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Abstract

We revisit a construction principle of Fredholm operators using Hilbert complexes of densely
defined, closed linear operators and apply this to particular choices of differential operators.
The resulting index is then computed using an explicit description of the cohomology groups
of generalised (‘harmonic’) Dirichlet and Neumann tensor fields. The main results of this
contribution are the computation of the indices of Dirac type operators associated to the
elasticity complex and the newly found biharmonic complex, relevant for the biharmonic
equation, elasticity, and for the theory of general relativity. The differential operators are of
mixed order and cannot be seen as leading order type with relatively compact perturbation. As
aby-product we present a comprehensive description of the underlying generalised Dirichlet—
Neumann vector and tensor fields defining the respective cohomology groups, including an
explicit construction of bases in terms of topological invariants, which are of both analytical
and numerical interest. Though being defined by certain projection mechanisms, we shall
present a way of computing these basis functions by solving certain PDEs given in variational
form. For all of this we rephrase core arguments in the work of Rainer Picard [42] applied
to the de Rham complex and use them as a blueprint for the more involved cases presented
here. In passing, we also provide new vector-analytical estimates of generalised Poincaré—
Friedrichs type useful for elasticity or the theory of general relativity.
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1 Introduction

It is one of the greatest mathematical achievements of the twentieth century to relate the
analytic notion of the Fredholm index for operators defined on Hilbert spaces to particular
elliptic operators and their corresponding geometric properties of the underlying compact
manifold the operators are defined on. Here, a closed, densely defined, linear operator
D: domD C Ky — K; between Hilbert spaces Ko and K; is called a Fredholm oper-
ator, if the range, ranD C K, is closed and both the kernel, ker D, and the co-kernel,
(ran D)l, are finite-dimensional. In this case, the index of D, ind D, is given by

ind D = dim ker D — dim(ran D)J'.

We refer to the concluding parts in [17, Chapter 3] for a brief round up and some standard ref-
erences to the theory of unbounded Fredholm operators in Hilbert spaces. Generally spoken
it is often very difficult—if not impossible—to compute either dim ker D or dim(ran D)=+
directly. However, due to invariance under homotopies and compact perturbations, it is some-
times possible to have a better understanding of ind D instead.

Indeed, one of the corner stones of results hinted at above is the celebrated Atyiah—Singer
index theorem, see e.g. [25], where the (Fredholm) index for some elliptic operators defined
on amanifold can be represented solely in terms of the topological properties of this manifold.
The methods of proof led to the invention of K-theory, which has evolved ever since and
is an active field of research. Albeit being a breakthrough in mathematics, K-theory is a
rather difficult tool to work with when it comes to explicitly compute the index for particular
examples. In any case there is a need to provide many examples, where it is possible to
obtain an index formula, which is as explicit as possible. In fact, the Fredholm index for a
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perturbed Dirac operator represents physical quantities, see the concluding example in [13]
and the references therein. The Witten index, a generalised version of the Fredholm index,
is interesting for both physics and mathematics. Indeed, it has been shown that in particular
situations the Witten index corresponds to the electromagnetic spin of a particle as well as
to the spectral flow of an operator family, see the seminal paper [16].

The results in [16] are based on—among other things—a deeper understanding of the one-
dimensional situation of [13], which addresses the Fredholm case. The higher-dimensional
cases treated in [13] (with an index formula properly justified in [10]) were generalised in
[17]. The transition from the Fredholm situation to the Witten index has been performed in
[17, Chapter 14]. Again, a thorough understanding of the Fredholm case has led to further
examples for the Witten index, which in turn might prove useful for both mathematics and
physics.

The main contribution of the present study is to enlarge the variety of examples, where it
is possible to explicitly compute the Fredholm index in terms of the topological properties of
the underlying (bounded) domain 2 R3 the differential (Fredholm) operators are defined
on. The list of examples treated here is even more particular as it is possible to compute not
only the index but also the dimension of the kernel and the co-dimension of the range in
terms of topological invariants.

Moreover, this article is concerned with the explicit computation of the Fredholm index
if a differential operator is ‘apparently’ of mixed order. We shall establish a collection of
theorems like the following:

Theorem 1.1 Let @ € R3 be open, bounded with strong' Lipschitz boundary. Then there
exists a subspace V C L%3X3(Q) x L2(S2) such that

_ ( Div 0 . 23x3 2 23 2,3x3
b= <symCurl Gradgrad) PV E Ly () x LA — L7(8) x Lg™™ ()
and D* are densely defined and closed Fredholm operators, where L%3X3 (RQ) and Lé’3 x3 (RQ)

denote the sets of trace free and symmetric 3 x 3 matrices with entries in L*>(S2), respectively.
Moreover,

indD=4(p—m—-n+1), indD*=—indD

where n is the number of connected components of 2, m is the number of connected compo-
nents of its complement R3 \ Q, and p is the number of handles (see Sect. 10).

A closer inspection of the operator D also shows the following estimate; see also Corollary
7.7. Note that the subspace WV asserted to exist in the following result—and this is the catch
of the corollary—is constructed explicitly by providing a basis, see Sect. 12.2.

Corollary 1.2 There exists a finite-dimensional subspace W C V and ¢ > 0 such that for all
(T,u) evVn W2 we have

c|(T, W] 230 < | Gradgrad u| 2353 + | Div Tl 23(g) + [ symCurl T 253

(Q)xL2(Q) Q)

In the course of the manuscript, we shall, too, describe the subspace V = dom D explicitly,
see Theorem 7.4 and Remark 7.5. A refined notation will indicate (full) natural boundary con-
ditions by ° and algebraic properties of the tensor fields belonging to the domain of definition

! The boundary of a strong Lipschitz domain is locally a graph of some Lipschitz function.
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of the respective operators by S and T (symmetric and trace free), e.g., the aforementioned
operators read

o _ ppihit ._ [ Dive 0 (pbi1yx _ ((—devGrad Curls
" \symCurly Gradgrad/’ 0 divDivg )

These operators are related to the (primal and dual) first biharmonic complex, also called
Gradgrad or divDiv complex, i.e.,

DIVT Rpr

divDi symCurl _
{O} LZ(Q) ivDivg Lé’3X3(Q) symCurly L12f3X3(Q) devGrad

Gradgrad y
{0} ﬂ Lz(Q) SRS 13 S 1299 2 R RTpw

L23(Q) < RTpw,
relevant for the biharmonic equation, elasticity, and in the theory of general relativity. Here
and in the following t(y and ry denote the canonical embedding from a closed subspace V
of a Hilbert space H into H and the orthogonal projection from H onto V; the space of
piecewise Raviart-Thomas vector-fields, RTpy, is defined in (7.1).

We discuss another example, which is based on the second biharmonic complex where
the boundary conditions are interchanged, i.e.,

devGrad 12333 symCurly, divDivg

(0) 1 23 () S 2003 ) MO 2303 ) DS 2 T,

pw>

p
{0} &LZ’B(Q) — Divy L%3X3(Q) Curlg Lé3X3(Q) Gradgrad LZ(Q) bw P]

pw>

leading to the operators (for the space of piecewise first order polynomials, P! . we refer to

(8.2))

pbin.2 . divbivS 0 (Dbih'z)* _ (Gradgrad symDCurlT
Curls devGrad - 0 —Divy /)

pw?>

The corresponding index results can be found in Theorem 8.5 and Remark 8.6.
Finally, we address the elasticity complex, also called CurlCurl complex, i.e., (the space
of piecewise rigid motions, RMpy, is defined in (9.3))

symGrad CuriCurl{ 5
{0} LN L3 (Q) Rkt Lé’3X3(Q) —>ur e Lé’3X3(Q) Divg L23(S2) RMpW,
_Di CurlCurld — symGrad
{0} il L3 (Q) <—DWS Lé’3X3(Q) B Lé’3X3(Q) ymr L“(Q) RMpW

Here, we shall discuss the Fredholm index of the operators

pela . Divg 0 Dy = symGrad CurlCurl{
"~ \CurlCurl{ symGrad/’ 0 —Divg /)’

The solution to the corresponding index problem is provided in Theorem 9.4 and Remark
9.5. Note that in a distributional setting results concerning the computation of the dimension
of the generalised Neumann fields have been obtained in [14], where a variational setting is
preferred.

Here and throughout this paper, we denote by grad, curl, and div the classical operators
from vector analysis. Moreover, Grad acts componentwise as grad | mapping vector fields
to tensor fields. Curl and Div act row-wise as curl " and div mapping tensor fields to tensor
and vector fields, respectively. L2-spaces with k components (or k X k-many components)
are denoted by L%* (or L%k A similar notation is used for C° and similar sets.
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The approach to compute the index in situations as in Theorem 1.1 is rooted in a con-
struction principle for Fredholm operators provided in [11]. The fundamental observation
given in [11] is that it is possible to construct a Fredholm operator with the help of Hilbert
complexes of densely defined and closed (possibly unbounded) linear operators, i.e,

A A A
-—)H()—O>H]—1>H2—2>H3—>-~-

’

*

Aj N
-<—H0<—0H1<—1H2<—2H3<—---.

More precisely, if Ag, A1, and A, are densely defined, closed linear operators defined on
suitable Hilbert spaces H; such that

ran Ag C ker Ay, ran A; C ker A,,

(A2 O
D= (AT AO) (1.1)

with its natural domain of definition is closed and densely defined. It is Fredholm, if the
ranges ran Ao, ran A, and ran A, are closed and if both kernels

then the block matrix operator

No := ker Ay, Ny, = ker A3
and both cohomology groups
K :=ker Aj Nker A}, K» :=ker Ay Nker A}
are finite-dimensional. In this case, its index is then given by
ind D = dim No — dim K| 4 dim K, — dim Np », (1.2)

cf. Theorem 3.8. For its adjoint, which is then Fredholm as well, we simply have

Ay A4 . .
* L 2 * __
D* = (0 AS) , ind D* = —ind D.

In a first application of this observation presented in this article, we look at the classical
de Rham complex

A0=gr21d Ap=curl Ay=div
—_— —_— —_—

A 1= Az=m; W
oy 2% 12(@) L23(Q) L23(Q) L2(Q) — Ry,

. *__
A¥ = Al=—div 3={Rpw

SISOy, 23 Af=curl 23 A3=— grad 5 A
{0} «——— L(Q) «—— L77(Q) «—— L™ (Q) «——— L7(Q) «—— Rpu,

where again the super index ° signifies homogeneous Dirichlet boundary conditions, see
Theorem 6.8 and Ry denotes the space of piecewise constants on €2, see (6.3). By (1.2)
in order to compute the index it is necessary to calculate the dimension of the cohomology
groups, i.e., the dimension of the harmonic Dirichlet and Neumann fields

HAM(Q) := K| = ker(curl) N ker(div),
H?th(Q) := K, = ker(div) N ker(curl),

respectively. In [42], this has been done by Picard. Explicit constructions of harmonic Dirich-
let and Neumann fields can also be found in [3,15] the latter of the two references providing
substantial detail to the geometrical setting. As it turns out these dimensions are related to
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1744 D. Pauly, M. Waurick

topological properties of the underlying domain the differential operators are defined on, that
is,

dmHIM Q) =m -1,  dimHI™(Q) = p.

see Theorem 6.6. In consequence, it is possible to compute the indices for the block de Rham
operators

div 0 —grad curl
pRhm . _ v ! pRhmy* . g :
<curl grad) ( ) 0 —div

by (1.2) in terms of m, p, and n, i.e.,
indD"" =p—_m—n+1, ind(P"™M)* = —ind D™,

see Theorem 6.8. It is noteworthy that this index theorem provides an index theorem for
the Dirac operator on open manifolds with boundary endowed with a particular boundary
condition, see [45] and Sect. 6.3 below.

The proofs of the index theorems discussed here combine the structural viewpoint outlined
by [11] and ideas taken from the explicit computation of the dimension of the cohomology
groups in [42]. More precisely, we shall rephrase the proofs in [42] and use these reformu-
lations as a blueprint for the proofs for other complexes. We emphasise that the construction
of the generalised Neumann fields is based on subtle interactions of matrix algebra and dif-
ferential operators (see Lemma 12.10) and a suitable application of so-called Poincaré maps
yielding (for instance) a representation of vector fields by curve integrals over tensor fields,
see e.g. Lemma 12.11. The foundation for all of this to be applicable, however, is the newly
found biharmonic complex, see [37,38], and the more familiar elasticity complex, see [39—
41]. In [37,38] the crucial properties and compact embedding results have been found for
the biharmonic Hilbert complex underlying the computation of the index in Theorem 1.1.
In [39-41] the corresponding results are presented for the elasticity complex. These results
also stress that the mixed order differential operators discussed here cannot be viewed as a
leading order term subject to a relatively compact perturbation.

As the technique computing a basis for the classical de Rham harmonic Dirichlet and
Neumann fields developed in [42], we shall comment on other developments particularly
concerning the computation of these basis functions in different and/or more general topo-
logical settings. Given a suitable formulation of the Hilbert complexes also in these settings, it
may be possible to provide an analogous formulation of harmonic Dirichlet/Neumann tensor
fields to eventually more substantially address Problem 2.2 below. A topological setting is
used in [8] helping to avoid Assumption 10.3 and still being able to construct the harmonic
vector fields. With a more partial differential equations oriented way a detour of Assump-
tion 10.3 in conjunction with mixed boundary conditions is possible as demonstrated in [2,
Appendix A.4]. This might provide a hint on how to address Problem 6.10. Generalising the
topological setting from open subsets of R3 to situations involving a more geometric point
of view, the authors of [9,12,18,24] discussed properties of the de Rham complex in general
and the corresponding harmonic Dirchlet and Neumann fields in particular.

Before we come to a more in depth description of the structure of the paper, we emphasise
the importance of a deeper understanding of Hilbert complexes for index theory and other
areas of partial differential equations.

Next to [11] (and others), the notion of Hilbert complexes in connection with (Fredholm)
index theory has also been addressed in [46] and references therein. The work in [46] is
particularly interesting as the authors address manifolds with boundary. The focus is on
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characterising the Fredholm property (i.e., the finiteness of the cohomology groups) for
certain complexes with boundary in terms of the principal symbol. Here, the Fredholm
property of the Hilbert complex (i.e., with the terminology of [46], that a Hilbert complex is
a Fredholm complex) follows from suitable compactness criteria (see e.g. [38,55]) and all the
dimensions of the cohomology groups and not just the index of the complex are addressed
here explicitly.

An understanding of Hilbert complexes in connection with partial differential equations
involving the classical vector analytic operators div, curl, and grad led to [43], where the
kernel of the classical Maxwell operator is written by means of other differential operators.
The resulting Picard’s extended Maxwell system is useful for numerical studies [49] as well
as for the study of the low frequency asymptotics of Maxwell’s equations [43]. More involved
low frequency asymptotics for Maxwell’s equations can be found in the series [29-33] based
on the series [56—59] for the reduced scalar and elasticity wave equations. The connections of
the extended Maxwell system and the Dirac operator are drawn in [45] and shortly commented
in this manuscript below.

Rather recently, the notion of Hilbert complexes (reusing the idea of writing the kernel
of differential operators by means of other operators) has found applications in the context
of homogenisation theory of partial differential equations. More precisely, it was possible
to derive a certain operator-theoretic version of the so-called div-curl lemma (see [26,48]),
which implied a whole family of div-curl lemma-type results, see [35,50].

Furthermore, the abstract div-curl result together with theory from Hilbert complexes
are used to define and study the notion of nonlocal H-convergence, [51]. The applications
presented in [51,52] as well as in [28] use the assumption of exactness of the Hilbert complex,
that is, triviality of certain cohomology groups. It is one corollary of the present study to
describe the topological properties of the domains the differential operators are defined on
to yield exact Hilbert complexes making the theory of nonlocal H-convergence applicable,
see also [51, Section 8]. This then results in new homogenisation and compactness theorems
for nonlocal homogenisation problems. We postpone further results in this direction to future
studies.

We shortly outline the plan of the paper next. The main results, that is, the dimensions of the
cohomology groups and the indices of the operators involved, are summarised in Sect.2. In
Sect. 3, we briefly recall the notion of Hilbert complexes of densely defined and closed linear
operators. Also, we provide a small introduction to the construction principle for Fredholm
operators provided in [11]. As we slightly deviate from the approach presented there we
recall some of the proofs for convenience of the reader. As an addendum to Sect.3, we
provide an abstract set of Poincaré—Friedrichs inequalities in Sect.4 and outline an abstract
perspective to variable coefficents in Sect.5. In order to have a first non-trivial yet rather
elementary example at hand, we present the so-called Picard’s extended Maxwell system in
Sect. 6. This sets the stage for the index theorem for the Dirac operator provided in Sect.6.3.
In Sect. 7, we recall the first biharmonic complex and provide a more explicit formulation of
Theorem 1.1 (see Theorem 7.4). Similar results will be presented in Sect. 8 for the second
biharmonic complex and in Sect. 9 for the elasticity complex. Section 10 is concerned with the
topological setting introduced in [42] forming our main assumption on €2. The Sects. 11 and
12 address the computation of bases and hence the dimensions of the generalised Dirichlet
and Neumann vector and tensor fields for the different complexes, respectively, and thus
concluding the proofs of our main results. In passing, we also provide partial differential
equations whose unique solutions will correspond to the basis functions under consideration.
This is particularly important for numerically computing these basis functions. Amongst
these PDEs we recover the one in [14], when the generalised Neumann fields for the elasticity
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1746 D. Pauly, M. Waurick

complex are concerned (see in particular Remark 12.37; the regularity assumptions on 2 are
the same here). In Sect. 13 we provide a small conclusion.

Note that unlike to many research topics in the analysis of partial differential equations
(and other topics), we shall use 2 being ‘open’ and a ‘domain’ as synonymous terms. In
particular, we shall not imply €2 to satisfy any connectivity properties, when calling Q2 a
domain.

2 A brief overview of the main results

We employ the notations and assumptions of Sect. 1. In particular, we shall assume that
Q C R? is a bounded, strong Lipschitz domain. The number of connected components of
Q is n, the number of connected components of R3\$ is m, and p denotes the number of
handles (see Assumption 10.3 below). We introduce the cohomology groups

K1 =Hp(Q), K»=Hy(€),

i.e., the Dirichlet and Neumann fields

HRM(Q) = ker(curl) N ker(div), HRM (Q) = ker(div) Nker(curl),
bih,1 bih, 1

Hpg () = ker(Curls) N ker(divDivs), Hy.p () = ker(Divr) N ker(symCurly),
My () = ker(symCurlp) Nker(Divy),  Hy's () = ker(divDivs) N ker(Curls),
H%I?S(Q) = ker(CurlCurl{ ) N ker(Divs), HIEJ?S(Q) = ker(Divg) N ker(CurlCurly ).

We will compute the dimensions of the kernels No, N2 4, i.e.,

dim ker(groad) =0, dim ker(grad) = n,
dim ker(Gra(igrad) =0, dim ker(devGrad) = 4n,
dim ker(devérad) =0, dim ker(Gradgrad) = 4n,
dim ker(symcGrad) =0, dim ker(symGrad) = 6n,
and the dimensions of the cohomology groups K1, K>, i.e.,
dim HA™(Q) = m — 1, dim HRM™(Q) = p,
dim H3's' () = 4(m — 1), dim 1Y% () = 4p,
dim H5H(Q) = 4(m — 1), dim Hy"sH () = 4p,
dim H$%5(Q) = 6(m — 1), dim HP5 () = 6p,
and the indices ind D, ind D* of the involved Fredholm operators, i.e.,
indDf™ = p—m —n +1, ind(DR"™)* = — jnd DR™,
ind PPN =4(p —m —n+ 1), ind(DPM1)* = — jnd PPM1,
ind D2 =4(p —m —n + 1), ind(D°M?)* = —ind D2,
indD® =6(p—m—n+1), ind(P'?)* = — ind D",

Remark 2.1 We observe that in all of our examples, where generally the operators A ; carry the
boundary condition and the adjoints Aj do not have any boundary condition, the dimensions
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of the first and second cohomology groups K| and K> (Dirichlet fields and Neumann fields)
are given by

. dim Nz* . dim N2 *
dmK; = ——-(m—1), dim Ky = —— - p,
n n
respectively. The indices of D (see (1.1)) and D* are
dim N
—indD* = indD = S 2E (4 1), 2.1)

Remark 2.1 leads to the following problem that seems to be open:

Problem 2.2 Isit possible to find differential operators on 2 C R3 (bounded, strong Lipschitz
domain) of the form (1.1) as discussed in Remark 2.1 that violate the general index formula
forDin (2.1)?

3 The construction principle and the index theorem

In this section, we provide the basic construction principle, which is the basis for the operators
in question. The theory in more general terms has been developed already in [11]. Here, we
rephrase the situation with a slightly more particular viewpoint. For the convenience of the
reader, we carry out the necessary proofs here.

Throughout this section, we let Hy, Hy, H>, Hz be Hilbert spaces, and

Ag :dom Ay € Hy — Hj,
Ay :dom Ay € H — H,
Ap :dom A, € Hy —> Hj

be densely defined and closed linear operators.

Definition 3.1 Let Ag, Ay, A be defined as above.

e We call a pair (Ao, A1) acomplex (Hilbert complex), if ran Ag C ker Aj. In this situation
we also write

A A
Hy =% H; =5 Hs.

e We say a complex (Ao, A1) is closed, if ran Ag and ran A are closed.

e A complex (Ag, A1) is said to be compact, if the embedding dom A; N dom AZ‘) — Hj
is compact.

e The triple (Ag, A1, Ap) is called a (closed/compact) complex, if both (Ag, A1) and
(A1, A) are (closed/compact) complexes.

e We say that a complex (Ag, A1, A2) is maximal compact, if (Ao, A1, Az) is a compact
complex and both embeddings dom Ag < Hp and dom A3 < H3 are compact as well.

Remark 3.2 The ‘FA-ToolBox’ (‘Functional-Analysis-Tool Box”) from [34-36,38—41] shows
that

(Ag, A1) (closed/compact) complex <= (A7, Aa‘) (closed/compact) complex.
As a consequence, we obtain (Ag, A1, A2) is a (closed/compact/maximal compact) complex

if and only if (A}, A, Af) is a (closed/compact/maximal compact) complex.

@ Springer



1748 D. Pauly, M. Waurick

Throughout this section, we assume that (Ag, Ay, A2) is a complex, i.e.,

Ho 2% m 2% o, 2w,
A Al A3
H0<—H1 <—H2(—H3.
We define the operator
D : (dom Ay Ndom AY) x dom Ag € Hy x Hy —> Hz x H|
(x,y) > (Aax, ATx + Agy).

In block operator matrix notation, we have

(A 0
D_(A’f Ao>'

From the introduction, we recall the notation
Ny = ker Ao, Ny, := ker A3 (3.1)

and
K :=ker A} Nker A, Ky := ker Ay Nker A7. (3.2)

The aim of this section is to provide a proof of Theorem 3.8 below. As a standard tool for
this and related results, we recall the standard orthogonal decompositions

H, = ran A3 @p, ker Ay, H, = ker AT @p, ran Ay,
dom Ay = (dom Ay N M) ®m, ker Ay, dom A} = ker AT @y, (dom A} Nran A}).
(3.3)
Using (3.2), by the complex property we get
ker Ay = K> ©p, ran Ay (3.4)
and hence we obtain the following (abstract) Helmholtz type decomposition
H) = @ ®u, K» Oy, ran Ay, 35)

dom A Ndom A} = (dom Ay Nran A%) @p, K> g, (dom AT Nran Ay).

We gather some elementary facts about D.
Proposition 3.3 D is a densely defined and closed linear operator.

Proof For the closedness of D, we let ((x. yx)), be a sequence in dom D with ((xk. yi)),
converging to some (x, y) in Hy x Hp and (D(xk, yx))x converging to (w, z) in Hz x Hj.
One readily sees using the closedness of A, that x € dom A, and Ayx = w. Next, we
observe that ran A9 C ker Ay Ly, ran A’f. Hence, (A’ka)k and (Agyk) are both convergent
to some z; € Hj and zp € Hj, respectively. By the closedness of both A and Ao, we
thus deduce that x € dom A} and y € dom Ag with z; = Ajx and zo = Agy as well as
z=2z1+ 22 = Ajx + Apy.

For D being densely defined, we see that by assumption, dom Ay is dense in Hy. Hence, it
suffices to show that dom A Ndom A7 is dense in Hy. Thus, as dom A, and dom A7 are dense
in Hs, we deduce by (3.3) that dom A Nran A} and dom A} Nran A; are dense in ran A3
and ran Ay, respectively. Thus, the decomposition in (3.5) implies that dom A N dom A7 is
dense in H;, which yields the assertion. O
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A5 Ay

*
Theorem3.4 D* = (0 AE’Z

). More precisely,

D* : dom A5 x (dom A} Ndom Afj) € Hz x Hl —> H, x Hy
(w, 2) — (AJw + Az, Aj2).

AL Ay
2 *
(& &)=m
holds by definition since for all (x, y) € dom D = (dom A2 N dom A}) x dom Ag and for
all (w, z) € dom A3 x (dom A; N dom Af)

Proof Note that

(D, »), (W, 2) g, = (A2x, W)y + (ATx + Aoy, 2
= (x, AJw + A12)m, + (0, AGD) = (0, 9). D* (. 2) g, -

Let (w, z) € domD* and set (u, v) := D*(w, z). For y € dom Ag we have (0, y) €
dom D. We obtain

(Aoy. 2y = (DO, ¥), . D)y = (0. 9). D*w, D))y = (3 0,

Hence, z € dom Ajj and Ajz = v.
For all x € dom A> Ndom A} we see (x, 0) € dom D and deduce that

(A2x, whps + (ATx, 2y = (D(x, 0), (W, D))y

3.6
= (. 0). D*w, D)y, o = (12 1)ty G0

Let 5 denote the orthonormal projector onto m in (3.3). Then for X € dom A, we have
X :=mX € dom A, ﬂ@ C dom A, Nker A} € dom Ay Ndom A}, Apx = AxX
and by (3.6)
(A2X, wpy = (Aox, Wy + (ATX, 2) iy = (X, u) g, = (X, mou) p,

Thus w € dom A3 and AJw = mou. Analogously, let r; denote the orthonormal projector
onto ran A in (3.3). Then for X € dom A7 we have

x :=mX € dom A} Nran A C dom A} Nker A, € dom A, N dom AJ, x =AY
and by (3.6)
(ATX, 2)m, = (Aox, w) gy + (ATx, ), = (¥, u) g, = (X, mu) g,

Thus z € dom Ay and Az = mju. Therefore, (w,z) € dom A x (dom A; N dom Ag).
Moreover, using the orthonormal projector g onto K> in (3.5) we see for x € K> by (3.6)

(x, mou) gy = (70X, Uy = (X, U) 1, = (A2x, W)y + (A7x, 2)m, =0,
yielding mou = 0. Finally, by (3.5) we arrive at
D*(w, z) = (u, v) = (mou + mu + mou, Ajz) = (A1z + Asw, Ajz),

completing the proof. O
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Lemma 3.5 With the settings (3.1) and (3.2), the kernels of D and D* read

ker D = Ky x No = (ker Ay Nker A}) x ker Ao,
ker D* = Ny, x K| = ker A5 x (ker A| Nker Af).

Proof For (x, y) € ker D we have Ayx = 0 and Ajx + Apy = 0. By orthogonality and the
complex property, i.e.,ran Ag C ker A; Ly, ran A}, we see Ajx = Agy = 0. The assertion
about ker D* (use Theorem 3.4 and Remark 3.2) follows analogously. ]

With Lemma 3.5 at hand, the following result is immediate.

Corollary 3.6 The closures of the ranges of D and D* are given by

N L1y 1y
ranD = (ker D*)“H3xH1 = N, x K,

__ 1 il
ran D* = (ker D)“H2xHo = K, M N, o
Lemma 3.7 Let (Ag, A1, Az) be a maximal compact Hilbert complex. Then the embedding
dom D — Hj, x Hy is compact, and so is the embedding dom D* — H3 x Hj.

Proof Let ((xk, yk)) X be a (dom D)-bounded sequence in dom D. Then, as in the proof of
Lemma 3.5, by orthogonality and the complex property (xi)x is a (dom Ay N dom AY)-
bounded sequence in dom A N dom A} and (yi)x is a (dom Ag)-bounded sequence in
dom Ap. Since (Ag, A1, Az) is maximal compact, we can extract converging subsequences
of (xx)x and (yx)r. Analogously, using Theorem 3.4 and Remark 3.2, we see that also
dom D* — Hj3 x H\ is compact, finishing the proof. O

We now recall the abstract index theorem taken from [11] formulated for the present
situation.

Theorem 3.8 Let (Ag, A1, Az) be a maximal compact Hilbert complex. Then D and D* are
Fredholm operators with indices

ind D = dim No — dim K| 4 dim K, — dim N3 », ind D* = —ind D.

Proof Utilising the ‘FA-ToolBox’ from, e.g., [34-36,38-41], and Lemma 3.7 we observe
that both ranges ran D and ran D* are closed and that both kernels ker D and ker D* are
finite-dimensional. Therefore, both D and D* are Fredholm operators. The index ind D =
dim ker D — dim ker D* is then easily computed with the help of Lemma 3.5. O

4 Abstract Poincaré-Friedrichs type inequalities

Let us mention some additional features of the ‘FA-ToolBox’ from [34-36,38-41]. Lemma
3.7 and Theorem 3.8 imply some additional results for the reduced operators

— _ K yk _ %
Dred := DlranD* = D|(kerfD)lH2xH0 > Dieg =D’ lranD =D |(kerfD*)iH3><H1 .

Corollary 4.1 Let (Ag, A1, A2) be a maximal compact Hilbert complex. Then the inverse
operators Dr_e:j : ranD — ranD* and (D;“ed)*l : ran D* — ranD are compact. More-
over, Dr;(lj :ranD — dom Dyey and (Dfed)_] : ran D* — dom Dy, are continuous and,

equivalently, the Friedrichs—Poincaré type estimates

1/2
|6 ety = DD gy oy = ep(1A2x1, + 1ATx 1, + 1A0vig, ),
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1/2
|(w, Z)|H3><H1 < cp|D*(w, Z)}Hszo = CD(|A§W|%12 + |A11|%12 + |ASZ|%10) /
hold for all (x, y) € dom Dyeq and for all (w, z) € dom D;ked with the same optimal constant
cp > 0.

The latter estimates are additive combinations of the corresponding estimates for Ap and
(A2, AY) as well as A3 and (A1, A), respectively.

Remark 4.2 The compactness assumptions (maximal compact) are not needed to render D and
D* Fredholm operators. It suffices to assume that (Ag, A1, Az) is a closed Hilbert complex
with finite-dimensional kernels Ny and N» . and finite-dimensional cohomology groups K
and K». In this case, the latter Friedrichs—Poincaré type estimates still hold and Dr;é and
(D}y)~" are still continuous.

Remark 4.3 There are simple relations between the primal, dual, and adjoint complexes,
when D is considered. More precisely, let us denote the latter primal operators D and D* of
the primal complex (Ag, A1, Az) by

Ay 0 A5 A
— P — * _ (pPyF — 2
per=(n) e (B R)
and the dual operators corresponding to the dual complex (A3, A}, Aj) by
d _ AS 0 dyx __ Ao AT
D_<A1 Az ) (D" = 0 A/’

By Remark 3.2 (Ag, A1, A2) is a maximal compact complex, if and only if (A3, A}, Aj)
is a maximal compact complex. Note that we may weaken the assumptions along the lines
sketched in Remark 4.2. Theorem 3.8 shows that D”, (DP)*, e, (Dd)* are Fredholm oper-
ators with indices

indD” = dim N} —dim K} +dim K} —dimN)_,  ind(D?)* = —ind D?,

ind D! = dim N§ — dim K{ +dim K§ —dimN{,,  ind(D")* = —ind D?.
Next we observe
Ng:kerA*:Ng*, Ng*:kerAO:Ng,
Kii:kerA’fﬂkerAzsz, Kg:kerA(";ﬂkerAlzKlp.

Hence
—ind(PY* = ind D¢ = — ind PP = ind(DP)*.

Note that basically D and (DP)* as well as D and (D?)* are the ‘same’ operators.

5 The case of variable coefficients

Note that the Hilbert space adjoints A} depend on the particular choice of the inner prod-
ucts (metrics) of the underlying Hilbert spaces H;. A typical example is simply given by
‘weighted’ inner products induced by ‘weights’ A;, [ € {0, 1, 2, 3}, i.e., symmetric and pos-
itive topological isomorphisms (symmetric and positive bijective bounded linear operators)
A; @ Hp — H; inducing inner products

(g =, ~)H,Zﬁz><ﬁz—>@,
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where H) := H (as linear space) equipped with the inner product (-, -) 7. A sufficiently
general situation is defined by A := Id, A3 :=Id, and A1, A» being symmetric and positive
topological isomorphisms, as well as ﬁl = (Hl, (M-, ~)H,), [ € {0,1,2,3}. Then the
modified operators’

X():dom;fo = doongﬁo—>ﬁ1; X —> Agx,
ledomxl ::domA1§ﬁ1—>ﬁ2; yr—>k2_1A1y,
Zz : dom KQ = A;l dom A, C ﬁz — I‘NI3; 7+ Arlrz,
XE; : domxs = Al_l dom Aj C ﬁl — I-NIO; y —> Ajiry,
;f]“ : dom A* = dom A} C H, — Hy; 7 Al_lATz,
Z; : domgé = dom A} C Hy — Hy; x — Ajx

form again a primal and dual Hilbert complex, i.e.,

~ Ay ~ A o~ A o~
H()—0>H]—>H —>H3,
~ A~ A~ A~
Hy «— H|y «<— H, <— Hj,

and we can define

~ (A 0 ~, (A5 A
D'_<A’f Ao>’ D‘(o )

The closedness of the operators ;fl and the complex properties are easily checked. Moreover,
it is not hard to see that the closedness of (Zo, Xl, Xz) is implied by the closedness of
(Ag, A1, Az). Remark 3 2, Proposition 3.3, Theorem 3.4, Lemma 3.5, and Corollary 3.6 can
be applied to (Ao, A1 Az) as well. In particular,

ker D = K» x No = (ker A Nker XT) x ker Ag
= (()»271 ker Ay) N ker AT) x ker Ag,
ker D* = ]’\72,* x K| = ker Z; x (ker A; N ker XS)
= ker A} x (ker Aj N (Afl ker AZ‘))),
— ~ e o ~Llp ~lp
ranD = (kerD*)J'”SX”I = NZ:3 x K, i
—_— ~ | - ~ly ~lp
ran D* = (kerD)LHZXHO =K, M x N, Ho

It is possible to relate the statements in Lemma 3.7 and Theorem 3.8 to the corresponding
ones of the original complex (Ag, A1, A>). This will be done next.

Lemma 5.1 The compactness properties and the dimensions of the kernels and cohomology
groups of the latter complexes are independent of the weights A;. More precisely,

@) ]\70 = Ny and ﬁz « =Ny, as dom Zo = dom Ag and dom Zz » = dom A,
(ii1) d1m(kerA1 nay lkeer)) = dim K1 =dim K| = dim(ker A| Nker A} 0)

2 E.g., we compute Xg. Let y € dom Z}k). Then for x € dom Ag = dom Ag
(x, A¥) o = (x. AGY) g, = (Aox. y) g, = (Aox. 1y hy

showing that 41y € dom A and Afr1y = Aéy.
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(iiz) dim (ker AN (k_] ker A*)) = dim K2 = dim K> = dim(ker A Nker AY),
(iii;) dom A1 n domA =domA; N (A} !'dom A) — Hl compactly

< dom AN dom Aj — H compactly,
(iii) dom Zz N dom Z’f =dom A> N (Az_] dom A}) — ﬁz compactly

& dom A Ndom A} < Hj compactly.

Proof For the proof we follow in close lines the ideas of [6, Theorem 6.1], where [6] is the
extended version of [7]. (i) is trivial and it is sufficient to show only (ii;) and (iiiy ).

For (ii1), let 1« be another weight having the same properties as A1. Similar to (3.3), (3.5)
we have by orthogonality in H; and by the complex property

H, = ran A @ g, ker Ké =ran Ao @, Al_l ker A,
ker A} = ran A @, (ker A; Nker Z’(;) (5.1
=ran Ao @ g, (kerA1 N (kfl ker Ap)),

and we note that 171 = H; and ker A 1 = ker A as sets. We denote the 171 -orthonormal
projector along ran Ag onto Afl ker Ajj by 7. Then, by (5.1), we deduce

m(ker A1) = m(ker A1) = ker Ay N (] ker A}).
We consider the linear mapping
7 :ker A; N (™" ker Ap) — ker Aj N ()Lfl ker Ap); y — my.

Then 7 is injective. Indeed, let y € ker A; N (u™! ker A§) with Ty = my = 0. Then
y € ran Ag and py € ker Aé. Since ran Ag L g, ker A, using that & > wo in the sense of
positive definiteness for some d > 0, we infer 1| y|%{1 < {(uy,y)u, = 0. Thus

dim (ker A; N (" ker Aﬁ)) < dim (ker AN (Afl ker A(’j)).

The other inequality > is deduced by symmetry (in p and 1) and hence equality holds.
For (iii1 ), we use a similar decomposition strategy. Let u be as before and let

dom Ay N (' dom Af) < H, (5.2)
be compact. Moreover, let us consider a bounded sequence
(yk)x in dom Ay N (™! dom A}),
i.e., Ok, (A1yi)k, (Af 1 yi)x are bounded. Similar to (5.1) we get
dom A, = m@;;] (dom A; N kerg(’j) =ran Ay D7, (dom AN (Afl ker AS)),
dom KE = (m N dom XS) ® g, ker ZZ; = (Mm (A;l dom Ap)) ®g, Afl ker Aj,

and dom A| = dom A, and dom A =A 'dom Aj as sets. Now, we apply these decompo-
sitions to (yi). First, we H 1- orthogonally decompose y; € dom A into

Yk = ug + vk
with

ur €eran Ag CkerA;, vy €domA;N (}\fl ker A}), Aiyr = Ajvg.
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Therefore (vg)i is bounded in dom A; N ()f1 ker A7) and by (5.2) we can extract an Hj-
convergmg subsequence, again denoted by (vk)x. Second, we H -orthogonally decompose
AL Yy € AL U'dom Aj into
A e = wie + 2
with
wy € ran Ag N (){1 dom Aj) Cker A1 N (Afl dom Ap), z € Afl ker Aj,
Aéuyk = AS)\]wk.
Hence (wg)y is bounded in ker A1 N (Al_l dom Aé) and by (5.2) we can extract an Hi-
converging subsequence, again denoted by (wg ). Finally, again by H;-orthogonality, i.e.,
up € ran Ag Ly, ker Aj 3 Az,

= {(A(wk — wp), ug — uz>H1 + (ke — v v — v1>H1

(k= 05 i = )y, = (O = 300y e = up)) gy, + (O = Y1), v = vr) g,

< c(lwk — wila, + vk — vilay)

for some ¢ > 0 independently of &, [, which shows that (yx)x is an Hj-Cauchy sequence in
Hi. Thus dom Ay N (™! dom A}) < H; is compact. ]

Now we can formulate the counterparts of Lemma 3.7 and Theorem 3.8. The proofs follow
immediately by Lemma 5.1.

Lemma 5.2 Maximal compactness does not depend on the weights X;. More precisely:
(Ao, A1, A2) is a maximal compact Hilbert complex, lfand only if the Hilbert complex
(Ao, Al Ag) is maximal compact. In either case, domD — H2 X H() and dom D* —

H3 X H1 are compact.

Theorem 5.3 The Fredholm indices do not depend on the weights \;. More precisely: Let
(Ao, A1, Ap) be a maximal compact Hilbert complex. Then D, D, D*, and D* are Fredholm
operators with indices

indD = ind D = dim Ny — dim K| + dim K» — dim N, ind D* = ind D* = —ind D.

6 The De Rham complex and its indices

As a first application of our abstract findings, in this section, we specialise to a particular
choice of the operators Ag, A1, As. Also, we will show that the assumptions of Theorem 3.8
are satisfied for this particular choice of operators. We will, thus, obtain an index formula.
The computations of the dimensions of the occurring cohomology groups date back to [42].

Definition 6.1 Let © € R3 be an open set. We put

grad, : CX(Q) € L}(Q) — L3 (Q), ¢ —> grad ¢,
curl, : CX3(Q) € L>3(Q) — L*(Q), ® —> curl®,
div, : C23(Q) € L*3(Q) — L (), ® —> div ®,

and further define the densely defined and closed linear operators

grad := —div}, curl := curl’, div := — grad?,
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grad := — div* = grad,, curl := curl* = curl,, div := — grad* = div,.

In terms of classical definitions and notions, we record the following equalities (that are
easily seen):

° 1
dom(grad) = H' (%), dom(grad) = C2(@)" @ = HL (),
N TH(curl,Q)
dom(curl) = H(curl, 2), dom(curl) = C.7(R2) = Hy(curl, ),
° TH(dIV,Q)
dom(div) = H(div, 2), dom(div) = C. 7 (2) = Hy(div, Q).

6.1 Picard’s extended Maxwell system

We want to apply the index theorem in the following situation of the classical de Rham
complex:

Ag = groad, Al = curl, Ay = div,
Aj = —div, Al = curl, A3 = —grad,
pRm . (A2 07) div 0 (DRhmy* A3 A1) _ (—grad curl
AT Ao curl grad )’ 0 A 0 —div/’
A= Ag=grad =cu =di A3=TRpy
0y 0 12 T 23 () AT 23 () 2T p2g) T Ry,

T=curl

A’i|=7t(()) ) AS:— div 23 A
{0} «—— L7(Q) «—— L™7(Q) «——

123(q) HTE pag) ST
(6.1)
We note
dom DR = (dom Ay N dom A}) x dom A = (Ho(div, @) N H(curl, Q)) x Hj (%),
dom(DR"™)* = dom A3 x (dom Aj Ndom A%) = H'(Q) x (Ho(curl, ) N H (div, Q).

The complex properties, i.e., AjAg € 0 and A»A; C 0, are based on Schwarz’s lemma
ensuring that curl. grad,. = 0 and div, curl, = 0.

Proposition 6.2 Ler Q C R3 be open. Then
ran Ap = ran (groad) C ker (cﬁrl) =ker Ay,
ran A; = ran (cﬁrl) C ker (div) = ker A,

and by Remark 3.2 the same holds for the adjoints (operators without homogeneous boundary
conditions).

Proof See, e.g., [47, Proposition 6.1.5]. O

Theorem 6.3 (Picard—Weber—Weck selection theorem, [44,53,55]) Let 2 C R3 be a bounded
weak® Lipschitz domain. Then

dom A; N dom Aé = dom (cﬁrl) N dom (div),

3 The boundary of a weak Lipschitz domain is a 2-dimensional submanifold of the 3-dimensional Lipschitz
manifold € with boundary.
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dom A, N dom A% = dom (div) N dom (curl)
are both compactly embedded into H = H, = L*3(Q).

Remark 6.4 Proposition 6.2 in conjunction with Theorem 6.3 and Rellich’s selection theorems
show that (grad, curl, div) is a maximal compact complex. By Remark 3.2 so is the dual
complex (— grad, curl, —div).

Note that
Nghm = ker Ag = ker (grad),
N;’lm = ker A} = ker (grad),
KRh™ — ker A; Nker A} = ker (curl) N ker(div) =: HAI™(Q),
K;hm = ker Ay Nker A} = ker (div) N ker (curl) =: Hﬁ,hm (),

(6.2)

where we recall from the introduction the classical harmonic Dirichlet and Neumann fields
HR™ (Q) and HRM™ (), respectively.

Definition 6.5 Let € R3 be bounded and open. Then we denote by

e 1 the number of connected components of €2, -
e m the number of connected components of the complement R3\ €,
e p the number of handles of €2, see Assumption 10.3.

For p to be well-defined we suppose Assumption 10.3 to hold.
The dimensions of the cohomology groups are given as follows.

Theorem 6.6 ([42, Theorem 1]) Let Q@ C R3 be open and bounded with continuous boundary.
Moreover, suppose Assumption 10.3. Then

dmHIM Q) =m —1, dimHP™(Q) = p.

In comparison to [42, Theorem 1] a modified proof of Theorem 6.6 is provided in the
Sects. 11.1 and 12.1. Note that in [42] unbounded domains where considered as well, which
necessitates a slightly different rationale.

Remark 6.7 Note that for €2 to have a continuous boundary” is equivalent for it to have the
segment property, see, e.g., [4, Remark 7.8 (a)].

Let us introduce the space of piecewise constants by
Row = {u € L*() : VC € cc() Jac € R :ulc = ac}, (6.3)

where
cc(R) :={C € Q: Cisaconnected component of 2}. (6.4)

Theorem 6.8 Ler 2 C R3 be a bounded weak Lipschitz domain. Then D™ is a Fredholm
operator with index

ind D™ = dim N§"™ — dim K" + dim K5 — dim N7
If additionally T" = 02 is continuous and Assumption 10.3 holds, then
indDf"M = p—m —n+1.

‘A boundary being locally representable as the graph of a continuous function.
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Proof We recall Remark 6.4 and apply Theorem 3.8 together with (6.2), the observations

NE™ = ker (grad) = {0},  NF"™ = ker (grad) = Rpw, (6.5)
and Theorem 6.6. O
Remark 6.9 By Theorem 3.8 the adjoint of the de Rham operator (DRP™)* is Fredholm as
well with index ind(DR"™)* = — ind DR"™. Moreover, Picard’s extended Maxwell system
is given by
0 0 A0 0 0 div 0
AR 0 D™ [0 0 AfAo|_|[ 0 0 curlegrad
T\ —(@RmMy= o —A}—-A;1 0 0 grad —curl 0 0
0 -A50 0 0 div 0 O

with (MRP™)* = —ARP™ and ind MRP™ = dim ker MR'™ — dim ker(MRP™)* = 0.
Moreover, dim ker MR — o+ p—las

ker MRP™ — ker (DRP™)* x ker DRPM
= ;tlm x KM 5 gRm o yRhm
= ker A3 x (ker A} Nker Aj) x (ker Ap Nker AT) x ker Ag
= ker (grad) x (ker (cﬁrl) N ker (div)) X (ker (div) N ker (curl)) x ker (groad)
= Rpw X HAM(Q) x HR™(Q) x {0}.

6.2 Variable coefficients and Poincaré-Friedrichs type inequalities

The construction of a maximal compact Hilbert complex is also possible for mixed boundary
conditions as well as for inhomogeneous and anisotropic media, such as constitutive material
laws, see, e.g., [5,35,36]. For mixed boundary conditions we note the following:

Problem 6.10 In order to provide a greater variety of index theorems, it would be interesting
to compute the dimensions of the harmonic Dirichlet and Neumann fields also in the situation
of mixed boundary conditions. This would be particularly interesting for the more involved
situations described below. At least for the authors of this article it is completely beyond their
expertise in geometry and topology and it appears to be an open problem as to which index
Sformulas could be expected in terms of subcohomologies and related concepts. In the de Rham
situation discussed in this section, note that Fredholmness is guaranteed by the compactness
result in [5] in conjunction with Theorem 3.8 for a suitably large class of underlying sets
and boundaries.

For inhomogeneous and anisotropic media (constitutive material laws) we have:

Remark 6.11 As mentioned before, a maximal compact Hilbert complex can also be con-
structed for inhomogeneous and anisotropic media. These may be considered as weights
A as presented in Theorem 5.3. For Maxwell’s equations a typical situation is given by
the choices Ag := Id, A3 ;= Id, and A} (= g, A := u : Q — R3x3 being symmetric
and uniformly positive definite L°°($2)-matrix (tensor) fields. Let us introduce the Hilbert
spaces L23(Q) := H| := (L*3(Q). (e, -)123q)) and similarly Lff(Q) := H, as well as
Hy = Hy; = Hy = Hy = L%(Q). We look at

ZO = groad, Xl = //,_lcfirl, Xz = divu,

@ Springer



1758 D. Pauly, M. Waurick

~.

Aj = —dive, Al = e eurl, 5 = —grad,

BRhm . éz le[L 0
T\A] Leurl grad

~phm\x _ [ A5 A1 grad p~'curl
& _(0 A < —dive )’

i.e., the de Rham complex, cf. (6.1),

A_1= Ao=grad Ar=p~lcurl
0y = 12 (@) 2T 123 AT 123()
ot p2g) BT g, 6.6
Z* ) —dive 23 ZT:E*]curl 23 ( ' )
{0} iy (Q) L7 (2) Li7()
Ar—_grad Ar=tpp,
(2—gra Lz(Q) & Rpw-

Lemmas 5.1, 5.2, and Theorem 5.3 show that the compactness properties, the dimensions of
the kernels and cohomology groups, the maximal compactness, and the Fredholm indices of
the de Rham complex do not depend on the material weights ¢ and . More precisely,

dim (ker(curl) N (e =" ker(div))) =dim (ker(curl) Nker(div)) =dim HF™(Q) = m —1,
dim (! ker(div)) N ker(curl)) = dim (ker(div) Nker(curl)) = dim H{"™(Q) =
dom(curl) N (8_1 dom(div)) — L%S(Q) compactly

& dom(curl) N dom(div) < L23(£2) compactly,

(M_l dom(div)) N dom(curl) — lef(Q) compactly

= dom(div) N dom(curl) — L2’3(Q) compactly,

(grad, ,Li_]curl, divie) ls maximal compact iff (grad, curl, div) is maximal compact,

— ind(DRhMy* — jnd DRA™ = jnd PR = p — i —n + 1.

At this point, see Lemma 3.5, Corollary 3.6, and (6.5), we note that the kernels and ranges
are given by

ker DRIM — gRhM o NRAM — 2R0m (0 % {0},
ker(DRMy* = NEOM s KR — Rp, X HAM(Q),
ran DRhM — (ker(DRhm)*) L2@x123@ = ]vaflz‘m x HRDhm(Q)LLl%Q),
ran(DRM)* = (ker DA™ T 23 @x2@ = 1AM (@)@ X L2(Q).

Finally, Corollary 4.1 yields additional results for the corresponding reduced operators

red (ker DRhm)=Hp xHo curl grad ) |#fm @)~ 123@ x 12()’
pRhmy Rhm _ (—grad curl ‘
(Dreg)”™ = (D7) | ertmy <y _( 0 —div R:ﬁz(mxﬁg‘m(g)ﬁ”(m'

Corollary 6.12 Ler 2 € R? be a bounded weak Lipschitz domain with continuous boundary.
Then

(Dfef:jm)_l s ran DFMM s ran(DRPMY*,
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((ng(’jm)*)*1 : ran(DFM™Y* — ran DRIM

are compact. Furthermore,

Rhm\—1 . Rhm Rhm
(Dyeg )~ :tanD — dom D",

(DRI =1 ran(DRP™)* > dom(DFAM)*

are continuous and, equivalently, the Friedrichs—Poincaré type estimate
(E. )] 2y 1200y = Cpmom (| grad 25 ) + | div ERy ) + [eurl E2 5 )2
holds for all (E, u) in
dom DM — (Hoy(div, Q) N H(curl, Q) N HAM (@) 122 @) x H}(Q)
or (u, E) in
dom (DfM* = (H'(2) N R,fvﬁzm)) x (Ho(curl, Q) N H(div, Q) N HA™ (@) 123@)

with some optimal constant cpram > 0.

Note that the latter estimate is an additive combination of the well-known Friedrichs—
Poincaré estimates for grad and the well-known Maxwell estimates for (curl, div).

6.3 The Dirac operator

In this section, we flag up a relationship of the Dirac operator and Picard’s extended Maxwell
system. Let the assumptions of Theorem 6.8 be satisfied. The extended Maxwell operator
is an operator that is surprisingly close to the Dirac operator, see [45]. We shall carry out
this construction in the following. Recall from Remark 6.9 that Picard’s extended Maxwell
system is given by the operator

o 0 D ._ mRhm
wie (5,2). pimoim

Next, we introduce the Dirac operator. For this, we define the Pauli matrices
(0 1 (0 —i (1 0
o] .= 1 O, o) = i 0 . 0'3.—0 -1 .
Q: dom Q C L>%(Q) — L>*(Q)

. 3 9 —id
§ : . _ 3 1 — 102

v ; 13,0,1&—<31+i82 —03 )W,
j:

we define the Dirac operator

Setting

(0 Q
ee(59).

We have not specified the domain of definition of Q, yet. For now, we only record that
cr ’Z(SZ) C dom Q, and the domain of definition of Q corresponding to M is provided
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1760 D. Pauly, M. Waurick

below, see also Proposition 6.13. We introduce the unitary operators from L>*() into itself

0 0 -1 0 01 0 0
0 0 0 —1 00 1 0
W=y 0 0 ol Y=lo o o1
0 1 0 0 1 0 0 0

Then the operators £ (Dirac operator) and M (Picard’s extended Maxwell operator) are
unitarily equivalent. More precisely, we have with V from Proposition 6.13

U 0\(V 0 Ve o0\ (U" 0
M=<o W)(O v)‘:(O V*)<0 W*>’
. vEo0) (U 0 . U 0y(v o
dom Q xdomQ:=<0 V*)(O W*>(d0mD xdomD)(O W)(O V)

and, consequently, @ with domain dom(V*U*DWV) = dom(DW V) is a Fredholm opera-
tor. Moreover, we have ind £ = 0 and

indQ=indD=p—m—n+1.

We conclude this section by stating the missing proposition used above. The proofs of
which are straightforward and will therefore be omitted. In a similar fashion, they can be
found in [45]. For the next result we use L% (R2) and L% (2) to denote the Hilbert space L3()
with the reals and the complex numbers as respective underlying field.

Proposition 6.13 (Realification of £) It holds:
(i) Vi LA(R) — L3> () with Vf = (N f, ) is unitary.

.. v (0 1
(ii) ViV _<_1 0>.

00 10 0 00 -1 10 0 0
~ 00 0 1 0 01 0 01 0 0
i —— * __
() Q=VAVi=d1y o o o|*2[0 10 o]0 0 -1 o
010 0 100 0 00 0 -l
with dom Q = V dom Q V*,

7 The first biharmonic complex and its indices

In this section, we focus on our first main result and properly define the operators involved
in the formulation of Theorem 1.1. Thus, we introduce the first biharmonic complex (see
[37,38]) constructed for biharmonic problems and general relativity, but also relevant in
problems for elasticity. It will be interesting to see that the differential operator is apparently
of mixed order rather than just of first order. It is worth noting that the apparently leading
order term is not dominating the lower order differential operators.

Definition 7.1 Let © C R3 be an open set. We put

Gradgrad, : C2(Q) C L*(Q) — L3 (Q), ¢ —> Gradgrad ¢,
Curl, : C2%73 (@) € L3P (@) — L2V (@), ® —> Curl @,
Div. : C25773(Q) € L2VP(Q) — L3 (@), ® —> Div ®,
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and further define the densely defined and closed linear operators

divDivg := Gradgrad}, Gradgrad := divDiv§ = Gradgrad,.,
symCurly := Curl, Curlg := symCurly = Curl,,
devGrad := — Div}, Divy := — devGrad* = Div,.

‘We shall apply the index theorem in the following situation of the first biharmonic complex:

Ag = Gra(igrad, Al = Clolrlg, Ay = DOiVT,
Aj = divDivs, A7 = symCurly, A3 = — devGrad,

Dblhl A2 0 _ DoiV’]T 9
T \AT Ao symCurl,  Gradgrad/’

(pbinys — A3 Ar) _ (—devGrad Curlg
0 Aj 0 divDivg )’

Introducing the space of piecewise Raviart—-Thomas fields by
RTpw := {v € L*¥(Q):VC e cc(Q) Fac € R, e € R 1 ulc(x) = acx + Bc}, (7.1)
for cc(£2) see (6.4), we can write the first biharmonic complex as

Gradgrad Curlg
[0y 2 (@) S [239(g) 2 1239

DIVT 23
— L9 (R RT,
( )—> pw> (7.2)
di symCurl
{0} LZ(Q) ivDivg Lé3X3(Q) symCurlp L%’st(ﬂ)
— devGrad L2 3(9) Rpr

The foundation of the index theorem to hold is the following compactness result established
by Pauly and Zulehner. Note that it holds dom(Gradgrad) = Hg (2) and dom(devGrad) =
H'3(Q).

Theorem 7.2 ([38, Lemma 3.22, Theorem 3.23]) Ler @ C R? be a bounded strong Lipschitz
domain. Then (Gradgrad, Curls, Divr) is a maximal compact Hilbert complex.

‘We observe and define

Ng'h ' = ker A¢ = ker(Gradgrad),
NP = ker A§ = ker(devGrad),
. (73)
K™ = ker Aj Nker A} = ker(Curls) N ker(divDivs) =: 1} &' (),
K;'h ' — Ker Ar Nker AT = ker(DlvT) N ker(symCurly) = ?V'hrﬂ,] (2).

The dimensions of the cohomology groups are given as follows.

Theorem 7.3 Let Q@ C R3 be open and bounded with continuous boundary. Moreover, sup-
pose Assumption 10.3. Then

dimH () = 4(m — 1), dimHyy (2) =
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1762 D. Pauly, M. Waurick

Proof We postpone the proof to Sects. 11.2 and 12.2. O
The proper formulation of the first main result, Theorem 1.1, reads as follows.

Theorem 7.4 Let Q C R3 be a bounded strong Lipschitz domain. Then Dbh-1is 4 Fredholm
operator with index

ind PPM! = dim Ng™" — dim K™ + dim K2 — dim Ny
If additionally Assumption 10.3 holds, then
ind DM =4(p—m —n+1).
Proof Using Theorem 7.2, we apply Theorem 3.8 together with (7.3) and the observations
Ng™! = ker(Gradgrad) = {0}, N3 = ker(devGrad) = RTpu, (7.4)
see [38, Lemma 3.2, Lemma 3.3], and Theorem 7.3. O

Remark 7.5 By Theorem 3.8 the adjoint (DPM-1y* s Fredholm as well with index simply
given by ind(DPM1)* = —ind D!, Similar to Remark 6.9 we define the extended first
biharmonic operator

0 0 Divy 0

bt ( 0 Db"”) _ 0 0 symCurly ~ Gradgrad
—(pPhlyx 0 devGrad  —Curlg 0 0
0 —divDivg 0 0

with (MPih-1)* = —MPh-1and ind'./\/lbih’1 = 0. Moreover, dim ker MPNY — 40 4+
p— 1) asker MO = Ry, x HY'S' () x HyY' () x {0},

Variable Coefficients and Poincaré—Friedrichs Type Inequalities. Inhomogeneous and
anisotropic media may also be considered for the first biharmonic complex, cf. Remark 6.11.

Remark7.6 Let Ao ;= Id, A3 :=Id, A := ¢ : Q@ — R¥>3>33 andap = : Q —
R3x3x3x3 pe [,°9(Q)-tensor fields such that the induced respective operators on L§’3X3(Q)

and L%3X3 (£2) are symmetric and strictly positive definite. Moreover, let us introduce

Lé:ix3(gz) = ﬁl = (L§,3><3(Q), (e, '>L§'3X3(Q))

and similarly L33 (Q) = H, as well as Hy = Ho = L2(Q), Hy = Hy = L*3(Q). We
look at
Zo = Gra(igrad, Xl = u_lCﬁrlg, Xz = DoivT,u,

A} = divDivs e, At = &~ symCurly, A3 = — devGrad,

Fbih1 . _ %2 0 _ Divru 0
- \AT Ao e~ !symCurly Gradgrad/’

(Bbih1yr A A:l _ (—devGrad w!Curlg
0 A 0 divDivs e )

b
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i.e., the first biharmonic complex, cf. (7.2),

Lo} Gra(‘igrad pﬁlCﬁrl
(0) = L2(Q) —— L5 ° (@) — L7 ,° (@)

Divry 93 TRTpw
— L*7(2) —— RTpw,
) pw (1.5)

. . ,71‘ Curl
{0} ZﬁLz(Q) divDivg e L§’§X3(Q) & symCurly L%ixS(Q)

— devGrad {RTpw
Pihadbudinal

L¥3(Q) <22 RTpw.

Lemma 5.1, Lemma 5.2, and Theorem 5.3 show that the compactness properties, the dimen-
sions of the kernels and cohomology groups, the maximal compactness, and the Fredholm
indices of the first biharmonic complex do not depend on the material weights € and . More
precisely,

e dim (ker(Curls) N (¢~ ker(divDivs))) = dim (ker(Curls) Nker(divDivs))

= dim 1'% () = 4(m — 1),
e dim ((/L_l ker(DoivT)) N ker(symCurlT)) = dim (ker(DoiVT) N ker(symCurlT))
bih, 1

= dimH)y 7 () = 4p,
° dOIn(CEll‘lS) N (5_1 dom(divDivS)) — Lé’j“(ﬂ?) compactly
< dom(Cﬁrlg) N dom(divDivs) — Lé’3X3(Q) compactly,
. (1" dom(Divr)) N dom(symCurly) < L7 ($2) compactly

= dom(DoivT) N dom(symCurly) — L,JZT’3X3(Q) compactly,

° (Gra&grad, M_ICﬁrlS, DoiVT () maximal compact

& (Gra&grad, Cﬁrlg, DOiVT) maximal compact,
e —ind(P”M* = ind PPN = ind DM =4(p—m —n+1).
Note that the kernels and ranges are given by

ker Dbih,l — K?ih,] x Ngih’l — Hbih’l(Q) x {0},

N,T
bih, 1 bih, 1 bih, 1 bih, 1
ker(DP™ )" = Nyt x K™ = RTpw x Hp s (),
i i 123y 233 L1523 i 1,23x3
ran DPH1 — (ker(Db'h’l)*) L23@xLg7 @ RTpWL @ o H%hg’] Q) @,

2.3x3

L 23x3 2 ’ 1
B — gl @) T x 1),

ran(Dbih,l)* — (ker Dblh,])
see Lemma 3.5, Corollary 3.6, and (7.4). Corollary 4.1 shows additional results for the
corresponding reduced operators

,Dbih,l — ,Dbih,1|

red (ker Dbih,l)LHszo

< Divr 0 ) ‘

= ° 1 x )

symCurly  Gradgrad Ho (@) 3@ 12(Q)
bih,1y% __ bih, 1%

(Dred ) —(D ) |(ker(Dbih'1)*)LH3XH1

_ <— devGrad ~ Curls

. . €L
0 d1VD1V§) ‘RT;&Z-%Q) «HO (@) 1233

@
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Corollary 7.7 Let 2 C R3 be a bounded strong Lipschitz domain. Then

(Dfe'g H=1: ran D1 s pan(pPih-1y*)

(( ’Z’Z l) ) 1. ran(Dblh l) —> ran Dblh 1
are compact. Furthermore,

pbin1y - bih,1 bih,1
(Dyoq y ! ranD —>domD,,

bih, 1+ %\ — bih, 1 bih, 1
(Drg )" Yy~ ran(Phy* dom(D,; )"
are continuous and, equivalently, the Friedrichs—Poincaré type estimates

|(T,u) ‘L%3x3(Q)XL2(Q) < cpoin1 (| Gradgrad ul?

Lé,3><3 Q)
Div T2 Curl T 12
+| v |L2‘3(Q) |Sym ur! | 23><3(Q)) ’
2
|, )] 230y 12943y = Cpomni (| devGrad U230 )
. 2 2 1/2
+ | divDiv S|L2(Q) + | Curl S|L%3x3(g))

hold for all (T, u) in

dom DY1 = (dom(Divr) N dom(symCurly) N HEM (@) 5@ x H2(@)

forall (v, S) in

1
dom(DPM1y* — (H'3(Q) N RT,E @)

2 3x3

x (dom(Curls) N dom(divDivs) N H oy 1(Q)

(Q))

with some optimal constant cppin1 > 0.

8 The second biharmonic complex and its indices

The second major application of the abstract findings in the Sects. 3, 4, and 5 is concerned
with the second biharmonic complex. The needed operators are provided next. It is worth
recalling the definitions of the operators devGrad, symCurly, and divDivg from Definition
7.1.

Definition 8.1 Let © € R3 be an open set. We put
devGrad, : C2*3(Q) € L*3(Q) — L277(Q), ¢ —> devGrad ¢,

symCurl,. : Coo 3X3(Q) C L%SM(Q) — L§3X3(Q), ® — symCurly ®

divDiv, : Q’OSM(Q) c L373Q) — LX), ® > divDivs @,
and further define the densely defined and closed linear operators
Divy := — devGrad}, devGrad ;= — Divy = devGrad,,
Curlg := symCurl?, symCurly := Curl} = symCurl,,
Gradgrad := divDiv, divDivg := Gradgrad* = divDiv,.
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We shall apply the index theorem in the following situation of the second biharmonic
complex:

Ag := devGrad, Al = symOCurlT, A, := divDivg,
A = — Divr, A7 = Curlg, % = Gradgrad,

pbh2._ (A2 0 _ divDivg 0
T \AT Ao Curls  devGrad)’

(Dbih2ys — (A’z‘ A]) _ (Gradgrad symOCurlT>

0 A 0 ~ Divy
¢ Curl

(0} 1% 123(@) —>deVGrad L2 @) 2 1239 (q)

leDlVS 2 1

2 e . 8.1)

(0} S 123(@) <R 1379 (@) S 1299

Gradgrad 1

Sudend gy Hpl

where we used the space of piecewise first order polynomials (for cc(€2) see (6.4))
Pow = {v € L*(Q):VC € cc() Tac €R, e € R ule(x) = ac + e - x}. (8.2)
Note that dom(devoGrad) = H01’3(S2) by [38, Lemma 3.2].

Lemma8.2 Ler @ C R3? be a bounded strong Lipschitz domain. Then the regularity
dom(Gradgrad) = H 2(Q) holds and there exists ¢ > 0 such that for all u € H*(S2)

C |u|H2(Q) < |M|L2(Q) 4+ |Gradgradu|Lz,3x3(Q).

Proof Let u € dom(Gradgrad). Then gradu € H~'3(Q) and Grad gradu e L>3*3(Q).
Necas’ regularity yields gradu € L%3(Q) and thus u € H'(Q) and gradu € H“3(Q).
Henceu e H 2(SZ) and by Necas’ inequality (see [27]) we have

| grad M|L2,3(Q) < C(| grad u|H’]’3(Q) + | Grad grad M|H—l,3x3(g))
= C(|M|L2(Q) + | Grad grad 14|L2.3><3(Q)),
showing the desired estimate. O

Theorem 8.3 Let 2 C R3 be a bounded strong Lipschitz domain. Then the second biharmonic
complex (devGrad, symCurly, divDivs) is a maximal compact Hilbert complex.

Proof The assertions can be shown by using the ‘FA-ToolBox’ from [34-36,38-41]. In
particular, the crucial compact embeddings can be shown by the same techniques used in the
proof of [40, Theorem 4.7]. O

We observe and define

Nbih’2 = ker Ag = ker(devGrad),

NP2 — ker A% = ker(Gradgrad),
o (8.3)
KPP2 — ker A1 Nker A = ker(symCurly) N ker(Divy) = b'h 2(9)
1 0 y T DT
K?'h 2 — Ker Ay Nker AT = ker(divbiVS) Nker(Curlg) =: H ']"V'hgz(g)
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Theorem 8.4 Let Q@ C R3 be open and bounded with continuous boundary. Moreover, sup-
pose Assumption 10.3. Then

dim H () = 4(m — 1), dimHy'% () = 4p.
Proof We postpone the proof to Sects. 11.3 and 12.3. O

Theorem 8.5 Let Q C R3 be a bounded strong Lipschitz domain. Then DY2 i 4 Fredholm
operator with index

ind D2 = dim Ng™? — dim K™% + dim K3"™% — dim N3,
If additionally Assumption 10.3 holds, then
ind DM =4(p—m—n+1).
Proof Using Theorem 8.3 apply Theorem 3.8 together with (8.3), the observations
Ng™?* = ker(devGrad) = {0}, Ny'* = ker(Gradgrad) = P}, (8.4)
by using [38, Lemma 3.2 (i)], and Theorem 8.4. ]

Remark 8.6 By Theorem 3.8 the adjoint (DPN-2)* is Fredholm as well with index simply
given by ind(DPM-2)* = — jnd D*M-2, Similar to Remark 6.9 and Remark 7.5 we define the
extended second biharmonic operator

_ 0 0 divDivs 0

Aqbih2 . < 0 Db'h'2> _ 0 0 Curls  devGrad
— (D20 — Gradgrad —symCurly 0 0
0 Divr 0 0

with (Mbih’z)* = —MPbIh2 and ind Mbih-2 — 0. Moreover, dim ker Mbih2 — 4n+m +
p— 1 asker MPM2 = L5 1002 (@) x 1Y () x (0).

Variable Coefficients and Poincaré—Friedrichs Type Inequalities. Inhomogeneous and
anisotropic media may also be considered for the second biharmonic complex, cf. Remark
6.11 and Remark 7.6.

Remark§.7 Recall the notat~ions from Remarkz.é and set Ao :=Id, Ay = Id, A :=¢, 0y =
poand Hy = L3(Q), Hy = Lg’i“(sz), Hy = Hy = L*>3(Q), H3 = H3 = L*(Q). We
look at

= u_lsymoCurlT, Zz = divDivsp,

= ¢! Curls, Z; = Gradgrad,

Zo := devGrad,

Ay
Ay = —Divre, A7

oihe._ (A2 0 _ divDivsu 0
AT Ao ¢! Curls devGrad)’

(Dbih2yx — A5 A _ (Gradgrad w'symCurly
0 Ay 0 — Divre
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i.e., the second biharmonic complex, cf. (8.1),

¢ ~lsymCurl
(0) ﬂ) L2’3(Q) devGrad L%’ixg’(ﬂ) u~ symCurlp L§:?Lx3(9)

2 "Pbw o
L“(2) — P

divbivgu
pw?

(8.5)

_Di ~! Curl
(0) <% L23(@) 5 L27(Q) S 123 @)

Lol
Gradgrad 5 Pow
«—— L9(Q) «— PpW'

Lemmas 5.1, 5.2, and Theorem 5.3 show that the compactness properties, the dimensions
of the kernels and cohomology groups, the maximal compactness, and the Fredholm indices
of the second biharmonic complex do not depend on the material weights ¢ and ©. More
precisely,

e dim (ker(symturlT) N (871 ker(DivT))) = dim (ker(smeCurlT) N kel‘(DiV']r))
= dim MY (Q) = 4(m — 1),

° dim ((M_l ker(divbivs)) N ker(Curlg)) = dim (ker(divoDiV§) N ker(CurlS))
= dim Ho"2(Q) = 4p,

N.S
o dom(symCurly) N (¢ ™' dom(Divy)) < L%éw(ﬂ) compactly
& dom(symCurly) N dom(Divy) <> L-2J1J3X3(Q) compactly,
. (1" dom(divDivs)) N dom(Curlg) < L3>**(%2) compactly

& dom(divbim) N dom(Curlg) — L§’3X3(Q) compactly,

° (devérad, u’lsmeCurlT, divoDivS 1) maximal compact
& (devoGrad, symturlT, diVODivg) maximal compact,

e —ind(D"M?)* = ind DPN? = ind PPN =4(p —m —n + 1).
Note that the kernels and ranges are given by

i bih,2 bih,2 bih,2
ker D2 = K72 5 Ng™ = H3 2 (2) x {0},

i bih2 _ -bih,2 bih,2
ker(DPM2)* = NPT x KD =Pl x HODE (),

" " L, 2,3x3 : L 23x3
ran Dblh,Z _ (ker(Dblh,Z)*) L2@xLp” @ (Prl)W)LLz(m x H%hﬁ‘z(g) LE7C @)

’

: 0oy 233 2,3 i L 23x3
ran(Dbm,z)* — (kerDblh,z) L7 @xL23 @) _ Hg;hSZ(Q) L7 @ o L2’3(Q),

see Lemma 3.5, Corollary 3.6, and (8.4). Corollary 4.1 shows additional results for the
corresponding reduced operators

Dbih,zzpbih,z| o _ divDivsg O ‘ ,
red (ker DR 2) ™20 Curls ~ devGrad/ Iy o) 157 @ 230"
W
bih,2 % _ .~bih,2\*
(Dred )" =@ ) |(ker(Dbih,z)*)iH3xH,
_ <Gradgrad symOCurlT> ’ .
B i | 2,3%3 o *
0 — Divr (P‘LW)LB(Q)xHS’)’f‘f(Q) L3 @)
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Corollary 8.8 Let 2 € R3 be a bounded strong Lipschitz domain. Then

(D ZZ =1 ran DO2 s pan(pbih2y*,

(( ZZ 2) ) 1. ran(DbIh 2) —> ran Dblh 2

are compact. Furthermore,

(D fe'g 2)7 - ran D2 5 dom DZZ’Z,
((D2A2)*) =1 - ran(DP"2)* — dom(DI2)*

are continuous and, equivalently, the Friedrichs-Poincaré type estimates

2
| (S, )] 2343 123y = poma (| devGrad LR

+ | divDiv S|L2(Q) + | CurlS| 12343 )1/2

’

()
!(u, T) |L2(Q)><L12T'3X3(Q) =< Cpbih2 (l Gradgrad u'L““(Q)

1/2
+ | Div T|L2 3 T | symCurl T'| 23x3(9)) /

hold for all (S, v) in

dom D212 — (dom(dewS)mdom(Curlg)me’“(Q) @) gl

forall (u, T) in

dom(D%H)* = (H2(Q) N (Ph,) 12@)

(dom(symCurlT) N dom(Divy) N thﬂ?(ﬁ) 12 sxa(m)

with some optimal constant cppin2 > 0.

9 The elasticity complex and its indices

This section is devoted to adapt our main results Theorems 1.1, 7.4, and 8.5, to the elasticity
complex, see [39—41] for details. Its elasticity differential operator is of mixed order as well,
this time in the center of the complex. As before for the biharmonic operators, the leading
order term is not dominating the lower order differential operators.

Definition 9.1 Let 2 C R3 be an open set. We put
symGrad, : C2*3(Q) € L*3(Q) — Lé’3X3(Q), ¢ — sym Grad ¢,

CurlCurl] : €23 (@) L33 (Q) — L33 (Q), @ > CurlCurl " & :=Curl(Curl @),
Div, : C°°S3X3(gz) c L@ - L (Q), &~ Divo,

and further define the densely defined and closed linear operators

Divg := — symGrad}, symGrad := — Div§ = symGrad,.,
CurlCurlér = (CurlCurl;r)*, Curl"Curlér = (CurlCurlg ) = CurlCurlI,
symGrad := — Div¥, Divg := — symGrad* = Div,.
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We want to apply the index theorem in the following situation of the elasticity complex:
Ag = symDGrad, Al = CurlDCurlér , Ay = DDiVS,
A} = —Divs, + = CurlCurld, A% = — symGrad,

pela._ Ay 0 DoiVS 0
—\A] Ao) — \CurlCurl] symGrad )’

(pelays — (A3 A1) _ (—symGrad CuriCurl{
0 Aj 0 —Divg /)’

Grad CurlCurld
{O}ﬂL“(Q) symGra Lé3x3(Q) urit-urs Lé,3x3(Q)

DIVS 23
—> L7 () —— RMpw,
@ = pw . ©.1)
CurlCurl
{0} L2 %(Q) — Divg Lé3><3(g2) urlCurlg Lé,3><3(§2)

— symGrad
Dbl 302 3(9) RMpW

The foundation of the index theorem to follow is the following compactness result estab-
lished in [39—41]. Note that we have by Korn’s inequalities dom(symGrad) = HOl ’3(9) and
dom(symGrad) = H'3(Q).

Theorem 9.2 ([40, Theorem 4.7]) Let 2 € R3 be a bounded strong Lipschitz domain. Then
(symGrad, CurlCurlér , Divg) is a maximal compact Hilbert complex.

We observe and define
N ¢la — ker Ag = ker(symGrad),
N3, e'a = ker A5 = ker(symGrad),
Kela =ker A} Nker A = ker(CurloCurIST) N ker(Divg) = ela S(€),
K$§@ = ker A> Nker A} = ker(Divs) Nker(CurlCurl{) = He'aS(Q).

9.2)

The dimensions of the cohomology groups are given as follows.

Theorem 9.3 Let Q@ C R3 be open and bounded with continuous boundary. Moreover, sup-
pose Assumption 10.3. Then

dim H(Q) = 6(m — 1), dim H35(Q) = 6p.
Proof We postpone the proof to the Sects. 11.4 and 12.4. O
Let us introduce the space of piecewise rigid motions by (for cc(2) see (6.4))
RMpw = {v € L*3(Q) : ¥ C € cc(Q) Jac, e € R? tulc(x) = ac x x + Bc}. (9.3)

Theorem 9.4 Ler Q@ C R3 be a bounded strong Lipschitz domain. Then D9 is a Fredholm
operator with index

ind D7 = dim N&@ — dim K 4 dim K§9 — dim N$.
If additionally Assumption 10.3 holds, then
indD =6(p —m—n+1).
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Proof Using Theorem 9.2 apply Theorem 3.8 together with (9.2), the observations
N§@ = ker(symGrad) = {0},  N$§2 = ker(symGrad) = RMpy. (9.4)
see [39, Lemma 3.2], and Theorem 9.3. O

Remark 9.5 By Theorem 3.8 the adjoint (De2)* is Fredholm as well with index simply given
by ind(D&)* = — ind D, Similar to Remark 6.9, Remark 7.5, and Remark 8.6 we define
the extended elasticity operator

0 0 Divg 0

Ml OI pela _ 0 0 CurlCurl] symGrad
—(D%¥)* 0 symGrad —CurlCurl{ 0 0
0 Divg 0 0

with (M®?)* = — M2 and ind M®2 = 0. Moreover, dim ker M®? = 6(n +m + p — 1)
as ker M®2 = RMpy x H3%5(Q) x H3%(R) x {0}.

Variable coefficients and Poincaré-Friedrichs type inequalities. Inhomogeneous and
anisotropic media may also be considered for the elasticity complex, cf. Remarks 6.11, 7.6,
and 8.7.

Remark 9.6 Recall the notations from Remark 7.6 and Remark 8.7 and set ¢ := Id, 13 :=Id,
Mi=ée = pand By = Hy = Hy = Hy = L>3(Q), H, = Lgm(g) i =

Lé”iX3 (2). We look at

Zo = symoGrad, Zl = pL’ICurIOCur]T, Xz = DoiVSpL,
;fé = —Divse, X’{ =g} CurlCurlg, X’z‘ = — symGrad,
A 0 Divsu 0

5e|a — (422 2 ) = v
©\A7 Ao e~! CurlCurl{ symGrad/’

(Delayx — A% zf\t 1) _ (—symGrad p~!CurlCurl]
0 Af 0 —Divs ¢ ’

i.e., the elasticity complex, cf. (9.1),

symGrad ~1curlCurl!
(0) 1% 123 2T 1239 L 1239(q)

DIVSV' L2 3(5‘2) RMpw, (9 5)

_Di ~! CurlCurld
{0} TT{0) L2 3(9) Vs € LéiX3(Q) & urlCurlg Lé":’tXS(Q)

— symGrad
@m_LQ%Q) RMpw

Lemmas 5.1, 5.2, and Theorem 5.3 show that the compactness properties, the dimensions of
the kernels and cohomology groups, the maximal compactness, and the Fredholm indices of
the elasticity complex do not depend on the material weights € and . More precisely,

e dim (ker(CurlDCurlér )N (8_1 ker(DivS))) = dim (ker(CurlCurl )N ker(DlVS))
= dim H$(2) = 6(m — 1),

@ Springer



The index of some mixed order dirac-type operators... 1771

e dim ((11~ " ker(Divs)) Nker(CurlCurld )) = dim (ker(Divs) N ker(CurlCurld))
= dim Hela (Q) =6p,

. dom(CuriCurld) N (¢~ dom(Divs)) < LZ7"*(2) compactly

2,3x3

& dom(CurlCurl ) Ndom(Divs) < Lg~ "~ (£2) compactly,

° (u dOIn(DlVS)) N dom(CurlCurlS) — Lé 3x3

2,3x3

(£2) compactly

& dOIn(DlVS) N dom(CurlCurlS) — Lg777(2) compactly,

(symGrad, n lCurlCurlS , D1vs 1) maximal compact
& (symoGrad, CurlL)Curlér , Doivg) maximal compact,
o —ind(D®¥)* = ind D = ind D" = 6(p —m —n + 1).
Note that the kernels and ranges are given by

ker D% = K$P x N§'@ = 155 (2) x {0},
ker(D®2)* = N§R x K¢ = RMpW x MO (),

2.3x3

ela lL\'
x HY5(Q) 16

2 ’Sx%

2.3 23x3 2,3
ranDeIa _ (ker(Dela)) L23(@)xLg RM L (Q)

2,3%x3

()
9

ran(Dela) (kerDela) Ly @xL23@) Hela (Q) x LZ'S(Q),

see Lemma 3.5, Corollary 3.6, and (9.4). Corollary 4.1 shows additional results for the
corresponding reduced operators
Divs 0

Dela _ mela L — . ‘ N ,
| (er Detay 112y CurlCurl{ symGrad (@) 157@  123(q)

red —

(Delz) (Dela)* |

(ker(Dela)*)iH3><H1
(— symGrad CurlcCurlg ) ‘
= Y 23 L.23x3,4, ¢
0 Divs /' lgu L123@) @ @

Corollary 9.7 Let  C R3 be a bounded strong Lipschitz domain. Then
(De' d) - ran D&% — ran(DE%)*,
((De’d) )~!: ran(D¥9)* — ran D9
are compact. Furthermore,

(De/ Y~ ran D@ — dom D@

red’
((Dféf;) Y~ ran(DE9y* — dom(DféZ)*

are continuous and, equivalently, the Friedrichs—Poincaré type estimate

|(S, V) |L§‘3X3(Q)XL23(Q) < Cpela (I symGrad v|22.3x3(9)

1/2
+1Div S22, + | CurlCurl T | 2M(Q)) /

holds for all (S, v) in

o L 2,3x:
dom D% = (dom(Divs) N dom(CurlCurld) N H§%(@) 77 @) x HI3 (@)
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or (v, S) in

€L
dom(DE)* = (H'3(Q) NRMp @)

2,3x3

. 1
X (dom(CurlCurlST ) N dom(Divg) N H‘ED"?S(Q) )

with some optimal constant cpea > 0.

10 The main topological assumptions

In Theorems 6.6, 7.3, 8.4, and 9.3 we have seen that the dimensions of the harmonic Dirichlet
and Neumann fields are given by the topological invariants of the open and bounded set 2
and its complement

E:=R\Q,
ie., by

e 1, the number of connected components 2 of 2, i.e., 2 = UZ:I Qr,

. — cm—1 _
e m, the number of connected components &y of &, i.e., B = Uz:o Hy,
e p, the number of handles of €2, see Assumption 10.3.

Note that cc(2) = {21, ..., Q,}and cc(E) = {Ey, ..., En_1}. We have claimed

dim HR™(Q) = m — 1, dim HRM™(Q) = p,

dim H3's' () = 4(m — 1), dim 1Yy () = 4p,
dim H5H(Q) = 4(m — 1), dim Hy"sH(Q) = 4p,
dim H$%5(Q) = 6(m — 1), dim HP5 () = 6p.

The concluding sections of this manuscript are devoted to provide the corresponding
proofs in detail. For the de Rham complex we follow in close lines the arguments of Picard
in [42] introducing some simplifications for bounded domains and trivial material tensors &
and p. These ideas will be adapted and modified for the proofs of the corresponding results
of the other Hilbert complexes.

Assumption 10.1 © C R? is open and bounded with segment property, i.e., 2 has a contin-
uous boundary I' := 0€2, see Remark 6.7.

Assumption 10.2 Q2 C R3 is open, bounded, and T" is strong Lipschitz.

In view of Assumption 10.1 and Assumption 10.2 we note:

e Assumption 10.1 guarantees that m,n € N are well-defined. In particular, we have
int 8y #@forall €{0,...,m—1}.

e Assumption 10.2 implies Assumption 10.1.

e Assumption 10.2 simplifies some arguments, in particular, all ranges in the crucial
Helmholtz type decompositions used in our proofs are closed, cf. Remarks 12.4, 12.16,
12.26, and 12.36. We emphasise that all our results presented in the following still hold
with Assumption 10.2 replaced by the weaker Assumption 10.1. In this case, however,
the computation (and verification of the existence of) the Fredholm index in the sections
above is more involved. In fact, it is not clear if the mentioned ranges are closed and
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in some of our arguments we need to use some additional density and approximation
arguments.

e Our results concerning the bases and dimensions of the generalised Dirichlet and Neu-
mann fields extend naturally to exterior domains, i.e., domains with bounded complement
8. For simplicity and to avoid even longer and more technical proofs we restrict ourselves
to the case of bounded domains 2 here.

The key topological assumptions to be satisfied by €2 to compute a basis for the Neu-
mann fields and for p to be well-defined, is described in detail next. For this, we recall the
construction in [42].

Assumption 10.3 ([42, Section 1]) Let € R3 be open and bounded. There are p € Ny
piecewise C'-curves ¢ jand p C 2_surfaces F . J €{1,..., p}, with the following properties:

(A1) The curves ¢;, j € {1,..., p}, are pairwise disjoint and given any closed piecewise
Cl-curve ¢ in Q there exists uniquely determined «; € Z, j € {1, ..., p}, such that
for all ® € ker(curl) being continuously differentiable we have

/.@ dx) E:aj/'d)dk
¢

j=1 &

(A2) Fj, j € {1,..., p}, are pairwise disjoint and F; N ¢ is a singleton, if j = k, and

empty, if j # k
(A3) If Q. € cc(R), i.e., Q. is a connected component of 2, then 2.\ U]’le F; is simply
connected.

p is called the topological genus of 2 and the curves ¢; are said to represent a basis of
the respective homology group of €.

It is worth mentioning the following local regularity results for the Dirichlet and Neumann
fields (see Lemma 12.2 below), which are crucial for the construction of the Neumann fields,

Rhm(Q) HRhm(Q) g COO,3(Q) N L2,3(Q),
lz)thI (Q), Helag(g) H?vlhsz(ﬂ) HeIaS(Q) - Coo,3x3(9) N L2’3X3(Q), (10.1)
gh’ﬁ?(g), Hblh I(Q) c % ’§x3(Q) N L2 3X3(Q),

In particular, all Dirichlet and Neumann fields of the respective cohomology groups are
continuous and square integrable.

11 The construction of the Dirichlet fields

Let us denote the unbounded connected component of E by Eg and its boundary by I'g :=
0 8o. The remaining connected components of E are Ey, ..., E,_; with boundaries I'y :=
0 Ey. Note that none of I'g, ..., [, need to be connected. Furthermore, let us introduce
an open (and bounded) ball B O Q and set Eg := B N . Then the connected components
of B\Q are Eg and B4, ..., E,;_. Moreover, let

£ eCPRY, Ce{l,....,m—1}, (11.1)
with disjoint supports such that & = 0 in a neighbourhood of E¢ and in a neighbourhood of

Erforallk € {1,...,m—1},k # £,aswellas&, = 1inaneighbourhood of E/. In particular,
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& = 0 in a neighbourhood of I'g and in a neighbourhood of I'x forall k € {1, ..., m — 1},
k # ¢, and & = 1 in a neighbourhood of T'y. Theses indicator type functions &, will be used
to construct a basis for the respective Dirichlet fields.

11.1 Dirichlet vector fields of the classical de Rham complex

In this section, we rephrase the core arguments of [42] in the simplified setting of bounded
domains and trivial materials ¢ and p. In order to highlight the apparent similarities and
to motivate our rationale carried out for more involved situations later on, we shall present
the construction for Dirichlet fields (and similarly for Neumann fields) in a seemingly great
detail.

For the de Rham complex, see also (3.3) and (3.4), we have the orthogonal decompositions

L*3(Q) = Hy =ran Ag @, ker Aj = ran(grad, Q) ;2.3 (g, ker(div, ),

. : (11.2)
ker(curl, €2) = ker(A;) = ran Ap ®n, K| = ran(grad, Q) ®;23(q) H%hm(Q).

Remark 11.1 We have dom(grad, Q) = HOl (2). Moreover, the range in (11.2) is closed due
to the Friedrichs estimate

>0 Voe HJ(Q) Il < clgrad gl 2.

which follows from Assumption 10.1. We recall that for the Friedrichs estimate to hold it
suffices to assume that €2 is open and bounded only.

Let us denote by 7 : L>3(Q) — ker(div, Q) the orthogonal projector along ran(groad, Q)
onto ker(div, €2), which is well-defined according to (11.2). Moreover, we observe by (11.2)
that 7 (ker(curl, 2)) = H%hm(ﬂ). Recall & from (11.1). Thenfor ¢ € {1,...,m — 1}

grad & € C2*3(Q) Nker(curl, Q) C ker(curl, ).
Again relying on (11.2) (and Remark 11.1) for all £ € {1,...,m — 1}, we find uniquely
determined v, € HO1 (£2) such that
HE™(Q) 5 7 grad & = grad(§e — ) = gradug,  ue =& —yp € H'(Q). (11.3)
We will show that

BY™ .— {graduy, ..., grad u, 1} € HAM(Q) (11.4)

defines a basis of HRDhm(Q). The first step for showing this statement is the next lemma.
Lemma 11.2 Let Assumption 10.1 be satisfied. Then Hi™ () = lin BR™.

Proof Let H € H%hm(sz) = ker(cﬁrl, Q) N ker(div, 2). In particular, by the homogeneous
boundary condition its extension by zero, H,to B belongs to ker(curl, B). As B is topo-

logically tr1v1a1 (and smooth and bounded), there exists (a umque) u e H (B) such that
gradu = H in B, see, e.g., [38, Lemma 2.24]. As gradu =H =0in B\Q u must be

constant in each connected component E Eo, El,..., Bpu_1 of B\Q. Due to the homogenous
boundary condition at dB, u vanishes in Eg. Therefore, H = gradu in Q and u € Ho (B)
such thatulzO =0andulg, =y € Rforall £ € {1,...,m — 1}. Let us consider
m—1 m—1
H:=H-) ajgradu, = gradie e HY™(Q), @:=u—» o e H(Q)
=1 =1
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with uy from (11.3). The extension by zero of v, \Zg, to the whole of B belongs to HO1 (B).
Hence as an element of H!(B) we see that

m—1 m—1
g =u— Y ofe+ Y e € Hy(B)
=1 =1
vanishes in E; forall £ € {0, ..., m — 1}. Thus u = ug|q € HOI(Q) by Assumption 10.1,

and we compute
|H|i23(9) = (gradﬁ’ H>L2»3(Q) =0,
finishing the proof. O

Before we show linear independence of the set B%hm, we highlight the possibility of
determining the functions constructed here by solving certain PDEs. This can be used for
numerically determining a basis for HRDhm(Q).

Remark 11.3 (Characterisation by PDEs)

(i) Itis not difficult to see that ¥, € HO1 (2) as in (11.3) can be found as the solution of the
standard variational formulation

Vo e Hy(Q)  (grad ., grad @) 25y = (grad e, grad¢) 23 ().

ie., Y = ABI A&, where Ap = div grad denotes the Laplacian with standard homo-
geneous Dirichlet boundary conditions on 2.

(ii) As a consequence of (i) and (11.3), we obtain uy = & — ¥, = (1 — ABIA)& e HY(Q)
and

graduy = (1 — grad ABI div) grad &,.

Let us also mention that for £ € {1, ..., m — 1}, uy solves in classical terms the Dirichlet
Laplace problem
—Aup = —divgraduy =0 in Q,
u4=1 on [y, (11.5)
ug=0 only, kel{0,...,m—1}\{{},
which is uniquely solvable. In particular, for all £ € {1,...,m — 1}, uy = 0 on I'y.

(iii) u (representing H = grad u) constructed in the proof of Lemma 11.2 solves the linear
Dirichlet Laplace problem

—Au = —divgradu = —divH =0 in Q,
u=20 on g,
u=oy €R only, Le{l,...,m—1},

which is uniquely solvable as long as the constants, «y, are prescribed.
Lemma 11.4 Let Assumption 10.1 be satisfied. Then B’g’m is linearly independent.

Proof Letay € Rforall £ € {1,...,m — 1} such that

m—1 m—1
Zozg gradu, = 0; set u := Zagug.
(=1 =1
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Then grad u = 01in €2, i.e., u is constant in each connected component of 2. We show u = 0.
Since Yy € HO1 (Q)and§, € HO1 (B) we can extend uy = & — ¢ from (11.3) to B by setting

- Uy in 2, - grad uy in 2,
Up = . _ gradu, = ) _
& in B\, gradé, =0 in B\Q.
Note i, € HOI(E). Moreover, forall £ € {1,...,m — 1}, we have iy, = & = 1 in E; and

g =& =0in EOUUke{l m—1n\(¢) Sk- Then

m—1
=) aiiy € Hy(B)
=1
with# = 0in Z¢ and grad 7 = 0in B\Q as well as grad # = grad u = 0 in Q by assumption.
Hence, grad @ = 0 in B, showing & = 0 in B. In particular, » = 0 in 2, and oty = |z, =0
forall £ € {1, ..., m — 1}, finishing the proof. ]

Theorem 11.5 Let Assumption 10.1 be satisfied. Then dim H’g””(Q) = m — 1| and a basis of
HEAM(Q) is given by (11.4).

Proof Use Lemmas 11.2 and 11.4. O

11.2 Dirichlet tensor fields of the first biharmonic complex

For the first biharmonic complex, see also (3.3), (3.5), and (11.2), we have the orthogonal
decompositions

L33 (Q) = ran(Gradgrad, Q) @ 129 ker(divDivs, Q), e

ker(Curls, ©) = ran(Gradgrad, ) @25 o) Hp's ' (2).

Remark 11.6 By [38, Lemma 3.3] we have dom(Gradograd, Q) = HOZ(Q). Moreover, the
range in (11.6) is closed by the Friedrichs type estimate

Je>0 Yo e H(Q  |olyiq) < clGradgrad | 233 q),

which holds by Assumption 10.1. Similar to Remark 11.1 it suffices to have €2 to be open
and bounded.

We define 7 : Lé’3X3(Q) — ker(divDivg, Q2) to be the projector onto ker(divDivg, €2)

along ran(Gracigrad, 2). By (11.6) we obtain n(ker(Cﬁrlg, Q)]) = Hgbg’l (2). We recall

the functions &, from (11.1). In contrast to the derivation for the de Rham complex, here the
second order nature of Gradgrad necessitates the introduction of polynomials p; given by

pox) =1, pj(x)==x; (x=(x.x2,x3) eR’)

for j € {1,2,3}. We define & ; := &pj forall¢ € {I,...,m —1}and j € {0,...,3}. In
particular, forall j € {0,...,3}and ¢ € {1, ..., m— 1} we have § ; = 0inaneighbourhood
of By forall k € {0,...,m — 1}\{¢} and & ; = p; in a neighbourhood of E¢. Then

Gradgrad & j € C2%7*(Q) Nker(Curls, ) < ker(Curls, Q).
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By (11.6) (and the Friedrichs type estimate for Gradgrad, see Remark 11.6) there exists a
uni ; € H3(Q) such th
que V¥, ; € Hy(€2) such that

%'hsl(Q) > 7 Gradgrad &, ; = Gradgrad(§¢,; — V¢, ;) = Gradgrad ug ;,
where
uej = &0 — Yu.j € H Q). (11.7)
We shall show that
By = { Gradgradugj € € {1,....m—1}, j € {0,....3}} S HOE' (@  (11.8)

defines a basis of Hgt‘gl (€2). In order to show that the linear hull of Bb ** generates Hg S] (),

we cite the following prerequisite.

Lemma 11.7 ([38, Theorem 3.10 (i) and Remark 3.11 (i)]) Let D C R? be a bounded strong
Lipschitz domain. Assume D is topologically trivial, i.e., D is simply connected and R3\D
is connected. Then

ker(Cﬁrlg, D) = ran(Gracigrad, D), ker(Curls, D) = ran(Gradgrad, D).

bih,1

Lemma 11.8 Let Assumption 10.1 be satisfied. Then Hps () = lin Bb'h !

Proof We follow in close lines the arguments used in the proof of Lemma 11.2. For this, let S €

b'hSl (Q) = ker(Cﬁrlg, ) Nker(divDivg, €2). In particular, by the homogeneous boundary

condition its extension by zero, S,to B belongs to ker (Curlg, B). As B is topologically trivial
(and smooth and bounded), there exists (a unique) u € H, 2(B) such that Gradgrad u==5
in B, see Lemma 11.7 and (11.6) applied to 2 = D = B. Since Gradgradu = S=0in
B\Q u must belong to P!, the polynomials of order at most 1, in each connected component
E0, B1, ..., Bm_1 of B\Q. Due to the homogenous boundary condition at 3B, u vanishes in
Eo. Therefore, S = Gradgradu in Qandu € HZ(B) is such that M|:,0 Oandul|z, =: p¢ =
Z?:O o jpj € P!, for some unique g, ; € R, forall€ € {I,...,m—1}and j € {0,...,3}.
Let us consider

m—1 3

S.—g_ Z Z‘”J Gradgrad u, ; = Gradgrad @ € Htl’)'hgl (),
=1 j=0
m—1 3

U=u— Z Zo{eﬁju&j € H2(Q)
(=1 j=0

with ug j from (11.7). The extension ‘Zi,j of yr¢, j by zero to B belongs to HOZ(B). Hence as
an element of H2(B) we see that

m—1 3 m—1 3
. o 2
Ug == u — Z Z(X{JS(’]’ + Z Zag,jlﬁg,j € Hy(B)
=1 j=0 =1 j=0

vanishes in all E¢. Thus 7 = ug|q € HOZ(Q) by Assumption 10.1, and we compute

'§|igm = (Gradgrad @, §) 23:3, g = 0,

()

finishing the proof. O
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Similar to the case of the de Rham complex, we have a look at a possible numerical
implementation for the computation of the basis functions. Naturally, the PDEs in question
differ from one another quite substantially.

Remark 11.9 (Characterisation by PDEs)

(i) The functions ¥y ; € H02(Q) introduced just above (11.7) can be characterised as
solutions by the standard variational formulation

Vo e Hy(Q)  (grad ., grad ) 23g) = (grad&e, grad¢) 23 ).

ie., v = (A1 A% ;, where A2 ) = divDivg Gradgrad is the bi-Laplacian with
both the functions as well as the derivatives satisfying homogeneous Dirichlet boundary

conditions.
(ii) With the statement in (i) together with (11.7), we deduce forall £ € {1, ..., m — 1} and
jefo,...,3}
wej=460j—vej=(1-(App) ' A%)&; € H(Q).
Hence,

Gradgrad u, ; = (1 — Gradgrad(A},,) " divDivg ) Gradgrad & ;.

Forall £ € {1,...,m — 1} and j € {0, ..., 3}, ug,; solve in classical terms the bihar-
monic Dirichlet problem

Azug’j = divDivg Gradgraduy ; =0  in £,

ue,j = pj, gradug; =gradp; =e¢’ onTy, (11.9)
uej =0, gradug; =0 onTy, ke{0,...,m—1}\{¢},

which is uniquely solvable. In particular, we have for all £ € {1,...,m — 1} and

all j € {0,...,3} that up ; = O and gradug ; = 0 on I'g, where we denote by e/,

j € {1, 2, 3}, the Euclidean unit vectors in R3 and set ¢ := 0 € R3.
(iii) In classical terms, u (representing S = Gradgrad u) derived in the proof of Lemma 11.8
solves the linear biharmonic Dirichlet problem

A?u = divDivs Gradgrad u = divDivg § = 0 in Q,
u=0, gradu=0 on Iy,
u:pgePl, gradu:gradpgeR3 only, £e{l,...,m—1},
which is uniquely solvable as long as the polynomials, p in P!, are prescribed.

Lemma 11.10 Let Assumption 10.1 be satisfied. Then Btgh’l is linearly independent.

Proof For£ e {1,...,m —1}and j € {0, ..., 3} we take ay ; € R such that

m—1 3 m—1 3
ZO[[J Gradgrad ug,; = 0; we put u 1= Z Zag,jug,j.
t=1 j=0 =1 j=0

Then Gradgrad u = 0 in €2, i.e., u belongs to Pl see (8.2). We will show u = 0. For this we

pw>

extend ug j = & j — ¢, j (see (11.7)) to B via (note that & ; € H3(B) and ¥ j € H3 ()

~ ug,j 1in €,
& inB\Q,

Gradgrad uy, ; in ,

Gradgrad iy, j = L . =
Gradgrad &, ; = 0 in B\Q.
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Note thatity j € Hy(B).Forall € {1,...,m—1},j €{0,...,3} wehavely ; = & ; = p;
inE¢andiy j =& ;=0in Eg U Uke m—11\(¢) Ek- Then

....

w

ZZ ¢l € HZ(B)
=1

with 7 = 0 in E¢ and Gradgrad & = 0 in B\ as well as Gradgrad ii = Gradgradu = 0 in
Q by assumption. Hence, Gradgrad 7 = 0 in B, showing # = 0 in B. In particular, u = 0 in
Q, and Zizo o jpj =tlg, =0forall £ € {1,...,m — 1}. We conclude oy ; = O for all
j€{0,...,3}andall £ € {1, ..., m — 1}, finishing the proof. O

Theorem 11.11 Let Assumption 10.1 be satisfied. Then dim Hgf”él(ﬁ) =4(m — 1) and a
basis of Hpys' () is given by (11.8).

Proof Use Lemmas 11.8 and 11.10. O

11.3 Dirichlet tensor fields of the second biharmonic complex

The rationale to derive a set of basis functions for the second biharmonic complex is somewhat
similar to the first one. For the second biharmonic complex, similar to (3.3), (3.5), and (11.2),
(11.6), we have the orthogonal decompositions

L3(Q) = ran(devGrad, Q) @, 2343, ker(Divr, ).

ker(symCurlT, Q) = ran(devGrad, Q) @L%Sxfé( Q) %'hTZ(Q)

(11.10)

Remark 11.12 [38, Lemma 3.2] yields dom(devGrad, Q) = Hy* (). Moreover, the range
in (11.10) is closed by the Friedrichs type estimate

3c>0 Vo Hy (R I$lq < cldevGrad ¢|,25:q), (11.11)

which holds by Assumption 10.1. Again, 2 being open and bounded would be sufficient
already. Indeed, the estimate mentioned here is based on the Friedrichs estimate provided
in Remark 11.1 and the following observations similar to the proof of Korn’s inequality,
cf. Remark 11.18: From dom(devérad, Q) = H()1’3(S2) it suffices to show (11.11) for smooth
vector fields v with compact support in 2. It is elementary to see that for matrices 7 in
R3*3 and the Frobenius norm |7 |g3xs we have |T'[2,,5 = |dev T2, + §|tr T[%, where

devl =T — %(tr T)Id is the deviatoric (‘trace-free’) part of T and tr T is the trace of T.

Integration by parts shows | Grad v|? = |curlv|? + |divo|? > | divv|?

L2 ‘5><3(Q) L2 3(9)
forallv € Cf°’3(Q). Thus, from tr Grad v = div v we infer

LX) LX)
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L.
f|dlvv|iz

2 _ 2
| Grad v|L2’3X3(Q) = | dev Grad v|L2’3X3(Q) + 3

()
2 1 2
< |dev Grad v|L2.3X3(Q) + §| Grad ”|L2-3x3(9)'

Hence, 2| Grad v|?
Remark 11.1.

< 3|devGrad v|? and inequality (11.11) follows from

L2 3x3(Q) L2 3><3(Q)3
Using (11.10), we define the orthogonal projector 7 : L2 3><3(Q) — ker(DivT, 2) along
ran(devGrad, 2) and we have n(ker(symCurlT, Q) = l;hTz(Q) Recalling & € C2° (R3)
from (11.1) and introducing the Raviart-Thomas fields 7; given by
To(x) i=x, Tix):=é
for j € {1,2, 3}, we define &, ; := Sﬁ’j forall e {I,...,m —1}andall j € {0,...,3}. It

is easy to see that

devGrad &g ; € COo 3X3(Q) N ker(symCurly, ) C ker(symGCurlT, Q).
Due to Remark 11.12 in conjunction with (11.10), we find unique ¥, ; € Hol’3(S2) such that

H%‘%Z(Q) 5> 7 devGrad & ; = devGrad (&, ; — ¥, ;) = devGrad vy
with
vej i=E&0j— Yej € HP(Q). (11.12)
We shall show that

B = {devGradve,j : € € {1,....m—1}, j € {0,....3}} SHYW (@  (11.13)
defines a basis of Hb'h 2(Q)

Lemma 11.13 ([38, Theorem 3.10 (iv) and Remark 3.11 (i)]) Let D € R? be a bounded
strong Lipschitz domain. Assume that D is topologically trivial. Then

ker(symoCurlT, D) = ran(dev(o}rad, D), ker(symCurly, D) = ran(devGrad, D).

bih,2 b/h 2

Lemma 11.14 Let Assumption 10.1 be satisfied. Then Hp, 1 (€2) = lin

Proof Let T € Hb'hTz(Q) = ker(symoCur]T, Q) N ker(Divr, ) and let T be the extension

of T by zero onto B. Then Te ker(symOCurlT, B). As B is topologically trivial (and smooth
and bounded), by Lemma 11.13 there exists (a unlque vector field) v € HO (B) such
that devGradv = 7 in B. Since devGradv = = 0in B\Q v is a Raviart-Thomas
vector field, v € RT, in each connected component uo, Ei,..., Epm_1 of B\Q. Due to the
boundary condition of v € HO (B) v vanishes in E¢. Therefore, T = devGrad v in 2 and
v E H0 (B) is such thatv|30 =0andv|g, =11y =: Z§=0 ag,]r] € RT, forsome oy, j € R,
forall4 e {I,...,m — 1} and j € {0, ..., 3}. Define

m—1 3
Z Z oy, j devGrad v ; = devGrad T € Hoy 5 (),
=1 j=0

-1 3
Z e jvej € H'(Q)

=1 j=0
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with vg ; from (11.12). Since 1/7“ IS H01’3(B), where @,./ is the extension of ¥, ; by zero
to B, as an element of H':3(B) we see that

m—1 3 m—1 3

~ i 1,3

Vg =V — Z Z(X@_jé;'e,j + Z Za[,jlﬁ[,j e HO (B)
=1 j=0 =1 j=0

vanishes in all E¢. Thus 0 = vg|q € HOI’3(§Z) by Assumption 10.1, and

=0 _ PP B
|T|L%3X3(Q) = (devGrad v, T)L%3X3(Q) =0

yields the assertion. o

Remark 11.15 (Characterisation by PDEs)

(i) Denoting At p := Divr devGrad the ‘deviatoric’ Laplacian with homogeneous Dirichlet
boundary conditions, we see that v/, ; = Ailp Até&g ; with At := Divy devGrad, which
corresponds to the variational formulation

1.3
V¢ € Hy () (devGrad vy, j, devGrad ¢>L12r,3><3(9)

= (devGrad & ;, devGrad ¢>L'2ﬂ‘.3><3 @

(i) ForallZ e {1,...,m — 1} andall j € {0, ..., 3} we have
v =& — Ve =(1— A'pADE; € H'P(Q)
and deduce
devGrad vg,; = (1 — devGrad AilD Divr) devGrad & ;.
In classical terms, this reads

_Ava,j =0 in Q,
v =7; onTy, (11.14)
Ve j = 0 on rka k e {0, cee, M= 1}\{(},

which is uniquely solvable.
(iii) In classical terms, v (representing 7 = devGrad v) from the proof of Lemma 11.14
solves the linear elasticity type Dirichlet problem

—Atv = —DivyrdevGradv = —Divp T =0 in 2,
v=~0 on [y,
v=r; €eRT only,Lef{l,...,m—1},

which is uniquely solvable given the knowledge of r, in RT.

Lemma 11.16 Let Assumption 10.1 be satisfied. Then th‘z is linearly independent.

Proof Letay j e Rwithf e {l,...,m —1}and j € {0, ..., 3} be such that

m—1 3 m—1 3
Zag,j devGrad vg,; = 0; setv := Z Zag,jvg,j.
=1 j=0 (=1 j=0
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Then devGrad v = 0 in €2, i.e., v € RT in each connected component of 2. We show v = 0.
Recalling ve,; = &¢,j — ¢, ;j in  from (11.7) and using &, ; € HO1 (B) and ¥y, ; € HO1 (2),
we define

~ . Jvej in<Q, - devGrad vy, j in Q,
Vg, j = . — devGrad vy, ; = B . _
&,j in B\, devGrad &y ; =0 in B\S.

Note that ¥,; € Hy>(B). Forall ¢ € {1,....,m — 1} and j € {0,...,3}, we obtain
Ve =& 27’\] inZ¢and vy ; =&, ; =0in &g UUke{l

m—1

3
~ 1.3

E o jve,j € Hy ™ (B)

=1 j=0

V=
¢

with 7 = 0 in Eo and devGrad ¥ = 0 in B\Q as well as devGrad ¥ = devGrad v = 0 in
by assumption. Hence, devGrad v = 0 in B, showing ¥ = 0 in B. In particular, v = 0 in
Q, and Zi’:o o j7j =lg, =0forall £ € {I,...,m — 1}. We conclude o ; = 0 for all
Lefl,...,m—1}and j € {0,...,3}. O

Theorem 11.17 Let Assumption 10.1 be satisfied. Then dim Hg%z(ﬂ) =4(m — 1) and a
basis of Hyy i () is given by (11.13).

Proof Use Lemmas 11.14 and 11.16. O

11.4 Dirichlet tensor fields of the elasticity complex

For the elasticity complex, similar to (3.3), (3.5), and (11.2), (11.6), (11.10), we have the
orthogonal decompositions

Lé’3x3(9) = ran(symoGrad, Q) @Léij(Q) ker(Divs, 2), 1L1s)
ker(CurloCurlg, Q) = ran(symoGrad, Q) ®L2,3><3(Q) HeDI?S(Q). .

Remark 11.18 [39, Lemma 3.2] implies dom(sym@rad, Q) = HO1 3 (£2). Moreover, the range
in (11.15) is closed by the Friedrichs type estimate (and follows from the standard first Korn’s
inequality and Remark 11.1)

Je>0 VoeHy (R 19l03q) < cl symGrad @230 q), (11.16)

which holds by Assumption 10.1. Again, 2 open and bounded is sufficient for (11.16).
Indeed, Korn’s first inequality is easy to see as follows: For a tensor T € R3*3 we have
|T|as = Isym T |55, + | skw T2, ;. Hence,

1
| Grad v| g3, = | symGrad v[5s,; + | skw Grad v| 25, = | symGrad v[2s,; + E|cur1v|]§3.

. 1,3
By | Grad v|iz,m(m = |curlv|iz_3(9) + | div v|iz(9) > |curlv|iz_3(9) for all v € Hy” (),
we get Korn’s first inequality | Grad U|2Lz_3x3(9) < 2| symGrad vIZLsz(Q).

The orthogonal projector from L§’3X3(Q) onto ker(Divg, 2) along ran(symoGrad, Q) is

denoted by w. From (11.15), we deduce n(ker(CurloCurlT, Q) = H%I?S(Q). Recall the
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functions & € C° (R?) from (11.1) and introduce rigid motions 7; given by
Ti(x) = el x x, Tip3(x) = el

for j € {1,2,3}. Wedefine & ; := &7, forall£ € {1,...,m—1}andforall j € {1, ..., 6}.
Then

symGrad &, € COO 3X3(Q) N ker(CurlCurld , Q) € ker(CurlCurld , ).
We find unique ¢, ; € Hol’3(S2) such that

e'a ’s(Q2) 3 7 symGrad &, ; = symGrad(&,,; — ¥, ;) = symGrad vy,
with
vej =& — Yr.; € H'3(Q). (11.17)
We shall show that
B = {symGradve ;1 £ € {1,....m — 1}, j € {l,...,6}} SHP(Q)  (11.18)
defines a basis of H%‘:"S(Q).

Lemma 11.19 ([39, Theorem 3.5]) Let D € R3 a bounded, topologically trivial, strong
Lipschitz domain. Then

ker(CurlOCurlg, D) = ran(symoGrad, D), ker(CurlCurlg , D) = ran(symGrad, D).

Proof The result follows by [38, Corollary 2.29] for m = 1 in conjunction with the formulas
in [38, Appendix]; see [39, Theorem 3.5] and [40] for the details. ]

Lemma 11.20 Let Assumption 10.1 be satisfied. Then H%?S(Q) = lin B%".

Proof We follow in close lines the arguments used in the proofs of Lemmas 11.2, 11.8, and
11.14. Let S € H$2%(Q) = ker(CuriCurl{, ©) N ker(Divg, ). and § its extension to B
by zero. Then S € ker(CuriCurl!, B). By Lemma 11. 19 as B is topologically trivial (and
smooth and bounded) there exists (a unique) v € H0 (B) such that symGrad v = Sin B.
Since symGrad v = =S=0inB \L, v is a rigid motlon i.e., v € RM, in each connected
component Eg, B, ..., B,_1 of B\Q. Since v € HO (B) v vanishes in Eg. Thus, § =
symGrad v in 2 with some v € HOl 3(B) and we have v|g, =: 1y =: Zﬁ;:l oy, j7j € RM for
agjeRandall£efl,...,m—1},je{l,..., 6} Let

m—1 6
Si=5-— Z Z o, j symGrad vg j = symGrad v € HelaS(Q)
t=1 j=1
m—1 6
Vi=v— o, g, e H'3(Q)
=1 j=1

with vy ; from (11.17). With {h,j € HOI’S(B), the extension of ¥ ; by zero, we see, as an
element of H!:3(B), that

m—1 6 m—1 6

~ ~ 1,3

VB =V — Z Zae,ﬁe,) + Z Zw,jw,j € Hy"(B)
=1 j=1 =1 j=1
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vanishes in & for all £. Thus T = Dp|q € H," (%) by Assumption 10.1, and we conclude

-~

32 _ = —
|S|L§‘3X3(Q) = (symGrad v, >Lé,3x3(9) =0,
finishing the proof. O

For numerical purposes, we again highlight the partial differential equations satisfied by
the functions constructed here.

Remark 11.21 (Characterisation by PDEs)

(i) Forall € {I,...,m—1},j € {l,..., 6}, the vector field ¢ ; € Hy>(2) can be found
with the help of the standard variational formulation
3
V¢ € Hy (R) (symGrad yp, ;, symGrad ) 2%
= (symGrad &, ;, symGrad ¢)L§,3x3(9),

ie., Y = Ag.lDASE@,j, where Ag p = Divg symoGrad and Ag = Divg symGrad are
the ‘symmetric’ Laplacians with homogeneous Dirichlet boundary conditions and no
boundary conditions, respectively.

(ii) ForallZ e {1,...,m—1},j e {l,...,6} we have

vej=6j—vej == A5 pAk ) € H (@)
and thus
symGrad v¢ ; = (1 — symGrad Ang Divs) symGrad & ;.
In classical terms, vy ; solves the linear elasticity Dirichlet problem

—Agv[’j =0 in Q,
v j =7; onTy, (11.19)
ve,j =0 onTy, ke{0,...,m—1}\{¢}.
which is uniquely solvable.

(iii) In classical terms, v (representing S = symGrad v) from the proof of Lemma 11.20
solves the linear elasticity Dirichlet problem

—Agv = —Divg S =0 in 2,
v=20 on [y,
v=ry; € RM only, Le{l,...,m—1},

which is uniquely solvable as long as the rigid motions r¢ in RM are prescribed.
Lemma 11.22 Let Assumption 10.1 be satisfied. Then B‘ga is linearly independent.

Proof Letay j € Rforall € {1,...,m —1}, j € {1,..., 6} such that

m—1 6 m—1 6
Za“ symGrad vg, ; = 0; setv := Z Zag,jv@,j.
=1 j=1 =1 j=1
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Then symGrad v = 0in , i.e., v € RM in each connected component of 2. We show v = 0.
Recall v, j = &¢ j — ¢, j in Q. Using ¥ ; € HO1 () and &, ; HO1 (B) we extend v ; to B
via

- ve,; in €, - symGrad v ; in Q,
i RO _ symGrad vy, ; = ’ . _
&,j in B\, symGrad &, ; =0 in B\Q.

Note that v ; € HD{(B). Then, forall £ € {1,...,m — 1} and all j € {1, ..., 6} we have
Fﬁ'g’j = S[’j =0in Eg U Uke{l m—11\{¢} Er and Fﬁ'g’j = Egyj =7’} in Ey. Thus

,,,,,

m—1 6
~ ~ 1.3
V= E E g, jVe,j GHO (B)
{=1j

=1

with ¥ = 0 in E¢ and symGrad ¥ = 0 in B\Q as well as symGrad ¥ = symGrad v = 0 in
Q by assumption. Hence, symGrad v = 0 in B, showing v = 0 in B. In particular, v = 0 in
Q, and Z?:l o, jT; =Vlg, =0forall £ € {1,...,m — 1}. We conclude a ; = 0 for all
Lef{l,...,m—1}andall j € {1, ..., 6}, finishing the proof. O

Theorem 11.23 Let Assumption 10.1 be satisfied. Then dim H%‘?S(Q) = 6(m —1)and a
basis of M’ (R) is given by (11.18).

Proof Use Lemmas 11.20 and 11.22. O

12 The construction of the Neumann fields

The construction of the Neumann fields is more involved than the one for the generalised
harmonic Dirichlet fields. We start off with some general definitions and remarks all the basis
constructions have in common.

Since €2 consists of the connected components €2, i.e., cc(2) = {Qq, ..., 2,}, we have
by Assumption 10.3 (A3) for all k € {1, ..., n} that 4\ Ule F; is simply connected. We
define

j=1
For j e {1,..., p}, let fj C F ' be two stacked, open, and simply connected neighbour-
hoods of Fj, i.e,
FicEcFch,

let
le:fjﬂg, F?jl:ﬁjﬂﬁ,

andletd; e C*°(Qr) be abounded (together with all derivatives) function with the following
properties:

o F; CY i< ¥ -

e T; and Y; are (nonempty, open, and) simply connected.

e [ are pairwise disjoint.
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o T;\F; = TA,"()L.JTA,‘J and ?/\F/ = T‘/’()L'J'Tj’l with Yo C :fj,() and Y C "f/,]
(which are all nonempty, open, and simply connected).

° Tj,oﬂTjJ = Fj.

e suppd; € V1.

° 9j|ij0 = 0and0j|Tj_] =1

Additionally, for all / € {1, ..., p} we pick curves

® (y 0., S & with fixed starting points x; o € Y70 and fixed endpoints x; 1 € Yy ;.

Remark 12.1 Roughly speaking, T,-\F ' consists of exactly two open, nonempty, and simply
connected components Y j,0and 0 j.1,0on which subsets Y'; o (one side) and Y'; 1 (other side)
the indicator function 6; is 0 and 1, respectively. Note that T o and Y1 touch each other
at the whole surface Fj,ie., Y; 0N 7Y 1 = F;. Moreover, T ; are pairwise disjoint and 6,

is supported in Y j.1- As a consequence, 0; cannot be continuously extended to €2. On the
other hand, grad6; = 0 in Y;\F;, and hence grad §; can be continuously extended to Y';
and thus to Q. Note that for all [, j € {1, ..., p}itholds 6;(x;0) =0and 0;(x;,1) =&, ;.

For the construction of bases and to compute the dimensions of the Neumann fields it
is crucial that these fields are sufficiently regular, e.g., continuous in 2. We even have the
following local regularity results.

Lemma 12.2 (local regularity of the cohomology groups) Let @ C R3 be open. Then

HE™(Q), HEY™(Q) € €3 (@) N L (),
Hps (), HE%G(Q), HYE (@), Hs(@) € 73 @) n Ly @),

Moy (), My () € C3(@) n L2 ().

Proof Vector fields in HRDhm(Q) u HIthm () are harmonic and thus belong to C%°-3(Q).
Let

S € Hy's' (2 UMY Q) C ker(Curls) N ker(divDivs).

Then S can be represented locally, e.g., in any topologically trivial and smooth subdo-
main D C @, by § = Gradgrad u with some u € H2(D), see Lemma 11.7. Therefore,
divDivs Gradgradu = 0 in D. Local regularity for the biharmonic equation shows u €
C*(D) and hence S = Gradgrad u € C®3*3(D), i.e., § € C®33(Q).

Next, let

T € M () UHY" (@) € ker(symCurly) N ker(Divr).
Then, for any topologically trivial and smooth subdomain D €  we find v € H'3(D) such
that 7 = devGrad v, see Lemma 11.13. Thus Divy devGrad v = 0 in D. Local elliptic regu-
larity shows v € C*3(D) and hence T = devGrad v € C®3*3(D), ie., T € C®33(Q).
Finally, let

S € H$5(Q) UHSS(R) C ker(CurlCurld) N ker(Divs).

For D C € smooth, bounded, and topologically trivial, we find v € H'3(D) representing
S = symGrad v, see Lemma 11.19. Thus, Divg symGrad v = 0in D. Local elliptic regularity
shows v € C°3(D) and thus § = symGrad v € C>®3*3(D), i.e., § € C33(Q). O
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12.1 Neumann vector fields of the classical de Rham complex

Similar to our reasoning for the generalised harmonic Dirichlet fields, we start off with the
arguably easiest case of the de Rham complex. Since we rely on the rephrasing of Picard’s
ideas in the forthcoming sections, we carry out the full construction of the harmonic Neumann
fields. Note that we heavily use the functions and sets introduced at the beginning of Sect. 12,
cf. Remark 12.1. Let j € {1, ..., p}. By definition 6; = 0 outside of 'Y"j‘l and 6; is constant
on each connected component Y g and Y; 1 of T;\ F;. Hence grad6; = 0in Y;\ F; and—
due to the support condition—also §; = 0 in U,E{l iy Yi\Fi. Thus, grad6; can be

continuously extended by zero to ©; € C**(Q) N L*3(Q) with ©; = 0in Uy Y-

)
Lemma 12.3 Let Assumption 10.3 be satisfied. Then © ; € ker(curl, 2).

Proof Let @ € CX™(Q). As supp ®; C T;\T; we can pick another cut-off function
@ € C(2F) with ¢lsuppe;nsuppe = 1. Then

(O, curldD)Lz.s(Q) = (0], Curlq))L2~3(Supp®jﬂsupp®) = <grad 0;, curl(godD))L“(QF) =0,
as pd € Cf°’3(§2p). O

_ Letl, j €{l,..., p}. Werecall from the latter proof and from Remark 12.1 thatsupp ® ; <
T;\Y; and thus

/((H)j,d)L) :/ (grad6;,d 1)
& G\

= / (grad0;,d L) = 0;(x;,1) — 0;(x1,0) = 8y,;,
I

1,0-%,1

where werecall ¢y, v, € & with chosen starting points x; o € Y o and respective endpoints
x1,1 € Yp,1. Hence we define functionals §; in the way that

BI(O)) = / (©,dx) =81, Lje(l.....p). (12.1)
a
Let Assumption 10.1 be satisfied. For the de Rham complex, similar to (3.3), (3.5), and
(11.2), we have the orthogonal decompositions
L**(Q) = H, =ran A} ®p, ker Ay = ran(grad, Q) ;2.3 (g, ker(div, ), (122)
ker(curl, ) = ker(A}) = ran A5 ®p, K> = ran(grad, Q) ©;23q) H]thm(Q). .

Remark 12.4 By definition dom(grad, 2) = H!(2), and the range in (12.2) is closed by the
Poincaré estimate

1 )
de>0 Voe H(Q)N ]Rpw |¢|Lz(Q) <c| gradd)le,s(Q),

which is implied by a contradiction argument using Rellich’s selection theorem as Assump-
tion 10.1 holds.

Similar to the case of harmonic Dirichlet fields, we denote in (12.2) the orthogonal pro-
jector along ran(grad, €2) onto ker(div, 2) by 7. By Lemma 12.3 forall j € {1, ..., p} there
exists some V; € H (e)) (unique up to Rpy ) such that

HAM(Q) 570, = @) —grady;, (O, — grad ij)’QF = grad(; — V).
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By Lemma 12.2 we have HRhm () € C*3(Q). Therefore, ©; e C™ 3(Q) and we obtain
grady; € C* 3(Q). Hence Y € H'(Q) N C®(Q) and the followmg path integrals are
well-defined and can be computed by (12.1), i.e., forall /, j € {1, ..., p}

ﬂl(n@)j):/(n@j,d)») :/((H)j,d)»)—/(gradl/fj,d)») :81,]~+0:81,]~.(12.3)
& & &

‘We will show that
B .= (7@,...,70,} € HI™(Q) (12.4)

defines a basis of HlR\,hm(Q).
Also for the harmonic Neumann fields, we provide a possible variational formulation for
obtaining v; constructed here:

1
Remark 12.5 (Characterisation by PDEs) Let j € {1, ..., p}. Then ¢, € H'(Q) N vas”“)
satisfies

VoeHI(Q) (grady, gradd) 2a0) = (0. grad d) 123 (q).
ie, ¥ = A;,] (div®;,v - ©j|r), where Ay C div grad is the Laplacian with inhomoge-
neous Neumann boundary conditions restricted to a subset of H'!(£2) N ]R;,f,z(m‘ Therefore,
70; =0; —grady; = ©; — grad Ay (divO;, v - ©;|r).
In classical terms, v/; solves the Neumann Laplace problem
—AY; =—divO; inQ,

v-gradyj =v-0; onT, (12.5)

Y =0 fork e {1,...,n},
Q
which is uniquely solvable.

Lemma 12.6 Let Assumptions 10.1 and 10.3 be satisfied. Then H™(Q) = lin BE™.

Proof Let H € HR'™(£2) = ker(div, 2) Nker(curl, Q) € C*3(R) (see Lemma 12.2), and
define the numbers

Vi :=ﬁj(H)=/(H,dA)e]R, jel{l,...,p}.
¢j

We shall show that

p
HY™Q) > H:=H-) yjn®; =0 inQ.
j=1
The aim is to prove that there exists u € H' () such that grad u = H, since then
|H|L2’3(Q) = (gradu, H>L23(Q) =0.
Using (12.3), we obtain

/(ﬁ,dk): (H,d) Zy,/ (1©;,dA)
& &
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p P
=y—) viBO®) =y—) wd,;=0.

j=1 j=1

Note that H € ker(curl, ) N C%3(2). Hence, by Assumption 10.3 (A.1) we have for any
closed piecewise C!-curve ¢ in Q

/(ﬁ,dk) =0. (12.6)
e

Recall the connected components 1, ..., 2, of Q. For 1 < k < nlet Q and some xo € Q¢
be fixed. By (12.6) and the fundamental theorem of calculus the function u : Q — R given
by

u(x) :=f (H,d2), xe,
£(x0,x)

where ¢(xp, x) is any piecewise C L_curve connecting xo with x, is well defined, i.e.,
independent of the choice of the respective curve ¢(xp, x), and belongs to C*°(£2;) with
gradu = He L23(S%). Thus® u € L2(S2%), see, e.g., [22, Theorem 2.6 (1)] or [1, Theorem
3.2(2)], and hence u € H'(Q), showing u € H'(RQ). o

Remark 12.7 Note that in the latter proof the existence of u € H L(Qp) with gradu = Hin
Q is well-known, if the connected component 2, of Q2 is even simply connected. Indeed,
in this case ker(curl, ;) = ran(grad, ).

Lemma 12.8 Let Assumptions 10.1 and 10.3 be satisfied. Then Bﬁ,hm is linearly independent.

Proof Let Zi:] yjm®; = 0 for some y; € R. Then (12.3) implies

P
0= Zy/(n@j,dk)
j=1 &
P
=D ¥Bix0; )—Zy,az, =y
j=1 j=1
foralll € {1, ..., p}. O

Theorem 12.9 Let Assumptions 10.1 and 10.3 be satisfied. Then dim Hf\,hm(Q) =panda
basis of HR™ () is given by (12.4).

Proof Use Lemmas 12.6 and 12.8. O

12.2 Neumann tensor fields of the first biharmonic complex

The main difference of the constructions to come to the one in the previous section is the
introduction of B: a suitable collection of functionals that very easily allows for testing of
linear independence and for a straightforward application of Assumption 10.3 (Al). As a
preparation for this, we need the next results. The first one—also important for the sections
to come—is rather combinatorical and analyses the interplay between vector analysis and

5 Indeed, it is sufficient to assume u € L2
Theorem 7.4].

(), see, e.g., [23, Satz 6.6.26, Beweis; Folgerung 6.3.2] or [60,

loc
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1790 D. Pauly, M. Waurick

matrix calculus; the second and third one deal with so-called Poincaré maps, which form the
foundation of the construction of the desired set of functionals. Note that for the subsequent
sections Lemma 12.10 is of independent interest. For this, we introduce for v € R3 the
skew-symmetric matrix

0 —v3 v
spnv:=| vz 0 —v;
—vV2 Vi 0

and the corresponding isometric mapping spn : R? — Rka“? .

Lemma 1210 Letu € CX(R3), v, w € C*(R3), and S € CX¥3(R3). Then:

(spnv)w =v x w=—(spnw)v and (spn v)(spn_l S)=—Sv, ifsymS =0
symspnv =0 and dev(uld) =0
trGradv =divv and 2skw Gradv = spncurlv
Div(uId) = gradu and Curl(u1d) = — spn grad u,
in particular, curl Div(uld) =0 and curlspn “ICurl (uld) =0
and symCurl(u1d) =0
e Divspnv=—curlv and Div skwS = —curlspn ! skw S,
in particular, divDivskw S =0
e Curlspnv = (divv) Id —(Grad v) "
and Curl skw § = (div spn_1 skw §) Id —(Grad spn_1 skw$)T
e dev Curl spnv = —(dev Grad v) T
e —2Curl sym Grad v = 2 Curl skw Grad v = —(Grad curl v) "
e 2spn!skwCurl S = DivST — gradtr § = Div (S —(tr S) Id)T,
in particular, curl Div ST = 2curl spn ~! skw Curl S
and 2skwCurl § = spnDiv ST, iftr § =0
o trCurl S = 2divspn~!skw S, in particular, trCurl S =0, if skw S = 0,
and trCurlsymS =0 and trCurlskwS = trCurl S
2(Grad spn~! skw §) T = (tr Curl skw S) Id —2 Curl skw S
3Div(dev Gradv) " = 2 grad divv
2 Curl sym Grad v = —2 Curl skw Grad v = — Curl spncurl v = (Grad curl v) T
2Div sym Curl § = —2 Div skw Curl § = curl Div ST
Curl(Curl sym HT = sym Curl(Curl § )T
Curl(Curl skw )T = skw Curl(Curl §) T

All formulas extend to distributions as well.

Proof Almost all formulas can be found in [38, Lemma 3.9] and [38, Lemma A.1]. It is
elementary to show that skw 7 = 0 implies skw Curl(Curl 7) T = 0, and that sym T = 0
implies sym Curl(Curl T)T = 0. Note that the needed (straightforward-to-prove) formulas
for this are provided in [39, Appendix B]. Hence sym commutes with Curl Curl " as

Curl(Curl sym T)T = sym Curl(Curl sym T)T = sym Curl(Curl T)T,

and so does skw. ]

In Lemma 12.11 below for a tensor field 7' the operation T d A := ((row¢T,d 1)),_, , 5
has to be understood row-wise, i.e., the transpose of the £th row of T is denoted by row, T,
yielding the vector object 7' d 1. More precisely,
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.

0:X

Tdir), = / (rowT, d A)
Cx

0-X

1
:/0 <(rowﬂ)(¢(r)),<p’(z)>dr, ¢e(1,2,3),

with some parametrisation ¢ € C, Fl,\,a ([O, 1]) of a piecewise C!-curve xp,x CONNEcting xo € 2
and x € . Furthermore, we define

1
[ w=ioivrhenan) = [ = em){oiTen). o)
{xo,x

The first statement concerned with describing vector fields and their divergence by means

of curve integrals over tensor fields reads as follows.

Lemma 12.11 Let x, xo € Q and let {y,  C 2 be a piecewise Cl-curve connecting xqo and
X.

(i) Let v € C®3(). Then v and its divergence div v can be represented by
1, ..
v(x) — v(xg) — g(dlv v(x0)) (x — xo)

1
:/ devGradudx+§/ (/ <Div(devGradv)T7dA>) Idd .y

;xo,x §x0<x ;xo,y
and
3
divv(x) — div v(xp) = 3 f (Div(devGrad v) ", d 1).
{,\‘O.x

(ii) Let T € C*3*3(Q). Then

/;»"0“‘ ( fxo.y

=/ (x = W{DivT (), day).
Cx

0%

DivTT, dk)) dd2,

Proof For (i), let
1 1
T := devGrad v = Grad v — g(tr Gradv) Id = Grad v — g(div v) Id
and observe 3Div 7T = 2 grad div v by Lemma 12.10. Thus

vr(x) — v (xg) = / (grad vk, d A), ke {l1,2,3},

Txg
3
divv(x) — div v(xg) :/ (graddivv,d ) = f/ (Div TT,dA).
Legur 2 Jex
Therefore,

v(x) —v(xg) = / Gradvd A

§x0<x

1
=/ devGradvdA—l—g/ divvIdd i

Zxo.x Zxo,x
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1792 D. Pauly, M. Waurick

1
=/ Td)»—i—g/ divv(y)Idda,
X0» iy

0-X

1
=/ Td)»—l—gdivv(xo) Idda,

Cxgox Cxgox

1
+7/ (/ (DivTT,dk))Iddky.
2 {lo.x gxo,)'

Moreover, © / Idday, = / Grad yd Ay = x — xo. For (ii) we compute
Cx

0% ;xo,x

/ (/ DivTT,d ) 1dd 2,
{x(),x {xo,y
[
- 0 Sxg. ()
1 s
0 0
1 1
=/ / <//(s)ds<(Div TT)(QO(Z)),(p/(t)>dt
0 Jr

1
= fo (x =)DV T (). ¢' (1) dr

- / (= N{OIvT (). d1y)

Zxo,x

OvTT,d x)) Id¢/(s)ds

with ¢ parametrising ¢y, » as above.
Proposition 12.12 Let xo € S € cc(Q2) and let S, T € C®3*3(Qo).
(a) The following conditions are equivalent:

(i) Forall ¢ € Qo closed, piecewise Cl-curves

/(Div T',da)=0.
¢

(ii) Forall Ly x, Cxy,x S 0 piecewise C!-curves connecting xo with x

/ (DivTT,dA):ﬁ (DivT T, da).

Zxo} §A0,X

(iii) There exists u € C*° () such that grad u = Div TT.
In the case one of the above conditions is true the function
x = ulx) = / (DivrT,dA) (12.7)
CXO.X

for some &y, » C Qo piecewise C L_curve connecting xo with x is a (well-defined) possible
choice for u in (iii).

1 1
6 Alternatively, note / Iddiy = / Ide'(s)ds = / ¢'(s)ds = x — x( with the parametrisation ¢ of
Cxgx 0 0
{xg.x from above.
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(b) The following conditions are equivalent:

(i) Forall ¢ C Qq closed, piecewise C' curves

/Sd)»:O.
¢

(ii) Forall Ly x, Cxy,x S 0 piecewise C! curves connecting xo with x

[ sa=[ so
Cx ¢

X()5X X)X

(iii) There exists v € C°3(Qq) such that Gradv = S.

In the case one of the above conditions is true the vector field
X = v(x) = / Sda (12.8)
[xo,}c

for some ¢y, » € Qo piecewise C L_curve connecting xo with x is a (well-defined) possible
choice for v in (iii).

(c) Let S :=T + %uId with u € C*®(Qp) and grad u = Div TT asin (a), (iii). Moreover,
let v € C°3() such that Grad v = S as in (b), (iii). Then

(i) r T =0,
(ii) devGradv =T

are equivalent. In either case, we have
2
symCurly T =0 and gradu = 3 grad div v. (12.9)

Proof (a): The conditions (i) and (ii) are clearly equivalent. Assuming (ii), we obtain that the
choice of u in (12.7) is well-defined. By the fundamental theorem of calculus it follows that
this u satisfies the equation in (iii) and, consequently, u € C° (). If, on the other hand,
(iii) is true, then again using the fundamental theorem of calculus, we obtain (ii).

(b): The proof of the equivalence follows almost exactly the same way as for (a).

(c): We compute devGrad v = dev S = dev(T + %u Id) = dev T. Hence (i) and (ii) are
equivalent. Finally, if (i) or (ii) is true, then by the complex property

symCurl 7 = symCurl devGrad v = 0,

and we conclude grad u = Div T | = Div(devGrad v) " = % grad div v by Lemma 12.10. O

Remark 12.13 Related to Proposition 12.12 we note with Lemma 12.10 the following:
(i) For T € C*¥3(Q) we have

curl Div 7T " = 2 Div symCurl T.
(i) For T € C>*"*(Q) and § := T +  uld with gradu = Div T " it holds
1
Curl § =Curl T — 3 spngradu = Curl T — skw Curl 7 = symCurl 7.
(iii) If o is simply connected, Proposition 12.12 (a), (iii) and (b), (iii) are equivalent to

curl DivT " = 0 and Curl S = 0, respectively.
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1794 D. Pauly, M. Waurick

Arguing for each connected component separately (and using formulas (12.7) and (12.8) on
every connected component), we obtain the following more condensed version of Proposition
12.12.

Corollary 12.14 Let S, T € C*®33(Q).
(a) The following conditions are equivalent:

(i) Forall ¢ C S closed, piecewise C'-curves f{ (Div TT, d)\> =0.
(ii) There exists u € C*°(2) such that grad u = Div TT.

(b) The following conditions are equivalent:

(i) Forall ¢ € Q closed, piecewise C'-curves f{ Sdia=0.
(ii) There exists v € C*3(Q) such that Grad v = .

(c) Let S =T + %uld with u € C*®°(Q2) and gradu = Div T7T as in (a), (ii). Moreover,
let v € C°3(Q) with Gradv = S as in (b), (ii). Then tt T = 0 in Q if and only if
devGradv = T in Q.

The construction of the harmonic Neumann tensor fields for the first biharmonic complex
forms a nontrivial adaptation of the rationale developed in the previous section for the de
Rham complex. We shortly recall that for j € {1, ..., p}, by construction, 6; = 0 outside
of T .1 and that 6; is constant on each connected component Y; o and Y; 1 of Y;\Fj.
Let 7 be the Rav1an Thomas fields from Sect. 11.3 given by ro(x) =X and re(x) ;= e
for k € {1,2,3}. We define the vector fields 6 ; := 91-7*} and note devGrad6; y = 0 in
U,E TI\FI forall j € {l,...,p}and all k € {1,2,3}. Thus devGrad 6; ; can be

.....

contmuously extended by zero to ©; € C*33(Q) N LE3(Q) with ©; x = 0 in all the
neighbourhoods Y; of all the surfaces F;, [ € {1, ..., p}.

k

Lemma 12.15 Let Assumption 10.3 be satisfied. Then © ; . € ker(symCurlr, £2).

Proof Let ® € C, o 3X3(Q). As supp®; ; C 0 i\T; we can pick another cut-off function
¢ € C(QF) w1th <,0|Supp ®;xnsupp® = 1. Then

(®; k, Curlg q>>L121-‘3X3(Q)

9k, Curlg @) L1233 (supp © ;¢ Msupp ®)

devGrad 0 k., Curls (p®)) 2343

=(®
( (QF)
= (Grad 6 1, dev Curlg(p®)) 123y
= (Grad 8} x, Curl(9®)) 23,3, = 0
as p® e C ”3(9 F), where in the second to last equality sign, we used that the Curl
applied to a symmetric tensor fields is trace-free, i.e., deviatoric, see Lemma 12.10. O
Next, we note thatfor/, j € {1, ..., pandk € {0, ..., 3} and for the curves £y, o v, , S &

with the chosen starting points x;,0 € Y70 and respective endpoints x;1 € Y;,1 we can
compute by Lemma 12.11

1 1
R3 B0@;)x) = 3 / (Div ®/ wdA) = 5/ (DiV(deVGradOj,k)T, dk)
& ¢

X1,0-%1,1
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1. 1. L.
= gleQj,k(xl,l) 3 div0; k (x10) = gleQj,k(Xl,l)

1, ifk=0,

1
390 T (x1,1) = 81, {0’ ifk e {1,2,3),

and
1 .
R® 3 b(®; 1) ::/ Ojrdr+ 5/(x,,l —y)((D1v®;k)(y),dxy)
& 4]

= / devGrad 0 x d A
8

1,0:%1,1

1
n 5/{ (g — y)((Div(devGrad 0,07, dxy>

1,0-%1,1
= / (devGrad 0;.k(y)
[SNETR
1 , .
+5([  (DivdevGrads; 0 7.d2))1d ),
;'XI,OJ'

1 .
=0;1(x1,1) — 0k (x1,0) — 3 div 0 ik (x1,0)(x1,1 — x1,0) = 0.k (x21,1)

_ X1, ifk=0,
=0T =07 ifk e {1,2,3)

Thus, forl € {1, ..., p}and £ € {0, ..., 3} we have functionals f; ¢, given by
Br,0(®; 1) = 81,00,k
forl,je{l,...,ptandk € {0, ..., 3}, as well as

(xi1,€%) = (x1)e, ifk=0,

Qi) = b1(®; ), ) =8
PrLe©j0) = (bir(®;0, €) ”’{(eh#):éLk, ifk e (1,2, 3),

forl,je{l,...,p}and £ € {1,2,3} and k € {0, ..., 3}. Therefore, we have

Bre(®; k) =688k + (1 —800)80k61(x1,1)e, 1, jefl,....,p}, k,£e{0,...,3}.
(12.10)

Let Assumption 10.2 be satisfied. For the first biharmonic complex, similar to (3.3), (3.5),
we have the orthogonal decompositions

L373(Q) = ran(devGrad, Q) @, 2343 g, ker(Divr, Q),
B ) (12.11)
ker(symCurly, 2) = ran(devGrad, 2) EBLz,sxs(Q) H?,'h{rl ().
T ,
Remark 12.16 By Assumption 10.2, [38, Lemma 3.2] yields dom(devGrad, 2) = H3(Q).
As a consequence using Rellich’s selection theorem, the range in (12.11) is closed and the

Poincaré type estimate

1.3 L1239
Jc>0 V¢ e H () NRTpy 1230 < c|devGrad @[ 23x3(q),
holds, see also [38, Lemma 3.2].
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Letm : L121"3 X3(Q) — ker(DoivT, 2) denote the orthogonal projector onto ker(DoivT, Q)
along ran(devGrad, Q), see (12.11). We have 7 (ker(symCurly, Q)) = HE’V'%I(Q). By
Lemma 12.15 there exists some ¥ x € H3(Q) such that

iy () 270k = O 4 — devGrad .k,
(®; k — devGrad llfj,k)|QF = devGrad ()i = ¥ij.)-

As HE’\}%I(Q) C C%33(Q), cf. (10.1), we conclude by 7@ ; 4, ©; x € C®3*3(Q) that
also devGrad v/} . € C-3x3(€) and hence Yk € C%3(Q). Thus all path integrals over
the closed curves ¢; are well-defined. Furthermore, we observe by Lemma 12.11

1
Bi.0(devGrad ¥ ) = 5/ (Div(devGrad ¥ 4) T, d A)
4]

= %di\’ Vik(x1) — % divyjk(x,1) =0
and
by (devGrad v/ 1)
_ /{ devGrad y/;  d A + 1/{ (g — y)<(Div(devGrad Vi )O). dxy>
] I

- 2

RREUNI

1
(deVGrad Vi) + 2(/{

X1,1:Y
1

=Yk 1) — ¥jrlx1) — 3 div i O ) (xr1 — x,1) = 0.

Div(devGrad ¢; ;) T, d2)) Id ) d A,
J y

Therefore, f; ¢(devGrad ¥/ ;) = 0 and by (12.10) we have

Bie(@Oj k) = B1.e(O; k) — Pre(devGrad ¥ i)
=67,j8e.x + (1 = 8¢,0)80,x81,j (x1,1)e (12.12)

foralll, j e {l,..., p}andall £, k € {0, 1, 2, 3}. We shall show that
By = {r@;tje{l.....ph ke {0.....3)} S HYH (@) (12.13)
. bih, 1
defines a basis of HN’T (2).
1L
Remark 12.17 (Characterisation by PDEs) Note that ¥ ; € H'3(Q) N RTol™@ can be
found by the variational formulation

Vo e H'3(Q)  (devGrad V) k, devGrad @) 123x3(q) = (O} &, devGrad @) 123x3(q)

ie., ¥k = Ap'y(Divr ©;k, ©; xvIr), where A1 y C Divy devGrad denotes the ‘devia-
toric’ Laplacian with inhomogeneous Neumann boundary conditions restricted to a subset

i
of H3(Q) N RTpWLZ’Sm). Therefore,

7@ =0 —devGrad ¥; x = O ; — devGrad AquN(DiVT Ok, ®j7kv|r).
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In classical terms, v/; x solves the Neumann elasticity type problem

—ArYjr =—Divr®; inQ,

(Grad ¥/ )v = Oj yv onl,
/(Ip,-,k)@:o forle{l,....n}, £ef{l,2,3),  (12.14)
Q
/x-l//j,k(x)dkxzo forl e {1,...,n},
Q

which is uniquely solvable.

Lemma 12.18 Let Assumption 10.2 as well as Assumption 10.3 be satisfied. Then we have

blth (Q) — lin Bblh 1
Proof Let H € H{y'%' () = ker(Divr, ) Nker(symCurly, 2) € €23 (Q), see Lemma
12.2. With the above introduced functionals 8o and b;, [ € {1, ..., p}, we recall

1
R > fro(H) = 5/ DivHT.dA),
4]

1
#3 b(H) = [ Hant g [ =30 HTI).dk,)
& &

and define for/ € {1, ..., p}and £ € {1, 2, 3} the numbers

71,0 == yi,0(H) = B o(H),

Ve = vie(H) := (bi(H) — Bro(H)xp1. €)= Bre(H) — Bro(H) (xi,1)e.
We shall show that

p 3
Mol (@) 2 H = —ZZ 47O =0 inQ.
j=1k=0

(12.15)

Similar to the proof of Lemma 12.6, the aim is to prove the existence of v € H'3(Q) such
that devGrad v = H, since then

|H|L%3X3(Q) = (devGrad v, H)L%sxs(g) =0.

For finding v, we will apply Corollary 12.14 and Remark 12.13to T = H. By (12.12) we
observe forall/ € {1, ..., p}

1 - . p 3
3 / (Div HT,dx) = Bro(H) = froH) =YY yjxBro(r®; 1)
& k=0

j=1k=
r 3
= ZZ vj.x81.j80.k = 0.
Jj=1k=0

Note that DivH | € ker(curl, Q) N C®3(Q) by Remark 12.13 (i) as H belongs to
ker(symCurly, ) N C:3%3(Q). Thus, by Assumption 10.3 (A.1) for any closed piecewise
Cl-curve ¢ in Q

/(DivﬁT,dA) =0. (12.16)
¢
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Letu € C*°(2) be as in Corollary 12.14 (a), (ii), i.e., gradu = Div ﬁT, and define S : Q@ —
R3X3 by

~ 1
S:=H+§uld.

Our next aim is to show condition (b), (ii) of Corollary 12.14. For this, let/ € {1, ..., p}.
Note that £y, x,, € & € Qo for some ¢ € cc(€2). Then we have with ¢ := u(x;,1) € R
forallx € ¢

u(x) =u(x)—u(x1,1)+c=/ (gradu,dA) + ¢

C)Clvl.x
:/ (DivAT,dA) +c,
gx,_l,x

where ¢y, | x denotes the path from x; | to x along ¢;. Moreover,

(cld)dx =c/ Gradxd A, =0.

& 4]

Next, we consider the closed curve ¢; as the closed curve ¢y, |y, , with circulation 1 along ¢;.
Then, using Lemma 12.11 and the definition of b;, we compute

~ 1
/Sdk: Hdx+ - | (wld)dx
& & 2 14}

—~ 1
- de+f/
a 2 Jey, .

~ 1 S ~
= | Hdit o | (o= W((Div H ) (y), dA)dry = b (H).
& &

Hence, for € € {1, 2, 3} we get by (12.12) recalling (12.15)

(/CISdA)[ =</§1de,&)

= (bi(H), ") = Bre(H)

(/ (Div ﬁT,dx)) 1dd iy
Cx,

X1 1,1y

p 3
= BLeCH) =YY v xBLe(r®;0)
j=1k=0
p 3
= BLeCH) = > vk (81.8e
j=1k=0

+ (1 = 8¢,0)80.481,j (x1,1)¢)
= Be(H) = yio(x,1)e — Ve = Bre(H)
= Bro(H)(x1,1)¢ — yi,e = 0.
Therefore, fg Sdxr =0foralll € {1,..., p}. Note that S € ker(Curl, Q) N C3%3(Q)

by Remark 12.13 (ii) as He ker(symCurly, 2) N C%o’3X3(Q). Thus, by Assumption 10.3
(A.1) for any closed piecewise C'-curve ¢ in Q

/Sdk:O. (12.17)
¢
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Hence, Corollary 12.14 (b) and (c) (note r H= 0) imply the existence of a smooth vector
fieldv : Q — R3 such that devGrad v = H. Finally, similar to the end of the proof of Lemma
12.6, elliptic regularity and, e.g., [22, Theorem 2.6 (1)] or [1, Theorem 3.2 (2)], show that
v e C®3(Qp) and devGradv € L% (Qq) imply v € H'3(R) for all Q € cc(R)
and thus v € H3(Q), completing the proof. (Let us note that v € HL3(Q) implies also
§ € L233() and hence u € L2(Q).) o

Lemma 12.19 Let Assumptions 10.2 and 10.3 be satisfied. Then Bﬁ)\fh’ Lis linearly independent.

Proof Lety;x € R, j € {l,....p},k €{0,..., 3}, besuch that -0 37y w4 =
0. Then (12.12) implies for l € {1, ..., p}

T
-
M-

YidBre@O; ) = vi0, £=0,
Jj=1k=0
p 3
0= yixhre@O®; 1) = vie + vobu)e = ve, tefl,2,3),
j=1k=0
finishing the proof. o

Theorem 12.20 Let Assumptions 10.2 and 10.3 be satisfied. Then dim H?\}h.ﬂ-l () =4pand

a basis Obe’h 1(Q) is given by (12.13).
Proof Use Lemmas 12.18 and 12.19. O

12.3 Neumann tensor fields of the second biharmonic complex

The rationale for the second biharmonic complex in comparison to the first one has to be
changed appropriately. For this we also use Lemma 12.10, the Poincaré maps, however, differ
from one another.

In Lemma 12.21 below for a tensor field S and a parametrisation ¢ € Cé\’,s([O, 1]) of a
curve ¢ we define

1
/{(x—y,S(y)d?»y) :=/0 (x —so(t),S(w(t))w’(t)>dt-

Lemma 12.21 Let x, xo € Q and let {y,  C 2 be a piecewise Cl-curve connecting xo and
X.

(i) Letu € C*°(K2). Then u and its gradient grad u can be represented by
u(x) — u(xop) —(gradu(xo),x—xo): / ([ Gradgradudk,dky>
{)co.x {xo,y

and

grad u(x) — grad u(xg) = / Gradgradu d A.

Lrgr

(ii) Forall S € C®3*3(Q)

/{ (/; de,dx},):f{ (x =y, S(y)dxy).

X(.X X(.X
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Proof For (i),
u(x) —u(xg) = / (gradu, d 1),
C\OX
O (x) — du(xo) = / (grad dgu,dA), ke {1,2,3},
CVO/\

ie.,
grad u(x) — grad u(xp) = f Grad gradu d A.
Cxgur
Therefore,

u(x) —u(xp) = / (gradu(y),dAy)

gxo.x

=/{ (/ Gradgradudk,dky)

0:X ;XO,)'

+/ <gradu(x0),dky>.

(xo,x

Using ¢ € C Fl)\,s ([0, 1]) as a parametrisation of ¢y, ,, we conclude the proof of (i) by

1
/ (gradu(xo),dxy)=/0 (grad u(xo), ¢'(1))dt = (grad u(xo), x — xo).

{xo,x

For (ii), we compute

/{ </;, Sda,dry)

X(),X 0.y

1
/ Sdx,¢'(s))ds
;X

0.9(s)

o\

1

\c\o\o\

/Sw(t)w(t)dt ¢'))ds

1

(s(em)e'®, f ¢s)ds)dr

1

(s(e®)e' @, x - p)ar

(x =y, S day)

{,\0 X

again with ¢ parametrising £y, x. .

Proposition 12.22 Let xg € Q2 € cc(Q) and let w € C®3() and S € C®3%3(Q).

(a) The following conditions are equivalent:

(i) Forall ¢ € Qg closed, piecewise Cl-curves

/SdA:O.
¢
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(ii) Forall £y x, Cxy,x S 20 piecewise C'-curves connecting xo with x

/ Sd)\:/N Sda.
¢

X5 X {xo,x
(iii) There exists v € C%3 () such that Gradv = S.
In the case one of the above conditions is true the vector field
X v(x):/ Sda (12.18)
§X0<X

forsome y, x € Qo piecewise Cl-curve connecting xo with x is a (well-defined) possible
choice for v in (iii).
(b) The following conditions are equivalent:

(i) Forall ¢ C Qq closed, piecewise C' curves

/(w,dk):O.
¢

(ii) Forall $yy x, Cxy,x S 20 piecewise C! curves connecting xo with x

J

(iii) There exists u € C*° () such that gradu = w.

(w, d ) =/~ (w,d ).
Cx

0-X 0:X

In the case one of the above conditions is true the function

x»—)u(x):/ (w,da) (12.19)

§x0 X

forsome ¢y, x € Qq piecewise C _curve connecting xo with x is a (well-defined) possible
choice for u in (iii).

(¢) Letv e C*3(Qp) with Gradv = S as in (a), (iii) and let u € C*®(Q) with gradu = v
as in (b), (iii). Then Gradgradu = S, skw S = 0, and Curls S = 0.

Proof The statements in (a) and (b) are straightforward consequences of the fundamental
theorem of calculus and follow essentially the same lines as (a) and (b) of Proposition 12.12.
Schwarz’s Lemma and the complex property show (c). O

Remark 12.23 Related to Proposition 12.22 we note with Lemma 12.10 the following:

(i) For v € C*3(Q) we have curlv = 2 spn’1 skw Grad v.
(ii) If € is simply connected, Proposition 12.22 (a), (iii) and (b), (iii) are equivalent to
Curl § = 0 and curlw = 0, respectively.

Similar to the first biharmonic complex, there exists an analogous version of Proposi-
tion 12.22 irrespective of the components. We only formulate the following slightly weaker
statement, which is an easy consequence of Proposition 12.22.

Corollary 12.24 Let w € C*3(Q) and § € C33(Q).
(a) The following conditions are equivalent:

(i) Forall ¢ € Q closed, piecewise Cl-curves f{ Sdia=0.
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1802 D. Pauly, M. Waurick

(ii) There exists v € C*3(Q) such that Grad v = S.
(b) The following conditions are equivalent:

(i) Forall € Q closed, piecewise C'-curves ft (w,d ) =0.
(ii) There exists u € C*°(2) such that gradu = w.

(¢) Letv € C*3(Q) with Gradv = S as in (a), (ii) and let u € C®(2) with gradu = v as
in (b), (ii). Then Gradgradu = S, skw S = 0, and Curlg S = 0.

Next, we turn to the actual construction of the Neumann fields for the second biharmonic
complex. Let j € {1, ..., p}. For this, recall from the beginning of Sect. 12 that ¢; is con-
stant on each connected component Y o and Y 1 of T;\F; and vanishes outside of Y, AR
Moreover, let pi be the polynomials from Sect. 11.2 given by po(x) := 1 and pi(x) = xi
for k € {1,2,3}. We define the functions 6; ; := Gjﬁk and note Gradgrad6;; = 0 in
Ule{l ’’’’’ p}TI\F[ for all k € {1, 2, 3}. Thus Gradgrad 6; ; can be continuously extended by

zero to @ € C33(Q) N L3 (Q) with ©; & = 0 in all the neighbourhoods Y} of all
the surfaces F;,/ € {1, ..., p}.

Lemma 12.25 Let Assumption 10.3 be satisfied. Then ® ; ;. € ker(Curlg, 2).

Proof Let @ € Cf°T3X3(Q) Assupp®; ; C Y i\T; we can pick another cut-off function
(78S COO(QF) with ‘P|supp()/ Nsuppd = 1. Then

(0] k, symCurly q>>L2,3><3(Q) = (©; k, symCurly ), 23x3
S

= (Gradgrad 0; x, symCurly (¢ <I>))Lz,3x3
S

(supp ® xNsupp )

(QF)

= <Grad(grad 0.1, Curl(god>)>L2,3x3(QF) =0

as p®, Curl(p®) € C2*3(Qp). o

Similar to the first biharmonic complex, we introduce a set of functionals.

Forl,je{l,..., p}andk € {0, ..., 3} and for the curves $x0x1 € ¢ with the chosen
starting points x; o € Yy o and respective endpoints x;,1 € Y;,; we can compute by Lemma
12.21

R 3 bi(©; 1) ::/ O kdx :/ Gradgrad 6,  d
& Ly,

1,0-%1,1
= grad 0; x(x;,1) — grad 0; x (x;,0) = grad 0; x (x7,1)
0, ifk=0

= 01,j grad pr(xi,1) = 01, {ek k=123

and

R3804 = / (x11— . 0jx()dAy)
&

:/ (x,1 — y, Gradgrad 0; x (y) d )
¢

X1,0-%1,1

:/ (/ Gradgrad 0 x d A, d Ay)
Cx

101 Y800y
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=0 k(1) — 0.1 (x1,0) — (grad 0 x (x1,0), x1,1 — x1,0) = 0k (x1,1)
1, ifk =0,

:8 Ry X :(S i
1,j Dk(X1,1) = 81, {(x“)k, ifk € {1,2,3}.

Thus, for/ € {1,..., p}and £ € {0, ..., 3} we have functionals ; ¢ given by

forl, je{l,...,ptand ¢ € {1,2,3} and k € {0, 1, 2, 3}, as well as
Bi1,0(® k) = 61,80,k + 81, (1 — 8o,1) (xr, 1)k
forl, j e {l,..., p}and k € {0, 1, 2, 3}. Therefore, we have

Bi.e(®j k) =3616ek + (1 —80.4)0¢,081,(x1, D)k, L, je{l,...,p}, k, £€{0,1,2,3}.
(12.20)

Let Assumption 10.2 be satisfied. For the second biharmonic complex, similar to (3.3),
(3.5), we have the orthogonal decompositions

L§’3X3(Q) = ran(Gradgrad, 2) @Lé,3x3(9) ker(divbivs, Q),

bih,2
N,S

(12.21)

ker(Curlg, ) = ran(Gradgrad, 2) @Lz,zxs(g) H (R2).
)

Remark 12.26 Lemma 8.2 shows dom(Gradgrad, Q) = H?($2). Thus, employing a con-
tradiction argument together with Rellich’s selection theorem, we obtain the Poincaré type
estimate

dc>0 Vo e HZ(Q) N (Péw)le(m [#12(q) < clGrad grad @|123x3(q),
as Assumption 10.2 holds. Thus, the range in (12.21) is closed.

Let 7 : Lé’3X3(Q) —  ker(divDivg, 2) denote the orthogonal projector onto
ker(divbivS, 2) along ran(Gradgrad, 2), see (12.21). In particular, n(ker(Curlg, Q)) =
H?VI?S’Z(Q). By Lemma 12.25 there exists some ¥ € HZ2(Q) such that

H?\;t‘g’z(ﬂ) 570 = 0; — Gradgrad ¥; ¢,

(®; x — Gradgrad wj'k)|9r = Gradgrad(0; x — ¥ r).

As HON2(Q) € €™33(Q), see Lemma 12.2, we conclude by 70 4, ©; x € C33(Q)
that also Gradgrad ¥ x € C%3%3(Q) and hence Yk € C*(R). Hence all path integrals
over the closed curves ¢; are well-defined. Furthermore, we observe by Lemma 12.21

by (Gradgrad ¥ ) = / Gradgrad ¥ p d A = grad ¥; x (x;,1) — grad ¥ ¢ (x;,1) =0
&

and

Br.0(Gradgrad ;1) = / (x1.1 — y. Gradgrad Y 4 (y) d 4,
4]

-1,

(/ Gradgrad v d A, d Ay)

1,1:X,1 g—"l,l-."
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1804 D. Pauly, M. Waurick

= Vi) — ¥jaCen) — (grad ¥ (1), xi,0 — xp,1) = 0.
Therefore, ; ¢(Gradgrad ; x) = 0 and by (12.20) we get

Bre(@®j 1) =P1e(O) ) — Pre(CGradgrad v 1)
=0y, j8¢.k + (1 = 80,k)8¢,081, j (x1,1)k (12.22)

foralll, j e {1,..., p}andall £, k € {0, 1, 2, 3}. We shall show that

B2 = (7@ cj € (1., ph ke 0,...,3)} € HEN (@) (12.23)

defines a basis of H?\,if‘g‘z(fz).

Remark 12.27 (Characterisation by PDEs) Let j € {I,..., p} and k € {0,...,3}. Then

Yik€H 2(52) N (P,LW)LLZ(Q can be found by the variational formulation

Vo e Hz(Q) (Gradgrad ¥ x, Gradgrad ¢) 23x3(q) = (O «, Gradgrad ¢) ;23x3 (g

ie, Yjx = (A% '(divDivs ©; 4, ©;vlr,v - DivOjilr), where A%, C

divDivg Gradgrad is the bi-Laplacian with inhomogeneous Neumann type boundary con-
ditions restricted to a subset of H2(2) N (Péw)le(m. Therefore,
70O = 0O — Gradgrad ¥, «
= ©; 4 — Gradgrad(A% y) ™" (divDivs © x, ®; xvlr, v - Div©®; «Ir).
In classical terms, v/; x solves the biharmonic Neumann problem
A%k = divDivs ©;x in Q,
(Gradgrad ¥ x)v = O xv onT,

v -DivGradgradjy =v-DivO; onT,
(12.24)
Yixk=0 forl e {1,...,n},
Q2

/ xeYjx(x)di, =0 forl e {l,...,n}, €e{l,2,3},
Q

which is uniquely solvable.

Lemma 12.28 Let Assumptions 10.2 and 10.3 be satisfied. Then H%héz(ﬁ) = lin Bf\fh’z.

Proof Let H € Ho:*(Q) = ker(divDivs, Q) Nker(Curlg, Q) € €373 (Q), see Lemma

12.2. With the above introduced functions Broand b, 1l € {1, ..., p}, werecall
R’ s b (H)= | Hdx,
&
R > Bo(H) = / (xi1 =y, H(y)day),
&
and define for/ € {1, ..., p} the numbers
Vie = yie(H) = (bi(H), ') = Bre(H), €€ {1,2,3),
3
v1.0 = vi.0(H) = Bro(H) = Y Br.x(H) (i 1)k
k=1
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We shall show that
p 3
Hy' (@) > H = —ZZ Yikm®j k=0 inQ.
Jj=1k=0

Similar to the proof of Lemma 12.6, the aim is to prove that there exists u € H?(2) such
that Gradgrad u = H, since then

7712
|H| 2,3x3
Ly

= (Gradgrad u, H)Lé,gxg(g) =0.

()

For this, we shall apply Corollary 12.24 and Remark 12.23to S = H. By (12.22) we observe
for? € {1,2,3}and ! € {1, ..., p}

(| Hdr),=(| Hdxr, e
& a

= (by(H), ¢") = Br.e(H)

p3
=BLeCH) =YY v xBre(m®; 1)

j=1k=0
p 3
ZZ V)61, jdex = 0.
j=1k=0

Note that H € ker(Curl, ) N C>3*3(Q). Thus by Assumption 10.3 (A.1) for any closed
piecewise C!-curve ¢ in Q

/ Hd)=0. (12.25)
¢

By Corollary 12.24 (a), we find v € C*3(Q) such that Grad v = H. Next, let! € {1, ..., p}.
Then, with ¢y, ., € & € Qo for some Q2 € cc(€2), we obtain with ¢ := v(x; 1) € R3 for
all x € g

v(x)=v(x)—v(x1’1)+c=/ Gradvdk+c=/ ﬁdk—i—c

fxl’l.x {lel,x

and

/c di) Zce/ (grad xg, d 1) = 0.
(=1 4

We consider the closed curve ¢; as the closed curve ¢y, x,, With circulation 1 along ¢;. By
Lemma 12.21, the definition of §; o, and (12.22) we have

/vdk // Hdx, dx)
& 4] {‘711‘
J

(/ Hdx,dhy)

LY é-)‘l,l’y

=/<x1,1 —y, H(y)d Ay) = Bro(H)
a
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3

P
= BroH) =Y > v kBo(x®; 1)

j=1k=0
p 3

= Bro(H) — Z Z vik (81, j80.4 + (1 — 80,0081, (xi,1)k)

j=1k=0

3
= Bro(H) — yi.0 — Y viaGe Dk

k=1
3

= Bro(H) — yi0 — Y _ Brx(H)(x1)k = 0.
k=1

Note that v € ker(curl, ) N C>3(R2) by Remark 12.23 (i) as Grad v = He Lé3X3(Q)
Therefore, by Assumption 10.3 (A.1) for any closed piecewise C'-curve ¢ in

f<v, da) =0. (12.26)
¢

Hence, by Corollary 12.24 (b), we find u € C*°(2) with grad u = v and thus
Gradgradu = Gradv = H € C®3(Q) n L§’3X3(Q).

Similar to the end of the proof of Lemma 12.6, elliptic regularity and, e.g., [22, Theorem 2.6
()] or [1, Theorem 3.2 (2)] show that v € C>3(2) together with Grad v € L>3*3(Q) imply
v € H'3(Q). Then, analogously, u € C*(2) and gradu = v € L>3(Q) imply u € H'(Q)
and hence u € H*(2), completing the proof. O

bih,2 .

Lemma 12.29 Let Assumptions 10.2 and 10.3 be satisfied. Then By~ is linearly independent.

P 3
Proof Lety;x € R, j €({l,...,p},andk € {0,...,3) besuchthat Y "> y; ;1@ = 0.

j=1k=0

Then (12.22) implies forl € {1, ..., p}

ZZy] KBLe(T®) 1) = e, te(1,2,3),

j=1k

p 3 3
=y Z YikBLemO; 1) =0+ Y vik(.Dk = 0. =0,

j=1k= k=1

finishing the proof. o

Theorem 12.30 Let Assumptions 10.2 and 10.3 be satisfied. Then dim H%hSZ(Q) =4p and

a basis ofH?\}f'Sz(Q) is given by (12.23).
Proof Use Lemmas 12.28 and 12.29. O

12.4 Neumann tensor fields of the elasticity complex

The concluding example for our general construction principle is the elasticity complex.
Again, we require some preparations regarding integration along curves and the operators
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involved in the elasticity complex. We need the formulas providing the interaction of matrix
and vector analytic operations as outlined in Lemma 12.10 (in particular, note we defined
spn there.)

In Lemma 12.31 below for a tensor field S and a parametrisation ¢ € CFI,;A? ([0, 1]) of a
curve ¢ in Q we define

/ spn ((Curl $)T (y)d Ay) (x — y)
¢

1
= /0 spn ((Curl $)T (¢(0)¢' ) ) (x = ¢() d 1.

Lemma 12.31 Let x, xo € Q and let {y, » < 2 be a piecewise Cl-curve connecting xo to Xx.

(i) Let v € C®3(). Then v and its rotation curlv can be represented by
1
v(x) — v(xg) — E(curl v(xo)) X (x — xq)

= / symGradvd X + spn (( Curl symGrad v)T d A) diy
CXO.X

Cxgox Y Cxgy

and

curl v(x) — curl v(xg) = 2[ (Curl symGrad v)T dA.

Legr

(ii) Let S € C*3*3(Q). Then

J

=/ spn ((Curl )T (y) d &y) (x — y).

CXO X

0:X

/ spn ((Curl $)" da)d A,
§x0 y

Proof For (i), let
S := symGrad v = Grad v — skw Grad v
and observe 2 Curl § = —2 Curl skw Grad v = (Grad curlv) " by Lemma 12.10. Thus

vk (x) — vk (xp) = / (grad vk, d A), ke{l,2,3},

;xo,x

v(x) —v(xg) = / Gradvd A,

gxo.x

curlv(x) — curlv(xg) = / Gradcurlvd A = 2/ (Curl S)—r da.

{xo.x Z.\fo,.\‘

Therefore, by Lemma 12.10
v(x) — v(xo)

:/ Gradvd X = / symGrad vd A
;'XO..X CXO,X

+ / skw Gradvd A
Cx

05X
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1
=/ symGradvd X + 5/ spncurlv(y)d A,

fxo,x Cxo.x
1
= / Sdr+ 7/ curlv(xp) d Ay
Lrgux 2 Jeg
0> 0

o
{)CO.X

1
:/ Sdk+§/ curlv(xp) d Ay
;‘ -

X)X {AO X

/ / spn ((Curl $)" da)d A,.
Sx &

X0y
Moreover, with ¢ € Cé{,s (0, 1) parametrising ¢y« ’

([ (Curl )T d2r)da
¢

X0y

0-X

1
/ spncurlv(xg) d Ay = f (Spn curlv(xo))¢’(s) ds
0

CXU.X
= (spn curlv(xo))(x — Xx0) = (curlv(xo)) X (x — xg).

For (ii), we compute

/ spn ((Curl $)" da)d x,
fxo X ;X() y

1
:/ spn((CurlS) dA))(p’(s)ds
0

fxo @(s)

1
/ / spn ((Curl $)T (¢(0)¢/ (1)) d1)¢'(5) ds

1

(=]

1
spn (CurlS) (q)(t))(p’(t)) / o' (s)dsdr
t

1

S— S—

spn ((Curl )T (¢(0)¢' (1)) (x — ¢(0) dr

spn ((Curl )T (y)day)(x — y)

I
\

CXO x

with ¢ from above. O

Proposition 12.32 Let xg € Q2 € cc(Q) and let S, T € C®3*3(Q).

(a) The following conditions are equivalent:

7 Alternatively, we can compute with Id = Grad y

f spncurlv(xg) dAy
&y —_—

O,X
=(spn curlv(xq)) Id

= spn curlv(xqg) f Grad yd iy = (spncurlv(xg))(x — xq).
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(i) Forall ¢ C Qq closed, piecewise C'-curves
/(Curl T dr=0.
¢

(ii) Forall &y, x, EXO,X C Qq piecewise Cl-curves connecting xo with x

J

(iii) There exists w € C*3(Qo) such that Grad w = (Curl §) 7.

(Curl S)Tou:/~ (Curl $)T d A.

0-X ;xo,x

In either of the above cases,
x> wx) = / (Curl $)Td (12.27)
{xo,x

for some £y, x € Qq piecewise C L_curve connecting xo with x is a (well-defined) possible
choice for w in (iii).

(b) The following conditions are equivalent:

(i) Forall ¢ C Qq closed, piecewise C'-curves

/Tdk:O.
¢

(ii) Forall &y x, Exy,x S Q0 piecewise C!-curves connecting xo with x

/ Tdk:/N TdAx.
¢

X0, X gxo,x
(iii) There exists v € C°3 () such that Gradv = T.

In either of the above cases,

x = v(x) :/ Tdxa (12.28)

{X():X

for some &y, x» € Qo piecewise C L_curve connecting xo with x is a (well-defined) possible
choice for v in (iii).

(c) Let T := S + spnw with w € C>®3(Qo) and Gradw = (Curl $)T as in (a), (iii).
Moreover, let v e C*3() with Gradv = T as in (b), (iii). Then

(i) skwS =0,
(ii) symGradv = §

are equivalent. In either case, we have

1
CurlCurlér S=0, Grad w = 5 Grad curlv. (12.29)

Proof The proofs of (a) and (b) are easy (fundamental theorem of calculus) and follow in
a similar way to Propositions 12.22. For (c), we compute symGradv = sym 7 = sym S.
Hence (i) and (ii) are equivalent. Finally, if (i) or (ii) is true, then by the complex property

CurlCurl " § = CurlCurl " symGrad v = 0,

and we conclude Grad w = (Curl sym Grad v) " = % Grad curlv by Lemma 12.10. O
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The respective result for the whole of €2 reads as follows.

Corollary 12.33 Let S, T € C*373(Q).
(a) The following conditions are equivalent:

(i) Forall ¢ C Q closed, piecewise C'-curves f; (Curl $)Tda =0.
(ii) There exists w € C%3(Q) such that Grad w = (Curl §) 7.

(b) The following conditions are equivalent:

(i) Forall ¢ C Q closed, piecewise C'-curves f; Tdi=0.
(ii) There exists v € C3(Q) such that Gradv = T.

(c) LetT = S+spnw withw € C*3(Q) and Grad w = (Curl $) T as in (a), (ii). Moreover,
let v € C®3(Q) with Gradv = T as in (b), (ii). Then skw S = 0 in Q if and only if
symGrad v = S in Q.

Remark 12.34 Related to Proposition 12.32 and Corollary 12.33 we note with Lemma 12.10
the following:

(i) For S € C§°’3X3(Q) and T := S + spn w with Grad w = (Curl $)T it holds

Curl T = Curl S + (divw) Id —((Curl $) ") T
=trGrad w = trCurl S = tr Curl skw § = 0.

(ii) If € is simply connected, Proposition 12.32 (a), (iii) and (b), (iii) are equivalent to
Curl(Curl S)" = 0 and Curl T = 0, respectively.

Next, we provide the construction of the basis tensor fields for the Neumann fields for
the elasticity complex. Let j € {1, ..., p}. From the beginning of Sect. 12 recall that ¢; is
constant on each connected component Y'; g and Y; | of Y';\ F; and vanishes outside of Y; i.
Let 7 be the rigid motions (Nedelec fields) from Sect. 11.4 given by 7, (x) 1= €™ x x =
spn(e™) x and 7,43 (x) := €™ form € {1, 2, 3}. We define the vector fields 6; ; := 0;7; and

continuously extended by zero to ©; ; € C®¥3(Q) N L3>3 (Q) with ©; 4 = 0 in all the
neighbourhoods Y; of all surfaces F;, [l € {1,..., p},k € {1,...,6}.

Lemma 12.35 Let Assumption 10.3 be satisfied. Then ® ; ;. € ker(CurlCurl! , Q).

Proof Let @ € Cfo 3’3X3(Q)- As supp®;x € Y;\Y; we can pick another cut-off function
@ € C°(QF) with ®lsupp©; xnsupp & = 1. Then

(®; x, CurlCurl{ ®) 1293 ®; k, CurlCurl{ @) 29

@ = (supp © j xNsupp @)

Grad 0 x, CurlCurl{ (¢ ®))

= (symGrad 6 x, CurlCurl§(<p<D)>Lz,3x3(QF) = 12330
s S
.
:Gde-,C1c1<b> —
< rad 0 ., Curl ( Curl(¢®)) g
as 9@, CurlCurl{ (p®) € €% () by Lemma 12.10. o

Next, we construct functionals similar to the previous sections. Here, however, due to
the complex structure, we need six times as many (instead of four) as for the de Rham
complex. For starters, note that for /, j € {1,..., p}and k € {1, ..., 6} and for the curves
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$xy 0.0 S ¢ with the chosen starting points x;,0 € Y;,0 and respective endpoints x;,1 € 17,1
we can compute® by Lemma 12.31

R® 5 q/(® ) = / (Curl®; )" da = / (Curl symGrad 6, ;)" d 2
& L,

1,0:%1,1

1 1 1
= icurle_,',k(xz,l) — Ecurl@_/,k(ngo) = Ecurlej,k(xl,l)

ek, ifk e {1,2,3),

I
— —5 curl?) — 5
5 dnjeurlrex) = 8. {o, itk € (4.5, 6),

and

R? > bi(®; k) ::/

&

®j,kdx+/ spn ((Curl ®; 1) " (») d Ay) (1 — y)
4]

:f symGrad 6; x d A
&y

1,0:%,1

+ / spn ((Curl symGrad 0;0" () day) (1 —y)
;X

1,0-%1,1

= f (symGrad 0 x(y)

é"‘[,0’)‘1,1

+/ spn ((Curl symGrad 6;,1)T d 1)) d 2,
Cx

1,0-¥
1
=0 k(x1,1) — 0k (x10) — Ecuﬂ@j,k(xz,o) x (xp,1 = x1,0) = 0k (x1,1)

_ e xxq, ifke{l,2,3),
= OO =00y s ifk € {4,5,6)

Thus, for/ € {1,..., p}and £ € {1, ..., 6} we have functionals f; ; given by

(@(©;0),et), ifte(1,2,3),

jef{l,...,p}, kel{l,..., 6}
(@0, ¢, itee@se, P { }

Bre(®jx) = :

Then forl, j € {1,..., p}andfor ¢ € {1, 2, 3}

(e, ety =8px, ifk €{1,2,3},

Qi) =w@®;p),e)=8;
PrLe(©;0) = (a(©)1), ) ”’[(0,&):0, ifk € (4,5, 6},

ie.,

Bre©jx) =381,j0ek,  kefl,.... 0}

8 Note that curlry, = 26k fork € {1, 2, 3}, since, e.g.,

curlry (x) = curl (! x x) = curl (x2 el x 2 + x3 el x e

= curl (x233 - x3€2)

= grad (xp) X &3 — grad (x3) X 2 =e?xed—ed xe? =20l
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and for £ € {4, 5, 6}

Bre@;1) = (bi(®; 1), e )
gy, (€ ma e = (e et o). itk e (1,2,3),
T €3, e = e, ifk € {4,5,6),

ie.,

Bre(©; k) =81, i8¢k + 81,81,k
+ 8k +8B00 5. kefl,..., 6}

where we define

3
3 =3 ki
o)y = (e x ek ) =) (e x ek e (i
i1

(x1,1)i5 i €{1,2,3}: (£ — 3, k, i) even permutation of (1, 2, 3),
=1 —(x1)i, 3ie{l,2,3}:(—3,k,i)odd permutation of (1, 2, 3),
0, Vi e {1,2,3}: (¢ — 3, k, i) no permutation of (1,2, 3).
In particular, (Xl,l)m =0if¢ —3 =kort e€{l1,2,3}ork € {4,5, 6}. Therefore, we
have forl, j e {1,..., plandk, £ € {1,...,6}
Br.e(®j.x) = 81, j8ek + 81 jxi1) 757
=08,j00k +81,j(Bp,4 + 8¢5+ 60,6)(01,k (12.30)
02k + 836 (1 = e300 (x1.1) 7737+

Let Assumption 10.2 be satisfied. For the elasticity complex, similar to (3.3), (3.5), see
also (12.2), (12.11), (12.21), we have the orthogonal decompositions

L3V (Q) = ran(symGrad, Q) & 1233 g Ker(Divs, ), 1)
ker(CurlCurlg, ) = ran(symGrad, 2) @L2,3><3(Q) H?}aS(Q). '
& .

Remark 12.36 [39, Lemma 3.2] yields dom(symGrad, Q) = H'3(). Thus, as before, a
combination of Rellich’s selection theorem and a contradiction argument implies the Poincaré
type estimate
13 L1239
dc>0 V¢ e H7(2) NRMpy |1 125(q) < ¢l symGrad @|123x3 ).

Thus, the range in (12.31) is closed.

Let @7 Lé’3X3(Q) — ker(DoivS,Q) denote the orthogonal projector along

ran(symGrad, ) according to (12.31). We infer 7 (ker(CurlCurl{ , Q)) = H?\}?S(Q). Thus,
using Lemma 12.35, forall j € {1,..., p}andk € {1,...,6} wefind ¥ ; € H'3() such
that
HIEJ?S(Q) 5710, = 0;,—symGrad y; t,
(®; x — symGrad ‘/’J»k)’szp = symGrad(@; x — V¥ r)-
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Next, Lemma 12.2 implies H5%(Q) S C*33(Q). Thus, 70,4, O € C®33(Q)
implies symGrad ¥ € C3x3(2) and hence Yk € C*-3(Q). Therefore, all path inte-
grals over the closed curves ¢; are well-defined. Furthermore, we observe by Lemma 12.31

aj(symGrad ;) = / (Curl symGrad ¥/ x) " d
9

1
= E(CUI’IWj,k(xl,l) — curlyyj k (x1,1)) =0,

and

by (symGrad ¥ ) = / symGrad ¥ x d A
14

+ / spn ((Curl symGrad wjyk)T(y) d)»y)(xH —-y)
&

= / ( symGrad ¥/ ¢ ()

{Xl,lvxl,l

+ / spn ((Curl symGrad wj,k)T d A)) diy

Sxp 1y
1
=Yjxxr1) —Vjk(x1) — icurle,k(xl,l) X (x1,1 —x1,1) = 0.
Hence, B; ¢(symGrad v/ ) = 0 and by (12.30)

Bie@®; 1) = B e(©; k) — Bre(symGrad ¥ 1) = B1,¢(O; 1)
= 81,8k + 81, (x1,1) 737

(12.32)
=681,j00k + 81,7 (8¢, + 8¢5
+8e.6) 31k + 2.k + 836 (1 = 8e—3.46) (x1,1) ;7737
foralll, j e {l,...,p}andall £,k € {1, ..., 6}. We shall show that
B = {n@j4:jell,....p) kefl,...,6)) € HP(Q) (12.33)

defines a basis of H'f\l,‘-f‘S(Q).
The tensor fields ®; ; being constructed explicitly, we provide a way of finding v/; ; by
means of solutions of PDEs.

Remark 12.37 (Characterisation by PDEs) Let j € {I,...,p} and k € {1,...,6}. Then
1L

VikeH l’3(52)0RMF,\,f,2'3(Q) can be found by solving the following elasticity PDE formulated

in the standard variational formulation

Vo e H'P(Q)  (symGrad ) x, symGrad @) 23x3(q) = (O x, symGrad ¢)2.3x3 ().

ie, Yjx = AS_IN(DiVS © k. ©;jkvir), where Agy < Divg symGrad is the ‘symmet-
ric’ Laplacian with inhomogeneous Neumann boundary conditions restricted to a subset of

1
H'3(Q) NRMLL @ Therefore,

7T®j,k = ®j,k — symGrad 1//1-’]( = Q")jk — symGrad Agiiv(DlVS @j,k, ®j,kv|l")-
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In classical terms, v/; x solves the Neumann elasticity problem

—Ag¥jr = —Divg®;; in ,

(Grad ¥j )v = Oj xv onl,
/(w,-,k)gzo forl e{l,...,n}, €£e{l1,2,3)}, (12.34)
Yl
/(xij.k(x))zdkxzo forl e{l,...,n}, €e{l,2,3},
Q2

which is uniquely solvable.

Lemma 12.38 Let Assumptions 10.2 and 10.3 be satisfied. Then He/“S(Q) = lin Be"’

Proof Let H € HE|a 5(Q) = ker(Divs, Q) N ker(CurlCurl! , ) € Cgo $3(Q), see Lemma
12.2. With the above introduced functionals ¢; and b;, [ € {1, ..., p}, we recall

R¥>aq(H)= | (Curl H)T dx,
14}

R3sb(H)= | Hdx +/ spn ((Curl )T (y)d Ay) (1,1 — ),
4] &

and define for [ € {1, ..., p} the numbers
e = vie(H) = (a/(H), e*) = Bre(H), for ¢ € {1,2,3},

3
Ve i= e CH) = (i) = 3 BuaCHek x xi1, e )
k=1

3
= BLeCH) = ) BLetH) @) = for ¢ € 4,5, 6},
k=1

where we recall (x;,1) ;53 = (8.4 + 8¢5 + 80,6) (514 + 02,k + 8360 (1 = e300 (x1.1) 7737,
by definition, see (12.30). We shall show that

P 6
HYs( Q2 H:=H-) Y yj10;;,=0 inQ.
j=1k=1
Similar to the proof of Lemma 12.6 (or 12.18, 12.28) the aim is to prove the existence of
v € H'3(Q) such that symGrad v = H, since then
|H|Légx3(m = (symGrad v, H)L§,3x3(9) =0.
For the construction of v, we apply Corollary 12.33 and Remark 12.34 to § = H. In order
to show condition Corollary 12.33 (a), (i), we observe for [ € {1,..., p} and £ € {1, 2, 3}
by (12.32)
p 6
([ @B ar) = (@), =pred) = BeH) = Y Y viaBie@®,0
a j=1 k=1
J

P 6
- Z Z Yjk6i,jdek =0.
=1 k=1
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Note that Curl(Curl )T = CurlCurl{ H = 0, i.e., (Curl H)T € ker(Curl) N C%¥3(Q).
Thus, by Assumption 10.3 (A.1) for any closed piecewise C'-curve ¢ in Q

/(Curl H)Tdxr=0. (12.35)
¢

Hence, by Corollary 12.33 (a), (ii), there exists w € C-3(Q) such that
Gradw = (Curll H) .

We define T := H + spnw. Let I € {1,..., p}. Then Cxomy © O S S for some
Qo € cc(Q). With ¢ := w(x;,1) € R? we compute for all x € ¢

w(x) =w(x)—w(x1,1)+c:/ GradwdA + ¢

{lel.x
= f (Curl )T d A +e,
C-"I,l""
and
/ (spnc)dXr = (spnc) [ IddA = (spnc) | Gradxd X, = 0.
4] & &

Again, we consider the curve ¢; as the closed curve ¢y, , ,, with circulation 1 along ¢;. By
Lemma 12.31 and by the definition of b; we have for/ € {1, ..., p}

/de: Hd)+ | (spnw)da
4] 4] &

- ﬁdk—i—/ spn(/ (Curlﬁ)Tdk)dky
4] Cx

REUNI é"“I,lxv

= ﬁdk+/ spn ((Curl H) T (y)d i) (a1 — y) = by (H).
4] &

Hence, for £ € {4, 5, 6} we get by (12.32)

(/{ Tdx) :(/{ Tdx,e'™?)

1 1

= (bi(H), e 3) = B1.o(H)

p 6
= BLeCH) =YY v aBre(mO,0)
j=1k=1
p 6
= BreCH) = Y D vk, j8ek + 81 (ki) =57
j=1k=1

3
= Bre(H) —yie— ) vk (1) 737
k=1

3
= Bre(H) —yie — Zﬂl,k(H)(xl,l)m =0.
k=1

@ Springer



1816 D. Pauly, M. Waurick

Therefore, [, Tdi = Oforalll € {l,..., p}. Note that T € ker(Curl) N C®33(Q) by

Remark 1234 as § = H € €3 (@) and T = § + spnw with Gradw = (Curl ).
Thus, by Assumption 10.3 (A.1) for any closed piecewise C!-curve ¢ in Q

/ Tdi=0. (12.36)
¢

Hence, by the symmetry of H and Corollary 12.33 (b), (c), there exists v € C3(Q) such
that Gradv = T as well as symGradv = H. Similar to the end of the proof of Lemma
12.6, elliptic regularity and, e.g., [22, Theorem 2.6 (1)] or [1, Theorem 3.2 (2)] show that
v e C°3(Q) with symGradv € L3>3 (R) implies v € H'3(R), completing the proof.
(Let us note that v € H3(RQ) implies also T € L23%3(Q) and hence w € L23(R).) O

Lemma 12.39 Let Assumptions 10.2 and 10.3 be satisfied. Then B%" is linearly independent.

p 6
Proof Let yjx € R, j € {1,....p) k € {I,...,6}, be such that Y "> y;xw®;; = 0.
j=1k=1

Then (12.32) implies for/ € {1, ..., p}

T
M'ﬁ
-

VikBie(@®j 1) = vie, te{l,2,3},
1k

1

~.
Il

3
VikBLeTO 0 = v+ Y i)z =ne  LE{4,5,6}
1 k=1

T
M"G
-

1k

~.
Il

finishing the proof. O

Theorem 12.40 Let Assumptions 10.2 and 10.3 be satisfied. Then dim H%?S(Q) =6panda
basis OfH%’fS(Q) is given by (12.33).

Proof Use Lemmas 12.38 and 12.39. O

13 Conclusion

The index theorems presented rest on the abstract construction principle provided in [11] and
the results on the newly found biharmonic complex from [37,38] and the elasticity complex
from [39-41]. With this insight it is possible to construct basis fields for the generalised
harmonic Dirichlet and Neumann tensor fields. The number of basis fields of the consid-
ered cohomology groups provides additional topological invariants. The construction of the
generalised Dirichlet fields being somewhat similar to the de Rham complex, the same for
the generalised Neumann fields requires some more machinery particularly relying on the
introduction of Poincaré maps defining the functionals.

Furthermore, we have outlined numerical strategies to compute the generalised Neumann
and Dirichlet fields in practice. In passing we have also provided a set of Friedrichs—Poincaré
type estimates and included variable coefficients relevant for numerical studies.

All these constructions heavily rely on the choice of boundary conditions and we empha-
sise that the considered mixed order operators cannot be viewed as leading order plus
relatively compact perturbation, when it comes to computation of the Fredholm index. In
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particular, techniques from pseudo-differential calculus successfully applied to obtain index
formulas for operators defined on non-compact manifolds or compact manifolds without
boundary, see e.g. [19,20], are likely to be very difficult to be applicable in the present situ-
ation. It would be interesting to see, whether the operators considered above defined on an
unbounded domain enjoy similar index formulas (maybe a comparable Witten index of some
sort) even though the operator itself might not be of Fredholm type anymore.
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