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Abstract

We develop a solution theory for a generalized electro-magneto static Maxwell
system in an exterior domain Q2 ¢ RY with anisotropic coefficients converging at
infinity with arate »—", 7 > 0, towards the identity. Our main goal is to treat right
hand side data from some polynomially weighted Sobolev spaces and obtain
solutions which are up to a finite sum of special generalized spherical harmon-
ics in another appropriately weighted Sobolev space. As a byproduct we prove
a generalized spherical harmonics expansion suited for Maxwell equations. In
particular, our solution theory will allow us to give meaning to higher powers of
a special static solution operator. Finally we show, how this weighted static so-
lution theory can be extended to handle inhomogeneous boundary data as well.
This paper is the second one in a series of three papers, which will completely
reveal the low frequency behavior of solutions to the time-harmonic Maxwell
equations.

Key words: exterior boundary value problems, Maxwell equations, variable coeffi-
cients, electro-magnetic theory, electro-magneto statics, spherical harmonics expan-
sion, harmonic Dirichlet fields, inhomogeneous boundary data

AMS MSC-classifications: 35Q60, 78 A25, 78 A30

*This research was supported by the Deutsche Forschungsgemeinschaft via the project ‘We 2394
Untersuchungen der Spektralschar verallgemeinerter Maxwell-Operatoren in unbeschrankten Gebi-
eten’ and by the Department of Mathematical Information Technology of the University of Jyvaskyld,
where the author spent a sabbatical of three month during spring 2007 as a postdoc fellow.

fDepartment of Mathematics, University of Duisburg-Essen, Campus Essen, 45127 Essen, Ger-
many, Fon: +49 201 183 2215, Fax: +49 201 183 93 2215, dirk.pauly@uni-due.de



Contents

1 Introduction 2
2 Towers of static solutions in the whole space 6
3 Electro-magneto static operators 16
4 Generalized electro-magneto statics 29
5 Powers of a static Maxwell operator 32

6 Electro-magneto statics
with inhomogeneous boundary data 39

7 Appendix: Second order operators 40

1 Introduction

In the bounded domain case it is just an easy exercise to show that the solution op-
erator for the time-harmonic Maxwell equations L, is approximated by Neumann’s
series of the corresponding electro-magneto static solution operator £ for small fre-
quencies w, i.e.

L, = w_1H+ij LTt eq ,
7=0
where II and II,., are projections onto irrotational and solenoidal fields. In the case
of an exterior domain (a domain with compact complement) this low frequency
asymptotic holds no longer true. We run into problems even if we formally want
to define higher powers of a static solution operator since the well known electro-
magneto static solution theories developed e.g. by Picard in [9, 10, 11] and Kuhn
and the present author in [2] treat data from some polynomially weighted Sobolev
spaces and yield solutions in less weighted Sobolev spaces. In particular in [9, 10]
and [2] we get from L?-data L?,-solutions by decomposing L? into subspaces con-
sisting of irrotational resp. solenoidal fields. (Here for s € R we denote by L? the
Hilbert space of all measurable fields £, for which p°E is square integrable, where
p = p(r) == (1 +r%)Y? and r is the Euclidean norm in RY. Many of our nota-
tions have been previously used in [2, 5] and [4] and their explicit definitions will
not be repeated here. For more details and the exact definitions we refer to these
papers.) In [11] we obtain from L?-data L*-solutions by a second order approach
and elliptization of the Maxwell system using Lax-Milgram’s theorem. (The latter
paper considers a more general non-linear case using a theorem suited for monotone
operators, but in the linear case it is just the Lax-Milgram theorem.) So far based
on these known results we can only consider first and second powers of the solu-
tion operator of the static Maxwell system. To overcome these limitations we have
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to develop an electro-magneto static solution theory, which deals with arbitrarily
weighted data and describes the solutions in terms of their integrability properties,
such that we are able to iterate this static solution operator depending on the inte-
grability of the data and therefore, define a generalized Neumann sum of the static
solution operator.

In the case of Helmholtz’ equation and the equations of linear elasticity theory
in an exterior domain ) C RY, where comparable integrability problems for the
static problem occur, Weck and Witsch, [13] and [15, 16], respectively, have shown
that the time-harmonic solution operator is still approximated by a (generalized)
Neumann-type expansion in terms of the corresponding generalized static solution
operator for low frequencies except for some additional degenerate correction op-
erators. In [13] they discussed the case N = 3 and in [15, 16] the case of odd space
dimensions N . For even dimensions N some technical complications arise due to
the appearance of logarithmic terms in the Hankel function of integer order. So in
even dimensions the results still hold true but the complexity of notations and calcu-
lations increases considerably. For N = 2 (the most complicated case!) Peter showed
in [8] how to do this for Helmholtz” equation.

So we may expect and indeed will show in [7] that a similar low frequency
asymptotic holds true for Maxwell equations in an exterior domain, i.e. for small
frequencies w with non-negative imaginary part and J € Ny we will prove

J—1 J—N
Lo—w =Y W M ey — D w71 = 0(|w])

J=0 J=0

with projections II and II,., onto irrotational and solenoidal fields as well as some
degenerate correction operators I'; in the operator topology of weighted Sobolev
spaces. Here the O-symbol is meant for w — 0.

Motivated by these considerations and following Hermann Weyl [17] we want to
discuss in this paper the generalized electro-magneto static Maxwell system

rot B =G , diveE = f , 'E =0 (1.1)

in an exterior domain © C R” using alternating differential forms. Here the “electric
field” E is a differential form of rank ¢ (¢-form) and the data G'and f are (¢+1)- resp.
(¢ — 1)-forms. To invoke suggestively the applicational background of the electro-
magneto statics, it has become customary to denote the exterior derivative d by rot
and the co-differential § by div. Thus, we have on g-forms

div = (—=1)@ DV s rot «

Here = is the Hodge star operator. Furthermore, ¢ is a linear transformation acting
on g-forms, ¢ : 92 — Q the natural embedding and :* the pull-back map of :. So
.*E can be considered as the restriction of the form E to the (V — 1)-dimensional
Riemannian submanifold 0 (2, the boundary.

In the special (classical) cases N = 3 and ¢ = 1 or ¢ = 2, where we identify 1- and
2-forms with vector fields (via the Riesz representation theorem and the star opera-
tor) as well as 0- and 3-forms with scalar functions, by (1.1) the classical systems of

3



electro- or magneto-statics are recovered. More precisely the system (1.1) then reads
forg=1

curl £ =G , diveE = f , vX Elyg=0 : (1.2)

where curl = V x resp. div = V - is the classical rotation resp. divergence and v the
outward unit normal at the boundary 0 (2. Here we denote by V the classical gra-
dient and by X resp. - the vector- resp. scalar-product in R®. Thus, in this case we
get the classical electro static system for the electric field with prescribed (vanishing)
tangential component at the boundary. By the vanishing tangential component of &/
at the boundary we model total reflection of the electric field at the boundary, i.e. the
complement R? \ Q is a perfect conductor. Now physically f is the charge density,
the dielectricity of the medium €2, ¢E' the displacement current and G = 0. Setting
q = 2 the classical magnetic case appears. In this case H := ¢F is the magnetic field,
p = e~ ! the permeability of our medium, ;H the magnetic induction, f the current
and G = 0. Now the system (1.1), i.e.

rotuH =G , divH = f , CuH =0 ,
turns into
divpH =G , curl H = —f , v-uHl,qg=0 : (1.3)

Thus, we obtain the classical magneto static system of a perfect conductor corre-
sponding to (1.2).

We will show in this paper that the static Maxwell problem (1.1) has a solution
for data f, G taken from a closed subspace of L2471(Q) x L24*1(Q) with weights
s > 1—N/2. Here for s € R we denote by L24(Q) the Hilbert space of all measurable
g-forms E , for which p*F is square integrable over Q, i.e. for F, H € L2%(Q)) we have
the scalar product

(E, H)2a(q) = / PP EN*H < 00
Q

(Here A is the exterior product and ~ denotes complex conjugation.)

Because of the existence of a non-trivial L2-kernel of (1.1), the harmonic Dirichlet
forms .H?(Q2), our solution is unique, if we impose some adequate orthogonality
constraints on it. We receive solutions, which lie in the naturally expected weighted
Sobolev space L% (2) except of a finite sum of special generalized spherical har-
monics. To obtain our results we consider linear, bounded, symmetric and uni-
formly positive definite transformations ¢, such that the perturbations ¢ := ¢ — Id

are C! in the outside of an arbitrary compact set and decay with order 7 > 0, i.e.
9% é = O(r~lo=m) as T — 00 for all lal <1

Depending on the weight s we have to adjust the order of decay monotone increas-
ing.



A solution theory for the static system (1.1) has been given by Kuhn and the
present author in [2] as well as by Kress [1] and Picard [9] for homogeneous, isotropic
media, i.e. ¢ = Id, and by Picard [11] for inhomogeneous, anisotropic media. (Here
¢ is even allowed to be a non-linear transformation as mentioned above.) More-
over, in the classical cases of electro- and magneto-statics Picard [10] and Milani
and Picard [3] developed a solution theory for inhomogeneous, anisotropic media.
In these papers the data are always taken from some closed subspaces of L? or L}.
This means in our notation that until now solution theories for the special cases of
weights s = 0 and s = 1 are known.

Keeping in mind that we eventually want to be able to define a generalized
Neumann-type expansion, our immediate goal is to construct a special static so-
lution operator £ associated with the electro-magneto static Maxwell system

rot B =G , diveE =0 , UE=0 ,
divH = F , rot uH =0 , UuH =0 ,

which maps data (£, G) from the closed subspace

(sDH(Q) N F(R)) x (RIFH(Q) N IH(Q))

of L24(Q2) x L2971(Q) to the forms (¢ £, uH) from

o

(eRI(2) x uDF () 1 ((DHE) N H(R)Y) x (R (©) N 367 (9)4) )

with some t < s — 1 and ¢t < N/2. The main tool for this is the construction of
‘towers’ of special homogeneous (iterated) static solutions in the whole space. Here
for t € R we introduce the weighted Sobolev spaces suited for Maxwell equations

R{(Q):={Ee€L}(Q): ot E € LIH(Q)}
DIYY(Q) = {H e LY (Q) : divH € LY ()}

equipped with their canonical norms. Furthermore, we generalize the homoge-

neous boundary condition in R{(2), the closure of C>4(Q) in the R{(€2)-norm. The
symbol L stands for orthogonality with respect to the L?-scalar product. A subscript
0 at the lower left corner indicates vanishing rotation resp. divergence. If Q@ = RY
we omit the dependence on the domain. All these spaces are Hilbert spaces.

In a final section we deal with inhomogeneous boundary conditions. Using our
report [2] we are able to work with traces and extensions of g-forms. This enables us
to discuss the static problem

rot K =G , diveE = f , UE =\

It turns out that the solution theory for this problem is an easy consequence of the
results for homogeneous boundary conditions and the existence of an adequate ex-
tension operator for our traces.



In this report we follow closely the ideas of [13] and [16]. We note that dual re-
sults can easily be obtained utilizing the Hodge star operator, but for sake of brevity
we shall refrain from stating those results explicitly. Moreover, to decrease the com-
plexity of this paper we only deal with odd space dimensions N > 3 to avoid loga-
rithmic terms as described above. We mention that many results hold true for even
dimensions N as well. Essentially we need the assumption N odd only to construct
our towers and these again are used to iterate our solution operators. So the static
solution theory still remains valid, if N is even.

Throughout this paper we use the notations from [4, 2, 5] as mentioned above.
(Especially in this paper the index ‘loc” assigned to spaces is always to be understood
in the sense of (2. Moreover, the index “vox’ denotes compact supports.)

Essentially the present paper is the second part of the author’s doctoral thesis, [4].
For sake of brevity, however, some proofs are merely sketched or completely omit-
ted. For more details and some additional results the interested reader is referred to
[4].

The report at hand is the third one in a series of five reports having the aim to
determine the low frequency asymptotics of the time-harmonic Maxwell equations
completely. In the second report [5] we discussed the time-harmonic solution opera-
tor and showed its convergence to a suitable static solution operator as the frequency
tends to zero. With the present report we provide the means to define higher pow-
ers of the static solution operators in suitably weighted Sobolev-type spaces. The
fourth report [6] deals with Hodge-Helmholtz decompositions in weighted Sobolev
spaces, which turn out to be necessary, since the Maxwell operator possesses a non
trivial kernel. In the fifth report [7] of our series we shall then develop a general-
ized Neumann-type expansion to fully analyze the low-frequency behavior of time-
harmonic solutions to Maxwell’s equations in the topology of weighted Sobolev
spaces up to arbitrary powers of the frequency.

2 Towers of static solutions in the whole space

In this section we consider the homogeneous and isotropic whole space case, i.e.
) =R" and ¢ = Id, and assume 3 < N € N to be odd. Our aim is to provide a gen-
eralized spherical harmonics expansion for differential forms. We use the spherical
calculus (and its notations) developed by Weck and Witsch in [14] (a technique to
use polar-coordinates for g-forms) to construct towers of homogeneous differential

forms
iDgfn and iRg;’;n in C=9(RN\ {0})

solving the following system for k € N:

rot D&Y =0 : div*RITM =0 (2.1)
div D&% =0 , rot *RZIVF =0 (2.2)
rot * D&Y, = TR : div*REEE =+Dii-t (2.3)



These towers coincide in some sense with the eigenforms S¢,,, T, of the Laplace-

Beltrami operator on the unit sphere SY~' C R”, which establish a complete or-
thonormal system in L29(SV~!) and solve the Maxwell eigenvalue system

q _;,,9 . Qqtl : g+l _ s .9 . 79
RotT7,, =iwd - ST, , Div S, =iwi - TF, ,

where wi™! := (q + 0)2 - (¢ + 0)2 with ¢ := N — ¢. Here Rot and Div denote the
exterior derivative and co-derivative on the unit sphere.

For the construction of these towers we use the operators p, 7 and their right
inverses p, 7 introduced in [14], intensively. These towers have already been defined
and discussed in [16, p. 1503]. For our purposes we have to study them more
thoroughly. For £k, 0 € Ny we let

tpk . k+o , E=+
7 k—oc—N , +=-—
and with pd := p2" from [14, p. 1029, Theorem 1 (iii)] we introduce

Definition 2.1 Let ¢ € {0,...,N}, k,o € Noand m € {1,...,ul}. Then we define
“tower-forms’ by

+ g2k .+ gk Fh2F . g1 g1 I 12k~ Qq
Da,m T acf r ( lwa pTa,m + (q + ha ) TSa,m) )

+e-1.2k+1 .+ gk  Fh - -1
Dmm =Talter e Ll B, ,
+pg2k .+ gk Fh2k +1.2k\ =q—1 | : qg—1 + Qq
Rmm = Fadt e ((q+ hZ") ,onm +iwl TSUVm) ,
+ petl2k+1l . £ gk FhIFTT g
R07m T aU r 7 pSU,m

The coefficients satisfy the recursion

ok (—1)1+0a0+0N

+t 4.k . - 4,0 — 1 + 4,0 =
T ok (2k+20£N) Y0 r e % + N
Moreover, we collect all these indices in an index I := (sgn, k, o, m) taken from the set
{£} x No x Ny x N and define the notation
D1 .= Sgan;’:n and R} = Sg“RZ:’f,L

Here we call s(I) := sgn = = the 'sign’, h(I) := k € Ny the ‘height’, e(I) := o € Ny the
‘eigenvalue index” and c(I) := m € N the ‘counting index’ of a tower-q-form D{ or R].
Furthermore, we define the "homogeneity degree” of a tower-form by
s(I)},h(I
hom(D§) := hom(R{) := h; == *Dh})

Finally we define the upper bound of the counting index

. pnd , k even
7 ol kodd
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and the two index sets

9= {I:s(I)€{+ —} Ah(I),e(I) Ny A 1 < c(I) < pZ"}

J7:={J:s(J)e{+, -} Ah(J),e(J) eNg A1 <c(J]) < MZ(—;),h(J)ﬂ}

Remark 2.2

(i) The recursion of the coefficients is well defined because N is odd. Thus, our tower-
forms are well defined. For even dimensions the recursion is also well defined for tower-
forms with positive sign and for tower-forms with negative sign as long as k < N/2.
(In the last case we would have to work with logarithmic terms of the radius r for
higher k.) Therefore, for even dimensions N > 4 all tower-forms with negative sign
up to heights three are well defined.

(ii) The tower-forms D} and R} are elements of C°> (RN \ {0}) , homogeneous of degree
h; and solutions of the system (2.1)-(2.3) in R™ \ {0}.

(iii) An index I resp. J of a tower-form D} resp. R% belongs to the index set J¢ resp. J7.

(iv) The elements of the countable set of tower-forms

{D},R%:1€3%J€d Ah(J)>1}
={D},RY:1€79Je€d?" Ah(I) >1}

are linear independent.

(v) From the defining recursion of the coefficients we get the following explicit formulas:

+ gk F(l"‘N/Q"‘U) (—1)1+6q,0+5q,N
alt = )

7 4k K -T(k+1+ N/2+0) 20 + N
-2k I'1-N/2-0)

© TR -T(k+1-N/2—0)

Here T denotes the gamma-function. The coefficients *a%* converge rapidly to zero as
k — o0o. Thus, for 0 < a < b < oo the tower-forms D and R}, I = (sgn, k,o,m),
together with all their derivatives and even after multiplication with arbitrary powers
of r are uniformly bounded with respect to a < |x| < band k,o,m € Ny.

(vi) The definitions of the tower-forms in Definition 2.1 have to be understood in the sense
that all not defined terms are set to be zero. Thus, only for ¢ € {1,...,N — 1} no
problems occur and we get ‘reqular’ tower-forms. In the extreme cases ¢ € {0, N},
where we have only the index (o,m) = (0,1), the only tower-forms are iDgfk ,

N,2k N—-1,2k+1 1,2k+1 . .
iRg,i ’ iDOJ 2 and iRojl 1. We note in this cases

"Dyl =0 , “RYY =0
"Dy € Lin{1} , TRy € Lin{x 1}



To get an idea about the utilization of the spherical calculus we may compute the
rotation and divergence of the forms D?. We note that these are homogeneous and
derive

div*DZ,) Laktl — £k T](ﬁ(l {ﬂ (7"ihik+1 FTE))

_ £ gk Fh2tlo1r. — Div 0 0
=o' [p 7'] {(q—l)/—{—ihngrl Div] {T‘{_l

=0 ,
I'OtiDq 1,2k+1 __ iaq7 [/) 7_] rot 1% (Tih2k+1 qu 1)
T
+1,2k+1
4 gk An2ti_g. o |[—Rot ¢—1+h 0
:tOZq’k (((]—l-ih%)pTg;Ll _{_iwg—li_sg’m)

=Ry

=Dt = *ag¥lp v 2] (7 (=gt T () ) )
: s —1g—1
_+ gk ihgk—l . o —DlV O lwg. To,m
= Q5T p 7] {q/_i_ﬁ:h% Div} {<q/+ih2k)5q
:iag’krihgk’l( 1wl (¢ + 02 +iwd N (¢ + ThI) F T

=0 ,
rot “D22% = *a2*5 7] rot [ﬁ ] <rih3’“( — 1wl pTI + (¢ + ThiF) 7 ng))
+1,2k q—1g— l
T ST —Rot ¢+ *h? —1wd T
to 77l { 0 Rot | |(¢ +*h2)Se, .
_ ((q/ + :I:h(QTk)(q + :I:h(27k> o (wg—1>2) . :I:ag,k . T:l:th 1
= 2k(2k + 20 + N) - Tl . 0 550
{iag,k—l L pEnZe pS, = j:Rgﬁ,%—l Cifk>1

P Som

0 ,if k=0

Analogously we can prove the formulas for R} and the exceptional towers.



Remark 2.3 Because of A = rotdiv + divrot (Here the Laplacian A acts on each Eu-
clidean component of the differential form.) all tower-forms D, R of heights less or equal
to one satisfy

AD!=AR% =0

Therefore, comparing these tower-forms with the potential forms discussed in [14] we obtain
forqe{l,...,N —1}

DI = —(g+0):(20+N)2-QL2,, . TDILM=Qu ,
"R =i(d +0)2(20 + N)2-Q%2,, . TR =il ,
—1
+pe0 (o 1 9 N -1 . pr4 +pa-11 _ . pa—12
o,m l(q + U) ( o+ ) am ) om 20 i N o+1m )
RIS = —(g+o)io+ N)Hope | FRE = L prl

o,m 2 + N o+1,m

In particular the tower-forms ~ D&% and ~R%Y resp. *DL0 and TR are linear depen-
dent, which we will indicate by the symbol = . In detail we have

- Q70 —_ q .~ ‘LO + Q)O — q . + Q70
Do,m - 190 Ro,m / Ro’,m - 190 Do,m )

. 1 _1 .
where ¥4 :=i(q + 0)2(¢' + o)~z . Furthermore, the potential forms Q%7 resp. Pfflm are
linear combinations of the tower-forms ~ D2 and ~ R%? resp. *D%2 and *R%2 , i.e.

(20 + N)z

2—20—N
_1

2+20+N O’+2,m

1_ 1_

Sm = (q+0)2 Ry, +i(d +0)2 7 Diy, :
= (¢ +0)2 " RE2, —i(g+0)2 D2,

For q € {0, N} we see

02— 0,4 ~AN-1,1 _ ~AN-12

DO,l - 2_N T 0,1 ’ DO 1 - 1,1 )
N2 L N4 —plLl ALl

R0,1 T o_ N C20,1 ) RO,I = Ql,l )
+1100 . 04 s aN—11 L N-1,2

DO,l =1 'Po,l ) D0,1 N P1,1 )
+pNO _ pN4 + pl,1 1 1,1

Ro,l = P0,1 ) RO,l N P1,1

10



The following picture explains the denotation ‘tower”:

div N\, rot
+ 1)g— +
3. floor || *DZ 13 RS
rot \, / div
+ -
2. floor R%? Dg?,
div N\, rot
1. floor || =DZ ! *RatU
rot "\ / div
ground *RLY, ’TJ DY
rotation-tower divergence-tower

Remark 2.4 Foran index I € I resp. J € J? with odd height we get

pD} =0 resp. TR =0 since p7=0 resp. Tp=0
Thus, by dr Adr =0

TD}=0 resp. RR%=0
with the operators

T=+x%xRx , R=rdrA =z, dz"A
from [14]. Because of (2.2) and with the commutator formula
Caivyp(r) = o (r)yr T resp. Crot,p(r) = O (r)yr 'R
(see e.g. [14] or [2, (2.24)]) we obtain
div (p(r)D?) =0 resp. rot (¢(r)R%) =0
forany (1) ¢ € CY(R).
To shorten the formulas we write for J C J% resp. J C J*
DY(J) :=Lin{D?: I € I} resp. RI(J) := Lin{R% : J € 3}

11



(with the convention D?(()) := {0} resp. R%(0) := {0}). For s € R let
Jo:={I€J:DI¢L2A)} , Js:={J€d:R,¢L2A)}

Furthermore, for s € R and k, K € N we present the index sets

K

g8 .= {1 €97 : h(I) = k} , Jesi= | J ook
k=0
K

ok = (Jok) , Jo=K o= | J 9ot
’ k=0
K

7 = (T e9* : s(I) = -} , 7<= |7
k=0

3o = (") 3K = Oak
’ k=0

and replacing J by g similar sets for J. Moreover, we introduce for indices
I := (sgn,k,o0,m) €3¢ resp. J:= (sgn,k,o,m)ec Jt!
the negative indices
—1:=(—sgn, k,o,m) €I resp. —J:=(—sgnk,o,m)ecJt
and with j € Z for the shifted indices the notation

g+ jodd

A= (sgn, k+ j,0,m) €
’ (se ! ) {f]q , j even

resp.

79 jodd

J = (sgn,k+j,0,m) €
! (s J ) {Hq“ , j even

For subsets J resp. J of J? resp. 39" we set

1 jodd
ﬂ::{ﬁ:]ej}c{i 1O

, J even
resp.
J4 j odd
J={J:Jegd}C ’
A=1 9 {3q+1 , j even
With these definitions we then have
rot D7, = R%*! : divR?! = Df :

9 _ patl R 5 U SN 'l
rot Dy = R™ , divR;" = D" ;

12



Remark 2.5 Let m € Ngand I € J7. Since our tower-forms are smooth and homogeneous
we have for s € R

D% e L2(A,) & Df e H"(A)
& hy<—s—N/2 & s < —s(I)(e(I) + N/2) —h(I)
If in particular I € 7", then DY is an element of H( A,y ), if and only if
e(l)>s+k—NJ2
Thus, for k € Ny we can characterize our special index sets by
jZ’k:{[ejq’k:e([)§3+k—N/2} ;
Jo=F — (1€ 3"%": e(I) < s+h(I) — N/2}

We note that D9(3°") = D1(T*) = {0}, ifand only if s < N/2—k. Thus, for s > N/2—k

the spaces D(T°*) and D1(T*=") are subspaces of H™% (A1) but by definition even not of
2

L249(A;). Clearly all these assertions also hold true for tower-forms R% with J € 37.

Let us now introduce the ‘matrix’-differential operator

= e

rot 0 (24)
acting on pairs of (¢, ¢ + 1)-forms (E, H) by
M(E,H) := (div H,rot F)

Now we are able to prove the main result of this section, a generalized spherical
harmonics expansion suited for Maxwell equations. To this end we have to define
for K € Nand s € R some ‘exceptional” forms:

"Dgf ,q=0AN K even
Pk . “Ron a=1 2.5
) - pN-1LK _ (2.5)
0 , otherwise
(“RyF =0 A Kodd
_ ~N-1,1 .
T 2.6)
*Ré\ﬁK ,q=N—1 AN K even
0 , otherwise

\
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(‘Dng( ,q=0AN Keven N s < N/2—-K
R “Ry1 Lgq=1ANs<N/2—1
Do = _p 1 / 2.7)
"Dy, " ,q=N-1ANKodd A s<N/2-K
0 , otherwise
(_ plLK

DM L g=N-2As<N/2-1

RIHLE .
s = LNk
“Ryj ,q=N—-1ANKeven A s<N/2—-K

(2.8)

0 , otherwise

Theorem 2.6 With K € Nand 0 < 7 < 7 < oo let (E, H) denote a solution of the
“iterated” Maxwell system

MX(E,H)=(0,0) and divE=0 rot H =0

in Zzz. Then (E,H) € C®4(Z; ) x CoTY(Z: ) and in Z;  the representations

E= Y et . D1 + erk . per (2.9)
IS
H= > RGTVELRETY o pathE L RatLK (2.10)

JegatlhsK-1

hold with unique constants e®* , h*VE € C and é?¥, hatLE ¢ C, provided that the
exceptional forms do not vanish.

These series converge in C*(Z; ), i.e. uniformly together with all their derivatives in
compact subsets of Z; ;.

In the case 0 < 7 < 7 = oo we have with some s € R

(E,H) € H™M(A:) x HM(A;)  forall meN,

if and only if all coefficients ™ and h%™" with h;, h, > —s — N/2 vanish. This holds
true, if and only if h(I) +e(I),h(J) +e(J) > —s — N/2 for indices I, J with positive sign
and h(I) —e(I),h(J) —e(J) > —s + N/2 for I, J with negative sign. Then the series
converge for all ¥ > 7 uniformly together with all derivatives even after multiplication with
arbitrary powers of r in A; . Thus, in particular they converge in HI'(A;) .

Especially for s > —N/2 there appear only tower-forms with negative sign. In this case
(2.9) and (2.10) turn to

K ~ ~
E = § : 6?’ -D? + ek . Dg,K :

Fa,<K—1,7¢,<K—1
1€y’ \J?

+1,K +1 1q+1,K  pg+l1,K
H= § RE - RY +  RITLR L RIT

2q+1,<K—1, 7g+1,<K—1
JegrthsK-1\gut

14



Proof: The smoothness of (E, H) follows by the regularity result [2, Theorem 3.6
(i)]. Remark 2.5 yields the integrability properties of each single term in the stated
expansion. Concerning the mode of convergence we refer to [14, p. 1033] and [16, p.
1508, Theorem 1], where similar expansions have been discussed. In particular for
7 = oo the series converge in L2(A;), if and only if all terms in the expansion belong
to L2(A;) . Thus, we only have to show the representation formulas (2.9) and (2.10).

Let us look at £/ in the case K = 1. We haverot £ = 0 and div E = 0. Thus, E'is
a potential form, i.e. AE = 0, and we obtain from [14, p. 1033] the representation

E=) af,.-Pi+ > Bl Q. , of B, €C . (2.11)

k,o,m k,o.m

By testing the equation rot £ = 0 with ¢(r) gT7_, ,, for any ¢ € e ((7, 7)), ie.
computing
0= <rOtE790<T)pT 1m>L2q+1
-1

with partial integration and (2.11), we see a3 ,,,,, = 33 ., = 0 except of ﬁQ 11 - lesting
with o(r) pSi_,,, yields a3, = i, 5, = 0. Analogously we obtain from the
equation div E = 0 by testing with o(r) p T~ f n thatof = pf . must vanish
except of 3}, ; . Finally only

51111' 171 7q:1
E:Zaz,a,m Pq4+2530m Q + 6211 Qll12 7q:N_1
o 0 , otherwise

remains from (2.11). With Remark 2.3 we can replace these potential forms by our
tower-forms and we receive the asserted representation. Because H solves the same
system as E (replacing ¢ by ¢ + 1) we obtain the representation for H in the case
K =1aswell.

Assuming now that our representations hold for some K > 1, we consider
solving the system MX*'(E,0) = (0,0) and divE = 0. Then H := rot F satisfies
M*%(0,H) = (0,0) and rot H = 0. Our assumptions for K yield

H— Z h‘}*l’K . Rg“ + patLE RITLK

Jegatlh,<K-1

and with the ansatz

“Dgp ! ,q=0A K+1even
Ew= Y hE.DI 4 pet S -pT T g = N~ 1 A K + 1 odd
Jeguth sl 0 , otherwise

we see that ¢ := E — E solves the system

7q:N_2

- pN-11
dive=0 , rot e = hItHE . 0.1 .
0 , otherwise

15



If ¢ # N — 2 the conclusion for K = 1 gives

1 R ~
e = E 61’ ,l)?_+_€QJ 'l)%l

IeJge0
and thus
E=c¢+E= AR DI+ Y et DY
=y I I I
Iel?, I€g9:0
1<h(I)<K

(hatUK = pott ,q=0A K +1even

é‘Ll._Réﬁ ’q:]_
+qert.~Dytt ,q=N—1 :

hat K DY R g = N —1 A K +10dd

L0 , otherwise

which had to be shown. If ¢ = N — 2 we only have
dive =0 and Ae =0

Following the arguments used in the case K = 1 we obtain for e the expansion (2.11)
and reduce this representation similarly with the additional information dive = 0 to

61 . 171 q _ 1

_ N—2 N—2k Z N—2 N—2k 111" W11 ,q=
€= Z ak:@m ’ PU',m + k,om ~ Wom + .
k=24 k=23 0 , otherwise

o,m o,m

Remark 2.3 yields with new constants

N-22 pN-2 | 41,2 _Réﬁ =1
ezzel T Dp A et :
[ 0 , otherwise
Analogously we show the representation for /. Our proof is complete. u

3 Electro-magneto static operators

From now on we want to discuss the inhomogeneous, anisotropic (generalized)
static Maxwell equations in an exterior domain

QO cRY , 3<NeN ,

16



and fix a radius ry > 0 and some radii r,, := 2"ry, n € N, such that
RY\ Q c U,

We assume 2 to possess the ‘Maxwell local compactness property” MLCP [2, Def-
inition 3.1], i.e. the inclusions

RY(02) N DY(Q) < L29(0)

loc

are compact for all ¢. Furthermore, we remind of the cut-off functions 7, 7 and
n from [2, (3.1), (3.2), (3.3)]. Let ¢ = Id+¢ and p = Id +/ be two 7-C'-admissible
(see [5, Definition 2.1 and 2.2]) transformations on ¢- and (g + 1)-forms with some
7 > 0, which will vary throughout this paper. The greek letter 7 always stands for
the order of decay of the perturbations ¢ and /.

Moreover, we introduce the Dirichlet forms defined in [2, (3.4)]

Q) = RIQ) N DIQ)  ,  teR
and obtain our first result on the integrability of Dirichlet forms:

Lemma3.1 H!,(Q) = HYQ) = H!x () and even HI(Q) = H?  (Q) holds, if
q {1, N—-1}.

Remark 3.2 In particular if s > 1 — N/2 then H%(Q) is a closed subspace of L>%(Q) , the
dual space of L24(Q) . If g ¢ {1, N — 1} this remains valid for s > —N/2.

Proof: Applying Theorem 2.6 with s = —N/2 we have for E € H? , (Q)

2

— q’l . q "q,l . AQ71
E|Ar0—g e]”-D]+e D_%

1370

because of jz’o = (). By Remark 2.5 the sum is an element of Liqﬂ (2) and the second
2

term, which vanishes for ¢ ¢ {1, N — 1}, lies in L2<7q%—1(Q) . |
One easily concludes with [5, Lemma 2.13 and Remark 2.14]:

Corollary 3.3 Let s > 1 — N/2. Then with closures taken in 1.29(2)

rot RIH(Q) U rot RZ1(9) U div DIL(Q) U div DITL(Q) € H9(Q)*

holds true. Here we denote by L the orthogonality in L*9(Y), i.e. in the sense of the usual
L29(Q)-L>%(Q) duality.

17



Let us now closely follow the constructions in [13, p. 1631] or [16, p. 1511]. For
some t € R we consider vector spaces of the form

UAQ) = V) +9D!(T) .  TcT

with some Hilbert spaces Vi/(Q) € L7(Q), e.g. V(Q) = Poif(Q) Ne 1D{(Q). Because
of the smoothness and integrability properties of our tower-forms we have

UL (Q) = V() +0D(J,) (+: direct sum)
We define an inner product in U/(f?), such that

e in V/’(Q) the original scalar product is kept;
o 1DYJ;) ={nD}: I € J,}is an orthonormal system;
e thesum V}*(Q2) + nD(3;) = V4(Q) B nD(J;) is orthogonal.

Clearly we extend these definitions replacing nD4(J) by nR?(J). U}(€) is a Hilbert
space, if and only if J; is finite, and independent of the cut-off function 7 in the fol-
lowing sense: If ¢ is another cut-off function with the same properties, then the two
Hilbert spaces V/(2) + £¢D?(J;) and V() + nD?(J;) have different scalar products
but coincide as sets and the identity mapping is a topological isomorphism between
them with norm depending onnand £. (Wenote E +nT = E + (n— &)T + £T and
supp(n — &) is a compact subset of (2.
We introduce the special forms

D¥%  and  RITHE

replacing < by > in the definitions of D#* and R¢*"¥ in (2.7) and (2.8). In particular
we have for K =1

—Réﬁ ,q=1ANs>N/2-1
Dg’lzﬁg’lz _Dé\fle ’q:N_l/\SZN/z_l
0 , otherwise
and for K =2
Dy ,q=0As>N/2-2
D?? = *R(l]j ,q=1ANs>N/2—-1 5
0 , otherwise
DM q=N-2As>N/2-1
RIFY? = (-Ri? . g=N-1As>N/2-2

0 , otherwise

Moreover, we set DX .= Lin DX and R¢tLE .= Lin RIHLE
4 S S S S
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We need one more technical lemma:

Lemma3.4 Let? > 19,5 > —N/2and E € L>%(Q) be a solution of AE = 0 in A;.
2
Then E is represented in A; by

E= Y Brom- Q%

k,om,
0>2+4+s—N/2
(O R RS RET i rot B e LT(4)
Jegst
a2 e 0.2 . 192 2,g—1
e;” - Dp+ et DY cif divE e LY (Ay)
172!
- > elt.Di4 et DI if rot E € LI (Ar)
1370
and div E € L27'(A;)
Z Bie,orm - Q?;,’fn , otherwise
k,om,
 0<245—N/2

with unique constants By, 5 m, e, e2? h%?* € Cand ¢9',¢92 192 € C, provided that the
exceptional forms do not vanish. Thus,

nRIFEZN) BRI | if ot B e L20(Ar)

nDIIT=NY ByDe2 | if div E € L (Ar)

nDUI)EyDI | if rot E e LY (Ay)
and div E € L2771 (A;)

E € L2(Q) B8

holds. We note nD?(3%%) B D! = nR1(J*°) B yRe! |

Proof: Similarly to (2.11) we have

E|A - Zﬁkom qu GLQ%\T Q(AA)

k,om

because £ € L*% (Q) and therefore, no potential forms P2 occur. Thus, only the

2
case s > N / 2 — 2 is interesting and may be assumed from now on. With the proper-

ties of Q%*, we obtain (except of the forms Qy1, @11, @1 " and Q97

) +1,3 2 +1,1
0t Bly, =Y Boom QUi+ D Brom Qfin,
a,m o,m

. > 1,3 > ~1,2
divEl, = Brom QUi+ Brom- Qi
a,m o,m
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with new constants satisfying 3y o.m = 0 < Bpom = 0 < 5k707m = 0. By Remarks 2.3
and 2.5 and
rot B € L2471 (Ay) resp. div E € L2471 (Ay)
we see that all coefficients (5 ,,, witho < 2+ s — N/2and k = 2,4 resp. k = 1,4
vanish eXCQPt of 647071 (fOI' q = 0), ﬁl,l,l (fOI' q = 1), ﬁ27171 (fOI' q = N — 1) and 54,0,1 (fOI'
qg=N).
Let us discuss the case div E € L% ' (A;) . Then we get by Remark 2.3 in 4;

E= > Brom- Q%
k,om,

0>2+s—N/2

B0, - Qgﬁ ,q=0
= > Brom QU 4+ B Q11 Lg=1As>N/2-1

Ko, 0 , otherwise
0<245-N/2
— q72 q Vq72 - q72
= E e;” - Dy +¢e?" - DI
1e39<t

Because Z Breom * an’fn € L>%(Q) we obtain

k7o-7m I’
0>2+s5—N/2

nkE — Z e‘}’z -nDY — e1? . 77[)3’2 € L2(Q)

1€7%=!

and thus £ € L24(Q) B an(ﬁg’Sl) = 77®§’2 )
The other two cases may be shown in the same way. |

We recall from [14, p. 1034] the set of exceptional weights
I:'={n+N/2:neNgjU{l—n—N/2:n €Ny} . (3.1)

(There this set is denoted by J and here we only need it in the Hilbert space case
p = 2.) Moreover, we define for s > 1 — N/2

JDUQ) = DUD NI, GRIQ) = RAQ)NIC@Q)L (32
and put as usual (D(Q) := (D§(2) and O]IOQ‘I(Q) = 01&8(9). Now we are ready to

establish our electro-magneto static solution theory and formulate a first result for
homogeneous, isotropic media:
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Lemma 3.5 Let 1 — N/2 < s & 1. Then

DIVZT] : D(DIVY)) — (DY)
H — divH

is a continuous and surjective Fredholm operator on its domain of definition

1,0

D(DIVE) = ((RE5(9) N DI () ByR™ (F1) BaRI ) N R (@)

C ORI (@) N DI (@)

2 >~
with kernel HT1(Q).
Proof: Let us abbreviate DIV := DIV?*] . div and rot map tower-forms from
nR (@) B R

to compactly supported forms. Thus, with Corollary 3.3 and Remark 2.5 DIV is well
defined, linear and continuous because nR7(J Zio) BRI} is finite-dimensional.

Lemma 3.1 yields
N(DIV) C HT (Q) = HHH(Q)

On the other hand let H € 37" (Q2) . Then by Lemma 3.4 we obtain
H e L () B R (37°) 8 ket
and therefore,
H € (RE(Q) N DI} (@) Ba®e ! @) Bndi

which implies H € N(DIV),i.e. N(DIV) = H7(Q).
So only the surjectivity of DIV demands a proof. For this let F' € (D!(Q) and F
be its extension by zero in R" . Applying [14, p. 1037, Theorem 4] we decompose

F =: Fp + Fr + Fs € ¢D? 4+ (R? + 8¢ (3.3)

(Here 87 = Ca,Lin{Q%}, : 0 < s — N/2} is a finite-dimensional subspace of

(oo (RV\ {0}) and Ca, denotes the commutator of the Laplacian A and the multi-
plication with 7.) and set

fi=Fp— > (Fp,D? o CapD} (3.4)

1771,
The duality products are well defined because by Remark 2.5
I e 5352 & ell)<s—1-N/2 & D!, = +ng11“),c(1) € 124
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Using Remark 2.4 we get for I € gt

VOxX

Ca D} = divrot(nDf}) + rot div(nDf) € (DI
—_——

=0

and hence f € (D?. Moreover, we compute for all 1,1 € 7*! with Remark 2.3 and
[14, p. 1035, (73)]

<CA,nD}I7D(ij> :<CA777_DZ71 1)7+DZ71~ [

(I),e( ([)7C(I)>L2vq
—1

= q,2 q,2
N m ' <OA’”QG(I)+17C(I)’ Pe(IN)+1,c([~)>L2vq

~ —a(Ne(I) +1) :
a 2e([:) + N e(l),e(l) " Ye(l),c(])

=1

1.2.9

Thus, for all I € 7', we have
<f7 DZ[>L2=‘1 =0

and finally by Remark 2.3
72 1
f€oDin (?is_%)

In particular f belongs to the range of the operator B from [14, p. 1039, Theorem 7],
ifl]1 <¢g<N—-1ors < N/2. To get this likewise in the case ¢ = 0 and s > N/2,
additionally f has to be perpendicular to 1 = +D8f . This can be achieved replacing
fin (3.4) by

fi=f = (Fo, "Dgi)rzo - Cay Do

Utilizing [14, p. 1039, Theorem 7] we then obtain some
h € DT N oRIT] solving divh = f

By the regularity result [2, Theorem 3.6 (ii)] we even have h € H.%™". Thus, the

ansatz
H:=n-h+o (3.5)

transforms the system under consideration

divH = F , rot H =0

with our assumptions and Corollary 3.3 into the system

rot & = —rot(nh) = —Crotnh € oﬁqH(Q) J

VOX

div® = F — div(nh) € ¢D!(Q) C D!, , ()

N
>1-4

(3.6)
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So to solve this system using the classical solution theory developed in [9] we only
have to show F' — div(nh) € L*9(2). For 1 < ¢ < N — 1 we have in {2

F —div(nh) = div (1 = n)h) + Fe + Fs+ Y _ (Fp, D’ )pau - Ca DY

59,1
1€J33°,

and therefore, F' — div(nh) — Fg € L%4(Q). This remains true even in the case ¢ = 0,

s > N/2. Furthermore, (3.3) and the vanishing divergence of F' yield
Fr € oR? and divFr =0 in Q\ supp Fs
By Theorem 2.6 and Remark 2.5 or as in the proof of Lemma 3.1 we obtain
Fg € Liq%_l(sz) C L*(Q)
Now we are able to apply [9, Satz 2] and get some
® € R™1(Q) N DT(Q)
solving the system (3.6). Moreover, in A,,
rot® =0 , rot div ® = rot Fr
hold and thus

AB[, =0, (div®,rot®) € L2(Q) x L2E(Q)
Lemma 3.4 yields ® € L*% () 8 pR7+1 (371 1%) 8B nR?* 1! and hence
@ € (RIH(Q)N DI (@) Bk (31 ") By

This shows H € D(DIV) and div H = F', which completes the proof. |

Lemma3.6 Let1 — N/2<s ¢ 1. Then

ROT? , : D(ROT?,) — oRZ(Q)
E — rot B

is a continuous and surjective Fredholm operator on its domain of definition

D(ROT,) = ((RZ,(9) N DL, () ByDI(IL,) ByDLL ) oDl ()
C R?_(2)NoD!_y(Q)
with kernel H(S2).

23



Proof: The proof is analogous to the last one but more simple because the exten-

sion by zero into RY of G € (RZ™(Q) is still an element of (R?™!, such that we do

not need a Helmholtz decomposition like in (3.3). The roles of D are now played

by R‘j“ ,J € 5331 , and we use [14, p. 1037, Theorem 5] instead of [14, p. 1039,

Theorem 7]. In the special case ¢ = N — 1 (formerly ¢ = 0), s > N/2 we have to
guarantee the orthogonality to * 1 = +Ré\f ¥ with the help of _Ré\f 2. |

We can generalize Lemma 3.4 to

Lemma 3.7 Let7 > roand E € L% (Q). If

divE € L2 (A;) and  rot B € L24 1 (A;)
hold with some —N/2 < s ¢ 1, then
E € L29(Q) 8 yDY(0]") 8 gD = L24(Q) ByRY(3.") BnRe!

Proof: Let ¢ :=mn(r/(27)). Then ¢F € PO{‘J_Q(ATO) N D? ,(A,,) and
2 2

le(SOE) € ODZ;} (Am) )
rot(pFE) € OREI}(ATO)

By Lemma 3.5 and Lemma 3.6 there exists some

e € (RI(A,,) N DI(A,,)) BpDe(3*°) @ydst |

such that rot e = rot(¢F) and div e = div(pFE) . Thus, e —¢pFE € H? y (A,,) is a Dirich-
let form and therefore, e — £ € H?(A,,) by Lemma 3.1. Extendizng e by zero into
Q we get with Lemma 3.4 ¢,¢ — E € L24(Q) 8 nD9(7") B nD?! . Thus, ¢F and
E = (1 — ¢)E + ¢F are elements of L>2(Q) B nD1(T"") @ nD2! . u

Now we consider inhomogeneous, anisotropic media. First we generalize Lemma
3.1:

Lemma 3.8 LetT > 0. Then

EJ—CZ%(Q> = sj{q(Q) = sﬂ{‘i%_l(ﬂ)

Forq ¢ {1, N — 1} even .H1(Q2) = .H? v () holds.

2

Remark 3.9 In particular . H(Q) C L>Y(Q), if s > 1 — N/2. Moreover, in the case
q ¢ {1, N — 1} this inclusion remains valid for s > —N/2.
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Proof: Let £ € .H? (). By regularity, e.g. [2, Corollary 3.8 (ii)], E belongs to
H"% (A,,) and thus in A4,

rotE=0 , divE=-divéE e L] (4,)
2

hold true. We assume w. 1. 0. g. 7 — N/2 ¢ [ and obtain by Lemma 3.7

E e L, (Q)8nD!(7% y) BnD?'

2

By Remark 2.5 we get
A1) By D C 1, (0)

with s, := N/2—0,1—0yn—1. fT—N/2> s, wegetE € Li’gq(ﬂ),i.e. Ee HL, (Q).

If — N/2 < s,, we only have E € Li’fﬂ(ﬂ) ,ie. B e ! y(Q2). Repeating this
2 2

argument leads us after finitely many 7-steps to £ € .HZ, (). |

Using Helmholtz decompositions, e.g. [2, (3.5)], it is easy to show that the di-
mension d? of the Dirichlet forms .3{?({2) does not depend on the transformation ¢,
le.

d? = dim H(Q2)

Furthermore, d? is finite since €2 has the MLCP. Moreover, we obtain
Corollary 3.10 Let 7 > 0and —N/2 <t < N/2 —1. Then
dim . H}(Q) = d? <
If g ¢ {1, N — 1} the first equation holds even for —N/2 <t < N/2.
Lemma 3.8 yields a generalization of Corollary 3.3:

Corollary 3.11 Let 7 > 0and s > 1 — N/2. Then with closures in 129(Q)

rot figj(Q) Urot f{i‘l(Q) C HIUQ)* ,
div DT1(Q) U div DIT(Q) ¢ . HI(Q)*

hold. Here we denote by L. the orthogonality with respect to the (€ -, - )12.q(q)-duality.
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Lemma 3.12 Let1 — N/2 < s ¢ land 7 > max{0,s — N/2},7 > —s. Then

LDIVITL . D(,DIVIT)) — (DY)
H —  div H

is a continuous and surjective Fredholm operator on its domain of definition
D(,DIV)
= (" REH@ N DI (@) BaR™ (@15 ) BRI ) 0 oRE (@)

C p Ry () NDIT L (Q)

2 >_*
with kernel 1=, -1 HIT(Q).

Proof: We set DIV := ,DIV?"] and follow in close lines the proof of Lemma 3.5. A
form nH € nR*+! (3q+1 O) BnRI belongs to H1 at , and the assumptions on 7 yield

rot(unH) = CrotnH + ot (finH) € L2 at2 2 )c L29+2(Q))

Thus, DIV is well defined and clearly linear and continuous. By Lemma 3.8 we
obtain N (DIV) C ,-1H?™(Q). Applying the regularity result [2, Corollary 3.8 (ii)]
weget H € !, 1 HI(Q) C H1 A _,(A;,) and therefore,

divH=0 , rotH=—rot(aH) € L2<q+i (A,,) C L22(4,,)

which implies p ! ,-1H(Q) € N(DIV) by Lemma 3.7.
So it remains to show that DIV is surjective. Let F' € (D!(Q2) . We follow exactly
the arguments in Lemma 3.5 leading to the ansatz (3.5). By Corollary 3.3 the system

divH =F , rot uH =0
is transformed into

rot u® = —rot(unh) = —Clotyh — rot(finh) € 0R8+T(Q) :

3.7
div® = F —div(nh) € oDA(2) € oD,y (%) 3.7

As in the proof of Lemma 3.5 we compute F' — div(nh) € Li’&i () and with 7 > —s
2
we get additionally

(F — div(nh), —rot(unh)) € L*9(Q) x L*1**(Q) : (3.8)

Thus, the generalized classical static solution theory from [2, Theorem 3.21 and Re-
mark 3.22] yields some

€ u~ 'R Q) N DH(Q)
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solving the system (3.7). Clearly nh € H.?'" implies nh € D(DIV). So our proof is
complete, if we can show ® € D(DIV). Because of div® € L24(2) this decomposi-
tion of ® follows by Lemma 3.7 and the assumptions on 7, if e.g.

rot ® € L272(4,,) . (3.9)

By regularity, e.g. [2, Corollary 3.8 (ii)], ® € H"*'(A,,), i.e. rot® € L>92(A,,).
Thus, we may assume s > 0 in (3.9). Because of

rot & = —rot(a®) — rot(unh) € L2472 (A,)) = L27*2(4,)) (3.10)

min{7,s+7}

we only have to discuss the case 0 < 7 < s. From Lemma 3.7 (w. 1. 0. g. 7 ¢ I) we
obtain 0
_l’_
d e L2 Q) BRI (GET ) BRI

If N/2 <7 < swegetd e L>F () and with (3.10) rot ® € L3"™(4,,), ie.
o e Hi‘ﬂfl(An) . (3.10) and the assumption 7 > s — N/2 show (3.9). In the other
2

case 7 < min{s, N/2} we have nR7+!(317)") BRI 1! = {0} and thus ® € L2971(Q).

Once more we obtain & € H;*'(4,,) and with (3.10) rot ® € L3\ (A,,). After

finitely many repetitions of this argument either /7 > s or /7 > N/2 with ¢ € N
holds. By the arguments given above we achieve (3.9) in this case as well. |

Corollary 3.13 Let 1 — N/2 < s ¢ Land 7 > max{0,s — N/2},7 > —s. Then
p~'D(,1DIVEL)

= ((Rer3(@) 0 - DE ) B (3111 BRe 1) 1oREE @)

loc
and with D("DIVYY)) := =" D(,1DIVIH})

MDIVIHL o D("DIVI) — (DY(Q)
H —  divuH

is a continuous and surjective Fredholm operator with kernel , 37 (2).

Proof: The assertions follow from the previous lemma, if we can show the first
assertion of this corollary. But with the properties of 7 this is clear because of

P (nRIFYGT) BRI
C (RTH(Q) N p ' DIL(Q)) By (G10) 8 pRet
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Analogously we obtain
Lemma3.14 Let1 — N/2 < s ¢ land 7 > max{0,s — N/2}, 7 > —s. Then
ROT., : D(.ROT’,) — RIT(Q)
E —  TOt K
is a continuous and surjective Fredholm operator on its domain of definition
D(:ROT{ )
- ((f{g,l(m N 'DL, () ByDI(L0) ByDL ) Ne oDl (©)

loc

CRE_ (@) NeoD!_y (@)
with kernel .H?(Q) .
Corollary 3.15 Let 1 — N/2 < s ¢ Land 7 > max{0,s — N/2},7 > —s. Then
e 'D(.1ROTZ )
= ( ('RY_,(2) N DY, () ByDI(T*",) &8 1DE ) M oD (%)

loc
and with D(*ROT?_,) :== e 'D(.-+ROTZ )
‘ROTZ_, : D(°ROT.,) — (RIH(Q)
E — r0tel
is a continuous and surjective Fredholm operator with kernel ¢! .1 H(Q).

Remark 3.16 Let the assumptions of Lemma 3.12 be fulfilled and additionally €, [i be
two 7-Cl-admissible transformations with 7 > 0. Then we can characterize the ranges of

DIV “DIVZ] resp. .ROTY_,, “ROTY_, by
oDU(Q) = o DI(Q) N HIQ) resp. oRIL(Q) = gRITL(Q) N 130 ()4
as well.

Proof: By Corollary 3.11 all operators are still well defined. Let us consider e.g.
,DIVZ*| from Lemma 3.12. Only the argument showing surjectivity has to be changed.
Now (3.7) and (3.8) are replaced by

(F — div(nh), — rot(umh)) € (4D7(2) N =HIQ)) x (RI(Q) N HI2(Q)*)

but with [2, (3.5)] we see that the latter set equals

div D7+1(Q2) x rot Re+1(Q)

and thus is independent of .
Similarly we prove the assertion concerning the range of .ROT?_, . |
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4 Generalized electro-magneto statics

For s > 1 — N/2 we put

Wi(Q) := (DI () x (RITL(Q) x C&

S

and choose d? continuous linear functionals ¢ on

(RZ_,(Q) Nv DL, (Q)) ByDI(I2°)) B DL,

with
dq
Q) NN (@) = {0}
=1
for some given 0-admissible transformation v. We set ¢, := (®.-,..., 9% .) and
obtain

Theorem 4.1 Let s € (1 — N/2,00) \ Land 7 > max{0,s — N/2}, 7 > —sas well as

D(Max? ;) := (f’»‘ifl(ﬁ) N 5_1D371(Q>) H UDq(jZf1) H Ubgfl
Then the operator

Max? |, : D(Max? ) — We(92)
E — (diveE,rot B, ®.(E))

is a topological isomorphism.

Remark 4.2 Let v be a 0-admissible and \ be a 7-C'-admissible transformation on g-forms
as well as {gh(g}j;for 0 € {e, \} be some basis of yH(S2). Then for s > 2 — N/2 we can
choose the d? continuous linear functionals ®¢, for instance, as ®L(E) := (VE, -hg)12.4(0)
or (I)g(E) = <€E, )\hg>L2,q(Q) or (I)£<E) = <)\E, ,\hg>L2,q(Q) .

Corollary 4.3 Let the assumptions of Theorem 4.1 be satisfied. Then
D(*Max?_)) := e 'D(.-1Max?_))
= (=7'RLL (@) N DL()) EyDY(L",) By,
holds and

Max?!_, : D(*Max! ;) — W)
E — (divE,roteE, ®.-1(eE))

is a topological isomorphism.
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Proof: By Corollary 3.13 and Lemma 3.14 .Max?_, is continuous and with our
assumptions clearly injective. Thus, by the bounded inverse theorem Max?_; is
a topological isomorphism, if it is surjective. Let (f,G,vy) € W?(Q2). Then a com-
bination of Corollary 3.13 and Lemma 3.14 yields some £ € D(.Max? ) solving
rot £ = G and diveFE = f and we are free in adding a Dirichlet form from .JH?(2) to
E . By our assumptions

¢ HI(Q) — C*
E  +— O(E)

is a topological isomorphism. Therefore, £ := E+¢! (v - @E(E)) is the unique so-
lution of the problem .Max!_, E = (f,G,~). From the properties of 7 we get easily
Max!_; = .-1Max?_, €, such that this operator is also a topological isomorphism,
which proves the corollary.
If s > 2 — N/2 we have D(Max!_,) C Li’z_ﬂ(Q) . Then by Lemma 3.8 and Re-
2

mark 3.9 the scalar products in Remark 4.2 are well defined and possible choices for
o -

Actually we are interested in a (electro-magneto) static solution theory suited for
the operator M from (2.4). Moreover, we want to define higher powers of a special
static solution operator. The main tool for the iteration process are the tower-forms
from section 2. (Until now essentially we only needed the ground-forms of height
zero to establish our solution theory.) Thus, we expect that the heights of the tower-
parts of our solutions will grow in each step of the iteration, which implies decreas-
ing integrability features of these solutions. But to guarantee uniqueness of the so-
lutions, we always have to project along the Dirichlet forms. Therefore, it makes no
sense to proceed with orthogonality constraints with respect to the Dirichlet forms
anymore and we are forced to work with orthogonality constraints utilizing forms
with compact supports in RY, such that the duality products with our tower-forms
are still well defined.

To this end we introduce from [11, p. 41] for all ¢ finitely many smooth forms

BIQ) = {60, WY, BIQ) = {0 b

where the latter set is only defined for ¢ # 1, with compact resp. bounded support
in Q2 and the following properties: For all 0-admissible transformations v

o

[ Bq<Q) C Oﬁq

VOX

(Q2) is linearly independent modulo rot Re-1 (Q) and
50(Q) N BIQ) = {0}

holds. The orthogonal projections of ]OBQ(Q) in OPO{‘I(Q) along rot Ioiqfl(Q) on
,H1(Q) form a basis of the Dirichlet forms ,H9(f2) ;
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(2) is linearly independent modulo div D9+1(Q2) and
L) NBYQ) " = {0}

e (for g # 1) B1(Q) C (D2

VOxX

holds. The orthogonal projections of v~ B%(Q) in v~!,D?(Q2) on ,H%(Q2) along
v~1div De+1(Q) form a basis of the Dirichlet forms ,H((2).

To guarantee the existence of these forms (see [11, p. 40]) we need another
(stronger) assumption on the boundary 02, i.e. € is Lipschitz homeomorphic to
a smooth exterior domain with boundary. We will call this property of 2 the ‘static
Maxwell property” (SMP), and this property implies the MLCP.

We note that the properties of B?(2) and B?({2) are mentioned in [11] only in the
case v = Id. But using the Helmholtz decompositions [2, (3.5)] we can easily show
that these properties hold true in the general case as well.

From now on we may assume additionally that our exterior domain (2 has the
SMP and thus in particular the MLCP and that w. I. 0. g. for all ¢ all supports of

]%q(Q) = {Z‘{,...,qu} and B/(Q) = {bi,... 0%} are compact subsets of U,,. We
remark by definition

da e
suppn N ( U supp b U U supp bi) =0
=1 k=1

In the following we will use these special forms ]%q(Q) and BY(Q2) to project along
the Dirichlet forms. Because of their bounded supports we clearly have for all s € R
and with closures in L>%(0)

divDT L Q) Udiv DI Q) € BYQ)E

rot f{Z:i (Q) Urot 10%271(9) c BY(Q)*
Moreover, with closures in L24({2)
div D7+ (Q) = oDA(§2) = ¢DY(Q) N, HI(Q)* = (DY) NBUQ)E . (4&1)
rot R7-1(Q) = oRY(2) = oRY(2) N, HI(Q) = (R4(Q) N BI(Q)* 4.2)

hold true. The first two equations in each term follow by [2, (3.5)] and one inclu-
sion of the third equation in each term is trivial. Hence, if we look, for example,

at the form F' € (D?(Q2) N B (Q)*, we decompose F according to the Helmholtz
decomposition [2, (3.5)] as

F = f+E e divDr1(Q) & HI(Q)

and obtain F' — f € HI(Q) N 103‘7(9)L = {0} by the properties of ]%Q(Q) .

Now we are able to characterize the ranges of our operators ,DIVY], *DIVI*H]

and .ROTY_,, “ROT?_, even by orthogonality constraints on f%q(Q) and B7T(Q).
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Corollary 4.4 Let the assumptions of Lemma 3.12 be fulfilled. Then

o

oD7(Q2) = oDY(€2) N .H(Q)E = (DI(Q) N BI(Q)*
and in the case q # 0
oRIF(Q) = gRIF(Q) M, HE ()1 = (RIFL(Q) 1 B ()

Proof: The first equations in each term have been shown in Remark 3.16. To prove
the second equations in each term we use the same arguments as in the proof of Re-
mark 3.16 combined with (4.1) and (4.2). Thus, all sets from above are just different
characterizations of the ranges of ,DIV?*] or .ROT?_ u

Remark 4.5 Looking once more at Theorem 4.1 and Corollary 4.3 we may represent the
range of Max!_, and “Max?_, with the help of Corollary 4.4 in a different manner. Fur-
thermore, for example,

®Y(E) := (¢E, b Dz or  OUE) = (E,b)124(0)
are good choices for -, where the latter is only defined for ¢ # 1.

Using the special forms B?*!(£2) we have to restrict our considerations from now
on to the case ¢ # 0.

The latter theorem and the corresponding remarks and corollaries yield by spe-
cialization the following electro-magneto static result, which meets our needs and

uses only the forms }%q(Q) and B?(2) instead of H{(2):

Theorem 4.6 Letq#0,s € (1—N/2,00)\land 7 > max{0,s — N/2},7 > —s. Then
the operators

Mar? | o D(Maxl ) — Wi(Q)
E — <diV€E,rot E, (<5E b ¢ )12 (0 )Zil) 7
“Magly © D("Maxity) — W ()
q+1
H — (div H, rot nH, ((,uH, bZH)Lz,qH(Q))j:l >

are topological isomorphisms.

5 Powers of a static Maxwell operator

From now on we only work with the forms ]%‘1((2) and B?"'(Q) since they have
bounded supports and thus we may assume ¢ # 0. Then for arbitrary s € R and
t € {loc, s} the spaces

o

oDI(Q) = DUQ) B, GRI(Q) = oRIT(Q) N BH(Q)
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are well defined.
In this section we want to define powers of a special static solution operator from
Theorem 4.6, which acts on special data ((0, G, 0), (F,0,0)) € Wi(Q2) x Wit (Q), ie.
(F,G) € (DI(Q) x RT Q) , s>1-N/2 |

and maps onto solutions

(eE, pH) € oDI () x OR(:r_lﬂ(Q)

2 2

To this end we first study each one of these two operators /' — uH and G +— eF
separately. Keeping in mind that the interesting case of the classical electro-magneto
static theory is ¢ = 1, we restrict our considerations in this section generally to ranks

1<g<N-2

to avoid the discussion of some exceptional cases, which would increase the com-
plexity of notations in this section considerably.
A further specialization of Theorem 4.6 shows

Theorem 5.1 Lets € (1 — N/2,00)\Land 7 > max{0,s — N/2}, 7 > —s. Then

ROT!, : D(LROT!,) — (RIFL(Q)

E — rot &
LDIVIEL - D(,DIVIT) — (DY)
H —  divH

are topological isomorphisms on their domains of definition

D(ROTL,) = ((RE,(2) N7 DL, () ByDI(IL)) N=loD (@)

loc

D(DIVEL = (i RIT(9) 1 DE(Q) BoRe @1 ) 0 R (©)

loc

Remark 5.2 The exceptional forms nD*', and nRI*}"!

of q, since

do no longer occur for those values

D(.ROTL ) Ce DLy (@) and  D(, DIV C uRE ()

loc loc

Because of the restriction for the ranks q we only have to show that the exceptional forms do
not appear in the case ¢ = 1 for [ ROT?_, and in the case ¢ = N — 2 for , DIV . The
proof of these facts will be supplied in the appendix.

Using these two operators we define a static solution operator £, acting on
oDI(Q2) x oRIT(Q2)
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by
Lo(F,G) = (<€:RO(J€—1>71G7 (urDjvgibilF)

Because the inverses Lo := ¢(.ROT?_)~! and Laiv, = pu( M@JVEJ_F%)‘I have mu-

tually related domains of definition and ranges (D?(2) and (R} (£2) we hope that
Liote Laiv,, and Ly, Lror- €xist in some sense. To this end it is necessary to general-
ize Lgiv, and Lo -, such that they can be applied to tower-forms.

Before we proceed and formulate our next lemma we need a few new notations.
Let us introduce the maximal degree of homogeneity of an index set J by

h,:=maxh , h; == —c0
J Teh 1 0

Moreover, for I C 77 and J  J% we define

oDI(3,0) 1= (L2(Q) ByDY(3,) NoDL(Q) .

loc

oRIT(F,Q) = (L2971(Q) ByRT(3,)) N REN(Q)

loc

and note (D(J,Q2) = (DI(Q) resp. O]fég“(g,(z) = Of&g“(Q), if I, = O resp. J, = 0.
From now on we will work with tower-forms of arbitrary heights. Thus, in the
following we may assume additionally

3<N odd
We may generalize Theorem 5.1 as described above in the following two lemmas:

Lemma 5.3 Let s € (1 — N/2,00) \ I and J be a finite subset of 37 with maximal ho-
mogeneity degree h,, such that nD(J) N L24(Q) = {0}. Furthermore, let T > —s and
7> max{0,s — N/2,s + N/2 + h,}. Then for every q-form F € (D?(J, Q2) with

F=F,+> f-9Df , FeL¥Q , £¢€C

Ied

there exists a unique (q + 1)-form
H e ((p7REL©) N DIEL@) BR300 U 19)) 0ok (@)
solving div H = F'. This solution H is represented by

H:HS,1+ Z gJ-nR?,+1+Zf1-77RfIH

e =

with H,_, € p'R71(Q) N D (Q) and g; € C. H is an element of L7 (Q) for
t <min{N/2,-1—-N/2—h,}andt < s—1. Moreover, the solution operator is continuous

and maps in particular ;D1(J, Q) to u‘lof&gﬂ(ﬁj’o U 17,Q) as well as to ,u‘lofé?“(())
continuously.
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Remark 5.4 Using the notations from the lemma above we obtain by the properties of the
order of decay T

loc

A = pH € ((REF}(9) N pDEH(Q) BnRe1(@151°0 U 19)) N oRE (9)
solving div u~'H = F . H is of the form

H=H,_+ Y g/ -nR"+> R

JEeqILo 1e9

with Hoy = pHo_y 4+ Y gy anRY™ + ) - amRY € RTTH(Q) N uDIH(Q).

Jegity? Ied
Proof: Letusassumew. 1. 0. g.J# () and
F=F,+) f-nDj € DI, Q) = (DIUQ) ByD!(J)) N oD, (2)
1€7

By the choice of our cut-off function 7 all terms, which possess a factor 7, are perpen-

dicular to ]%Q(Q) resp. BYT(Q2). Especially nD? and F, belong to ]%q(Q)L . Noticing
div R‘f;”l = D} by (2.3) we choose the ansatz

H:=h+Y £-nR!

Ie]

Thus, our system H € ;' gR(Q) and div H = F is transformed into

loc

divh =F =) £, div(npR%")

Ied
- Fs - ZfI : Odiv,nR?;rl = f € ODg(Q) )
I1ed
rot uh = — Z fr - rot(p nR‘f}rl) =: g € (REZ(Q) :
1€]

ph € BT(Q)*
Because of 7 > s + N/2 + h; > s + N/2 + h; Remark 2.5 yields
1ot (unR{;") = Crouy R} +rot(AnR];") € L2TY || (Q) € LI2(Q)

N
<=5 —h;+7

for all I € J. Now we can apply Theorem 4.6 and get the unique solution of the
system above

b= (MM (f,g,0) € (pT'RITH(Q) N DIFL(Q)) MR (G0 @R
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Thus, H is an element of

((« "RIH(9) 1 DEF(9) BRI @0 U 9) BRI ) 0 R (@)

loc

and clearly the desired unique solution because of its special form. Utilizing the ap-

pendix and H € p~'gRE(Q2) we see that even in the case ¢ = N — 2 the exceptional

Hg+1,1
form R?""' does not appear. |

With similar arguments we prove

Lemma5.5 Let s € (1 — N/2,00) \ I and J be a finite subset of 3" with maximal
homogeneity degree h,, such that nRI*'(J) N L2941 (Q) = {0} . Furthermore, let 7 > —s

and 7 > max{0,s — N/2,s + N/2 + hy}. Then for every (q + 1)-form G € Ofég“(g, Q)
with
G=G,+Y g/ nRY" ,  Gel¥(Q) , g eC
Jed

there exists a unique g-form

B e ((R(@) NeDL, () ByD!(I1, U 1)) Nelobf, ()

loc

solving rot E = G . This solution E is represented by

E=E. i+ Y f-0Df+Y gr-nD,

1€3%°, Jed

with B, 1 € RZ_,(Q)Ne 'DL_,(Q) and £; € C. Furthermore, E is an element of L;"*(12)
fort < min{N/2,—1 — N/2 —hy} andt < s — 1. Moreover, the solution operator is

continuous and maps in particular (RIT(J, Q) to a‘lo]D)Zfl(jZfl U 1d,2) as well as to
e~ 1D (Q) continuously.

Remark 5.6 Using the notations from the lemma above we obtain by the properties of the
order of decay T

b= el e ((eRY,(9) N DI, (©) ByDUI, U 18)) 1D ()

loc

solving rot e 'E = G. F has the form

E=FE i+ Y f-0Df+Y gr-nD,

1€37°, JEd

with B,y =B, + Y £7-énDi+ ) gy -énD?, € eR?,(2) N DI ().

1€3%°, Jed
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The latter two lemmas and remarks yield a solution theory for a generalized static
Maxwell problem:

Definition 5.7 Let s € (1 — N/2,00) \ T and J x J be a finite subset of 3 x 37", such
that nD1(J) N L24(Q) = {0} and nR(J) N L2971 (Q) = {0}. Furthermore, let 7 > —s,
7 > max{0,s — N/2} and 7 > s + N/2 + max{hy, h,} .

We call (E, H) a solution of the ‘generalized static Maxwell problem’ for data

(F,G) € oDU(T, Q) x (RIT(F,Q) |
if and only if
M Fe ((RE,(Q)Ne"DI,(2) BrDIT ULd)) NeoD ()

H e ((M_lf{gfi(9> N Dzii(Q)) =) an+1(3q+10 U 13)) N 'u—l Rqul(Q) :

loc

(ii) rot E =G , divH =F
hold.
e 0 )
We set A = { ] and obtain
0 n

Theorem 5.8 The generalized static Maxwell problem is always uniquely solvable. The
mapping (F, G) — (E, H) defines two continuous linear operators

Lo oDI(1,Q) x R, Q)
s AT(DY L (T7° U 1d,Q) <RI IO U 19, 0)
and L = AN Lo with Lo(F,G) = (E, H).

Remark 5.9 The ‘tower-parts’ of the ‘generalized static Maxwell operators’ can be de-
scribed more precisely: If

F2F5+Zfz-77D? and G:G8+Zgj-77Rf’,+1 )
Ied Jed

then (for example) the solution (E, H) = L(F, G) is of the form

E=B i +9E+Y g;-nD? and H=H, +nH+Y f-qR"
Jed I€g

where (Es_1, Hy_1) € L29,(Q) x L25Y(Q) and (E, H) € D1(3%°)) x R+1(F1H10).

The generalized static Maxwell operator £ in Theorem 5.8 may now be iterated
easily. Since the static Maxwell operator (2.4) has only entries on its secondary di-
agonal, we have to distinguish between even and odd powers of £. We get
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Theorem 510 Let j € Nand s € (j — N/2,00) \ L as well as J x J be a finite subset of
39 x 391, such that nD9(J) N L29(Q) = {0} and nRI*(J) N L27(Q) = {0} . Moreover,
let>j—1—s,7>max{0,s — N/2} and 7 > s + N/2 + max{hy, hy} . Then

£ oDI(I,Q) x (RTL(F, Q)

oD? (T 9,0) x RGN 9,0)

s—j ,J even

oD! (TP 53,9) x RILETTTIU,0,Q) L jodd

is a continuous linear operator, whose range is contained in

o7 () x oRIT()
forall t satisfyingt < s —j,t < N/2—j+1landt < —j— N/2 —max{hy, hy}.

Remark 5.11 Also for higher powers L’ of L it is clear by Remark 5.9, in which way £’

maps tower-forms to tower-forms. Furthermore, this remark shows that the new appearing

tower-forms from nD? (ﬁgfj 71) and nRQ+1(2_]§f]1-’§j 71) satisfy the following recursion: Let
(F,G) beas in Remark 5.9. If (E, H) := L’ (F, G) has the form

(B.H) = (B Heg)+ (S eronDl, >0 nyonRyY)

1eg?5 ! Jeg =Tt

)

(Zf[.nDijgJ.nRjjl) , ] even
Ied Jed

+ )
1 .
(ZgJ-anJ,Zfz-nRﬁ> ,j odd
[ Jed €7

where (Es_j, Hs_;) € Lifj(Q) X Lifjl(Q) , then

(E,H):= L(E,H) = L"Y(F,G)

= (Es—j—17 Hs—j—l) + < Z er- nD(]I7 Z flJ . nR3+1>

e Jegt s
( 1 .
(Zgj'nD?+lJ,ZfI-77R?:—1[> ,J €ven
Jed Iey
+ 9 7
1 .
(D trnD,, > g nRIE) L jodd
\ [€J Jeg

where (Ey_j_y, H,_j_1) € L% (Q) x L2 (Q). Thereby for indices I € 32~ ™" and

—-q+1,<5—1 .. - ~ . .
J e HZJ:J-’—J the coefficients ey, hy and &, ;, h,  satisfy the recursion

er=h; , hy=-e.
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Finally we formulate the latter theorem in the special case I =0, J = 0:

Corollary 512 Let j €N, s € (j— N/2,00)\landt <s—j,t < N/2 —j+ 1as well
as 7 > max{0,s — N/2},7>j—1—s. Then

L0 DU(Q) x (RITHQ) — DI (157, 0) x (RI@TT S, 0)

is a continuous linear operator with range contained in (DY () x (RITH(Q).

6 Electro-magneto statics
with inhomogeneous boundary data

We want to conclude this paper by discussing inhomogeneous boundary data. Let
us assume additionally that 2 possesses a C3-boundary. Then we get from [2, section

3.3] the existence of a linear and continuous tangential trace operator

Ft:Rq

loc

Q) — RUON) = {N e H 29(HQ) : RotA € H 271 (9Q)}
and of a corresponding linear and continuous tangential extension operator

Ft : Rq(ﬁﬁ) — R?

VOX

() Ne™ Dl ()

satisfying I';I'; = Id on R4(9 Q).

Now our aim is to generalize the static solution theory, such that we can handle
inhomogeneous boundary data.

With the functionals ®¢ used in Theorem 4.1 we consider the following problem:

For some given data G, f, A, a find a ¢-form E € R? () Ne™'D?!_y (Q) satisfying

rot B =G , diveE = f )
[E =\ , (6.1)
PUE) = oy , (=1,...,d

Theorem 6.1 Lets € (1 — N/2,00) \land 7 > max{0,s — N/2},7 > —s. Then for all
a€C”, fe D1 Q)andall G € (RIT(Q), X € RY D) satisfying

Rot A = FtG A /\ <G> h>L27‘1+1(Q) - <)\> ’ynh>Hf%,Q(aQ)
he Ha+1(9)

there exists a unique solution
E € (RL, () Ne'D)L () @nD!(T5) & D,

of (6.1). The solution depends continuously on the data.
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Remark 6.2 Herey, = (—1)" ® 1*x denotes the usual normal trace on H"9*(2) , where
® is the Hodge star operator on the manifold 0 Y and v : 0 Q) — () is the natural embedding

of the submanifold 0 2. Moreover, (-, -)_ 1, (o) denotes the duality between H™29(9 Q)

and Hz(9 Q) . By (exterior domain) reqularity, e.g. [2, Theorem 3.91, a Dirichlet form h in
HIHL(Q) is an element of HY9+1(Q) and thus its normal trace ~,h belongs to H/?4(0 Q).

Hence, the duality pairing (X, vah) 1., 0%) is well defined.

Proof: With F := T\ € R, (Q) the ansatz E := E + F leads us to

the following problem: Find some E € (IO%Z,I(Q) Ne 'D?_(Q)) & nD1(IT°)) & DL
solving the system

(Q)Ne 1Dy

VOxX

rot E =G —rot E =: G € (RT(Q) :
diveE = f —diveE =: f € (DTHQ) |
(IDE(E):&K—Q)K(E) :ng 5 gzl,...,dq

€

By Theorem 4.1 this problem is uniquely solved by £ := (. Max? )~'(f,G, &), if
(f,G,ap) € WI(Q) holds. So it remains to show

G € QR (Q) = RTH(Q) N HTH Q)

Since I', rot = Rot I'; holds, where Rot := ddenotes the exterior derivative on 02,
G satisfies the homogeneous boundary condition. Similarly to the proof of [2, The-
orem 3.23] we finally obtain that G is also orthogonal to the Dirichlet forms, which
completes the proof. |

Remark 6.3 The orthogonality constraints on the Dirichlet forms may be replaced by con-
straints on the special forms B1(2) resp. B?(2) as in section 4. For this it is necessary that
the forms B%(S2) are irrotational and B?(2) solenoidal. Similarly to section 4 we are also
able to specialize the functionals ®¢ using B4(Q) and BY(Q2) .

Remark 6.4 Clearly we get as well a generalized static solution theory in the case of inho-
mogeneous boundary data, which acts on arbitrary tower-forms as in section 5. Then even
for inhomogeneous boundary data the iteration process from section 5 holds true in a canoni-

cal way. We note that the inhomogeneous boundary condition is only realized by the trace of
the form from the ground floor. All forms from higher floors have vanishing boundary traces.

7 Appendix: Second order operators

We still have to exclude the appearance of the special tower-forms nD%', ,i.e. nD.",,

and nR™ ", ie. nRY "', in Theorem 5.1, Lemma 5.3 and Lemma 5.5. To prove this
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we introduce a second order approach to our static systems and use once more the
relationship between Maxwell equations and the Poisson equation via the formula
A = rotdiv +divrot. Let us introduce the Hilbert spaces

X2(Q) = {E € RYQ) N DIQ) : ' rot B € D@V
YI(Q) == {H € RIFN(Q) N DI (Q) e div H € R, ()}
and mention the following fact: If € resp.  is a 7-C'-admissible transformation on
q- resp. (¢ + 1)-forms, then so is the inverse transformation g1 resp. ,u_l
The following lemmas can be proved using the same ideas and techniques, which

we have presented in sections 3 and 5 for our first order Maxwell systems. We
neglect the (very similar) proofs and refer the interested reader to [4, Abschnitt 6.5].

Lemma 7.1 Lets € [1,00) \ land 7 > max{0,s — N/2}. Then

avAl, 1 D(awAl,) — oDI(£2)
E — divg~lrot B
rotAgi; : D(rotAgJ—r;) - Ofég+1 (Q)
H — rote tdivH

are continuous and surjective Fredholm operators on their domains of definition

D(awA?_,) == (X9_,(Q) ByDI(I25) ByD%) NeDL (Q)
(YOL(Q) B R (370N B pRIL?) 0 oREF(Q)

loc

D(rotAZi—%) :

with kernels N (g, AL_,) = HI(Q) and N (1 A2T5) = HIT(Q).

Lemma 7.2 Let s € [1,00) \ L and J be a finite subset of 19 with maximal degree of homo-
geneity h,, such that nD(J) N L29(Q) = {0}. Furthermore, let 7 > max{0,s — N/2},
7> —sand T > s+ N/2 + h,. Then for every form F € (D%(J, Q) with

F=F,+> f-9Df , FeL¥Q , £¢€C

Ie]

there exists a form
E € X°_,(Q) 8 nD(I%5 U ,I) B DL

solving div ' rot E = F. Such an E may be represented by

E=FE, y+E+> £,-9DY |

Ied

where E,_y € X! ,(Q) and E € nDI(T~ ) B D2, .
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Lemma 7.3 Letq#0,s € [1,00)\ Iand J be a finite subset of 3" with maximal degree
of homogeneity h,, such that nR**'(g) N L29*1(Q) = {0}. Furthermore, let 7 > —s,

7 > max{0,s — N/2} and 7 > s + N/2 + h,. Then for every form G € 01&2“(3, Q) with

G=G,+Y g/ nRY" ,  Gel¥(Q) , g eC
Jed

there exists a form

q+1, <1

H e Y (Q) BRI = U L9) BRIt

solving rote~* div H = G . Such a H may be represented by

H:Hs,2+ﬁ+ZgJ-77RZ}F1 :
Jed

where Hy_» € Y'X(Q) and H € nR1 (G751 B gRatL2,

Now we can show easily that the special forms 7D}, and nRY "' do not appear
in Theorem 5.1, Lemma 5.3 or Lemma 5.5 (in the cases ¢ = 1 and ¢ = N — 2). Since
these forms can only occur for weights s > N/2, we can apply the last two lemmas
(for these s) getting some (£, H) and obtain the unique solutions E of rot £ = G and
H of div H = F by

E:=c'divH
€ ((REL(Q) N DLy (@) ByD (T U 1)) NeToDE ()
H:=pu! rot

loc

c ((u‘lﬁzﬂ(@) N DL(Q)) B R (30U 13)) N LoREFH(Q)
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