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Abstract

In this paper, we consider an initial boundary value problem for Maxwell’s equa-
tions. For this hyperbolic type problem, we derive guaranteed and computable upper
bounds for the difference between the exact solution and any pair of vector fields in
the space-time cylinder that belongs to the corresponding admissible energy class.
For this purpose, we use a method suggested in [20] for the wave equation.
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1 Introduction

In this paper, we derive computable upper bounds for the distance between the exact
solution (F, H) of an initial boundary value problem for Maxwell’s equations, which
have in their second order form a hyperbolic nature, and any pair of vector fields (E JH )
belonging to the admissible energy class of the considered problem. As our techniques rely
on second order methods and the Maxwell system decouples in its second order version
for the electric field £ and the magnetic field H, we focus on E in our analysis. The
vector field E can be considered as an approximation of E computed with the help of
a numerical method. In other words, we deduce nonnegative functionals B (also called
error majorants or upper bounds) that depend only on E and known data (coefficients,
domain, right hand side and boundary data) and satisfy the following properties:

1. £(E — E) < B(E) for all admissible E.
2. B(E)=0iff E=F.
3. B(E) = 0if &(F — E) — 0.

Here, £ is a suitable error measure of the energy of the system defined on a space-time
cylinder (e.g., a L*-energy norm).

Such Functionals B provide an explicit verification of the accuracy of approximations.
Indeed, we see that B(F) is small then E belongs to a certain neighborhood of the
exact solution. Moreover, B vanishes only at the exact solution E. The third property
shows that the majorant B possesses the continuity property with respect to all sequences
converging in the topology induced by the energy norm &.

Estimates of such a type (often called functional a posteriori estimates) can be derived
by at least two methods. The first method is based on variational techniques and appli-
cable for problems that admit a variational statement. By this method a posteriori error
estimates were derived in [14, 15] and many other publications (see [5] for a systematic
overview). Another method is based upon the analysis of the integral identity (varia-
tional formulation) that defines the corresponding generalized solution. This method was
suggested in [16], where it was also shown that for linear elliptic equations both meth-
ods (variational and nonvariational) lead to the same estimates. Later the nonvariational
method was also applied to nonlinear elliptic problems and to certain classes of nonlin-
ear problems in continuum mechanics (e.g., for variational inequalities [1, 2, 18]) and to
initial boundary value problems associated with parabolic type equations [17]. A conse-
quent exposition of the 'nonvariational’ a posteriori error estimation method is presented
in the book [19]. Analogous estimates have been derived for elliptic problems in exterior
domains as well [10].

In this paper, we are concerned with an initial boundary value problem for Maxwell’s
equations. For the stationary version of this problem, functional a posteriori estimates
have been derived earlier in [11] for bounded domains. However, the hyperbolic Maxwell
problem essentially differs from the stationary case and the estimates are derived by a
new technique. The derivation method is also based on the analysis of a basic integral
relation but uses a rather different modus operandi. The reason for this lies in the specific
properties of the respective differential operator involving second order time and spatial
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derivatives with opposite signs. We overcome the difficulties arising due to this fact with
the help of a method suggested in [20] for the wave equation, which is closely related,
and deduce computable upper bounds for the distance to the exact solution measured in
a canonical L*-energy norm.

Our main results are presented in Section 3 by Theorems 5 and 8, which provide
computable and guaranteed majorants for the error measures (3.2) and (3.3) of the electric
field E. These first (and simplest) majorants are derived under stronger assumptions on
the approximation. They can be used if the approximation E possesses extra regularity,
which sometimes may be difficult to guarantee in many numerical schemes. In Section 4
we prove corresponding results under weaker assumption on the approximation E, which
are free of these drawbacks, but have a more complicated structure. Finally, in section 5
we estimate the error for the approximation of the magnetic field H as well and thus the
error of the approximation of the full solution (£, H).

We note that the respective functionals generate new variational problems, where exact
lower bounds vanish and are attained only on the exact solution. In applied analysis, the
functionals can be used for a posteriori control of errors of approximate solutions obtained
by various numerical methods.

2 Basic problem

Let © be a domain* in R? with Lipschitz continuous boundary I' := 9 and correspond-
ing outward unit normal vector by v. Furthermore, let 7" > 0, I := (0,7) as well as
Q= (0,t) x Qand I'; := (0,¢) x ' for all ¢ > 0 the space-time cylinder and cylinder bar-
rel, respectively. We consider the classical initial boundary value problem for Maxwell’s
equation: Find vector fields £ and H (electric and magnetic field), such that

WE—elcwrlH=F in Qp, (2.1)
OH+p tewl B =G in Qp, (2.2)
vXx Elr=0 on I'r, (2.3)
E0)=FE(0, ) =Ey in Q, (2.4)
H(0) = H(0, -) = Hy in Q. (2.5)

Here € and p denote time-independent, real, symmetric and positive definite matrices with
measurable, bounded coefficients that describe properties of the media (dielectricity and
permeability, respectively). For the sake of brevity, matrices (matrix-valued functions)
with such properties are called ’admissible’. We note that the corresponding inverse
matrices are admissible as well.

Remark 1 The underlying domain €2 may be bounded or unbounded. Contrary to the
stationary cases, i.e., static or time-harmonic equations, the Sobolev spaces used for the
solution theory of the Cauchy problem do not differ whether the domain is bounded or not.
For instance, in exterior domains one has to work with polynomially weighted Sobolev
spaces what naturally would lead to weighted error estimates as well. See [3, 6, 7, 8, 9]
for a detailed description.

* i.e., a connected open set,
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By L*(Q) we denote the usual scalar L>-Hilbert space of square integrable functions
on 2 and by H™(€2), m € N, the usual Sobolev spaces. H(2) denotes the Hilbert space
of real-valued L%-vector fields, i.e., LQ(Q,RQ’). For the sake of simplicity, we restrict our
analysis to the case of real-valued functions and vector fields. The generalization to
complex-valued spaces is straight forward. Moreover, we define

H(curl, ©2) := {(I> € H(Q) | curl® e H(Q)}, H(curl®, Q) := &"O(Q),

where the closure is taken in the natural norm of H(curl, ©2). The homogeneous tangential
boundary condition (2.3) is generalized in H(curl®, Q) by Gauf}’ theorem. Equipped with
their natural scalar products all these spaces are Hilbert spaces.

To formulate and obtain a proper Hilbert space solution theory for the latter Cauchy
problem, we need some more suitable Hilbert spaces. We set

H(Q2) :=H(Q2) x H(Q)
as a set and equip this space with the weighted scalar product

<(E’ H), ((1)7 W))H(Q) = <A(Ev H)v (CI), \IJ»H(Q)XH(Q) = <5E7(I)>H(Q) + <MHa qj)H(Q) )

where
e 0
T

For the sake of a short notation, we will write for domains = C RY
[z =1 legry. (5 )z=1{(, ey
and for suitable matrices A

L= (A8

|14z =AY
Furthermore, we introduce the linear operator

My : D(My) C H(Q) — H(Q), (®,¥)—iA ' M(P,V)

putting

o 1 0 —curl
D(My) := H(curl®, Q) x H(curl, ), M := {Curl 0 ] .

Then, a solution of the Cauchy problem (2.1)-(2.5) is to be understood as a solution of
the Cauchy problem

(E, H)(0) = (Eo, H). (2.7)

Utilizing a slight and obvious modification (variation of constant formula) of [4, The-

orem 8.5], the Cauchy problem (2.6)-(2.7) has unique solution for all 7" (we may also

replace the interval I by R) by spectral theory since M, is self-adjoint. The spectral
theorem suggests

(E,H)(t) = exp(itMy)(FEo, Ho) + /Ot exp(i(t — s)Mp)(F,G)(s)ds, tel

as solution. We get:
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Theorem 2 Let (F,G) € L'(I,H(Q)) and (Ey, Hy) € H(Q). Then, the Cauchy problem
(2.6)-(2.7) is uniquely solvable in

(i) C°(1, H(Q));

(ii) CO(I,D(My)) N C (I, H(R)), if additionally
(F,G) € LNI,D(My)) N CO(I,H()) and (Fy, Hy) € D(M,);

(iii) C°(I,D(M3)) N CHI, D(My)) N CHI,H(R)), if additionally
(F,G) € L'(I,D(M3})) N CO(I,D(My)) N CHI, H(Q)) and (Ey, Hy) € D(M3).

Here, (E, H) € D(M3}), if and only if
(E,H), (e curl H, ' curl B) € D(My) = H(curl®, Q) x H(curl, ).
Remark 3

(i) Theorem 2 holds if we replace the spaces C* by spaces of vector fields having such
reqularity only piecewise, i.e., Cf;, where ® € Cf), if and only if ® € C*~ 1 and ® is
piecewise C’.

(ii) To obtain the second order regqularity in Theorem 2 (iii) and in view of numerical

applications it is sufficient to assume that (Ey, Hy) has H*(Q)-components and that
(F,G) has C*(Qr)-components with bounded derivatives.

If (E,H) admits the second order regularity of Theorem 2 (iii) then we can apply
0;+1M) to (2.6) and obtain

(O} +MR)(E, H) = (F,G),
where (F', G) := (0, +1M,)(F,G). Equivalently, we have
(0, A0, —MA*M)(E,H) = A(F,G).
Since

curl =t curl 0

— -1 —
MA™M = 0 curl et curl

the latter equation decouples for the electric field £ and magnetic field H.
In this paper, we intend to discuss the second order system for the electric field F,
which reads in classical terms

(Oredp+curlpteur)E = K == cF in Qrp, (2.8)
vXx Elr=0 on I'p, (2.9)

E(0) = E, in Q, (2.10)

0; B(0) = B} := ¢ ' curl Hy + F(0) in Q. (2.11)

Moreover, we assume throughout this paper that the second order regularity of Theorem
2 (iii) holds.
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Remark 4 A solution of the second order problem (2.8)-(2.11) provides also a solution
of the original first order problem (2.1)-(2.5). In particular, under proper regularity as-
sumptions on the data the system (2.8)-(2.11) is uniquely solvable as well. To show this
it sufficies to set

H(t) = /0 (G(s) — p " curl E(s))ds + H.

Then, (2.3) and (2.4) hold and (2.2) and (2.5) follow directly. Furthermore, to prove
(2.1) we use (2.8) and the above definition of H and obtain

t t t
0 E(t) = / 0> E(s)ds + B} = —¢ Curl/ pteurl E(s)ds + / F(s)ds + E
0 0 0

t
=c teurl H(t) + / (F(s) — e teurl G(s))ds + Efy — e ' curl Hy .
. , y

N

-~

:8:;'(5) =F(0)

Hence, our further analysis is based on (2.8)-(2.11).
3 First form of the deviation majorant
Let E be an approximation of E. In this section, we assume that

E e C}D(T, H(curl,Q)) N Ci(T, H($2)). (3.1)
Our goal is to find a computable upper bound of the error
e:=FE—FE
associated with E. For all t € T and p € R, we define two nonnegative quantities

noo(t) = 91210 (0) = 10,12 (1) + plewrl B2, (1), (3:2)
Nopt) = 19121 g, = 10,012, + plewl B2 (3.3)

which generate natural energy norms for the accuracy evaluation. We note that by Fubini’s
theorem [, = fot Jo, and thus

t
ne, = Ng,  No,(t) :/0 N, ,(S)ds.

Theorem 5 Let p € (0,1) and E be an approzimation satisfying (3.1). Moreover, let
Ore € H(curl®, Q) for allt € I. Then, for allt € 1

neyﬂ(t) S 1;715 bE,p;Y;y(t)7 N€1P<t> S 11},71’5 BE’,p;Y,W(t% (34>
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where
t
bE,p;Y,'\f(t) = ,ye’}’t/o e_’yst,Y,%p(S)dS + fE,Y,’y,p(t)7
0

BE7P§Y7'Y<t) = e”t/o e’”st7K7’p(s)ds

and the infima are taken over vy € Ry and Y € Cll,(j, H(curl,Q2)). Here,
JeYnp = 9aymp T 25y

2 2

oKy +a-p)

,UﬂQt

+ (yp)

9van®) =77 Ky

Zpy = ne1(0) + 2 <IN(E7y, curl €>Q (0),

where

[A(E,Y = K@f Eculy = Ea? E +curlY — K,
KE,Y = K wlEY = /JJ_I CUI‘IE -Y.

C

Remark 6 We outline that the functionals fgy. . bg ,y. and Bg . depend only on

known data, the approzimation E, the free variable Y and the free parameters P, Y, and do
not involve the unknown exact solution E. Thus, these quantities are explicitly computable
once the approzimate solution E has been constructed. We note that the “zero term’ Zhy
represents the error in the initial conditions. In particular, zpy mainly consists of first

order deriwatives of the initial error ¢(0) = Ey — E(0). Furthermore, Y may even be
chosen from the larger space

17 2
C,(1,H(Q)) N L*(I, H(curl, €2)).
Remark 7 The absolute value of the zero term

2y = [0rel? g (0) + Jewlel} - g (0) +2 ( Ky curle) (0)

may be estimated from above by the quantities
Zpy = nea(0) +2| (K curle) (0)
= 19l o (0) + Jeurlel} . o (0) + 2| { Kg -, curle) |(0)

(0),

1,82

~ 2 2 o 2
< 2y = 10l (0) + 2fewrlel-. o (0) + [ Kz

which are nonnegative and easily computable. Furthermore,
(i) zzy =0, if 9re(0) = 0 and curle(0) = 0.

(ii) Zzy =0, if any only if 9;e(0) = 0 and curle(0) = 0.
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(iii) 25, =0, if any only if 9;e(0) = 0 and curle(0) = 0 and pY (0) = curl £(0).
(iv) 9zyv~, =0, if and only if pY = curl B and curlY = K — ¢ 9? E.

Therefore, choosing the functional fgy.., , with Zg . or Zg, we see that for allt € I the
functional by, .y (t) vanishes, if and only if

O E0)=E), cwlE(0)=culE, pY=culE, culY=K-cd?E.  (3.5)

Thus, Oy e and curle vanish, if and only if n., = 0, which is implied by b .\ = 0. The
latter condition is equivalent to (3.5). The same holds for the energy norm N, and the
Junctional Bg, .

Proof of Theorem 5 We start with deriving first order ordinary differential inequalities,
which then lead to the estimates by Gronwall’s lemma (see appendix). Since 0; e belongs
to H(curl®, ), we have

Orne(t) =2 <€ 07 e, 0y e>Q (t) + 2 </fl curle, curl 9, e>Q (t)
=2 <K —cd*F, 0, e>Q (t) —2 <u_1 curl E — Y 4 Y, curl 9, e>Q (1)
= -2 <Kﬁ,y, Oy €>Q (t) — 20, <f~(];7y, curle>Q (t) +2 <(’9t Kgy, curle>Q ().

Thus, by integration

ne(t) = 25y — 2( <I~(E,Y,curle>

5 50 54 (1)

~

ROE <at f(’E’Y,curle>Qt + <Kﬁyy,ate>ﬂt ). (3.6)

[ J/ [\ S/

We estimate the scalar products Sy by

- 2
251(0)] < afeurlel} g () +a” |Kgy| (@),
Ky
~ 2
0Ky (3.7)

2155(8)| < Blewrlel -1 g, + 87" o
bt

~ 2
2850 < 310vel o, +77 | Kz |

Y
8_17Qt

where «, 3,7 € R, are arbitrary. For p € (0,1) we choose a:=1— p € (0,1). Then, for
arbiratry v € R, we put §:=~p € R,. Inserting (3.7) into (3.6), we achieve

Te,p S /VN&P + fE,Y,fy,p’

which may be written in two ways
t
1eslt) €7 [ nepl5)d5 + Ly (0 N (0) < AVep0) + Ly )
Gronwall’s inequalities, i.e., (A.2) and (A.4), complete the proof. O

Since 0; e = 0 implies e(t) = e(0) = Ey — E(0) constantly for all ¢ we obtain:
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Theorem 8 Let an approzimation E and Y as in Theorem 5 be given. Then, the
following two statements are equivalent:

(i) E(0) = Eo and bg ., =0.
(ii) E=E and pY = curl E.

In words: Let the approzimation E satisfy the first initial condition E(O) = Ey exactly.
Then, the functional by . vanishes if and only if the approzimation E equals E and pY
equals curl E.

Remark 9 The assertions of the latter theorem remain valid if we replace by . by

B EpYyy

Remark 10 The latter theorem provides a new variational formulation for the second
order problem (2.8)-(2.11) and thus, in view of Remark 4, for the original first order
problem (2.1)-(2.5) as well.

3.1 Refinement of the estimate

We can derive sharper estimates if p and + in Theorem 5 depend on time. Then, we
replace

t t
na, (1), Nq>,p(t):/0 nq,,p(s)ds:/o (18 @12 (5) + pleurl @] o () ds

g (t) = 10 @2 (1) + p(t) feurl @[ o (2),

No. o (2) 12/0 W(S)ﬁcb,p(S)dSZ/O () (10: @12 () + p(s) [eurl @] g () ds,

respectively. In this case, Nj, , ., = Yne , and we modify (3.7) in an obvious manner, i.e.,

s0YY

2051(8)] < a(t) fewlel -1 (1) + () [ Ky | 0
2501 < [ 906 fewleli o (s + [ 576) ke || (s (33)
2530 < [ A 0rela s+ [ 270 [Key [ s

By (3.6) and (3.8) we find that

ﬁmwszwww@w+&m¢m N2 (1) < A8 N () + A0 Fryen (1),
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where fgy, , = iy, T 25y With

2
KE,YH (t>

4 /Ot,yl(s> Koy, (s + /Ot(w)l(s)’

Toyaet) = (1=p) (1)

2

0 Ky

(s)ds.

2
€ 0,2

We apply (A.1) and (A.3), respectively, and arrive at the following result:

Theorem 11 Let p: 1 — (0,1) and E be an approzimation satisfying (3.1). Moreover,
let 0z e € H(curl®, Q) for allt € I. Then, for allt € I

ﬁ&ﬂ(t) S 1YI’I’£ BE,p;Y,fy(t)7 NG,P,"/<t) S 1;715 BE,p;Y,y<t)7 (39>

¢ t
e (8) v p(8)ds + fryn (), T(t) = /0 V(s)ds,
e " y(s) gy ,(s)ds

and the infima are taken over v : I — Ry and Y € C(I, H(curl, Q)).
Remark 12
(i) The corresponding other assertions hold like in Theorem 5.

(ii) If vy is constant we get the same formulas as in Theorem 5, i.e.,
~ t ~ ~
bE‘,p;Y;y(t) = 7€7tA e_’yst,Y,'y,p(S)dS + fE,Y,fy,p(t)7
t
B &) =" [ iy (51
0

We note that in this case N, ,~ = YNe 1. If v and p are both constant the estimates
coincide with those of Theorem 5.

(iii) Since the latter estimates are stronger it is clear that Theorem 8 and Remarks 9 and
10 hold as well.

4 Second form of the deviation majorant

The estimates presented in Theorems 5 and 11 are derived for approximations E
having second order time derivatives. This requirement may be difficult to satisfy in
practice because typical approximate solutions possess only first order time derivatives.
In this section, we derive estimates applicable for approximations of such a type.
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As above, E is an approximation of F, but now we also introduce a vector field F,
considered as an approximation of 9; E. Hence, we define both the error and the error of
the time derivative separately by

e=E—FE, e¢:=0,FE—E,.
We note that in general E, % 0, E and therefore e, = 0; e. Henceforth, we assume that

E.E, € C, (I, H(curl, Q)),

(4.1)
e; € H(curl®, Q) for all t € 1,

where it would be sufficient to assume that
. L~
E € C,(1,H(curl, Q2)),
E, € C(I,H(Q)) N L*(1,H(cutl, Q)),
E, € H(curl®, Q) for all t € I.

With two nonnegative, real functions p and v on I we define two energy norms

R () = [9120 (1) + p(t) [l T2, o (1),
t t
Now (1) = / (8w o (5)ds = / () (g (5) + p(5) [P21 o (5))ds.
0 0
Then, N</I>,\I’,p,’y = YN,w,p-

Theorem 13 Let p: 1 — (0,1) and E be an approzimation satisfying (4.1). Then, for
allt el

net,e,p<t> S IYI,l’f bE,Et,p;Y,’y(t)7 Net,e,p,’y(t> S IYI}’f BE~,E~'t7p;Y7’y<t)7 (42>

where
t t
I —I'(s
bE»Et7P§Yv7<t) = (t)/o e )V(S)fE,Ez,Ymp(S)ds + fE,EuY,%p@)’ L) = /0 s)ds,

t
BE,Et7p;Y,’Y(t) = er(t)/ e_F(S)v(s)fEEqup(s)ds
0

and the infima are taken over v : I — Ry and Y € CL(I,H(curl,Q2)). Here,

fE,Et,Y,’Y,P = gE7Et7K7ap + ZE,EtaY’

95.5,vp(t) = (1= p) ' (¢) HRE,Y
t
+\/0 ’Y_l(s) ||KE~'t,YH:71’Q (S)ds

+ [ )

2By = Neyen(0) + 2 <KE,Y7 Curle>Q (0),

2 ~ ~ ~
‘ () +2(Kpy, curl(B,— 0, E) )
14,92 ’ Q

. 2
’u‘l curl B, — 0, Y|  (s)ds,

1,82

A

where [V(Ehy =Ky, &, cunly = e, E,+curlY — K.
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Remark 14 If E, = 9, E then the estimates coincide with those of Theorem 11. Fur-
thermore, Remark 6 holds in a similar way. Particularly, Y may be chosen from the larger
space

17 2
C,(1,H(Q)) N L*(I, H(curl, €2)).
If v > 0 is constant then

t
N€t767p7’7(t) = 7N6t767p71(t) = ry/ n€t75al)(8)d87 P(t) = ,yt
0

and the upper bounds simplyfy, i.e.,
t
b5 £upn®) =16 | €% (5 + Ly 0
0

t
B 5y (1) = 7€ /0 e " f5 5 vq,(5)ds.

If both v and p are constant we have

N@,\D,p,’y = 7N<1>,\11,p, N<1>,\1/,p = N‘b,\ll,p,L
In this case,
2 2
ne,w,(t) =[P (¢) + plearl U], o (2),
2 2
Now,(t) =[P q, + pleurl U[, -1 o,

and

t
7’L<1>7\117p = N&%‘I’,p’ Nq>7q/7p<t) = / nq>7\1;7p(8)d8.
0
Theorem 15 Let p € (0,1) and E be an approzimation satisfying (4.1). Then, for all
tel
n6t767p<t) S 1}95 bE,Etp;Y,’y(t)v Net,evp(t) S 1}9,5 BE,Et,p;Y,’y<t>7 (43>

where

t
b5,y (1) = 7™ / e f 5y ($)ds + Fi 5y (D)
t
BE,E&p;KW(t) = evt/ e 7 E,Et,Y;y,p(s)ds
0

and the infima are taken over v € Ry and Y € CL(I,H(curl,Q)). Here,

vaEt7Y7’Y7p = gEvEt7Y7’Y7p + ZEvEtvy’

~ 2

K~ ’
EY |, o

+ fy*l ||KE~'t7YHj*17Qt + (ﬂyp)fl

iy, ()= (1= p)" (1) +2(Kpy curl(B — 0, E))
2

/fl curl Et —-0Y

/'L7Qt
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Remark 16 If E, = 8, E then the estimates coincide with those of Theorem 5. Again,
Remark 6 holds in a similar way. In particular, Y can be chosen from

Co(I,H(Q)) N L*(I, H(curl, )).

Remark 17 The absolute value of the zero term
2 2 ;-
2.y = ledlq (0) + leurlel} . o (0) + 2 (K gy, curle) (0)
can be estimated from above by the two quantities

2.5y = Meea(0) + 2 (Kpy cule) (0)
= leul? o (0) + Jowrl e} g (0) +2| (g curle) |(0)
2

(0),

JIRY;

~ 2 2 %
< 2y = ledlg (0) +2fcurl el o 0) + | Kz

which are nonnegative and easily computable. The same manipulation can be done with

the term 2 <[~<E v Curl(Et — 0 E)> , taking, e.g., it’s absolute value, which leads to some
; o

nonnegative §g g, y., ,- Moreover,
() zz5,y =0, if e(0) = 0 and curle(0) = 0.
(ii) Zz 5,y =0, if any only if €,(0) = 0 and curle(0) = 0.
(iii) 2z 5y =0, if any only if €;(0) = 0 and curle(0) =0 and pY (0) = curl £(0).
(iv) 9z5,v~, =0, if and only if nY = curl B, 9y pY = cwrl B, and curlY = K —e 9, E,.

Therefore, choosing the functional fz 5, v, , With Zgy or Zgpy and gg g,y , we see that
for all t € T the functional bi B, py,(t) vanishes, if and only if

E,(0) = E, curl £(0) = curl By, (4.4)
ny = curl B, 0y 1Y = curl E,, curlY = K — 9, E,. (4.5)

Thus, e; and curle vanish, if and only if ne,, = 0, which is implied by by z, v = 0.

The latter constraint is equivalent to (4.4) and (4.5). The same holds true for the energy
norms Ne,ep, Ne,epy and the functionals B g, v~ B g, pyq-

Proof of Theorem 13 We follow in close lines the proofs of Theorems 5 and 11. Since
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e; € H(curl®, Q) and 0y e = e, + E, — 9, E, we have
Oy Neye1(t) = 2(e0p ey, e0)q (1) +2(u " curle = Y + Y, curley), (£)
2 (pt curl (E, -0, E)) (t
+ <,u curle, curl(E; — 0y )>Q( )
=2 <K —cwrlY — €0, E|, et>ﬂ (t) —2 <I~(Eyy,cur1 et>Q (t)

+2 <Curl(Et — 0, E), 7! cuurle>Q (t)

= -2 <KE},Y7 et>Q (t) — 20, <KE,Y, culrle>Q (1)

+2 <[~(E,Y’ curl(E; — 0, E)>Q (1)

+2 <,u1 curl(E, — 0, F) + 0, KE,Y: curle> (t).

=p~lcurl Bs—8; Y Q
Thus, by integration
net,e,l(t)
= 2p.gy +2(Ray owl(B - 0, B)) (4.6)
— 2( <[~(E,Y, curle> (t) — <u_1 curl B, — 8, Y, curle> + <KEt7Y’ et>Q )
=:5 =:Sg(t) ::Sg(t)

If E, = 0, E then (4.6) coincides with (3.6). As before, we choose o := 1 — p and 8 := ~p
and estimate the scalar products 5, as follows:

2181(1)] < alt) fewl e} g (8) + a7 (1) | Ky

(1)

t t
2020 < [ A feurl el (s)ds + [ 672(s) [t curl B - 0¥
0 0

0,2
’ (s)ds  (4.7)

JIRY;

t

mwmsﬂwmw;@w+lv%>

Inserting (4.7) into (4.6) yields

Kgy i (s)ds

t

eeslt) € [ 515+ F 53,0

Nétﬁ,p,’y(t) S Py(t)Nety&PfY(t) + 'Y(t)fE7Et,Y7%p(t)-

Finally, Gronwall’s inequalities, i.e., (A.1) and (A.3), prove the assertions. O
Since e; = 0 implies
t
o(t) = / (B, — 0, )(s)ds + e(0)

0

we obtain:
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Theorem 18 Let approzimations E, E; and Y as in Theorem 13 or Theorem 15 be
giwen. Then, the following two statements are equivalent:

(i) E(0) = Ey and E, = 0, E and b g, pys =0
(ii) E=FE and E, = 0, E and pY = curl E.

In words: Let the approzimations E, E, satisfy E, = 8, E and the first initial condition
E(0) = Ey exactly. Then, the functional biz &, pry~ Vanishes if and only if the approzima-

tion E equals E and uY equals curl E.
Remark 19 The assertions of the latter theorem remain valid if we replace by g, ., by
B, Bpver O BE By

Remark 20 The latter theorems provide new variational formulations for the second
order problem (2.8)-(2.11) and thus, in view of Remark 4, for the original first order
problem (2.1)-(2.5) as well.

5 Estimates for the approximation of the whole so-
lution

By (2.6) (or the basic equations (2.1), (2.2)) we also get estimates for the errors h,
hi of the magnetic fields H, d; H and their approximations H, H,. E.g., by adding
—(Ey, Hy) +1MA(E, H) to (2.6) we obtain

(e, he) —iMp(e, h) = (f,9) = (F,G) — (Etaﬁt) "‘iMA(E’I:I)y
which reads explicitly
e, —eteurlh=f=F— E‘t —I—s_lcurll:l,
he+pteurle=g=G—H,—p eurl E.

Therefore, we can estimate

~ 2 2
Minehp(t) = PE) [ty (8) + eurl 22 g ()
2 2
< 2ne,ep(t) + 2[ [0 (1) +2]gl,0 ()
< 2inf b5, (t) + 211120 (8) + 219l q (1),

which yields

net,e,p(t) + ﬁht,h,p(t)

= lecZ g () + p(t) [eurle]? s o () + p(t) el g (£) + Jeurl b2, g (2)
. 2 2

<3 1;15 bg 5y v (8) + 21 f120 (&) +2]glq @)
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Of course, similar estimates hold for the other norms and functionals and the estimates
simplify in an obvious way if p or -y are positive constants. The vector fields ( f, g) measure
the error in the original first order equation (2.6). Moreover, (e, h;) may be replaced by
Oi(e, h) if for the approximations sufficient regularity is available. In this case, the error
in the first order equation is

(f,9) = (F,G) = (9, =1 Ma)(E, H) = (9; — 1 Ma)(e, ).
A Appendix: Gronwall inequalities

Gronwall inequalities can be found in almost any book about ordinary differential
equations. Since these estimates differ in small details, we present here two estimates,
which meet our needs. With

1y . cl(7 07y .— O(T
() = C(L.R), ) :=CIR)
we have
Lemma 21 (differential form) Let u € C.(I) and ¢,¢ € C°(I) with ¢ > 0. If in I
u < pu+1

then for allt € T
u(t) Sexp(@(t))(u(())—l—/o exp(—®(s))v(s)ds), ®() ::/0 o(s)ds. (A1)

If ¢ is a nonnegative constant then for allt € T
t
u(t) < exp(pt) (u(0) +/ exp(—ps)¥(s)ds). (A.2)
0

Ifp <ceR then forallt € I
u(t) < (u(0) + ct) exp(D(2)).

Proof Since
(exp(—®@)u)" = exp(—®) (v — pu) < exp(—P)y
we have

exp(—@(8))u(t) < u(0) + / exp(—®(s))(s)ds,

which proves the first part. The other assertions are trivial. 0

Using the notations of the latter lemma, we have



Deviations from Exact Solutions of Maxwell’s Equations 17

Lemma 22 (integral form) Let u, , € CO(I) with ¢ > 0. If for allt € T
)< [ elsputsids + (0
then for allt € T
ult) < expl@() [ exp(—b(s)pls)(o)ds + ). (A3)
If ¢ is a nonnegative constant then for allt € T
ult) < pespliet) [ explops)pis)ds + (o) (A.4)

Ifp < c€eR then for allt € T
ult) < cexp(@(t)).

Proof Set u(t) := /tgo(s)u(s)ds and ¢ := @i, Then @' = pu < @i + 1). Lemma 21
yields "
ult) < alt) + 5(0) < exp(@(0)(7(0) + [ exp(=2(:)(5)ds) + ()

which proves the first assertion since @(0) = 0. The second assertion is trivial. To prove
the last part we compute with exp(—®) = —exp(—®)yp

u(t) < cexp(@(t))/o exp(—®(s))p(s)ds + ¢ = cexp(P(?)).

Remark 23 The differential and integral form are equivalent.

Proof Let the assumptions of Lemma 21 be satisfied. Then,

u(t)g/o go(s)u(s)ds—i—/o Y(t)ds + u(0)

=1(t)

and by Lemma 22

ult) < exp(®(1) | ep((s))(s) F(s)ds + ()

Y gl
= exp(@(1))( [ exp(=0(5) J/(5)ds — exp(=0(:)i(5)]) +510),
=y(s) ) ~~ g

which completes the proof since 1(0) = u(0). O
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Corollary 24

(i) Let the assumptions of Lemma 21 by satisfied. Then, u(0) < 0 and ¢ < 0 imply
u < 0. Hence, if u >0 then u(0) <0 and ¥ <0 imply u = 0.

(ii) Let the assumptions of Lemma 22 by satisfied. Then, 1» < 0 implies u < 0. Hence,
if u >0 then ¥ <0 implies u = 0.
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