1 (A′0) = {ψ ∈ H̊

−
1 ∶ A′0 ψ ∈ H̊

−
0 }

D(A⊺0 )
′ = H̊−1 (A⊺1

′) = {ψ ∈ H̊−1 ∶ A⊺1
′ψ ∈ H̊−2 }

with equivalent norms.

Theorem (Characterisation of Dual Spaces by Regular Subspaces)

D(Å1)′ = H−1 (Å
′
0) = {ψ ∈ H−1 ∶ Å

′
0 ψ ∈ H−0 }

D(A∗0 )′ = H−1 (A∗1 ′) = {ψ ∈ H−1 ∶ A∗1 ′ψ ∈ H−2 }

with equivalent norms.
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Appendix I: Regular Subspaces and Their Duals

Characterisation of Trace Ranges by Regular Subspaces

Characterisation of Trace Ranges by “Regular Subspaces”
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Appendix I: Regular Subspaces and Their Duals

Characterisation of Trace Ranges by Regular Subspaces

recall traces: τA0
∶ D(A0) → D(A⊺0 )′, τA⊺

1
∶ D(A⊺1 ) → D(A1)′

N(τA⊺
1
) = D(A∗1 )

N(τA0
) = D(Å0)

R(τA⊺
1
) = D(Å1)○ = {ψ ∈ D(A1)′ ∶ ψ∣D(Å1)

= 0}

R(τA0
) = D(A∗0 )○ = {ψ ∈ D(A⊺0 )′ ∶ ψ∣D(A∗0 ) = 0}

density of H̊
+
1 ⊂ D(Å1) and

∗
H+1 ⊂ D(A

∗
0 ) ⇒

R(τA⊺
1
) = H̊+1 ○ as closed subspace of D(A1)′

R(τA0
) =

∗
H+1
○ as closed subspace of D(A⊺0 )′

⇒ more detailed

Theorem (Characterisation of Trace Ranges by Regular Subspaces)

R(τA⊺
1
) = D(A1)′ ∩D(Å1)○ = H̊

−
1 (A′0) ∩ H̊

+
1
○ = {ψ ∈ H̊−1 ∶ A′0 ψ ∈ H̊

−
0 ∧ ψ∣H̊+1 = 0}

R(τA0
) = D(A⊺0 )

′ ∩D(A∗0 )○ = H̊
−
1 (A⊺1

′) ∩
∗
H+1
○ = {ψ ∈ H̊−1 ∶ A⊺1

′ψ ∈ H̊−2 ∧ ψ∣∗
H+
1

= 0}

with equivalent norms.
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Trace Hilbert Complexes

Hilbert Complexes of Traces and Trace Spaces
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Appendix I: Regular Subspaces and Their Duals

Trace Hilbert Complexes

Hilbert Complexes of Traces and Trace Spaces . . . to be continued . . .

different unbounded versions of “surface differential operators”

⋯ D(A⊺0 )
′ D(A⊺1 )

′ D(A⊺2 )
′ ⋯⋯

A⊺
1
′ A⊺

2
′

⋯

⋯ D(A1)′ D(A2)′ D(A3)′ ⋯⋯
A′1 A′2

⋯

⋯
∗

H+1
○

∗

H+2
○

∗

H+3
○ ⋯⋯

A⊺
1
′ A⊺

2
′

⋯

⋯ H̊
+

1
○ H̊

+

2
○ H̊

+

3
○ ⋯⋯

A′1 A′2
⋯

⋯ H̊
−

1 H̊
−

2 H̊
−

3 ⋯
⋯

A⊺
1
′

⋯

A⊺
2
′

A′1

⋯

A′2
⋯

three interpretations

● D(A
⊺
n+1

′
) = R(τAn

) ⊂ D(A
⊺
n )
′

● D(A
′
n) = R(τ

A⊺
n+1

) ⊂ D(An+1)
′

● R(τA0
) =
∗
H
+
1
○

cl sbsp of both D(A
⊺
0 )
′
⊂ H̊
−
1

● A
⊺
1
′
∶ R(τA0

) → R(τA1
)

● R(τAn
) ⊂
∗
H
+○
n+1 ⊂ H̊

−
n+1

● R(τA0
) = D(A

⊺
0 )
′
∩ D(A

∗
0 )
○

= H̊
−
1 (A

⊺
1
′
) ∩
∗
H
+
1
○

= {ψ ∈ H̊
−
1 ∶ A

⊺
1
′
ψ ∈ H̊

−
2 ∧ ψ∣∗

H+
1

= 0}

= {ψ ∈
∗
H
+
1
○
∶ A
⊺
1
′
ψ ∈

∗
H
+
2
○
}

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=∶
∗
H+
1
○(A⊺

1
′)

compact embeddings for trace Hilbert complexes

boundary value problems on trace Hilbert complexes
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Appendix II: Compact Embeddings and Fredholm Properties

. . . to be continued . . .

. . . to be continued . . .
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