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A Global div-curl-Lemma for Mixed Boundary Conditions in Weak Lipschitz Domains
and a Corresponding Generalized Aj-A;-Lemma in Hilbert Spaces

DIRK PAULY

ABSTRACT. We prove global and local versions of the so called div-curl-lemma, also known as compen-
sated compactness, for mixed boundary conditions as well as bounded weak Lipschitz domains in 3D and
weak Lipschitz interfaces. We will generalize our results using an abstract Hilbert space setting, which
shows corresponding results to hold in arbitrary dimensions as well as for various differential operators.
The crucial tools are Hilbert complexes and related compact embeddings.
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1. INTRODUCTION

We will prove a global version of the so called div-curl-lemma used for compensated compactness,
stating that under certain (mixed tangential and normal) boundary conditions and (very weak) regularity
assumptions on a domain £ C R? the following holds:

Let Q C R? be a bounded weak Lipschitz domain with boundary T' and boundary parts Ty and T,. Let
(E,) and (H,) be two sequences bounded in L2(S2), such that (curl E,) and (div H,,) are also bounded in
L2(Q) and v x E,, =0 on Ty and v- H,, = 0 on T',. Then there exist subsequences, again denoted by (E,,)
and (Hy), such that (E,), (curl E,) and (H,), (div H,) converge weakly to E, curl E resp. H, div H in

L2(Q) and the inner products converge as well, i.e.,

/Ean—>/EH
Q Q

A local version (distributional like convergence for arbitrary domains and no boundary conditions
needed) of this div-curl-lemma is then immediately obtained.

Let Q C R? be an open set. Let (E,) and (H,) be two sequences bounded in L2(2), such that (curl E,,)
and (div H,,) are also bounded in L?(S). Then there exist subsequences, again denoted by (E,) and (H,),
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such that (E,), (curl E,) and (H,), (div H,,) converge weakly to E, curl E resp. H, div H in L?(2) and
the inner products converge in the distributional sense as well, i.e., for all o € C=(Q) it holds

| E e~ [ @ me.

For details, see Theorem 3.1 and Corollary 3.2. We will also show a generalization to a natural Hilbert
space setting in Theorem 4.7. In Section 5 we apply this result to some more differential operators in
3D and ND, appearing, e.g., in generalized electro-magnetics, for the biharmonic equation, in general
relativity, for gravitational waves, and in the theory of linear elasticity and plasticity.

The div-curl-lemma, or compensated compactness, see the original papers by Murat [13] and Tartar
[23] or [7, 22], and its variants and extensions have plenty of important applications. For an extensive
discussion and a historical overview of the div-curl-lemma see [24]. More recent discussions can be
found, e.g., in [5, 25] and in the nice preprint [26]. The div-curl-lemma is widely used in the theory
of homogenization of (nonlinear) partial differential equations, see, e.g., [22]. Moreover, it is crucial
in establishing compactness and regularity results for nonlinear partial differential equations such as
harmonic maps, see, e.g., [9, 8, 19]. Numerical applications can be found, e.g., in [2]. It is further
a crucial tool in the homogenization of stochastic partial differential equations, especially with certain
random coefficients, see, e.g., the survey [1] and the literature cited therein, e.g., [10].

Let us also mention that the div-curl-lemma is particularly useful to treat homogenization of problems
arising in plasticity, see, e.g., a recent preprint on this topic [21], for which the preprint [20] provides
the important key div-curl-lemma. As in [20, 21] H(Q)-potentials are used, these contributions are
restricted to smooth, e.g., C2 or convex, domains and to full boundary conditions. On the other hand,
using Weck’s selection theorem (2.1) it is easily possible to extend these results even to bounded weak
Lipschitz domains of arbitrary topology and to the case of mixed boundary conditions.

Generally, for problems related to Maxwell’s equations the detour over H!(Q) instead of using Weck’s
selection theorem seems to be the wrong way to deal with such equations. Most of the arguments simply
fail, and if not, the results are usually limited to smooth domains and trivial topologies. Mixed boundary
conditions cannot be treated properly. Since the early 1970’s, see the original paper by Weck [28] for
Weck’s selection theorem, it is well known, that the H!(Q)-detour is often not helpful and does not lead
to satisfying results.

2. DEFINITIONS AND PRELIMINARIES

Let Q C R3 be a bounded weak Lipschitz domain, see [3, Definition 2.3] for details, with boundary
I' := 9, which is divided into two relatively open weak Lipschitz subsets Iy and ', := I'\ T (its
complement), see [3, Definition 2.5] for details. Note that strong Lipschitz (graph of Lipschitz functions)
implies weak Lipschitz (Lipschitz manifolds) for the boundary as well as the interface. Throughout this
paper we shall assume the latter regularity on 2 and T.

Recently, in [3], Weck’s selection theorem, also known as the Maxwell compactness property, has been
shown to hold for such bounded weak Lipschitz domains and mixed boundary conditions. More precisely,
the embedding

(2.1) Rr,(Q) N Dr, (Q) «» L%(Q)

is compact, see [3, Theorem 4.7]. A short historical overview of Weck’s selection theorem is given in
the introduction of [3], see also the original paper [28] and [18, 27, 6, 29, 11, 12] for simpler proofs and
generalizations.

Here the usual Lebesgue and Sobolev spaces are denoted by L2(£2) and H!(Q) as well as

R(Q):= {E€L?Q) : rot E€L2(Q)}, D(Q):={Eel*Q): divEeL*9Q)},

where we prefer to write rot instead of curl. R(Q2) and D(Q2) are also written as H(rot,2) or H(curl, §2)
resp. H(div,Q) in the literature. With the help of test functions and test vector fields

19‘3(9) ={plo : p€ C®(R?), dist(supp ¢, T) > 0}



A GLOBAL DIV-CURL-LEMMA 3

we define the closed subspaces

HY(Q) . —R(Q) . ——D(®)
, Rr(Q)=C¥Q) , Dr(9):=CR(Q)

(2.2) HE(Q) = CX(Q)

as closures of test functions respectively vector fields. In (2.2) homogeneous scalar, tangential and normal
traces on I'y resp. I', are generalized, respectively. To avoid case studies when using the Poincaré estimate,
we also define

Hé(Q) = HYQ) AR 2@ = {ueH Q) : / u=0}.
Q
Let us emphasize that our assumptions also allow for Rellich’s selection theorem, i.e., the embedding

(2.3) HE () < L2(Q)
is compact, see, e.g., [3, Theorem 4.8]. By density we have the two rules of partial integration

(2.4) Vu e HL (Q) VH € Dr,(Q) (Vu, H) o g = —(u,div H)

(2.5) VE € Rp,(Q) VH € R, () (rot B, H), , o, = (E,10t H) ,

L2(Q)’
(@) (@)

We emphasize that, besides Weck’s selection theorem, the resulting Maxwell estimates (Friedrichs/Poincaré
type estimates), Helmholtz decompositions, closed ranges, continuous and compact inverse operators,

and an adequate electro-magneto static solution theory for bounded weak Lipschitz domains and mixed

boundary conditions, another important result has been shown in [3]. It holds

HE(Q) = {u € HY(Q) : (Vu, @) = —(u, div ®),, ) for all @ € CX ()},
(2.6) Rr(Q) = {E €R(Q) : (1ot B, ®),, o) = (E,10t ®),, o, for all ® € CX ()},
Dr, () = {H € D(Q) : (div H,¢) 21y = —(H,V ¢) aq, for all p € CX ()},

()

i.e., strong and weak definitions of boundary conditions coincide, see [3, Theorem 4.5]. Furthermore, we
define the closed subspaces of irrotational resp. solenoidal vector fields

Ro(Q) :={E €R(Q) : rot E =0}, Dy(Q):={E e D(Q) : divE =0}
as well as
Rr0(€) := Rr,(©2) NRy (), Dr, () := Dr, (©2) N Dy ().
A direct consequence of (2.1) is the compactness of the unit ball in
H(Q) == Rr, 0() N Dr, 0(2),

the space of so called Dirichlet-Neumann fields. Hence H(2) is finite dimensional. Another immediate
consequence of Weck’s selection theorem (2.1), using a standard indirect argument, is the so called
Maxwell estimate, i.e.,

o ° 1 .
(27) Fem >0 VE€Rp(Q)NDr, (Q) NH(Q) @ |El 20y < em(l10t B 5 ) + [ div Bl 5 )
or, equivalently,
(2.8) VE € Rp,(2) NDr,(Q) |E — 7rE|L2(Q) < ¢m(|rot E|L2(Q) + |divE|L2(Q)),

see [3, Theorem 5.1], where 7 : L2(Q) — H(€2) denotes the L?(Q2)-orthonormal projector onto the Dirichlet-
Neumann fields. Recent estimates for the Maxwell constant ¢y, can be found in [14, 15, 16]. Analogously,
Rellich’s selection theorem (2.3) shows the Friedrichs/Poincaré estimate

(2.9) Jerp >0 VueHE(Q) < crpl Vil

20 Q)
see [3, Theorem 4.8]. By the projection theorem, applied to the densely defined and closed (unbounded)

linear operator

Vi HL(Q) € L2(Q) — L3(Q)
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with (Hilbert space) adjoint
V* = —div: D, () C L2(Q) — L%(Q),
here we need (2.6), we get the simple Helmholtz decomposition
(2.10) L*(9) = VHE () @4 (g, Dr,0(9),
see [3, Theorem 5.3 or (13)], which immediately implies
(2.11) Rr,(Q) =V ﬁllx(Q) Dy 2(q) (lﬂ?n(Q) N Iern,o(Q))

as V H%t(Q) C IOQFHO(Q). Note that the decompositions (2.10) and (2.11) are orthogonal which is denoted
by B2 BY (2.9), the range V H%t(Q) is closed in L?(2), see also [3, Lemma 5.2]. Note that we call
(2.10) a simple Helmholtz decomposition, since the refined Helmholtz decomposition

L*(Q) = VHE(Q) @4 () H(Q) B2 g, Tt R, (2)

holds as well, see [3, Theorem 5.3], where also rot Rp, (€2) is closed in L2(£2) as a consequence of (2.7), see
[3, Lemma 5.2].

3. THE DIV-ROT-LEMMA

Theorem 3.1 (global div-rot-lemma). Let (E,) C Rp, () and (H,) C Dr, (Q) be two sequences bounded
in R(Q) resp. D(Q). Then there exist E € Ry, () and H € Dr,(Q) as well as subsequences, again denoted
by (E,) and (H,), such that (E,) and (H,) converge weakly in R(Q2) resp. D(Q) to E resp. H together
with the convergence of the inner products

(E.,Hp,) — (E,H)

L2 (@) L2 ()

Proof. We pick subsequences, again denoted by (E,) and (H,), such that (E,) and (H,) converge
weakly in R(Q) resp. D(Q2) to E resp. H for some E € ﬁrt(Q) and H € Iirn(Q). By the simple
Helmholtz decomposition (2.11), we have the orthogonal decomposition Rr, () 3 E, = V u,, + E,, with
some u, € H%t(Q) and E, € Rp, () N Dr,o(Q). Then (u,) is bounded in H(Q) by orthogonality
and the Friedrichs/Poincaré estimate (2.9). (E,) is bounded in R(€2) N D(Q) by orthogonality and
rot E,, = rot E,,, div E,, = 0. Hence, using Rellich’s and Weck’s selection theorems there exist u € H%t(Q)
and E € Iﬂ?rt(Q) N IODFMO(Q) and we can extract two subsequences, again denoted by (u,) and E,, such
that u, — u in H(Q) and u,, — u in L2() as well as E,, — E in R(2) N D(Q) and E, — E in L%().
We have E = Vu + E, giving the simple Helmholtz decomposition for E, as, e.g., for all ¢ € COO(Q)

<E790>|_2(Q) — <En790>|_2(9) = <Vum@>|_2(g) + <Em90>|_2(9) - <V uv(p>|_2(Q) + <E780>|_2(Q)'
Then by (2.4)
<ETL7HTL>L2(Q) = <v un)Hﬂ> LZ(Q) = _<u’l’b)div H”>L2(Q) + <E’n7H’I’L>|_2(Q)

— —(u, div H) s ) + (B, H) o) = (Yt H) ) + (B, H) ) = (B, H)

L2(Q) + <En7 Hn>

L2(Q)’
completing the proof. O

Corollary 3.2 (local div-rot-lemma). Let (E,) C R(Q) and (H,) C D(2) be two sequences bounded in
R(Q) resp. D(). Then there exist E € R(QY) and H € D(QY) as well as subsequences, again denoted

by (E,) and (H,), such that E, — E in R(Q) and H,, — H in D(Q) together with the distributional
convergence

Ve (O:OO(Q) <@EnaHn>L2(Q) - <§0E7H>L2(Q)'

Proof. Let Ty := T and hence Ty, = . (¢ E,) is bounded in Rp(€) and (H,) is bounded in D(f).
Theorem 3.1 shows the assertion. O
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Remark 3.3. We note that the boundedness of (E,) and (H,) in local spaces is sufficient for Corollary
3.2 to hold. Hence, no regularity or boundedness assumptions on S are needed, i.e., €2 can be an arbitrary
domain in R3.

4. GENERALIZATIONS
The idea of the proof of Theorem 3.1 can be generalized.

4.1. Functional Analysis Toolbox. Let A:D(A) C H; — Hz be a (possibly unbounded) closed and
densely defined linear operator on two Hilbert spaces H; and He with adjoint A" :D(A*) C Hy — H;. Note
(A*)* =A=Aie, (A, A*) is a dual pair. By the projection theorem the Helmholtz type decompositions

*

(4.1) Hy = N(A) &n, R(A"), Ho=N(A") @n, R(A)

hold, where we introduce the notation N for the kernel (or null space) and R for the range of a linear
operator. We can define the reduced operators

A:=A]

D(A) € R(A") = R(A), D(A) := D(A)NN(A)*" = D(A) N R(A"),

RAT

*

A= A" gy : D(A") € R(A) = R(AT),  D(A") = D(A") N N(A")** = D(A") N R(A),
which are also closed and densely defined linear operators. We note that 4 and A" are indeed adjoint to
each other, i.e., (A, .A*) is a dual pair as well. Now the inverse operators

A7V R(A) = D(A),  (A)':RA") = DAY

exist and they are bijective, since A and A" are injective by definition. Furthermore, by (4.1) we have
the refined Helmholtz type decompositions

(4.2) D(A) = N(A) @4, D(A), D(A") = N(A") @, D(A

*

*
)
and thus we obtain for the ranges

(4.3) R(A) = R(A), R(A™) = R(A").

By the closed range theorem and the closed graph theorem we get immediately the following.

Lemma 4.1. The following assertions are equivalent:
(i) Jea €(0,00) Vze D(A) |z|n, < cal Az,
(i*) 3ep- € (0,00) Vye DA) [yl < ca| A"yl
(ii) R(A) = R(A) is closed in Hs.
(ii*) R(A") = R(A") is closed in H.
(iii) A™': R(A) — D(A) is continuous and bijective with norm bounded by (1 + c3)">.
(iii*) (A)1: R(A") = D(A") is continuous and bijective with norm bounded by (1 + ci*)l/"‘.

In case that one of the latter assertions is true, e.g., (ii), R(A) is closed, we have

Hl = N(A) EBH1 R(A*>7 H2 = N(A*) EBHz R(A)a
D(A) = N(A) &u, D(A), D(A") = N(A") &, D(A),
D(A) = D(A)NR(A"), D(A") = D(A") N R(A),

and
A:D(A) c R(A") = R(A), A":D(A") c R(A) = R(A").
Remark 4.2. For the “best” constants ca, cp~ the following holds: The Rayleigh quotients

1 , Az, 1 . | A" ylu,
— = inf —2 = inf 2
cA 0#£z€D(A) |-T‘H1 % 0#yeD(A") |y|H2

coincide, i.e., ca = cp+ € (0,00].
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Lemma 4.3. The following assertions are equivalent:
(1) D(A) <» Hy is compact.

(i*) D(A") «» Hy is compact.

(ii) A7': R(A) — R(A") is compact.

(ii*) (A)"': R(A") = R(A) is compact.
If one of these assertions holds true, e.g., (i), D(A) <» H; is compact, then the assertions of Lemma 4.1
and Remark 4.2 hold with cx = cp~ € (0,00). Especially, the Friedrichs/Poincaré type estimates hold,
all ranges are closed and the inverse operators

* *

A7 R(A) = R(AY), (A)7':RA") = R(A)
—|(4

are compact with norms |.A*

1 *\—1 —
‘R(A)7R(A*) ) |R(A*),R(A) = CA-

Proof. As the other assertions are easily proved or immediately clear by symmtery, we just show that (i),
i.e., the compactness of

D(A) = D(A) N R(A") «» Hy,
implies (i*) as well as Lemma 4.1 (i).

(i)=Lemma 4.1 (i): For this we use a standard indirect argument. If Lemma 4.1 (i) was wrong, there
exists a sequence (z,) C D(A) with |z,|n, = 1 and Az, — 0. As (z,,) is bounded in D(A) we can
extract a subsequence, again denoted by (x,), with x, — = € H; in H;. Since A is closed, we have
z € D(A) and Az =0, hence x € N(A) = {0}, in contradiction to 1 = |z, |4, — |z|n, = 0.

(i)=(i*): Let (y,) C D(A") be a bounded sequence. Utilizing Lemma 4.1 (i) and (ii) we obtain
D(A") = D(A") N R(A) and thus y, = A z,, with (z,,) C D(A), which is bounded in D(A) by Lemma
4.1 (i). Hence we may extract a subsequence, again denoted by (z,,), converging in Hy. Therefore with
Tnym = Tp — Ty, A Ypm = Yn — Ym WE S€E

|yn,m|a2 = <yn,m7 A(xn,m)>H2 = <A*(yn,m)»xn,m>Hl <c |xn,m|H17
and hence (y,) is a Cauchy sequence in Hs. O
Now, let Ag: D(Ag) C Hyp — Hy and A;:D(A1) C Hy — Hs be (possibly unbounded) closed and densely
defined linear operators on three Hilbert spaces Hg, Hy, and Hy with adjoints A;:D(AS) C H; — Hp and

Aik :D(AT) C Hy — Hy as well as reduced operators Ay, AS, and A, .AT. Furthermore, we assume the
sequence or complex property of Ag and Ay, that is, A; Ag =0, i.e.,

(4.4) R(Ag) € N(A).

Then also AjA] = 0, i.e., R(A]) C N(Ap). From the Helmholtz type decompositions (4.1) for A = A
and A = A, we get in particular

(4.5) H, = R(Ag) ®n, N(Ap), Hy = R(A]) ®n, N(Ay),

and the following result for Helmholtz type decompositions:
Lemma 4.4. Let Ny := N(A;) N N(Ag). The refined Helmholtz type decompositions
(4.6) N(A1) = R(Ao) ®H, No1, D(A1) = R(Ay) ®n, (D(Al) N N(A;))7 R(Ap) = R(Ay),

* * *

(47)  N(Ag) = R(A]) @, Noa,  D(Ag) = R(A}) @, (D(Ag) NN(A1),  R(Ay) = R(Ay),

and

(4.8) Hi = R(Ag) ®n, No,1 B, R(A;)

hold, which can be further refined and specialized, e.g., to

(4.9) D(A1) N D(Ag) = D(Ag) @1, Noa &, D(Ar).

Proof. By (4.5) and the complex properties we see (4.6) and (4.7), yielding directly (4.8) and (4.9). O
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We observe

D(A;) = D(A1) N R(A)) € D(A1) N N(Ag) € D(A1) N D(Ag),
D(Aj) = D(A;) NR(Ag) € D(A3) N N(A1) € D(Ag) N D(A,),
and using the refined Helmholtz type decompositions of Lemma 4.4 as well as the results of Lemma 4.1,
Lemma 4.3, and Lemma 4.5, we immediately see:
Lemma 4.5. The following assertions are equivalent:
(i) D(Ap) «» Ho, D(A;) <» Hq, and No1 < Hy are compact.
(ii) D(A1) N D(Ay) <» Hy is compact.

In this case, the cohomology group Ny 1 has finite dimension.
We summarize:

Theorem 4.6. Let D(A;) N D(Ay) <» Hy be compact. Then D(Ag) <» Ho, D(A1) <» Hi, and
D(Ap) <» Hy, D(A}) <» Hy are compact, all ranges R(Ag), R(Ay), and R(A1), R(A]) are closed, and

the corresponding Friedrichs/Poincaré type estimates hold, i.e. there exists ca,,ca, € (0,00) such that

(4.10) Vz e D(Ay) [2]Ho < caol Ao 2|Hy
Vo € D(Ay) |2, < cagl Ag ]y,
Vz e D(A) |z|n, < ca,| A1 z|n,,
Vy € D(A) [Ylha < carl AT yln,-
Moreover, all refined Helmholtz type decompositions of Lemma 4.4 hold with closed ranges, especially
(4.11) D(A1) = R(Ao) @n, (D(A1) N N(Ag)).
Proof. Apply the latter lemmas and remarks to A = Ag and A = A;. O

4.2. The AS-Al-Lemma. Let Ay and A; be as introduced before satisfying the complex property (4.4),
ie, Ay Ag=0o0r R(Ag) C N(Ay). In other words, the primal and dual sequences

w12) D(Ap) CHy —22 D(A;) CH, —2 Hy,
' Ag X Aj X
Ho — D(AO) CH; «——— D(Al) C Hy
are Hilbert complexes of closed and densely defined linear operators. The additional assumption of closed
ranges R(Ag) and R(A;) (and hence also closed ranges R(Aj) and R(A])) is equivalent to calling the
Hilbert complexes closed. The complexes are exact, if and only if Ny, = {0}.
As our main result, the following generalized global div-curl-lemma holds.

Theorem 4.7 (Ay-Aj-lemma). Let D(A;) N D(A;) <» Hy be compact. Moreover, let (x,) C D(A;)
and (yn) C D(Ap) be two sequences bounded in D(Ay) resp. D(Ay). Then there exist x € D(A;) and
y € D(Ay) as well as subsequences, again denoted by (x,) and (y,), such that (x,) and (y,) converge
weakly in D(Ay) resp. D(Ay) to x resp. y together with the convergence of the inner products

<xn7 yn>H1 - <$7 y>H1 :
Proof. Note that Theorem 4.6 can be applied. We pick subsequences, again denoted by (x,) and (y),
such that (z,) and (y,) converge weakly in D(A;) resp. D(Ag) to € D(A;) resp. y € D(Ay). By
(4.11) we get the orthogonal decomposition
D(A1) 3 @ = Agzn + &n, 20 € D(A), & € D(A1) N N(Ay).
(2n) is bounded in D(Ap) by orthogonality and the Friedrichs/Poincaré tye estimate (4.10). (Z,) is
bounded in D(A;) N D(Ay) by orthogonality and A; Z,, = Ay 2, Ay #, = 0. Using the compact embed-

dings D(Ag) < Ho and D(A;) N D(Ap) < Hy, there exist z € D(Ap) and & € D(A;) N N(Ay) and we
can extract two subsequences, again denoted by (z,) and (Z,, ), such that z, — z in D(Ap) and 2z, — z in
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Ho as well as #,, — & in D(A;) N D(Ay) and &, — & in H;. We have 2 = Ag z + Z, giving the Helmholtz
type decomposition for z, as, e.g., for all p € Hy
<$790>H1 A <xna§0>H1 = <A0 ZmSO>H1 + <§7na 90>H1 — <A0 zv@)Hl + <@<P>H1-
Finally, we see
<xnayn>H1 = <AO znvyn>H1 + <-’1~7n7yn>H1 = <Zn7A; yn>H0 + <53n7yn>H1
— <25A; y>H0 + <5an>H1 = <AO Zay>H1 + <i'ay>H1 = <I’,y>H1,

completing the proof. ([
Remark 4.8. By Lemma 4.5 the crucial assumption, i.e., D(A1) N D(Ay) <» Hy is compact, holds,

if and only if D(Ao) <» Ho, D(A1) <» Hy are compact and Ny is finite dimensional. Moreover, as
Banach space adjoints we have

Ho 2 Hj) <» D(Ay) < D(A)) «»Hy < D(A)<»H & H 2H| <» D(A),
and
Hi = H) «» D(A) & D(A)<»H; & DA)<»Hy & Hy=Hj<» D(A)).
Especially, the assumption that D(A1) N D(Ag) < Hy is compact, is equivalent to dim Ny < oo and
Ho <» D(Ag)',  Ha < D(A7)

are compact. Thus, we observe that Theorem 4.7 is equivalent to [26, Theorem 2.5] and that the assump-
tions of Theorem 4.7 are practically equivalent to those of [26, Theorem 2.4].

5. APPLICATIONS

Whenever closed Hilbert complexes like (4.12) together with the corresponding compact embedding
D(Ay) N D(Ay) <» H; occur, we can apply the general Aj-A;-lemma, i.e., Theorem 4.7. In three
dimensions we typically have three closed and densely defined linear operators Ag, A1, and As, satisfying
the complex properties R(Ag) C N(A1) and R(A1) C N(Ay), i.e.,

D(Ag) C Hy —22 D(A1) C Hy —21 5 D(As) C Hy —225 Hg,

(5.1) . . p

Ho +0— D(AL) C Hy <2 D(A]) C Hy <22 D(A]) C Hs,
together with the crucial compact embeddings
(5.2) D(A1) N D(Ag) «» Hy, D(A2) N D(AY) «» Ha.

Let us recall our general assumptions on the underlying domain from Section 2: In the following
examples we suppose that  C R3 is a bounded weak Lipschitz domain, see [3, Definition 2.3], with
boundary I', which is divided into two relatively open weak Lipschitz subsets I'y and T', := " \ T, see [3,
Definition 2.5].

5.1. The div-rot-Lemma Revisited. The first and most canonical example is given by the classical
operators from vector analysis

Ag = Vr, : HE (Q) € L2(Q) — L2(Q); u s Vu,
A; = ptrotp, ﬁpt(Q) c L3(Q) — Li(Q); E s p'rot E,
Ay = dintu : ,Lfll(jpt(Q) C Li(Q) — L%(Q); H — divpH.
Ap, Ay, and A5 are unbounded, densely defined, and closed linear operators with adjoints
Ay = V;t — —divp,e: e 'Dr, () C L2(Q) — L2(Q); Hw— —diveH,
A} = (p'rotp,)* = e 'rotp, : Rp, (Q) C Li(Q) — L2(Q); E s ¢ trot B,

A = (divr)” = =V, : HE () € L2(Q) — L(9); e~V
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Here, €, : Q — R3*3 are symmetric and uniformly positive definite L>(£2)-tensor fields. The complex
properties hold as

R(Ag) = Vr,HE (Q) € Rr,0() = N(Ay), R(A}) = ¢ 'rotr,Rr, () C € 'Dr, 0(Q) = N(Ag),
R(A1) = = rotr, R, () € u~'Dr,0(Q) = N(Ay), R(A}) = Vi, HE () € Rr, 0(Q) = N(A}).

Hence, the sequences (5.1) read

Ao:%r‘t Alzﬂ_lratr‘t

AL (Q) € L2() R, (9) € L2(9) p1R () € L2(Q) ST 2(q),
2 Aj=—divr,e —1QR 2 Af=e 'rotr, e 2 Aj==Vr, 1 2
L (Q) «—— " ¢ DFH(Q) C LG(Q) RFH(Q) C LM(Q) —— HFH(Q) clL (Q)

These are the well known Hilbert complexes for electro-magnetics, which are also known as de Rham
complexes. Moreover, the crucial embeddings (5.2), i.e.,

D(A1) N D(Ag) = Rr () Ne'Dr, (@) <» L), D(Az) N D(A;) = u~'Dr, () NRr, () <» L*(),

are compact by Weck’s selection theorem (2.1), see [3, Theorem 4.7]. Indeed, Weck’s selection theorems
are independent of the material law tensors € or u. Choosing the pair (Ag, A1) we get by Theorem 4.7
the following;:

Theorem 5.1 (global div e-p ! rot-lemma). Let (E,) C Rp,(Q) and (H,) C ¢ *Dr, () be two sequences
bounded in R(2) resp. € 'D (). Then there exist E € Ry, () and H € ¢ 'Dr, (Q) as well as subsequences,
again denoted by (E,) and (H,), such that (E,) and (H,) converge weakly in R(Q) resp. e 1D(Q) to E
resp. H together with the convergence of the inner products

(E.,Hp,) — (E,H)

L2(2) L2()"

Remark 5.2. We note:

(1) Considering (Ey,) and (eH,) shows that Theorem 5.1 is equivalent to the global div-curl-lemma
Theorem 3.1.

(ii) Theorem 5.1 has a corresponding local version similar to the local div-curl-lemma Corollary 3.2
and Remark 3.3, which holds with no regularity or boundedness assumptions on €.

(iii) Choosing the pair (A1, Ag) we get by Theorem 4.7 a permutation of Theorem 5.1, shortly stat-
ing, that for bounded sequences (E,) C p~'Dr,(Q) and (H,) C Rr,(Q) it holds (after picking
subsequences) (En,Hn>|_ﬁ(Q) — (E, H>Li(Q)'

Other examples are the following:

5.2. Generalized Electro-Magnetics. Let us allow © C RY or even to be a smooth Riemannian
manifold with Lipschitz boundary and interface submanifolds I', and Ty, I',. Using the calculus of
alternating differential g-forms, we define the exterior derivative d and co-derivative § = + x d* as
Sobolev derivatives in the distributional weak sense by

DY(Q) = {E € L>(Q) : dE € L*H(Q)}, ATTH(Q):={H e > (Q) : 6H € L>(Q)}.
To introduce boundary conditions we define

0 o ———DIU(Q)
dr, : DE () == C2(Q) C L29(Q) — L29HH(Q); EwdE

as closure of the classical exterior derivative d acting on test g-forms. &gt is an unbounded, densely
defined, and closed linear operator with adjoint

0 o o AT (Q)
(df)* = —6p " ALFHQ) = CR () C L29FH(Q) — L29(Q); Hs —§H.

Let us introduce
og—1 °q * %4 * cq+1
AO = dr\t y Al = dFU AO = 51-\“, A‘l = 61‘\" .
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The complex properties hold as, e.g.,

*

oq—1 o ,_ ° % oq+1 o o
R(Ag) =dr, DEHQ) C DL o(Q) = N(A),  R(A]) = o7, ALH@Q) € AL (@) = N(Ap)
by the classical properties § 6 = £+ xdd * = 0. Hence, the sequences (5.1) read

. Ag=di "t Ar=dp
D%:l(ﬂ) c L2,q71(Q) "t D%L(Q) C L2,q(Q) el L2’q+1(Q)a

Ap=L T
L29-1(Q) «— AL (Q) C L29(Q) +—— ALY(Q) C L2a+(Q),
which are the well known Hilbert complexes for generalized electro-magnetics, i.e., the de Rham com-
plexes. Moreover, the crucial embedding (5.2), i.e.,

D(A1) N D(Ag) = DF, () N A, () =» L2(9),
is compact by a generalization of Weck’s selection theorem (2.1), see [4] or the fundamental papers of

Weck [28] and Picard [18] for full boundary conditions. Indeed, Weck’s selection theorems are independent
of the material law tensors € or u. Theorem 4.7 shows the following result:

Theorem 5.3 (global é-d-lemma). Let (E,) C D%L(Q) and (H,) C A%H(Q) be two sequences bounded
in D1(Q) resp. AYQ). Then there exist E € qu“t(Q) and H € A%H(Q) as well as subsequences, again
denoted by (E,) and (H,), such that (E,) and (H,) converge weakly in DI(Q) resp. A?(Q) to E resp.
H together with the convergence of the inner products

(En, Hy,) — (E,H)

L2.9(Q) L2a(Q)"

Remark 5.4. We note:

(i) For N =3 and q =1 (resp. ¢ = 2) we obtain by Theorem 5.3 again the global div-curl-lemma
Theorem 3.1. 0 ) ) N

(ii) For ¢ = 0 (resp. q = N) as well as identifying dr, = Vr, and A (©) = 0 (resp. dp, = 0
and A{Y (Q) = Vr,) we get by Theorem 5.3 the following trivial (by Rellich’s selection theorem,)
result: For all bounded sequences (u,) C H}t(Q) and (v,) C L%(Q) there exist u € H%t(ﬂ) and
v € L%2(Q) as well as subsequences, again denoted by (u,) and (v,), such that (u,) and (v,)
converge weakly in H%t(Q) resp. L2(Q) to u resp. v together with the convergence of the inner
products <Un,11n>|_2(9) — (u,v)Lz(Q).

(iii) Theorem 5.8 has a corresponding local version similar to the local div-curl-lemma Corollary 3.2
and Remark 3.3, which holds with no regularity or boundedness assumptions on €.

5.3. Biharmonic Equation and General Relativity, Gravitational Waves. Let Q C R3 enjoy our
general assumptions. We introduce symmetric and deviatoric (trace-free) square integrable tensor fields
in L2(Q;S) resp. L2(Q;T) and as closures of the Hessian V V, and Rot, Div (row-wise rot, div), applied
to test functions resp. test tensor fields, the linear operators

H2(Q)

Ao = V'Vr, - HE(Q) = C2(9Q) CL*(Q) — L*(S);  ur— VVu,

o o = R(Q)
Ay :=TRotsr, : Rn,(S) == CF(S) CL*(S) — L*(T); S+~ Rot S,
° o —D(Q)
Az :=Divrr, : Dr(T) == CR(4T)  C L T) — L*(Q); T+ DivT.
Ap, Ay, and A5 are unbounded, densely defined, and closed linear operators with adjoints

* o ° ° = DD(®)
Ao = (VVr,)" =divDivsr, : DDy, (€;8) := C(Q;S) C L*(9;S) — L*(Q); S~ div Div S,
Rsym (£2)

Al = Root;pt = symoRothFn : Reym.r, (O T) := Cl‘ion (2;T) C L*(T) — L*(%S); T+~ symRotT,

A5 = Divyp, = —dev Vr, : HE (Q) € L2(Q) — L2(;T); v+ —dev Vo,
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see [17] for details. Note that u, v, and S, T are scalar, vector, and tensor (matrix) fields, respectively.
The complex properties hold as

R(Ag) = V'V H2 (Q) C Rr, 0(4S) = N(A1),

*

R(A]) = sym Roty p Reym,r, (2 T) € DD, () = N(A),
R(A;) = Rotg r,Rr,(Q;S) C Dr,o( T) = N(Ay),
R(A3) = dev Vi, HE (Q) C Reym,r, 02 T) = N(A

*

1)
The sequences (5.1) read

Ap=V'Vp, Ay =Rotg p,

o 5 . 5 2=Divy p,
HFt Q) cLs(Q) — Rr, (€2;S) C L=(€2;8) ———y

Dr, (2 T) C L(T) t L2(Q),

*

. A%
DD (25) C L2(©;8)

*

A =div Divg A
0 S, T o 3
. Raym, Ty (2 T) C L2(T)

=sym Rotp p, =—devVp,

L2(Q) HE, () C L2 ().

These are the so called Grad grad and div Div complexes, appearing, e.g., in the biharmonic problem or
general relativity, see [17] for details. The crucial embeddings (5.2), i.e.,

D(A1) N D(Ag) = Rr,(Q;S) N DDy (S) «» L),

D(A2) N D(AT) = Dr, (% T) N Ry r, (4 T) < LA T),
are compact by [17, Lemma 3.22]. Choosing the pair (Ag, A1) we get by Theorem 4.7 the following;:

Theorem 5.5 (global div Div-Rot-S-lemma). Let (S,) C Rr,(:S) and (T,) C DDr. (£2;S) be two se-

quences bounded in R(Q) resp. DD(Q). Then there exist S € Ry, (Q2;S) and T € DDy (2;S) as well as
subsequences, again denoted by (Sp) and (T),), such that (Sy,) and (T)) converge weakly in R(Y) resp.
DD(R2) to S resp. T together with the convergence of the inner products

<Sna Tn>|_2(ng) - <S7 T>L2(Q,S)'

For the pair (A1, Ay) Theorem 4.7 implies:
Theorem 5.6 (global sym Rot-Div-T-lemma). Let (S,) C Dp,(;T) and (T,) C Rymr,(2;T) be two

sequences bounded in D(Q) resp. Reym(Q2). Then there exist S € D, (;T) and T € Ryym r, (4 T) as well

as subsequences, again denoted by (S,) and (T,), such that (S,) and (T),) converge weakly in D(Q) resp.
Reym (2) to S resp. T together with the convergence of the inner products

(Sn, Tn>L2(Q,T) = {5, T>L2(Q,T)'

Remark 5.7. Theorem 5.1 has a corresponding local version similar to the local div-curl-lemma Corollary
3.2 and Remark 3.3, which holds with no regularity or boundedness assumptions on 2.

5.4. Linear Elasticity. Let

Ag :=sym Vr, : H%t(Q) C L*(Q) — L*(9S); v = sym Vv,
oy T T T RRT®) 2 2 T
Ay := RotRotg r, : RRr, (€4S) := CF(2;S) C L(92;S) — L°(S); S — RotRot ' S,
D(R)

Az :=Divsr, : Dr,(4S) := CR(%S)  C L*(S) — L*(Q); T+ DivT.

Ap, Ay, and A, are unbounded, densely defined, and closed linear operators with adjoints

Ay = (sym Vr,)* = —Divsr, : Dr, (S) € L2(€;S) — L%(Q); S +— —Div S,
A} = (RotRotg ,)* = Rot Rotd r, : RRL, (;S) € L*(2;S) — L*(;S); T + RotRot ' T,
A, = Dﬂivg,pt = —sym Vr, : Hll,n (Q) C L*(Q) — L*(O;S); v —symVo.
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Note that v resp. S, T are vector resp. tensor (matrix) fields. The complex properties hold as

R(Ap) = sym Vr,HL (Q) C RRY, o(4S) = N(Ay),

*

R(A}) = Rot Rotd 1 RR[. (;S) C Dr, 0(2:S) = N(Ag),
R(A;) = Rot Rotd 1 RR[, (2;S) C Dr,,0(€2:S) = N(A),

*

R(A3) = sym Vr HE (Q) € RR], (Q:S) = N(A7).

The sequences (5.1) read

Ag=sym Vr, A1=RotRotd Ao=Divg 1,
e T

HL () € L2(Q) RRL (28) C L2(%;5) Dr,(2;S) C L2(;S) L2(92),
AsszaiV&Fn o AT:RotERotSTF

L2(Q) DHQSCBmﬁe————S—@RMSCBQS ﬁ“mcﬁm)
These are the so called Rot Rot complexes, appearing, e.g., in linear elasticity, see [17]. The crucial
embeddings (5.2), i.e.,

AS=—sym 6p"
=z - 0

D(Ay) N D(AL) = RRY (2;8) N Dr. (2 8) < L2(;8),
D(A2) N D(A]) = Dr, (28) N RRE (5) «» LX(;5),

are compact, which can be proved by the same techniques showing [17, Lemma 3.22]. Choosing the pair
(Ao, A1) we get by Theorem 4.7 the following:

Theorem 5.8 (global Rot Rot '-Div-S-lemma). Let (S,) C RR[ (%S) and (T,) C Dr, (2;S) be two

sequences bounded in RRT (Q) resp. D(Q). Then there exist S € RR] (S) and T € Dr, (;S) as well as
subsequences, again denoted by (S,) and (T,), such that (S,) and (T,) converge weakly in RRT () resp.
D(Q) to S resp. T together with the convergence of the inner products

(S Todiagrg) — (S.T)

L2(Q,S L2(Q,S)"

Remark 5.9. Let us note:

(i) Theorem 4.7 for the pair (A1, As) implies the same result just interchanging S,, T, and the
boundary conditions.
(ii) Theorem 5.8 has a corresponding local version similar to the local div-curl-lemma Corollary 3.2
and Remark 3.3, which holds with no regularity or boundedness assumptions on €.
(iii) We emphasize the strong symmetry in the Rot Rot complexes of linear elasticity.
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