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Abstract

We study in detail Hodge-Helmholtz decompositions in nonsmooth exterior do-
mains Q c RY filled with inhomogeneous and anisotropic media. We show
decompositions of alternating differential forms belonging to the weighted L2-
space L7%(Q), s € R, into irrotational and solenoidal ¢-forms. These decom-
positions are essential tools in electro-magnetic theory for exterior domains. To
the best of our knowledge these decompositions in exterior domains with non-
smooth boundaries and inhomogeneous and anisotropic media are fully new
results. In the appendix we translate our results to the classical framework of
vector analysis N =3and ¢ =1,2.
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1 Introduction

Hodge-Helmholtz decompositions of square integrable fields, i.e. decompositions
into irrotational and solenoidal fields, are important and strong tools for solving
partial differential equations, e.g. the electro-magneto static or time-harmonic sys-
tem, called the static or time-harmonic Maxwell equations. Since formally i grad and
idiv resp. curl and curl are adjoint to each other and curlgrad = 0 and div curl = 0
holds as well, the e-orthogonal decompositions

L2(Q) = H(curly, Q) @. e~ "H(divo, Q) . H(Q) an

L2(Q) = H(curl, Q) @, e 'H(divo, Q) &, H(Q)

where 2 C R? is a domain, are easy consequences of the projection theorem in
Hilbert space. Here ¢ : Q@ — R**? is a symmetric and uniformly bounded and
positive definite matrix, which models material properties, such as the dielectricity
or the permeability of the medium. Moreover,

(curlo, {F eL*Q
H (divy, {F e L*Q

Q) = () :cwlE=0A vxE|,q=0}NHEQ)" ,

) = (
(Curlo, Q) = {E c L3(Q

Q) = (

)
): divE =0} nHEOQ)T
): curlE:O}ﬂfJN-C(Q)L ,
)

(dlvo, {Eel?Q): divE=0 A 1/-E|aQ:0}ﬁthC(Q)L

and

HOQ)={Eel’(Q): cwlE=0AdiveE=0 A v x E|yq=0} ;

HOQ)={Eel’Q): cwlE=0AdiveE=0 A v-cE|,, =0}
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denote the spaces of Dirichlet resp. Neumann fields, where we set H(€2) = 13dH((2)
resp. H(Q) = 4 H(Q) . The symbol L means orthogonality with respect to the L2(Q)-
scalar product. (See section 6.2 for further definitions of all these spaces.)

This problem may be generalized if we formulate Maxwell’s equations in the
framework of alternating differential forms of order ¢, short g-forms. This general-
ization not only makes things much easier, but also provides a deeper insight into
the structure of the underlying problems. To remind of the electro-magnetic back-
ground it has become customary to denote the exterior derivative dby rot and the
co-derivative § = + * dx by div, where * denotes the Hodge star operator. Since rot
and div are (formally) skew adjoint to each other as well as rot rot = 0 and div div = 0
hold, the corresponding Hodge-Helmholtz decompositions of L?-¢-forms read

L29(Q) = gRY(Q) @. £ 1oDY(Q) @. .HI(Q) (12)

where () is a domain in R or more general a Riemannian manifold of dimension
N, and again are easy consequences of the projection theorem. Here ¢ maps (2 to
the real, linear, symmetric and uniformly bounded and positive definite transforma-
tions on g-forms. Furthermore, we denote by @. the orthogonal sum with respect to
the (e -, - )124(q)-scalar product, where for £, H € L*%((Q)

<E, H>L2,q(Q) = / E AN *H
Q

and the bar denotes complex conjugation. Here we have

oRYQ) = {E € L2(Q) : 1ot E=0 A FE =0} N HI(Q)
oDY(Q) = {E € L*(Q): divE =0} NHIY(Q)"

and the Dirichlet forms
HIQ)={FeL*(Q): 10t E=0 AdiveE=0 A /'E =0}

and the symbol | means orthogonality with respect to the L*%(Q)-scalar product.
(See section 2 for more definitions.) For N = 3 and ¢ = 1 or ¢ = 2 we obtain the two
classical decompositions (1.1).

In the case of unbounded domains it is often necessary and useful to work with
weighted Sobolev spaces. Especially in our efforts to determine the low frequency
asymptotics of the solutions of time-harmonic Maxwell equations in exterior do-
mains [8, 9, 10] it turned out, that decompositions of weighted L2-spaces are es-
sential tools. Thus, motivated by this in the present paper we want to answer the
question, how the weighted L?-space

L29Q) = {F e LYV : p’F e L>(Q)} , seR

loc

1/2
7

where ) C RY is an exterior domain and p := (1 + r?)V/2, r(z) := |z|, x € RY, may

be decomposed into irrotational and solenoidal forms.
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For the special case s = 0 Picard showed (1.2) in [13], [11] and (in the classi-
cal framework) in [12], [6]. Moreover, for domains 2 possessing the local Maxwell
compactness property MLCP (See section 2.) he proved the representations

oR7(Q) = ot R¥7/(Q) = rot (R () NoDM(Q))
oD?() = div D751 (Q) = div (D*'(Q) N R Q)

i.e. any form from (R%(€2) may be represented as a rotation of a solenoidal form and
any form from (D(€2) may be represented as a divergence of a irrotational form.
Now one may expect for arbitrary s € R the direct decompositions

L2(Q) = oRY(Q) + e 7oDE(O) + Q)
But we will see that these only hold in a small interval around zero, i.e.
1-N/2<s<N/2—-1 :

since for small s we lose the directness of the decomposition and for large s the right
hand side is too small.
For general s € R \ I with the discrete set of weights

I={N/24+n:neNg}U{l—-N/2—n:ne Ny}

Weck and Witsch [15] showed in the special case Q2 = RY and ¢ = Id, where no
Dirichlet forms and no boundary exist, the decompositions

0R§+0Dg , S& (—OO,—N/Q)
L2% = { oRY + (D9 , s€(=N/2,N/2)
0R§+0Dg+82 , SG(N/2,00)

with
oR? = rot R_] , oD? = div D7}

Thereby 81 is a finite dimensional subspace of C>¢(R" \ {0}), the vector space of
infinitely differentiable ¢-forms with compact supports in R¥\ {0}, generated by the
action of the commutator of the Laplacian and a cut-off function on the linear hull
of some finitely many decaying potential forms in R" \ {0}, i.e. spherical harmonics
multiplied by a negative power of r solving Laplace’s equation. (Here we omit
the dependence on the domain R" and denote the direct sum by +.) We note that
Weck and Witsch even decomposed the Lebesgue-Banach spaces L2? with p € (1, c0)
instead of p = 2. The proof of their results uses heavily the corresponding results for
the scalar Laplacian in RY developed by McOwen in [5]. For the Hilbert space case
p = 2 these results have been generalized to smooth (C?) exterior domains Q@ C RY
by Bauer in [1]. Unfortunately by their second order approach these techniques can
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not be applied to handle inhomogeneities € and the smoothness of (2 is essential as
well.

Results in the classical case ¢ = N — 1 have been given by Specovius-Neugebauer
in [14] for ¢ = Id and a smooth (C?) exterior domain Q C RY , N > 3. She considered
the weaker version of (1.2), which reads as

L2V-1(Q) = (RV-1(Q) @ div DY, (Q)

resp. in the classical language

L*(Q) = grad H_;(grad, Q) & H(d(i)VO, Q)

She was able to show for s € R\ I

grad H,_(grad, ) + Hs<d;V0,Q) , S€(—o00,—N/2)
L2() = { grad H, 4 (grad, Q) + Hy(dive, Q) . se(=N/2,N/2) .
erad H,_, (grad, Q) + Hy(dive, Q) + 8, , s (N/2,00)

where 8, corresponds to 8! . We note that she proved the corresponding decom-
positions even for the Banach spaces L?(€2) with 1 < p < co. Since she used heavily
trace operators and convolution techniques, her results can not be generalized to
nonsmooth boundaries or inhomogeneities € . Moreover, she showed no further de-

composition of Hy(divy, §2) in Neumann fields and images of curl-terms (for N = 3),
which is highly important in electro-magnetic theory.

Our main focus is to treat nonsmooth boundaries, i.e. Lipschitz boundaries or
even weaker assumptions, and most of all nonsmooth inhomogeneities correspond-
ing to anisotropic media, which are only asymptotically homogeneous. To the best
of our knowledge it was an open question, if those weighted L*-decompositions
hold for inhomogeneous and anisotropic media or for nonsmooth boundaries. We
will allow our transformations on g-forms ¢ to be L™-perturbations of the identity,
i.e. ¢ = Id+¢€, where € needs not to be compactly supported but decays at infinity.
Moreover, ¢ is not assumed to be smooth. We only require ¢ € C' outside an arbi-
trary large ball. Omitting some details for this introductory remarks we will show
for small s € (oo, —N/2) \ 1

o

L37(Q) = oRE(Q) + e~ oDI(Q)
and for large s € (—N/2,00) \ T

oRI(Q) 4 &~ 1,DI(Q) . s< NJ2

L) NHI(Q) T = s _
oRI(Q) +e71DUQ) + AP, . s> N/2



Here A.nP?_, is a finite dimensional subspace of Iflivq () N CH(Q2), whose elements
have supports outside of an arbitrary large ball. The forms from P?_, are potential
forms, i.e. solve Laplace’s equation in RY \ {0}, and

A, = rot div+e¢ ! divrot

In the case € = Id since A = rot div + divrot (Here A is to be understood componen-
twise.) we have

APty = Cay Pl =81C C29(RV\ {0}) |

where Cy p := AB — BA denotes the commutator of the operators A and B. (For
details see Theorem 3.2.) Furthermore, L2%({) decomposes for large s into the closed
subspace L27(Q)N.H?(Q)+ and the linear hull of finitely many smooth forms, which
have bounded supports. We note that for all ¢ € [-N/2, N/2 — 1) the spaces of
Dirichlet forms .H?(f2) coincide. Moreover, for all s € R \ I the irrotational forms

in 01&3(9) resp. the solenoidal forms in (D?(€2) can be represented as rotations resp.
divergences, i.e.
JRIQ) =10t RIHQ) ,  (DI(Q) = div DI(Q)

hold except of some special values of s or ¢. But contrarily to the case s = 0 for
large s > 1 4+ N/2 we lose integrability properties, if we want to represent forms

in of&g(Q) resp. oD!(2) by rotations of solenoidal resp. divergences of irrotational
forms. Looking at Theorem 3.5 we obtain

JRI(€) = rot (RIHQ) Bl nD™ ()
DA(S) = div (DI B ) NREL©))

i.e. the representing solenoidal resp. irrotational forms no longer belong to L4 (1)
but only to L' (Q) for all t < N/2. (For details see Theorems 3.4, 3.5 and 3.8.)

If we project onto the orthogonal complement of .H? (€2), i.e. of more Dirichlet
forms, we finally obtain even for large s > N/2

L29(0) N1.97,(2)* = oRY(S) ©. = aDY(@)
In Appendix A we give a explicit representation of the low weighted Dirichlet spaces
H?,(Q) and compute their finite dimensions.
2 Definitions and preliminaries

We consider an exterior domain Q2 C RV, i.e. RV \ 2 is compact, as a special smooth
Riemannian manifold of dimension 3 < N € N, and fix a radius r, and some radii
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r, = 2"rg, n € N, such that RY \ Q is a compact subset of the open ball around
zero U, == {z € R" : |z] < ry}. Moreover, we choose a cut-off function 7, such
that [4, (3.1), (3.2), (3.3)] hold. Putting A4, := {z € R" : |z| > r} we note that
suppVn C A, NU,,.

Throughout this paper we will use the notations from [4, 8, 9]. Considering al-
ternating differential forms of rank ¢ € Z (short ¢g-forms) we denote the exterior
derivative dby rot and the co-derivative § = (—1)@~Y¥ x dx (x: Hodge star operator)
by div, where both of them are applied to g-forms, to remind of the electro-magnetic

background. On (oo (€2) (the vector space of all C**-¢-forms with compact supports
in Q) we have a scalar product

(, W) 200 = / B A T VB0 e C0(Q)
Q

1/2

and hence an induced norm | - |1240) = (-, * ){2q

the closure in the latter norm)

@ - Thus, we may define (taking

L24(Q) = Coa(Q)

the Hilbert space of all square integrable ¢-forms on 2. Moreover, on C*%(2) the
linear operators rot and div are formally skew adjoint to each other due to Stokes’
theorem, i.e.

<1"Ot P, \P>L2,q+1(g) = —<(I), div \I/>L2,q(Q)

for all (®,¥) € (OJW(Q) X (OJOO’QH(Q) , which gives rise to weak formulations of rot
and div. Using these and the weight function p(r) := (1 + 72)}/2 for s € R we intro-
duce the following weighted Hilbert spaces (endowed with their natural norms) of
g-forms

L29Q) :={F e LYV : p°E € L*(Q)}

loc
RIQ) = {E€12(Q): ot E € L2IT(Q)}
DI(Q) = {H € L2%(Q) : divH € L2 1(Q)}

(All these spaces equal zero if ¢ ¢ {0,...,N}.) Furthermore, we introduce the
Hilbert space

RI(Q) = Coa(@)

(The closure is taken in RY((2).) which generalizes the boundary condition of van-
ishing tangential components of the forms at the boundary 0 ). More precisely this
generalizes the boundary condition .*E = 0, which means that the pull-back of £ on
the boundary of 2 (considered as a (N — 1)-dimensional Riemannian submanifold
of Q) vanishes. Here ¢ : 92 — Q) denotes the natural embedding.

A lower left corner index 0 indicates vanishing rotation resp. divergence.



For weighted Sobolev spaces V;, s € R, we define

Vey = ﬂVs

s<t

We only consider exterior domains €2, which possess the local Maxwell compactness
property MLCP, i.e. for all ¢ and all t < s the embeddings

RY(Q2) N DY(Q) — L29(1)

are compact. (See [4, Definition 3.1, Remark 3.2] and the literature cited there.)

We assume our transformations to be 7-admissible resp. 7-C'-admissible as de-
fined in [8, Definition 2.1 and 2.2].

Let ¢ be a 7-C'-admissible transformation on ¢-forms with some 7 > 0. We need
the finite dimensional vector space of weighted Dirichlet forms

Q) = RUQ) Ne,DYQ)  ,  (eR

(Here we neglect the indices ¢ or ¢ in the cases ¢ = Id or t = 0.) Citing [9, Lemma
3.8] we have
89{‘1%(9) = equ(Q) = ef}fi%_l(gb

and even .H1(Q2) = EJ{‘i%(Q) ifqg¢ {1,N —1}. Thus,

SHUQ) € L)

fors >1— N/2and evenfors > —N/2ifq¢ ¢ {1,N — 1}.
Furthermore, for R 5 s > 1 — N/2 we introduce the (then well defined) Hilbert
spaces

aDE(Q) = DUQ) N.HAQ) , (RYQ) = (RIQ) N.HUQ) (2.1)

where we denote by L. the orthogonality with respect to the (e, - )12.4()-scalar
product, i.e. the duality between L;(Q2) and L>¢(Q2), t € R. If ¢ = Id we simply
write | := Lyq. The restrictions upon the weights s guarantee .3(?(2) c L>%(Q).
Butif ¢ ¢ {1, N — 1} also .H%(2) C Li‘lﬂ(Q) holds and these definitions extend to
s > —N/2. Since there are no Dirichlet forms (with t = 0!) for ¢ € {0, N} in these
special cases the definitions (2.1) may be extended to all s € R and we have

o

RUQ) = RUQ) = {0}, RN (Q) =RV (Q) = L2V () ,
{0} ,8>—N/2

oDG(2) = oDJ(Q) =LI°(Q) oD (Q) = oD (Q) = {Lm{* 1} s <-—N/2

Moreover, there are some other characterizations of these spaces. We remind of the
finitely many special smooth forms

o

BY(Q) C )RYQ)  and  BYQ) C oDU(Q)



presented in [9, section 4], which have compact resp. bounded supports in €2 and
the properties

o

HUQ) NBYQ) - = . HYQ) NBUQT = {0} . (2.2)

We note in passing

dim H(Q) = dim H4(Q) = #BY(Q) = #BUQ) = d' € N,

Using [9, Corollary 4.4] we see in fact that

oDA(S) = oDYQ) NHD = DY) NBUQ)*
oRI(S) = oRY(2) N H(Q)* = oRUQ) NBY()*
do not depend on the transformation ¢ . Since BY(2) is only defined for ¢ # 1 the last

characterization in the second equation holds only for ¢ # 1. Now the definitions of

oD4(2) and 0]102{3(9) extend to arbitrary weights s € R because the forms B (Q),BY(Q)
have bounded supports. We say (2 possesses the SMP, if and only if 2 has the MLCP

and the forms I%q(Q), B?(2) exist, which is guaranteed for Lipschitz domains €2, for
instance. (See [9, section 4] and the literature cited there.) We may choose 7, such

that suppn Nsuppb = @ forall b € ]%q(Q) UB?(Q2) and all q.
Finally for s >1— N/2ors > —N/2and ¢ ¢ {1, N — 1} we put

JL2(Q) = L3(Q) N Q)
We also need the negative ‘tower forms’
DY , R

for the values ¢ = 0,1,2and 0 € Ny, m € {1,...,u2} from [9, section 2], which
are essentially harmonic polynomials except of a multiplication by some negative
integer power of . These forms are homogeneous of degree "h! = (-0 — N,
belong to C>4(RY \ {0}) and satisfy

rot ~DZ) =0 : div " RZ 0 =0 :

div =D&, =0 : rot “RIT =0 ,
- q»k — qul,k*l Iy q+17k . q7k71

rot “ D7y =" RI, , divTRI" ="Dg, ,

where / = 0,1,2 and k£ = 1,2. (We note briefly that we need the positive tower
forms of height zero * D&) , T RZ) in our proofs as well. But they are not required to

formulate our results.) From [9, Remark 2.5] we have forall 0 € Ny, m € {1,..., ul}
andall / =0,1,2aswellas k € Ny

D eL2Y(A) & DI eHM(A) & s<N24o-(
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which completely determines the integrability properties of our tower forms at in-
finity. The same integrability holds true for “RZ%! . Moreover, the ground forms
(forms of height 0), which only occur for 1 < ¢ < N — 1, are linearly dependent, i.e.
we have

al - "R +ial DY =0 (2.3)

where af := (¢+0)"? and ¢ := N — q. This motivates to define the harmonic tower
forms

1. "R _— 1,9 .- D90
Ha,m = Ra,m =~ la, Do,m (24)
and moreover the potential tower forms
9 4. R Lia? . D2
Pa,m = A Ra,m + 10, Da,m ) (25)

since the tower forms of height 0 and 1 (and then clearly the harmonic tower forms
as well) and then also the potential tower forms P? , (of height 2) satisfy

ATD¥ =A"RY =AH! =AP! =0 , (=01

because A = rot div +divrot. Here A denotes the componentwise scalar Laplacian
in Euclidean coordinates. We note that P? = 0if ¢ € {0, N}. Furthermore, for
s € Rand ¢ = 0, 1, 2 we introduce the finite dimensional vector spaces
D& = Lin {"D% : "D ¢ L29(Ay)} =Lin{ D& :0<s—N/2+(} |
RS = TLin {"RYL, : TR ¢ L29(Ay)} =Lin{ R 10 <s— N/2+(}
H?:=Lin{HZ,  :H! ¢ 129A)} =Lin{H, :0 <s—N/2}
PL:=Lin{P, : Pl ¢129(A)} =Lin{P!, :0<s—N/2+2}

(Here we set Lin §) := {0} .) We note
HI =P, =D, =R, = {0} = s < N/2

Unfortunately due to the fact that rot 72~" (the gradient of =% in classical terms)
is irrotational and solenoidal but is itself no divergence, there exist four exceptional
tower forms. These are (up to constants)

_ 0,2 - = - —pll
PO =N = D7 , H' :=rot P’ =N dr = "Ry,

and their duals PV := «P° = “R){?, AN~! .= «H' = ~D{; "'. Of course we have
div PN = HN=!. Following the construction of the regular tower forms we define
fors > N/2 -2

PO .= PV .= Lin{ P’} : PV .= PN .= Lin{ PV}
and for s > N/2 — 1
H' = H! .= Lin{H"} , HNL = 1Y = Lin{ AV}

10



For all other values of s and ¢ we put P7 := {0} and H? := {0} .
As described, for instance, in [9, section 3] for s € R we consider vector spaces

Va4 nve , (4 : direct sum)

where V¢ C L24(Q) is some Hilbert space and V! is some finite subset of the tower

forms, e.g. VI = f{g(ﬂ) N DY(Q) and V¢ = H?. On VI 4 V¢ we define a scalar
product, such that

e in V7 the original scalar product is kept,
e 7V?is an orthonormal system,
e thesum V74 nV?=VJIHBnV!is orthogonal.

As already indicated we denote the orthogonal sum with respect to this new inner
product by H and clearly V¢ H7nV!? is a Hilbert space since V? is finite.

3 Results

Let 2 ¢ RY (N > 3) be an exterior domain as introduced in the last section with

the SMP or the MLCP depending on whether the forms ]%q(Q), B?(2) are involved
in our considerations or not. Recalling from [9, section 3] the set of special weights
I we put

I:=T-1={N/24+n—-1:neN}U{-N/2—n:ne Ny}
and from now on we make the following general assumptions:
e scR\I,ie.s+1cR\T,ie forallncN,

s#n+ N/2—-1 and s# —n—N/2

e c: 7-C'-admissible transformation on g-forms with some 7 = 7, satisfying
7 > max{0,s +1— N/2} and T>—-s—1 :

le.
>—s—1 , 8 € (—o00,—1)

74 >0  s€[—1,N/2—1]
>s+1—-N/2 ,s€(N/2—-1,00)

e v, u: 7-Cl-admissible transformation on (¢ — 1)- resp (¢ + 1)-forms with
some 7 = 7, satisfying

7 > max{0,s — N/2} and T> =5 :

11



ie.
> —s , § € (—00,0)

>0 s €[0,N/2]
>s—N/2 | se(N/2,00)

Rl

If1-N/2<s< N/2—1or—-N/2 <s < N/2and ¢ ¢ {1,N — 1} the "trivial’
orthogonal decomposition

L3(Q) = L3(Q) &: H(Q) (3.1)

holds. We will denote the orthogonality with respect to the (e -, - )1.2.4(q)-scalar prod-
uct or L29(Q)-L>%(Q)-duality by @. and put & = ®yq.
The first lemma shows how one may get rid of Dirichlet forms even for larger
weights.
Lemma 3.1 Let s > 1 — N/2. Then the direct decompositions
L24(Q) = L29(Q) + LinBY(Q) ,  L29(Q) = L29(Q) - e Lin BY(Q)

hold, where the latter is only defined for ¢ # 1. If ¢ ¢ {1, N — 1} this decompositions hold
for s > —N/2 as well.

To formulate our main decomposition result we need the operator (a perturba-
tion of the Laplacian A)

A, :=rotdiv+e ' divrot = A + &divrot ,
where £~ ! =: Id +¢ is also 7-C'-admissible. We obtain

Theorem 3.2 The following decompositions hold:
() Ifs < —N/2, then

L29(Q) = gRY(Q) + ~1oD%(Q)

and the intersection equals the finite dimensional space of Dirichlet forms .JHI(S).
Moreover,

L2() = oRI(®) + <D
and for q # 1 even

L29(Q) = oRY(Q) + e~ LoD(€2)

In both cases the intersection equals the finite dimensional space of Dirichlet forms
HI(Q) NBI(Q) L=

12



(i) If -N/2 <s<1-— N/2,then

L21(2) = oRHQ) + 7 DY(©) ,

L2V1(0) = R (@) 7D () + 5V (©)
(ii) If1 - N/2<s<N/2or —N/2<s<1—N/2and q ¢ {1,N — 1}, then
L29(Q) = oRY(Q) + DY)
For s > 0 this decomposition is even (e -, - )12.0(q)-0rthogonal.
(iv) If s > N/2, then
L20(0) = (([L29(@) By N oRY, (©)

@. e ([L29(Q) B 00D (2))) NL29(Q)
and

L29(Q) = RY(Q) + 7 'oDUQ) + ApP?,

where the first two terms in the second decomposition are (c -, - )12.q(q)-0rthogonal as
well. Furthermore,

[e)

L29(Q) N HL(Q)F = gRY(Q) @ e oD(Q)
Remark 3.3

o The decompositions in (ii)-(iv) are direct and define continuous projections.

e [n (ii) we are forced to use the forms B?(2) and B (Q2) in the definitions of 01&2(9)
and (DI(QY).

e To prove the last equation in (iv), we additionally assume T > N/2 — 1.

o The coefficients of the tower forms in the first equation of (iv) are related in the follow-
ing way: If

Fro+ > heg-nHy+e " (Fos+ > hae-nHy) = F € L2(Q)
L l

with F, 5 € f{g(Q) , Fys € DY) and Hy € HY as well as h,., hgy € C, then
hyy+hae=0 )

since the Hy are linear independent and do not belong to L2(1)).
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o AnP!_, is a finite dimensional subspace of I:I;‘I(Q) N Ch4(Q2), whose elements have
supportsin A,, .

e Fors < —N/2(and 7 > N/2 — 1) we have

JHI(Q) = HU(Q) + HI(Q) NBI(Q)*

o Clearly the transformation € may be moved to the irrotational terms in our decompo-
sitions as well.

Our decompositions and representations may be refined. For small weights we
get

Theorem 3.4 Lets < N/2+1—6,0— 04~ . Then (D?(2) and OI?&g(Q) are closed subspaces
of L2%(Q) whenever they exist and

o) oRY(Q) = rot (RIH(Q) N v~ 4DIL(Q))
= rot (103»3:}(9) N V_loDzj(Q)) = rot ﬁgj(Q)

holds for 2 < ¢ < N as well as for g =1and s > 1 — N/2,
(i) oDY(Q) = div (DIH(Q) N pRYTH(Q)

holds for 1 < ¢ < N —laswell as forq=0and s >2— N/2,
(iii) oDY(Q) = div (D) N ! RITH(Q)) = div DI ()

holds for0 < ¢ < N — 1.
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For large weights we have

Theorem 3.5 Let1 <q¢< N —1.Thenfors> N/2+1

@) oﬁg(a)zmt((ﬁgjm)mn vty (© ©)

— rot (RZ}(Q) N v~ DY H(Q) N BT (Q)Y) = ot RTH(Q)
G DYQ) = div (( Q) gAY N Rq“ )
= div (D) 1 R Q) 1 BT (@) ) = div DI(@)

are closed subspaces of 124(2) and for s > N/2
(iii) (L39(Q) ByHI) NoR? x (Q)
= rot ( (RIZH(©Q) BDI BnDIT}!) N DY) (9)

= oRY(Q) + rot v~ yDI ! ,

(iv) (L3(2) BnHS) NoDLy (Q)
— div ((D‘ji}(ﬂ) BRI @RI A Rq—i—l 1(Q)>
= oD(Q) + div R
are closed subspaces of L>(Q) B nHY.
Remark 3.6 We note divy~ D4 ' = 0 and rot n~ RZE = 0 by [9, Remark 2.4] and thus

nDI}

S—

cODq L@, R C th& ()

Remark 3.7 Since there are no regular harmonic tower forms in the cases ¢ € {0, N}, i.e.
HO = {0}, HY = {0}, and because of nHI C L>% (Q) the first equations in (iii) and (iv)
S S S <?

simplify:
If s> N/2, then

(L31() 8 L) M oRL () = rot (RY_, (@) @yDLL)
(LY@ ByHT) NoDYH () = div (D, () BaR)

IfN/2<s< N/2+1, then
(L29(Q) 8 ) MRy (2) = rot (R (@) BaDI) nv oD} (@)

(L29(Q) B yH2) oD () = div ((DI}(@) BrRI) 0 'R ()

15



As mentioned above there are no harmonic tower forms in the remaining cases
q € {0, N}. Thus, the equations in (i), (ii) and (iii), (iv) of the latter theorem would
coincide for these values. Furthermore, in these special cases there occur the excep-
tional tower forms. We obtain

Theorem 3.8 Let s > N/2. Then

M) L2VQ) = RY(Q)
= rot ((RY51() By @y ) o DY ()
= ot ((RY5(@) v DY (@) N BV ()) 8 )
— rot (RY71(Q) nw ' DY () N BY () 1) 4+ AnPY
= rot Io%iv__ll(Q) 4 AnPN :

G)  L2(Q) = ,DY(Q)

— div (D! ,(Q) N p'RL,(Q)) + Ay
= divD! (Q) + ApP°
Finally we want to note that we always get dual results using the Hodge star
operator. (This will change the homogeneous boundary condition from the electric

to the magnetic one.) Since this will multiply the number of results by two we let
their formulation to the interested reader.

4 Proofs

Let ¢, v and y be as in section 3. We start with the
Proof of Lemma 3.1: Let £ € L*7(Q). Looking at [9, section 4] and using the
Helmholtz decompositions [4, (3.5)] we may choose b, € LinB?(?), ¢ = 1,...,d?,

with by = g+ Hy € rot Ri-1(Q) .. H(Q) , where {H,} is a ®.-ONB of .4?(02) . Then
e:=FE—Y (B, eH)2a0be € L29(Q) . This proves one inclusion and the other one

is trivial, because the forms of ]%q(Q) are smooth and compactly supported. More-
over, if £ € LinBY(Q) N . HY(Q)*<, theneE =, ech, € .HY(Q)* and thus

0= <€E7 Hk>L2,q(Q) = Z€g<€Hg, Hk>L21<1(Q) = e ,
Y4
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which proves the directness of the sum. The other direct decomposition may be
shown in a similar way:. |

We introduce the Hilbert spaces (closed subspaces of L%9(Q2))

RYQ) == {E € RUQ) : 10t(s™E) = 0}
={E ¢ I?{g(Q) : rot E = —2sp *RE}
DUQ) = {E € DIQ) : div(p™E) = 0}
={E e DY) : divE = —2sp *TE}
and note that the | - HRZ(Q)" | - ”RZ(Q)_ and | - |} 24 -norms resp. the | - ||Dg(Q)'

|+ Iy~ and | - [;24(q-norms are equivalent on R{((2) resp. Di((2). Here we

used the operators R, T from [4, (2.20) and (2.21)] and the commutator formulas [4,
(2.24)]. First we need an easy consequence of the projection theorem:

Lemma 4.1 Let s € R. Then the orthogonal decompositions

@)  L29(Q) = 10t RTHQ) @, e ' DIQ) = e ot RTHQ) &, DI(Q)
G)  L29(Q) = div D' (Q) @, e 'RYQ) = e div DI H(Q) @, RY(Q)

hold with continuous projections. Here we denote by @, the orthogonal sum with re-
spect to the (p* -, - )12.4q)-scalar product and the closures are taken in L29($2) . The space

rot f{(s]j((l) resp. div DY} (Q) may be replaced by rot (03007‘1—1(9) resp. div DI ().

Proof: Since é“’q_l(Q) is dense in l?{zj(Q) we have E € L27(Q) N (rot ]?{zj(Q))LS’E ,
if and only if £ € L24(Q) N (rot (Ojoo’q‘l(Q))Ls’g , which means p*cF € (D1,(Q).
Thus, E € D), because 0 = div(p**cE) = p** diveFE + 2sp**?TeF . This shows (i)

and (ii) follows analogously. |

Remark 4.2 Clearly this lemma holds for 0-admissible transformations e as well.

We need two important results, which may be formulated as follows: Defining
the Hilbert space

[e)

XUQ) = (RUQ) Ne'DIQ) EyRl By, teR

we have
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Lemma 4.3 LetseR\]NIandq#Oorqzoands> —N/2. Then

ROTY : .XU(Q)N e oD () — RYH(Q)

loc

E — rot B

DIVE © XYQ) N RYL(Q) — (D)

loc

H — diveH

are continuous and surjective Fredholm operators with kernels

Q) ifs < —N/2

N( sROTg) - N(€DIV2) - { f}fQ(Q) z:fs > —N/2

Remark 4.4 By adding suitable Dirichlet forms from .H?($2) we always may obtain the

constraints H1 BY(Q), ¢ # 1, and 5EJ_]§‘1(Q) oreH,eEL.HYQ),if s > —N/2. Then
for s > —N/2 the operators

ROTY : X9(Q) Ne1oD? (Q) — oRTHQ) |

loc

_DIVY : .X9(Q) N oRL () — (DH(Q)

loc

are also injective and hence topological isomorphisms by the bounded inverse theorem. Fur-
thermore, we note (using the notations from [9])

Hi =D =R@%) , H =D = R

and for t < N/2 ) )
Hi =M, = {0}

Proof: This lemma has been proved in [9, Corollary 3.13, Lemma 3.14] for s > —N/2.
So we only have to discuss the cases of small weights s < —/N/2 and ranks of forms
1 < g < N. Welldefinedness, continuity and the assertion about the kernels are
trivial in these cases. So for example to show surjectivity for .DIV?, let us pick
some F € (D’ (Q) . Following the proofs of [9, Lemma 3.5, Lemma 3.12] and using
[15, Theorem 4] we represent the extension by zero of F' to RY

F =: Fp+ Fg € (DT 1(RY) + oR%(RV)

Now Fp is contained in the range of the operator B from [15, Theorem 7] and thus
we get some

h € DIRY)NeRYRY)  solving  divh = Fp
Applying [4, Theorem 3.6 (ii)] we even have h € H)¢(R"). Since
Fr € 0D51(9) NoRE(Q)
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we may represent this form in terms of a spherical harmonics expansion

Frly, = > fiDi 7+ (DM Y D]

aq—1,0 +
SN Ie 4Ja—1.0

with uniquely determined f;, f € C using [9, Theorem 2.6], where

+
JUH0 = 190 s g(I) =+ A e(l) < —s — 1 — N/2}

Now looking at [9, Remark 2.5] the first term of the sum on the right hand side
belongs to L>% '(4,,), the second to L>% ' (A4,,) and the third to L2% ' (A,,) . There-
<5 <5-1

fore,
Fe— Y fmDi'eL> '(RY)
Ie S-'j—q—l,O

This suggests the ansatz

H:=nh+ >  fmRY+®

+
Ie s Jq—1,0

to solve H € OPO{Z(Q) Ne'DYQ) and diveH = F. We note that the middle term of
the right hand side of the ansatz belongs to R%(£2) and even to (R%((2), for instance.
Thus, we are searching for some ® € R4(Q2) N e~ 'D%(Q) satisfying

rot ® = —rot(nh) = —Ciot h =: G ,
dive® = F — div(neh) — Z frdiv(neRY;) =: F , (4.1)

+
Ie Ja—1.0

since rot(nR?;) = 0. Clearly we have G e OI&‘Z“(Q) C 01&‘1“(9) . Moreover, not only

VOX

F € (D (Q), butalso I € (D (Q) holds, because

F = div(l —n)h — Z f1CaivnRY; + Fr — Z fIUDTl
Ies?jq—Lo [esgq—l,O
— div (én(h + Z fIT/R(fI)) )

+
Ie Ja—10

where the first two terms of the sum on the right hand side lie in L%%!(Q) , the sum

VOX

of the third and fourth terms in L>¢~!(Q) and the last one in L2/, (Q) € L>¢1(Q),
since

n(h+ > fmRY) € HYRY)

+
Ie s Jq—1,0
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and 7 > —s — 1. Now we are able to apply [4, Theorem 3.21] and get some
® € RZ,(Q) Ne'DL,(Q) solving the system (4.1). Since s < —N/2 < —3/2 we

have ¢ € f{g(Q) Ne 'DY(2), which completes the proof. The assertion about .ROT?
follows analogously. u

Proof of Theorem 3.4: Apply Lemma 4.3 and Remark 4.4 with the modified values
ofg,sand ¢. |

Proof of Theorem 3.5: The first equations in (i)-(iv) have already been proved in [9,
Theorem 5.8]. Let

Geonig(m:rot«f{g:}( ) BnHIY) nv DY 1(9)) ,
ie.

G =10t Gy_; + Z grrotnDI™!

139770

with G,_; € R71(Q) N v 'D () N B 1(Q)* and g; € C. Since
rot DI = rot ApD?; " — 10t Ciy rory D77 '
and clearly

rot AnRZI_I = rot div C’mtmRZI_I

we get
iozgl(l) rot DI~ = rot AnPg&){c( N —ia! ( ) 70t Cldiv rot 2D a1
— ag(]) rot div C’mt’nszl
Now ApPe! = Ch,P has compact support and therefore
N e(1),c m p pp

G € rot (f{g:}(sz) NrIDTN Q) N BN Q)R

which proves (i). (ii) is shown analogously. The last equation in (iii) follows from
(i), since we can split off a term

n Dq ll—y vn Dq ll—y n Dq ll—f—u 11977 Dq L1

and the tower forms are smooth and © decays as well as divy~ D%, "' = 0 holds by
Remark 3.6. Finally the last equation in (iv) is a direct consequence of (ii) and a sim-
ilar argument like the latter one. |
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Proof of Theorem 3.8: Lemma 4.3 yields

L2V(Q) = rot ((ﬁf_—f(ﬁ) By BN v DYy (9))

~1
and the same arguments used in the latter proof show
rot ((RY51() B 3Y) 0 yDYyL (9)
— rot (RY34(Q) N v 'DY3H(Q) N BY (@) ™)
Because divnHV~! = 0 we have
L2¥(@) = ot ((RY7(0) no DY (@) N BY-1(@) ) B i)
Now div PY = HV¥~! and thus rot nH¥~! = ApP" — rot Cy;,,, PV, which proves
L2N(Q) = rot (R¥71(Q) N v~ DY5(Q) N BY1(Q)*) + AnPY

Finally we have to show that the sum is direct. To do this, let /' = fAnPY = rot E

with some f € Cand F € R) (). We want to use the notations from [15], i.e. the
forms P(ﬁ"l and Qé\f ’14 , as well. By definition there exists a constant ¢ # 0, such that
PN = c‘Ré\{f = ﬁ@é\ff using [9, Remark 2.3]. Since s > N/2 and Pé?ffl € Liﬁ%(ﬁ)
partial integration yields

(rot B, Py r2ay =0
because P(fYIA € Lin{x 1} is constant. But on the other hand we obtain

cf
2-N

by [15, (73)], i.e. f =0. m

(F, Png4>L2,q(Q) = f(AnPN, Png4>L2,q(Q) = <CA,77Q§)Y’14, Png4>L2,q(Q) =cf

Now we turn to the main idea of our decompositions and the

Proof of Theorem 3.2: Let 1 < ¢ < N — 1 and s be as in section 3 as well as
F e L*(Q)

Using Lemma 4.1 we decompose
F=F +c'F,

with F, € rot (o1 (Q) and F,; € DY(2). A second application of this lemma yields

the decomposition
871Fd = Efile + F
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with F; € divD%(Q) and F € f{g(Q) N e 'DY(Q). Furthermore, there exists a
constant ¢ > 0 independent of F', such that

[Feliza @) + 1Fal 2o + IF lry@ne1psio) < ¢ 1Flezoq)

Now F' is more regular than F' and this enables us to solve
diveH = diveF € (D 1(Q) ,  rotE=rotF € (RI{(Q)

with some H € .X4(Q) N 0§?OC<Q) and F € .X4(Q)N e 1,DL (Q) by Lemma 4.3. We

loc

note £, H € L(Q) for all t with t < sand t < N/2 — 1. Now
F:=F—E—He_ H(Q)

and

A

F=F.+H+ec (Fy+eE)+F | (4.2)
where I, + H € Oﬁg(ﬂ) and F,; + ¢E € (D{(Q).

Remark 4.5 This short and simple argument is the main idea. The rest is just refinement
utilizing the result from [9]. We note that the idea of using the more reqular F' replaces the

old idea of working in H™'(Q2), the dual of 10{1(9) , in the case of the classical Helmholtz
decomposition.

For s > —N/2 we may refine the representation (4.2) of F'. For these s we have
e HL y(©) = H(Q) by [9, Lemma 3.8]. Using Remark 4.4 or [9, Theorem 5.1]

additionally we may obtain sEJ_](_%q(Q) and HL BY(Q),if ¢ # 1, or eEL.H(2) and
eH1.HYQ),if s > 1 — N/2. Therefore, F, + cE € (D{(f2) holds for s > —N/2 and

F.+H ¢ 01?@?(9) fors >1—N/2or1— N/2>s>—N/2and ¢ # 1. Moreover, [9,
Theorem 5.1] yields not only £, H € .X!(2) but also

E € (RYQ) Ne"'DI(Q)) B yD1(3) ifg# N -1,
H € (RYQ) N='DI(Q) B k73" Jif g # 1,

i.e. the exceptional forms do not appear in these cases.

The stronger assumption on F' € .L2%(Q) for weights s > 1 — N/2 or s > —N/2
and 2 < ¢ < N — 2 implies Fe HI(Q)*< and thus F = 0. So in these cases 4.2)
turns to

F=F.+H+ec Y (F;+¢E) . (4.3)

Until now we have shown the assertions of Theorem 3.2 (i), (ii) and also (iii) for
s < N/2 — 1. Considering larger weights s > N/2 — 1 and F € .L24(02) the tower
forms occur in the representation (4.3). More precisely we have
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“pNILL N
E—ES+ZeI77D}1+e77{ 0.1 1

et 0 , otherwise
| - R qg=1
H=H,+ hynR% + h oL
JE%;O A 1) , otherwise

with uniquely determined E;, H; € lo%‘sl(Q) Ne'DYQ) and ez, e, hy, h € C. We note
ﬁg’o = 53’0. For s < N/2 we have ﬁz’o = () and for s > N/2 we see

. q 2,
ag(l)nR? = —1ozg(1)77D}] € L<q% (Q)

forall I € TS]’O by (2.3). Thus, we obtain

F=F +H,+¢'F;+ FE,
h™ Ry ,qg=1
~ q - N-1,1
+Z(h1—el)nRI+n e Dy ,q=N—-1 ,
1540 0 , otherwise

where é; := —iera,/ agl( 1 - Now looking, for example, at the case ¢ = 1 we see

n‘Réﬁ ¢ Liqﬁ_ ,(©). Then for integrability reasons we get h = 0, such that the
-2

exceptional tower form does not appear. Clearly also e = 0 holds true for¢g = N —1.

Moreover, h; = é; since R? are linear independent and nR? ¢ L24(Q) forall I € 53’0
and s > N/2.

By the smoothness of nD{ as well as the decay and differentiability properties
of £ we obtain furthermore énD? € H}?(Q). Thus, for all s > 1 — N/2 we get the
representation

F=F+ Y hmRi+e (Fav Y emDl) |

1720 1390

where F,. .= F, + Hyand F := F;, + ¢E, + Z erénDY as well as
1720
Fot Y bRy € (L29(@ BoHs) noREy(0)
1590
Fy+ )" emDj € (L29(Q) B yH?) N oD’ y(©)
1€7%°

with agl(l)hl + iaZ(I)GI =0forall I € ﬁZ’O.
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This proves the remaining assertions of (iii) and the first equation in (iv). To show
the second equation in (iv) we observe

nDtIJ = ndivrot DSI = divrot anI - Cdivrot,anI ’
nR? =7 rot div RZI = rot div UR;]I - CYrot‘, diV,T]RSI

and therefore )
T 1 e q
F=F+e B+ Y 7~ AaPly

1€7%° )

where

Froi=F =Y hCopanaRy — Y ervot Ca, DY € RUQ)

1€39° 1€39°
Fd = Fd - Z 6I(]dlvrotr] Z h[ div C11rot ’r]R2[ € ODq(Q> )
1390 1520
hy ,
Z ol AfnP e € Asnﬂ’s 2
Iejg ,0 e(I)

Clearly all sums are direct resp. orthogonal as stated. Only in the second equation
of (iv) one may see this not directly. So for example if

E= 3" e1AmPly oq = G +='F € gRIQ) +7D1(0)
1€3%°
with some s > N/2, then

H:=G - Z errot div npg(z),c(z) = Z ere”tdivrot npg(mc(l) —c'F

74,0 74,0
1¢€3? I€7}

is a Dirichlet form, i.e. H € .H%(€2), but also an element of B¢(Q2)*< . Hence, H must
vanish and thus

G = Z errot divn Py ) . € L29(Q) ,

1340

which is only possible, if e; = 0 for all € 77°, since rot div NP5 ey & L29(Q) are
linear independent.

It remains to prove the last equation of (iv). Before we start with this, we observe,
that by the closed graph theorem all projections in (ii)-(iv) are continuous.

To show the last equation of (iv) we note

oRY(Q2), 1o DA(Q) © L29(Q) N Y, Q)4 =: YI(Q)
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and thus .

X1(Q) == oRI(Q) @. DY) C YI(Q)
Furthermore, X?(Q2) and Y4(Q2) are closed subsets of L>%(Q2) . By the first equation of
(iv) and Lemma 3.1 we have

codimX!(Q) = dim . H(Q) + dim ApP? , =d'+ > pl
0§0<5—%
since dim A.yP? , = dimP? , = dimH? and s — N/2 ¢ N, because s ¢ I. With
codim Y?(2) = dim . H? (©2) we get by Appendix A that X9(Q2) and Y?(2) possess
the same finite codimension in L24((2) . Consequently we obtain X?(Q) = Y¢(Q2). W

5 Appendix A: Weighted Dirichlet forms

Let 7 > 0. As already mentioned in section 2 for the space of Dirichlet forms we
have

gg{(i%(Q) = 69{(](9) = 69{it(9) P t .= N/2 — 5(171 — 5(17]\[_1 s
and its dimension equals d? = (3, , the ¢'-th Betti number of 2. Furthermore, we
have forall t € R

0} t>—-N/2

I (Q) = {0 , HY(Q) = { ’

/() = {0} A {5_1Lin{*1} t< —N/2

(This holds even for 7 = 0.) We repeat some notations and results from [7], [9] and
[15]. Let us introduce the ‘special growing Dirichlet forms” £, from [10, Lemma
2.4 and Remark 2.5] as the unique solutions of the problems

o

Efn €3y (@NBUQ) B, -FDI €12, ()

5o

where 0 € Nyand 1 < m < p? with

e (N\(N—-1+0\ qq¢(N+20)

)\ e N+ o)
from [15, Theorem 1 (iii)]. To guarantee their existence we have to impose the decay
conditions 7 > o and 7 > N/2 — 1. We note u¢ = (J;[) and thus p) = pdf = 1.

0,0 NO .
Moreover, T Dy resp. "Dy is a multiple of 1 resp. = 1.
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Lemma5.1 Let1<q< N —1lands e (—oco,—N/2)\Taswellas T > —s — N/2 and
7> N/2—1. Then

]

HIUQ) = HYQ) + . HYQ) NBYQ)L

holds. Moreover,

o

<HI(Q) NBI(Q)*™ =Lin{EZ,, : 0 < —s — N/2}
Corollary 5.2 The dimension d? of .H%(S?) is finite and independent of € . More precisely

R S
N

J<—s—7

Furthermore, the mapping

di(-) : (—oo,—N/2)\IU(=N/2,N/2-1) — N,

r—>dg

is locally constant and monotone decreasing. It jumps exactly at the points s € I, i.e.
—S — N/2 € Np.

Proof: The directness of the sum follows by (2.2) and the inclusions

DO+ HHQ) NBUQ) C Q)
Lin{E%, : 0 < —s — N/2} C .H1(Q) N BI(Q)**
are trivial. So it remains to prove

HIQ) € HYQ) 4 Lin{EL, :0 < —s— N/2}

Therefore, we pick some E € .H!(2). We observe E € HL4(A,) by the regularity
result [4, Corollary 3.8 (ii)] and even

ot E=0 divEl, =—divéE|, €LY (A,
for all o < p < ry. Thus, we have nE € IO{Z(Q) N DY(§2) with

rot nE = CrornE € gRITHQ) N BT (Q)F ,

divnE = CyiynE —ndiv E € (D1, (Q) nBH(Q)*

The assumptions on 7 yield s + 7+ 1 > 1 — N/2. Thus, by Lemma 4.3 there exists
e € R}(Q) N D{(2) with some ¢t > —N/2 solving

rote = rotnk , dive = divnE
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Therefore, H := nE — e € H!(Q?). Thus, rot H = 0 and div H = 0 in A,, and we may
represent H in terms of a spherical harmonics expansion

q
dy = Z h,, D& + hD% + Z MZ hi,. T DO,

vm O'<7S*% m=1

H

with uniquely determined A, h, b, € C using [9, Theorem 2.6]. By [9, Remark

v,m0 'Y Ham

2.5] the first term of the sum on the right hand side belongs to Li(lﬂ (A,,), the second
to Liqﬂ_l(Am) and the third to L29(A4,,) . We get

H- Y ieaerqu eL“ LA

a<—s—% m=1

which yields

pe
hi=H- Y Y hf Ef ¢ Li‘i%(Q)

cr<737% m=1

Finally we obtain

- > Z Wi By =(1—mE+e+he 3 _(Q) =5

o<~ 3,%111 1

6 Appendix B: Vector fields in three dimensions

Now we will translate our results to the classical framework of vector analysis.
Thus, we switch to some (maybe) more common notations.

Let N := 3. We identify 1-forms with vector fields via Riesz’ representation the-
orem and 2-forms with 1-forms via the Hodge star operator and thus with vector
fields as well. Using Euclidean coordinates {1, x5, x3} this means in detail we iden-
tify the vector field

with the 1-form
E1 dZEl + E2 d[[’g + E3 dl’g
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resp. with the 2-form
El *dl‘l —|—E2 *d.ﬁEQ +E3 *d.’L‘3 = Eldl’g /\d1’3—|—EQd$3/\d$1 +E5dl’1 /\diL’Q

Moreover, we identify the 3-form E dx; A dzs A dzs with the 0-form and/or func-
tion £. We will denote these identification isomorphisms by =. Then the exterior
derivative and co-derivative turn to the classical differential operators

O
grad =V = |0 , curl = V x , div =V-
J3

from vector analysis, where x resp. - denotes the vector resp. scalar product in R?.
In particular we have the following identification table:

| |a=0lg=1]q=2]q=3]
rot =d | grad | curl div 0
div =19 0 div | —curl | grad

6.1 Tower functions and fields

Let us briefly construct our tower forms once more in classical terms. Using polar
coordinates {r, p, v}, i.e.

cos p cos
x=®(r,p,J) =r |sinpcosd ,
sin v
we have with an obvious notation
dzy dr dr
dze| = Jg |dp| =Q [rcosdde ,
das dd rdd

where () := [e, e, €y] is an orthonormal matrix and

cos v cos —singp — sin ¥ cos ¢
e, := |cosVsinp , €,:= | cosyp , €y:= | —sinvsingp
sin ¢ 0 cos v

the corresponding orthonormal basis of R?. Since {dx1,dz,dx3} is an orthonormal
basis of 1-forms, {dr, r cos ¥ dp, r d¥} is an orthonormal basis as well. Moreover, we
have again with an obvious notation

dr dz, el [dxy e, -dx
reosVdp| = Q' |dzy| = |e)| |doy| = |e,-dx ,
rdv dxs el | |dxs ey -dx
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which shows
dr & e, , rcostvdy = e, , rdd = ey

We will denote the representations of grad, curl and div in polar coordinates by
grad, curl and div as well as their realizations on S := S? by gradg, curlgs and
divg. These may be derived by the formula

(Vou)o® = J3'V, ,o(uo®) =[e, (rcosd) e, 17" ey]V,,o(uod)

and we then have the following representations:

1
radu =e, 0, u+ —gradqu , radcu = ——e,d,u+eydyu
& +7’g S grads cost) ¥ % + €0 0o
1 1
curlv =e, X0, v+ — curlgv , curlgv = ——e, X 0,v+ey x dyv
r cos
1
divv=e,-0,v+ —divgv , divgv = ——e, 0,0+ ey -0y v
r cos U

We note that we do not distinguish between u resp. v and u o ® resp. v o ® anymore.
Moreover, in polar coordinates the Laplacian reads

2 1
A=0>+20,+=Ag
"o r2

where . -
9 » sin
cos? 9 a‘p 0 cos 0o

A =

is the Laplace-Beltrami operator.
Let us introduce the classical spherical harmonics of order n

Yn,m , neNy,m=1,...,2n+1 ,

which form a complete orthonormal system in L2(S), i.e. (ynm, Yee)1.2(S) = OnytOm »
and satisfy
(AS + /\n)yn,m =0 7 )\n = n(n + 1) ’

as well as the corresponding potential functions
Ztnm = Tei‘”yn,m ’ neNg,m=1,....2n+1 ,

which are homogeneous of degree

and solve



(See for example [3, Kapitel VII, 4] or [2, chapter 2.3].)
Moreover, for k,n € Ng, m =1,...,2n + 1 we define

k
Zi,n, = £i nr zinm fin = Yn,m )

T(1+n+1/2)
4K T(k+1tn+1/2)
2k . m are homogeneous of degree 6%, with

where 5:";,1 = and I' denotes the gamma-function. The

Gin =0+0.,

and satisfy

AZi,n,m - Zi nlm )
where z;}mm := 0. With the aid of these functions, which we will call a "A-tower’,
we construct for £ € Ny the functions and fields

k

+n,m )

U2kl :—gradUinm ,

+.n,m

U:I:nm =z

which we will call a "div grad-tower’, as well as the fields

k k ko 03k
VjE wm =re€ Xgradzy, . =e. xgradgzy, =&, mEre. XY, , ,

Vﬁ’;é::—curlvinm ,
which we will call a "— curl curl-tower’. Here Y, ,,, := gradgy, . The fields U. ikn L

are irrotational and the fields VZ , ,, solenoidal. Moreover, we have

2k+1 2k+1
leUinm Uinm ’ Curlvinm Vinm

aswellas divUz,, ,,, = 0 and curl Vi, ,,, = 0 and thus

AUZ, , =divgradUF*, = U2 :

+.n,m
2%k+1 __ - rr2kt1 2%—1
AUinm graddlvUinm Uinm ,
AVLn,m = — curl curl Vi = ﬁ,fm ,

where U2, :=0,V.2,, :=0. Wemention that U{ ,, and V{ are homogeneous
of degree 6% ,, . Moreover,

-1 _ 1
U:I:,n,m - V:I:,n,m
Thus, we define
771 1
P:t,n,m = Ui,n,m - Vi,n,m

ThenUf , ., V£, ., ¢ =—1,0and even P, are potential fields resp. functions.
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The next picture may illustrate the denotations tower:

div l l curl
) 2 div
3. floor Us m Vipwm — O
grad l l —curl
curl 1 1 div
2. floor || 0 «— Ui nm Vipm — 0
div l l curl
0 0 div
1. floor UL m Vewm — 0
grad l l —curl
1 — _ di
ground | 0 «— Uinm = Vipm — 0
div l l curl,div
0 0
div grad-tower — curl curl-tower

In the exceptional case (n,m) = (0,1) the function 2 , is a multiple of r**%+0 and
thus we get VI ,, = 0 for all £ as well as an exceptional div grad-tower

2% ok L 2k—6_ 4
U:i:,O,l = 5&:,07’ )

Uiko_ll = grad Ui]fm = fi,o O, rF 0 = f':kt’g(Qk‘ — 0y,
where U, =0.

Let us briefly compare these classical towers with the ¢g-form towers: On S we
identify 1-forms with linear combinations of e, and e, as well as 2-forms with scalar
functions. More precisely a 1-form w, cos ¥ dy + wy dv will be identified with the
tangential vector field w, e, +wy ey and a 2-form w cos ¥ dp A dv with the function w.
Then our operators p, 7 and p, 7 from [15] turn to

| lg=0] q¢=1 [q=2]q=3]
pv = 0 V- e, v X e, v
TU v —(vxe)xe | v-e 0
puv = ve, —v X e, v —
TV v v ve, —

where

—(vxe)xe =v-e,e,+v-egey =v—v-€, €

VX€ =V-€ye, —V-€,ey
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We note

0 = SY is constant
El 0,1 )

~ 0
Yn,m — T

n—1m )

Yom = gradg yn.m = in1/2(n + 1)1/251

n—1m

for n € Nin the terminology of [15]. Then for n € N we get up to constants

2k ~ 0 _ 3

Ui,n,m = D(i,2k+1,n71,m) - *R(i,2k+1,n71,m) )
2%-1 ~ pl M2

Ui,n,m - R(i,Zk,nfl,m) - *D(i,2k,n71,m) )

¢ ~ Nl .2
V:t,n,m - D(:I:,E+1,n—1,m) - >kR(:I:l—i—l,n—l,m)

and forn =0

2%  ~ 0 . D3

Uon = Dis2k01) = * B4 2x0,1) ;
2%k—1 ~ pl - 2

U+,0,1 = R(+,2k—1,o71) = *D(+,2k;—1,0,1) )
2%  ~ 0 . p3

U—,0,1 = D(—,2k+2,0,1) = *R(—,2k+2,0,1) )

Uzko_l1 = R%—,2k+1,0,1) = *D(Q—,%—H,O,l)
Finally for s € Rand ¢ = —1,0 we put (with Lin () := {0})
Ve :=Lin{V‘, Vi, ¢LA(A)} =Lin{V’, :n<l+s+1/2} |

U :=Lin{U’, . :U", ¢ L2(A)} =Lin{U’, , :n<l+s+1/2} |
Poi=Lin{P_pm: P pm ¢ LI(A1)} =Lin{P_,n:n<s+3/2} |

S

U =W =Lin{U",,:U", ¢ L2(A1)} =Lin{U’ o, : 0 < (+s+1/2}

6.2 Results for vector fields

For every operator { € {grad, curl, div} and s € R we define the Hilbert spaces

H,(0,9) = {u e LAQ): Qu e L2,,(Q)} . Hy(0,Q) = C=(Q) |
H, (00, ©) := {H,(0,2) : Ou = 0} . Hy (00, ©) = {H,(0,2) s ou=0}

where the closure is taken in H, (0, 2) . Then the spaces f{g(ﬂ) and D?(2) turn to the
usual Sobolev spaces, i.e.:

| | g=0 | g=1 [ ¢=2 | ¢=3 |
Re(Q) || Hy(grad, Q) = HY(Q) | Hy(curl, Q) | Hy(div, Q) L2(Q)
DI(02) L2(Q) H,(div, Q) | Hy(curl, ) | Hy(grad, Q) = H ()
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(o) (o) (0)
For every two operators ¢, € {grad g, curli), divg) } we define

H,(0,0,9) := H,(0, Q) N Hy (O, Q)

The operator A, reads as:

H A |
e~ divgrad
grad div —s~! curl curl
— curl curl +¢ 7! grad div
div grad

WIN| =] Ol

The generalized boundary condition :*E = 0 for a ¢-form E from R{ (Q) turns to
the usual boundary conditions

VE = Elyq=0 / NE = v X Elyg=0 ’ Wb =v-Elpg =0

(for ¢ = 0, 1, 2) weakly formulated in the spaces H(grad, §2) , H(curl, ?) and H(div, ),
where v denotes the outward unit normal at 9 2 and v the trace as well as +, resp. v,
the tangential resp. normal trace of the vector field £'. The linear transformations
e, v, it (v and p may be identified!) can be considered as variable, real, symmet-
ric and uniformly positive definite matrices with L (Q2)-entries, which satisfy the

asymptotics at infinity assumed in sections 2 and 3.
(o) (0)

Moreover, for any two operators ¢, € {curl(y), div() } we define
Hy(O=,Q) = e 'Hy(D,Q) , Hy(0,0:,Q) = Hy(0,Q) N H,(Ce, Q)

Now we have two kinds of Dirichlet fields. The first ones, the classical Dirichlet
fields,

S

L3(Q) = Hy(eurly, divo e, Q) 2 31(Q)  ,  seR

correspond to ¢ = 1 and the second ones, the classical Neumann fields,

Ei]tCS(Q) := Hg(curly, dci}vos, Q) = 3 3(Q) , seR
correspond to ¢ = 2. Moreover, we have the compactly supported fields
BY(Q) 2 BY(Q) C H(eurly, Q) ,  B3(Q) 2% B2(Q) C H(divo, Q)
and the fields with bounded supports
B?(Q2) = B(Q) C H(curly, Q)
Let s > —1/2. Using the Dirichlet and Neumann fields we put

H,(0,Q) := Hy (0, Q) NnHQ)L ,  H(0,Q) := Hy(0, Q) N H(Q)*
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and define in the same way H (¢, [, ©2) , H (¢, Oe, Q) and ]I:]IS(O, 0,Q), HS(O, e, Q).
Then we have

HL, (divo, ) = H,(divo, Q) N H(Q)* = Hy(dive, Q) N BL(0)* ,
L, (div, ) = Hy(divo, Q) N H(Q)" = Hy(divo, Q) N B(Q)* ,
L (curly, Q) = H,(curly, Q) N (Q)* = Hy(curly, Q) N B2(Q)* ,
(curlo, Q) = (curlg, Q)N H(Q)H :

and thus except of the last one the definitions of these spaces extend to all s € R.
Moreover, we set for s > —1/2

L2Q) = LAQ) K@Y, L) = L) nLH(@)
We get
Lemma 6.1 Let s > —1/2. Then the direct decompositions
L2(Q) = L2(Q) + Lin B (Q) |
L2(Q) = L3(Q) + e Lin B2(Q) = .L2(Q) + LinB(Q)
hold. If additionally s < 1/2, then
L(Q) = LAQ) @ .5(Q) ,  LAQ) = .L2Q) e. .5(Q)

With
O, := grad div —¢ ! curl curl = A — & curl curl

and always assuming s ¢ I,ie. foralln € N,
s#n+1/2 and s# —n—3/2 :
we obtain

Theorem 6.2 The following decompositions hold:
() Ifs < —3/2, then

L2(Q) = Hy(curly, Q) + e~ 'H, (divo, ) = H,(curly, ) + e Hy(divo, )
— H,(curly, Q) + e "H, (divo, ) = H, (curly, ) + e Hy (divo, Q)

In the first line the intersections equal the finite dimensional space of Dirichlet resp.
Neumann fields .H (S2) resp. JH (2) and in the second line the intersections equal
the finite dimensional space of Dirichlet resp. Neumann fields .H (Q) N B(Q)*= resp.

FC(Q) N B2Q)-
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(ii) If —3/2 < s < —1/2, then

L2(Q) = H,(curly, Q) + e 'H,(divo, )

— L, (curly, Q) 4+ 'L (dive, Q) 1 5 (Q)
(i) If —1/2 < s < 3/2, then
L(Q) = H(curly, Q) + e "H,(dive, Q)
L2(Q) = H,(curl, Q) + e, (divo, )

For s > 0 this decomposition is even (e -, - )12(q)-orthogonal.

(iv) If s > 3/2, then

L2(9) = (([L3(©) ByV;) 1 Hy (curly, 2))
®. e ([LA(2) BV '] N H_a (divo, Q))) NLXQ) |
L2(Q) = (([L2(9) BV 0 Hg (curly, 2)

G e ([L2(Q) B 7V, Ny (divo, 0)) ) NLE(Q)
and

LA(Q) = H(curly, Q) + e 'H,(dive, Q) + 0P, ,
L2(Q) = Hy(curly, Q) + e, (divo, ) + On®, , |

where the first two terms in the latter two decomposition are (c -, - )12(q)-orthogonal
as well. Furthermore,

L2(Q) N H_(Q) = Hy(curly, Q) @. e 'Hy(dive, ) |

—S

L2(Q) N .H_(Q)* = H,(curly, Q) ®. &', (divo, )

Here Remark 3.3 holds analogously. In particular the matrix ¢ may be moved to
the curl-free terms in our decompositions as well and for s < —3/2and 7 > 1/2 we
have
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Theorem 6.3 Let s € R. Then

i) Hs(curlg, Q) = grad Hy_ (grad, 2)

and for s > —1/2

i) Hs(cﬁrlg, Q) = grad Hs,l(gr;d, Q)

If s < 5/2, then

(ii) IF]IS(d?VO, Q) = curl Hy_,4 curl, divo p, 2

= curlH Curl, divg p, Q) = curl Hg_4 (curl, Q) ,

= cur curl, dci)vo,u, Q) = curl Hy_q (curl, )

( )

1 )

Hj(divg, Q) = curl ]I:]IS 1(Curl,d({vou, Q)
H, )

All these spaces are closed subspaces of L2(2) . For s < 3/2

(iii) L2(Q) = div H,_, (div, curlo 1,

L2(Q) = div H,_, (div, Clil"l(),u,

( Q)

=divH,_; (d(i)v, curly p1, Q) = div Hs—l(d({va Q) ;
( Q) Jifs > 1/2 ,
( Q) =

L2(Q) = div H,_;(div, cSrlou, = div H,_ (div, )

Theorem 6.4

(1) Fors>5/2

H5<d§)VO, Q) = curl { (H,- 1(curl Q) EnV L) NH, (leO i, Q))

e

Hs,l(curl, divp, Q)N Bl(Q)l“) = curl Hs,l((:lcl)rl, Q)
(Hy—1(curl, Q) BV 1) N ]I:]I<%(dci}v()u, Q))

= curl

H(divg, Q) = curl

VS

= curl (H,—; (curl, d(i)vu, Q) NB(Q)**) = curl Hy_; (curl, ©2)

are closed subspaces of L2(Q).
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i) Fors > 3/2
(L2(9) B V") N H_s (curly, ©)

= grad (Hs_l(groad, Q) ByU_,) = Hy(curly, Q) + grad nUY_, ,

(L2(Q)ByV, ") N ]I:]I<%(curlo, Q)
= grad (H,_(grad, Q) BnlU)_,) = H, (curly, Q) + grad nU°_, ,

(L(Q) B V") N H_y (divo, Q)

curl ((Hs_l(c&rl, Q) BV, ByV)_ ) NH_1(dive Q))

1
2

]I:]Is(d(i)vo, Q)+ curl V2, ,

(L2(Q) B9V, ") N H_ 5 (divo, ©2)
= curl <(H8_1(curl, Q) BV, By )N H_
= H,(divo, Q) + curl p 9 V?_,

(d(i)VO;L, Q))

1
2

are closed subspaces of L2(Q) B nV;*. Moreover, divyV?°, = =0.
Theorem 6.5 Let s > 3/2. Then
G LXQ) =div ((Hs_l(d?v, Q) BV, Byl N (curly 1, ) )

— div ((Hs_l(d?v, curl 1, Q) N B2(Q) ) @ )
= div (Hs_l(d(i)v, curl 41, Q) N %Q(Q)L“) + Anu®
— divH, (div,Q) £ AgI°

) L2(Q) = div ((H,o(div, ) BV Byll!) NHL (curloy, 2))
— div (H,_ (div, curly, Q) Byl

= div Hy_;(div, Cl(;I"]/L, Q) + Anu°
= divH,_;(div, Q) + ApguU°
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