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ABSTRACT
In this second part of our series of papers, we develop an abstract framework suitable for de Rham complexes
that depend on a parameter belonging to an arbitrary Banach space. Our primary focus is on spectral perturba-
tion problems and the differentiability of eigenvalues with respect to perturbations of the involved parameters.
As a byproduct, we provide a proof of the celebrated Hellmann–Feynman theorem for both simple and multi-
ple eigenvalues of suitable families of self-adjoint operators in Hilbert spaces, even when these operators depend
on possibly infinite-dimensional parameters. We then apply this abstract machinery to the de Rham complex in
three dimensions, considering mixed boundary conditions and non-constant coefficients. In particular, we derive
Hadamard-type formulas for Maxwell and Helmholtz eigenvalues. First, we compute the derivatives under minimal
regularity assumptions—specifically, Lipschitz regularity—on both the domain and the perturbation, expressing
the results in terms of volume integrals. Second, under more regularity assumptions on the domains, we reformulate
these formulas in terms of surface integrals.

1 | Introduction

We continue our analysis from the first part where we have discussed the eigenvalue problem for the de Rham complex
on variable (transplanted) domains in a general setting.

We use our notations from the first part. Throughout this paper, let (Ω,Γ
𝑡

) be a bounded weak Lipschitz pair, where Ω
is a bounded open set in ℝ3 with boundary Γ. Moreover, let Γ

𝑛

∶= Γ ⧵ Γ
𝑡

and 𝜈, 𝜀, 𝜇, be admissible coefficients. These
assumptions will be sharpened later.
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In our first part we have shown that the de Rahm complex has countably many eigenvalues

0 < 𝜆𝓁,Φ,1 ≤ 𝜆𝓁,Φ,2 ≤ · · · ≤ 𝜆𝓁,Φ,𝑘−1 ≤ 𝜆𝓁,Φ,𝑘 ≤ · · · →∞, 𝓁 ∈ {0, 1}. (1)

Here Φ ∶ Ω→ Φ(Ω) = ΩΦ is a bi-Lipschitz transformation that models the variations of the domain Ω, and the indices 0
and 1 indicate Helmholtz and Maxwell eigenvalues, respectively. More precisely, 𝜆0,Φ,𝑘 are the eigenvalues of the boundary
value problem

− 𝜈−1 div 𝜀∇𝑢 = 𝜆0𝑢 in ΩΦ,

𝑢 = 0 on Γ
𝑡,Φ,

n ⋅ 𝜀∇𝑢 = 0 on Γ
𝑛,Φ, (2)

and 𝜆1,Φ,𝑘 are the eigenvalues of

𝜀

−1 rot 𝜇−1 rot𝐸 = 𝜆1𝐸 in ΩΦ,

n × 𝐸 = 0 on Γ
𝑡,Φ,

n × 𝜇−1 rot𝐸 = 0 on Γ
𝑛,Φ. (3)

Here
ΓΦ ∶= Φ(Γ), Γ

𝑡,Φ ∶= Φ(Γ𝑡), Γ
𝑛,Φ ∶= Φ(Γ𝑛)

and (ΩΦ,Γ𝑡,Φ) is also a weak Lipschitz pair.

Concerning the transformation Φ, we recall that Φ ∈ C0,1(Ω,ΩΦ) and Φ−1 ∈ C0,1(ΩΦ,Ω) with1

𝐽Φ = Φ′ = (∇Φ)⊤, ess inf det 𝐽Φ > 0.

Such bi-Lipschitz transformations will be called admissible and we write

Φ ∈ (Ω).

Note that (Ω) is understood as a subset of C0,1(Ω,ΩΦ) and C0,1(Ω,ΩΦ) is endowed with its standard Lipschitz norm (the
sum of the sup norm of |Φ| and the Lipschitz constant of |Φ|). For Φ ∈ (Ω) the inverse and adjunct matrix of 𝐽Φ shall
be denoted by

𝐽

−1
Φ , adj 𝐽Φ ∶= (det 𝐽Φ)𝐽−1

Φ ,

respectively. We denote the composition with Φ by tilde, that is, for any tensor field 𝜓 we define

𝜓̃ ∶= 𝜓 ∘ Φ.

Let us fix a certain index 𝑘 of the sequence of eigenvalues and consider

𝜆0,Φ ∶= 𝜆0,Φ,𝑘, 𝜆1,Φ ∶= 𝜆1,Φ,𝑘.

Then by the conclusion of the Part I of this series of papers the eigenvalues are given by the Rayleigh quotients of the
respective eigenfields 𝑢, 𝐸, 𝐻 , or

𝜏

0
Φ𝑢 = 𝑢 ∘ Φ, 𝜏

1
Φ𝐸 = 𝐽⊤Φ(𝐸 ∘ Φ), 𝜏

2
Φ𝐻 = (det 𝐽Φ)𝐽−1

Φ (𝐻 ∘ Φ),

this is:

𝜆0,Φ =
⟨𝜀∇Γ

𝑡

,Φ𝑢,∇Γ
𝑡

,Φ𝑢⟩L2(ΩΦ)

⟨𝜈𝑢, 𝑢⟩L2(ΩΦ)
and 𝜆1,Φ =

⟨𝜇−1 rotΓ
𝑡

,Φ𝐸, rotΓ
𝑡

,Φ𝐸⟩L2(ΩΦ)

⟨𝜀𝐸,𝐸⟩L2(ΩΦ)

=
⟨𝜀Φ∇Γ

𝑡

𝜏

0
Φ𝑢,∇Γ

𝑡

𝜏

0
Φ𝑢⟩L2(Ω)

⟨𝜈Φ𝜏
0
Φ𝑢, 𝜏

0
Φ𝑢⟩L2(Ω)

=
⟨𝜇−1

Φ rotΓ
𝑡

𝜏

1
Φ𝐸, rotΓ

𝑡

𝜏

1
Φ𝐸⟩L2(Ω)

⟨𝜀Φ𝜏
1
Φ𝐸, 𝜏

1
Φ𝐸⟩L2(Ω)
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=
⟨𝜈−1 divΓ

𝑛

,Φ𝜀𝐻, divΓ
𝑛

,Φ𝜀𝐻⟩L2(ΩΦ)

⟨𝜀𝐻,𝐻⟩L2(ΩΦ)

=
⟨𝜈−1
Φ divΓ

𝑛

𝜀Φ𝜏
1
Φ𝐻, divΓ

𝑛

𝜀Φ𝜏
1
Φ𝐻⟩L2(Ω)

⟨𝜀Φ𝜏
1
Φ𝐻, 𝜏

1
Φ𝐻⟩L2(Ω)

(4)

Here

𝜀Φ = 𝜏2
Φ𝜀𝜏

1
Φ−1 = (det 𝐽Φ)𝐽−1

Φ 𝜀𝐽

−⊤
Φ , 𝜈Φ = 𝜏3

Φ𝜈𝜏
0
Φ−1 = (det 𝐽Φ)𝜈,

𝜇Φ = 𝜏2
Φ𝜇𝜏

1
Φ−1 = (det 𝐽Φ)𝐽−1

Φ 𝜇𝐽

−⊤
Φ

and
∇𝜏0

Φ = 𝜏
1
Φ∇, rot 𝜏1

Φ = 𝜏
2
Φ rot, div 𝜏2

Φ = 𝜏
3
Φ div.

Clearly, we have in L2
𝜈

(ΩΦ) resp. L2
𝜀

(ΩΦ)

− 𝜈−1 divΓ
𝑛,Φ
𝜀∇Γ

𝑡,Φ
𝑢 = 𝜆0,Φ𝑢, 𝜀

−1 rotΓ
𝑛,Φ
𝜇

−1 rotΓ
𝑡,Φ
𝐸 = 𝜆1,Φ𝐸,

−∇Γ
𝑡,Φ
𝜈

−1 divΓ
𝑛,Φ
𝜀𝐻 = 𝜆0,Φ𝐻

and in L2
𝜈Φ
(Ω) resp. L2

𝜀Φ
(Ω)

− 𝜈−1
Φ divΓ

𝑛

𝜀Φ∇Γ
𝑡

𝜏

0
Φ𝑢 = 𝜆0,Φ𝜏

0
Φ𝑢, 𝜀

−1
Φ rotΓ

𝑛

𝜇

−1
Φ rotΓ

𝑡

𝜏

1
Φ𝐸 = 𝜆1,Φ𝜏

1
Φ𝐸,

−∇Γ
𝑡

𝜈

−1
Φ divΓ

𝑛

𝜀Φ𝜏
1
Φ𝐻 = 𝜆0,Φ𝜏

1
Φ𝐻.

Note that the eigenvalues 𝜆𝓁,Φ,𝑘 are depending not only on Φ (shape of the domain) but also on the mixed boundary
conditions imposed on Γ

𝑡

and Γ
𝑛

and on the coefficients 𝜀, 𝜇, and 𝜈, which we do not indicate explicitly in our notations,
that is,

𝜆0,Φ,𝑘 = 𝜆0,Φ,𝑘(Ω,Γ𝑡, 𝜀, 𝜈), 𝜆1,Φ,𝑘 = 𝜆1,Φ,𝑘(Ω,Γ𝑡, 𝜀, 𝜇).

In the first part of this series of papers, we have found Hadamard-type formulas for the derivatives of 𝜆0,Φ and 𝜆1,Φ with
respect toΦunder the assumption that the corresponding (pull-backs of the) eigenfunctions are differentiable with respect
to Φ. The formulas were obtained by differentiating the Rayleigh quotients (4) with respect to Φ. In particular, as for the
classical Hellmann–Feynman Theorem, one realizes that the derivatives of the eigenvectors with respect toΦ cancel out
and do not appear in the formulas. We note that the differentiability assumption for the eigenfunctions typically requires
that the eigenvalue under consideration is simple, since multiple eigenvalues may bifurcate into several branches, thus
preventing their differentiability with respect to Φ. In the case of a family of transformations Φ

𝜒

depending smoothly on
a real parameter 𝜒 , one may relabel the eigenvalues and repeat the same formal argument for a branch of eigenvalues
and eigenfunctions that are assumed to be differentiable with respect to 𝜒 . In general, this relabelling is not possible for
parameters 𝜒 belonging to a multi-dimensional space.

In this second part of this series of papers we consider transformations Φ
𝜒

depending on a parameter 𝜒 belonging to an
arbitrary Banach space, possibly infinite dimensional, and analyze this problem in detail. More precisely, we prove a dif-
ferentiability result for the elementary symmetric functions of the eigenvalues, we provide Hadamard-type formulas for
the corresponding directional derivatives and discuss the bifurcation of multiple eigenvalues by proving a Rellich-type
theorem with corresponding formulas for the derivatives. First, the derivatives are computed under minimal, that is
Lipschitz, regularity assumptions on Ω and Φ and are formulated in terms of volume integrals. Second, under more
general regularity assumptions on Ω, we express those formulas in terms of surface integrals. In particular, this is done
by assuming the validity of the Gaffney inequality. We call the formulas for the Maxwell eigenvalues ‘Hirakawa’s for-
mulas’ since, as far as we know, they first appeared in [2]. These results are contained in Section 3 and are obtained
as an application of a number of theoretical results proved in Section 2 where we provide an abstract framework suit-
able for de Rham complexes depending on a possibly infinite-dimensional parameter 𝜒 . We note that, as a byproduct
of our analysis, we provide a rigorous proof of the Hellmann–Feynman Theorem for these eigenvalue problems, see
Remark 2.9.

14246 Mathematical Methods in the Applied Sciences, 2026
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2 | Perturbation Theory in an Abstract Framework

Let H0 and H1 be fixed Hilbert spaces. We assume that, besides the scalar products ⟨⋅, ⋅⟩H0
and ⟨⋅, ⋅⟩H1

, we are also given
two families of scalar products ⟨⋅, ⋅⟩0,𝜒 and ⟨⋅, ⋅⟩1,𝜒 defined on the vector spaces H0 and H1, respectively, that depend on a
parameter 𝜒 belonging to some open subset  of a fixed real Banach space𝑋. We assume that the norms associated with
⟨⋅, ⋅⟩0,𝜒 and ⟨⋅, ⋅⟩1,𝜒 are equivalent to those associated with ⟨⋅, ⋅⟩H0

and ⟨⋅, ⋅⟩H1
, respectively. The resulting Hilbert spaces

will be denoted by H0,𝜒 and H1,𝜒 and the scalar products ⟨⋅, ⋅⟩0,𝜒 and ⟨⋅, ⋅⟩1,𝜒 will also be denoted by ⟨⋅, ⋅⟩H0,𝜒
and ⟨⋅, ⋅⟩H1,𝜒

.

We assume that for any 𝜒 ∈  we are given a densely defined and closed linear operator A
𝜒

∶ 𝐷(A
𝜒

) ⊂ H0,𝜒 → H1,𝜒 with
domain of definition 𝐷(A

𝜒

).

Our main assumption is that 𝐷(A
𝜒

) does not depend on 𝜒 . To emphasise it, we denote by V the space 𝐷(A
𝜒

) by setting
V = 𝐷(A

𝜒

). Since 𝐷(A
𝜒

) is naturally endowed with the graph norm of A
𝜒

which depends on 𝜒 , we assume that those
graph norms are equivalent and, unless otherwise indicated, we understand that V is endowed with one fixed graph norm
chosen among them (for many of our arguments, the specific choice is not relevant). In particular, the topological dual
V′ is well-defined, as well as the analogous space V′

♯

of antilinear continuous maps from V to ℂ (recall that V′ and V′
♯

are homeomorphic by conjugation). Note that since A
𝜒

is closed, V turns out to be complete, hence it is a Hilbert space
continuously embedded into H0.

Recall that the Hilbert space adjoint A∗
𝜒

∶ 𝐷(A∗
𝜒

) ⊂ H1,𝜒 → H0,𝜒 is well defined and characterised by

∀𝑥 ∈ V ∀𝑦 ∈ 𝐷(A∗
𝜒

) ⟨A
𝜒

𝑥, 𝑦⟩H1,𝜒
= ⟨𝑥,A∗

𝜒

𝑦⟩H0,𝜒
.

The operator A∗
𝜒

is also densely defined and closed.2 Recall that by
𝜒

we denote the reduced operator associated with A
𝜒

.

It is convenient to set 𝑇
𝜒

= A∗
𝜒

A
𝜒

and to recall from the first part that 𝑇
𝜒

is a non-negative self-adjoint operator densely
defined in H0,𝜒 . We shall always assume that the embedding 𝐷(

𝜒

) → H0 is compact. This implies that

𝜎(𝑇
𝜒

) ⧵ {0} = {𝜆
𝜒,𝑘

}
𝑘∈ℕ ⊂ (0,∞)

with eigenvalues 0 < 𝜆
𝜒,1 ≤ 𝜆𝜒,2 ≤ · · · ≤ 𝜆𝜒,𝑘−1 ≤ 𝜆𝜒,𝑘 ≤ · · ·→ ∞ of finite multiplicity. Here we agree to repeat each eigen-

value in the sequence as many times as its multiplicity.

In order to study the dependence of the resolvent of 𝑇
𝜒

upon variation of 𝜒 , we need to represent it in a suitable way. To
do so, we consider the operator 

𝜒

∶ V → V′
♯

which takes any 𝑢 ∈ V to the operator 
𝜒

𝑢 defined by

⟨
𝜒

𝑢, 𝑣⟩ = ⟨A
𝜒

𝑢,A
𝜒

𝑣⟩H1,𝜒

for all 𝑣 ∈ 𝑉 . In a similar way, we consider the operator 
𝜒

∶ H0 → V′
♯

which takes any 𝑢 ∈ H0 to the operator 
𝜒

𝑢

defined by
⟨

𝜒

𝑢, 𝑣⟩ = ⟨𝑢, 𝑣⟩H0,𝜒

for all 𝑣 ∈ 𝑉 . Then we can prove the following

Lemma 2.1. If 𝜁 ∈ ℂ ⧵ 𝜎(𝑇
𝜒

) then the operator 
𝜒

− 𝜁
𝜒

is invertible and
(

𝜒

− 𝜁
𝜒

)−1 ∘ 
𝜒

= (𝑇
𝜒

− 𝜁𝐼)−1
. (5)

Proof. We begin by observing that given 𝐹 ∈ V′
♯

the equation


𝜒

𝑢 − 𝜁
𝜒

𝑢 = 𝐹

in the unknown 𝑢 ∈ V can be formulated in the equivalent form

⟨A
𝜒

𝑢,A
𝜒

𝑣⟩H1,𝜒
− 𝜁⟨𝑢, 𝑣⟩H0,𝜒

= 𝐹𝑣

for all 𝑣 ∈ V. It follows that if 
𝜒

𝑢 − 𝜁
𝜒

𝑢 = 0 for some 𝑢 ∈ V then 𝑢 = 0 otherwise 𝜁 would be an eigenvalue of 𝑇
𝜒

. Thus

𝜒

− 𝜁
𝜒

is injective. To prove that it is surjective, we first note that by the Riesz Theorem any functional 𝐹 ∈ V′
♯

can

Mathematical Methods in the Applied Sciences, 2026 14247
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be represented in the form 𝐹 = 
𝜒

𝑤 + 
𝜒

𝑤 for some 𝑤 ∈ V. Thus, we have to prove that given 𝑤 ∈ V there exists 𝑢 ∈ V
such that


𝜒

𝑢 − 𝜁
𝜒

𝑢 = 
𝜒

𝑤 + 
𝜒

𝑤 (6)

Since 𝜁 is in the resolvent set of 𝑇
𝜒

there exists 𝑢
𝑤

∈ 𝑉 such that


𝜒

𝑢
𝑤

− 𝜁
𝜒

𝑢
𝑤

= 
𝜒

𝑤.

It follows that the solution 𝑢 to Equation (6) is given by 𝑢 = 𝑤 + (𝜁 + 1)𝑢
𝑤

.

The equality in (5) is straightforward. ◽

Remark 2.2. Although the domain H0 of (𝑇
𝜒

− 𝜁𝐼)−1 does not depend on 𝜒 , the domain of 𝑇
𝜒

− 𝜁𝐼 may change when
𝜒 is perturbed. The advantage of the representation formula (5) consists in the fact that the domains and codomains of
the operators 

𝜒

− 𝜁
𝜒

and 
𝜒

do not depend on 𝜒 . This allows to easily prove regularity results for the dependence of
(𝑇
𝜒

− 𝜁𝐼)−1 on 𝜒 .

In order to study the regularity properties of the eigenvalues 𝜆
𝜒,𝑘

we need appropriate regularity assumptions on the
families of operators A

𝜒

and scalar products ⟨⋅, ⋅⟩0,𝜒 , ⟨⋅, ⋅⟩1,𝜒 .

The regularity assumption in the following definition is given with respect to the real structure of the Banach spaces
involved, in which case differentials are required to be ℝ-linear functionals (not necessarily ℂ-linear). In particular, by a
function of class 𝐶𝜔 we mean a real-analytic function, i.e., the function is 𝐶∞ and locally representable by Taylor’s series.

Definition 2.3 (Regularity assumption). We say that the family of operators and scalar products under consider-
ation are of class C𝑟 with 𝑟 ∈ ℕ0 ∪ {∞} ∪ {𝜔} if both the map from  to (𝑉 , 𝑉 ′

♯

) which takes any 𝜒 ∈  to 
𝜒

, and the
map from  to (H0, 𝑉

′
♯

) which takes any 𝜒 ∈  to 
𝜒

are of class C𝑟.

We also recall the definition of gap between operators from [3, chapter IV]

Definition 2.4. Given a Banach space 𝑍 and two closed subspaces 𝑀,𝑁 of 𝑍 the gap between 𝑀,𝑁 is defined by

̂
𝛿(𝑀,𝑁) = max{𝛿(𝑀,𝑁), 𝛿(𝑁,𝑀)}

where
𝛿(𝑀,𝑁) = sup

𝑢∈𝑆
𝑀

dist(𝑢,𝑁), 𝛿(𝑁,𝑀) = sup
𝑢∈𝑆

𝑁

dist(𝑢,𝑀)

and 𝑆
𝑀

,𝑆
𝑁

denote sets of unit vectors in 𝑀 and 𝑁 respectively.

Given two closed operators 𝑇 , 𝑆 acting between two fixed Banach spaces 𝐸, 𝐹 , the gap between 𝑇 and 𝑆 is defined by

̂
𝛿(𝑇 , 𝑆) = ̂

𝛿(𝐺(𝑇 ), 𝐺(𝑆))

where 𝐺(𝑇 ) and 𝐺(𝑆) denote the graphs 𝑇 and 𝑆, respectively (considered as closed subspaces of the product space
𝑍 = 𝐸 × 𝐹 ).

Lemma 2.5. Assume that the family of operators and scalar products are of class C0. Let 𝜒 ∈  be fixed. Then ̂
𝛿(T

𝜒

,T
𝜒

) =
𝑜(1) as 𝜒 → 𝜒 .

Proof. By [3, theorem 2.17, p. 204] it follows that ̂𝛿(𝑇
𝜒

, 𝑇
𝜒

) ≤ 4 ̂𝛿(𝑇
𝜒

+ 𝐼, 𝑇
𝜒

+ 𝐼) and by [3, theorem 2.20, p. 205] 𝛿(𝑇
𝜒

+
𝐼, 𝑇

𝜒

+ 𝐼) = 𝛿((𝑇
𝜒

+ 𝐼)−1
, (𝑇

𝜒

+ 𝐼)−1). Moreover, by [3, theorem 2.14, p. 203] we have that 𝛿((𝑇
𝜒

+ 𝐼)−1
, (𝑇

𝜒

+ 𝐼)−1) ≤
||(𝑇

𝜒

+ 𝐼)−1 − (𝑇
𝜒

+ 𝐼)−1||. Thus, by formula (5) we have ̂𝛿(𝑇
𝜒

, 𝑇
𝜒

) ≤ 4||
(

𝜒

+ 
𝜒

)−1 ∘ 
𝜒

−
(

𝜒

+ 
𝜒

)−1 ∘ 
𝜒

||. By our reg-
ularity assumption and by observing that the inversion (for functions between fixed spaces) is an analytic operator, we
conclude that ||

(

𝜒

+ 
𝜒

)−1 ∘ 
𝜒

−
(

𝜒

+ 
𝜒

)−1 ∘ 
𝜒

|| = 𝑜(1) as 𝜒 → 𝜒 and the proof is complete. ◽

Let 𝜒 ∈  and let 𝜎(𝑇
𝜒

) = Σ′
𝜒

∪ Σ′′
𝜒

where Σ′
𝜒

∩ Σ′′
𝜒

= ∅. Assume that Σ′
𝜒

and Σ′′
𝜒

are (closed) sets separated by a simple,
closed, rectifiable curve Γ in the sense that Σ′

𝜒

is in the interior of Γ and Σ′′
𝜒

in the exterior. The Riesz Projector is defined
as follows:
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𝑃
𝑇
𝜒

= 𝑃
𝑇
𝜒

,Γ = −
1

2𝜋 ∫Γ
(𝑇
𝜒

− 𝜁𝐼)−1
𝑑𝜁 (7)

We recall a few properties of 𝑃
𝑇
𝜒

, see [3, III-theorem 6.17 and p. 273]:

i. 𝑃
𝑇
𝜒

is an orthogonal projector in H0,𝜒 .

ii. 𝑃
𝑇
𝜒

(H0,𝜒 ) and (𝐼 − 𝑃
𝑇
𝜒

)(H0,𝜒 ) are invariant subspaces for 𝑇
𝜒

.

iii. 𝜎
(

𝑇
𝜒 |

𝑃

𝑇
𝜒

(H0,𝜒 )

)

= Σ′
𝜒

and 𝜎
(

𝑇
𝜒 |(𝐼−𝑃

𝑇
𝜒

)(H0,𝜒 )

)

= Σ′′
𝜒

.

iv. IfΣ′
𝜒

= {𝜆1,… , 𝜆
𝑚

}where 𝜆1,… , 𝜆
𝑚

are eigenvalues of 𝑇
𝜒

then𝑃
𝑇
𝜒

(H0,𝜒 ) is the space generated by the corresponding
eigenfunctions.

The following theorem is a restatement of [3, IV-theorem 3.16] and [3, IV-theorem 3.11, VII-theorem 1.7]. For the sake
of completeness, we provide some details of the proof. More details can be found in [4] where the more general case of
symmetrizable operators is considered.

Theorem 2.6. Assume that the family of operators and scalar products are of class C𝑟, 𝑟 ∈ ℕ ∪ {∞} ∪ {𝜔}. Let 𝜒 ∈  be
fixed and 𝜆 be an eigenvalue of 𝑇

𝜒

. Let Γ be a curve separating Σ′
𝜒

= {𝜆} from Σ′′
𝜒

= 𝜎(𝑇
𝜒

) ⧵ {𝜆} as above. Assume that 𝜆 has
multiplicity 𝑚 and 𝜆 = 𝜆

𝜒,𝑘

= · · · = 𝜆
𝜒,𝑘+𝑚−1 for some 𝑘 ∈ ℕ. Then there exists 𝛿 > 0 depending only on 𝑇

𝜒

and Γ such that
if ||𝜒 − 𝜒|| < 𝛿 then Γ separates also the spectrum of 𝑇

𝜒

into two parts: Σ′
𝜒

in the interior, Σ′′
𝜒

in the exterior of Γ. Moreover,
Σ′
𝜒

= {𝜆
𝜒,𝑘

,… , 𝜆
𝜒,𝑘+𝑚−1}, the space generated by the eigenfunctions associated with 𝜆

𝜒,𝑘

,… , 𝜆
𝜒,𝑘+𝑚−1 has dimension 𝑚 and

coincides with 𝑃
𝑇
𝜒

,Γ[H0,𝜒 ]. Finally, the map defined from {𝜒 ∈  ∶ ||𝜒 − 𝜒|| < 𝛿} to (H0,H0) which takes 𝜒 to 𝑃
𝑇
𝜒

,Γ is of
class C𝑟.

Proof. By [3, IV-theorem 3.16] there exists 𝛿 > 0 depending only on 𝑇
𝜒

and Γ such that if ̂𝛿(𝑇
𝜒

, 𝑇
𝜒

) < 𝛿 then Γ separates
the spectrum of 𝑇

𝜒

in two parts: Σ′
𝜒

in the interior and Σ′′
𝜒

in the exterior of Γ. Moreover, the space 𝑃
𝑇
𝜒

[H0,𝜒 ] is isomorphic
to 𝑃

𝑇
𝜒

[H0,𝜒 ], hence has dimension 𝑚. Since 𝑃
𝑇
𝜒

[H0,𝜒 ] is an invariant space for 𝑇
𝜒

and 𝑇
𝜒

is selfadjoint, we have that the
restriction of 𝑇

𝜒

to 𝑃
𝑇
𝜒

[H0,𝜒 ] is diagonalisable, hence 𝑃
𝑇
𝜒

[H0,𝜒 ] has a basis of eigenfunctions of 𝑇
𝜒

corresponding to 𝑚
possibly multliple eigenvalues. Moreover, the same argument applied to all eigenvalues of 𝑇

𝜒

not exceeding 𝜆 allows to
conclude that by taking 𝛿 sufficiently small we have that Σ′

𝜒

= {𝜆
𝜒,𝑘

,… , 𝜆
𝜒,𝑘+𝑚−1}. Thus, in order to complete the proof of

the first part of the statement it suffices to note that by Lemma 2.5 it follows that there exists 𝛿 > 0 such that if ||𝜒 − 𝜒|| < 𝛿
then ̂

𝛿(𝑇
𝜒

, 𝑇
𝜒

) < 𝛿.

The continuous dependence of 𝑃
𝑇
𝜒

on 𝜒 is deduced from formula (7) and is proved in [3, IV-theorem 3.16]. In order to
prove the dependence o𝑃

𝑇
𝜒

on𝜒 is of class C𝑟, we use formula (5) and note that the two maps𝜒 ↦
(

𝜒

− 𝜁
𝜒

)
and𝜒 ↦ 

𝜒

are of class C𝑟 from  to the space Banach space C(Γ,(𝑉 , 𝑉 ′
♯

)) of continuous functions from Γ to (𝑉 , 𝑉 ′
♯

) endowed
with the natural sup-norm defined by ||𝑓 ||C(Γ,(𝑉 ,𝑉 ′

♯

)) = sup
𝜁∈Γ ||𝑓 (𝜁)||(𝑉 ,𝑉 ′

♯

). Since the inversion operator is real-analytic

it follows that the map 𝜒 ↦
(

𝜒

− 𝜁
𝜒

)−1 ∘ 
𝜒

is of class C𝑟 in a neighborhood of 𝜒 , see Appendix A for more details. In
order to conclude it suffices to observe that integration on Γ defines a linear and continuous map, hence analytic map. ◽

Under the same assumptions of Theorem 2.6 we set 𝐹 = {𝑘,… , 𝑘 + 𝑚 − 1} and we consider the elementary symmetric
functions of the corresponding eigenvalues

Λ
𝐹 ,𝑠

[𝜒] ∶=
∑

𝑗1 ,…,𝑗𝑠∈𝐹
𝑗1<···<𝑗𝑠

𝜆
𝑗1,𝜒

⋅ ⋅ ⋅ 𝜆
𝑗
𝑠

,𝜒

, 𝑠 = 1,… , 𝑚. (8)

We plan to prove that these functions are of class C𝑟. To do so, we follow the argument in [5]. We fix an orthonormal basis
𝑢̄1,… 𝑢̄

𝑚

in H0,𝜒 of the eigenspace associated with 𝜆 and we note that, possibly shrinking 𝛿, the vectors 𝑃
𝑇
𝜒

,Γ𝑢̄1,… , 𝑃
𝑇
𝜒

,Γ𝑢̄𝑚
are linearly independent. Thus, it is possible to apply the Gram-Schmidt procedure to orthonormalize those vectors in
H0,𝜒 and define a basis of orthonormal vectors 𝑢

𝜒,1,… , 𝑢
𝜒,𝑚

in H0,𝜒 for the space 𝑃
𝑇
𝜒

,Γ[H0,𝜒 ]. Since the Gram–Schmidt
procedure involves elementary operations and the scalar products ⟨𝑢, 𝑣⟩H0,𝜒

with 𝑣 ∈ V are of class C𝑟 with respect to 𝜒 by
our assumptions, it follows that 𝑢

𝜒,1,… , 𝑢
𝜒,𝑚

are of class C𝑟 from a neighborhood of 𝜒 in  to H0.

Mathematical Methods in the Applied Sciences, 2026 14249
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In order to reduce our problem to finite dimensions, it would be natural to consider the restriction of the operator 𝑇
𝜒

to
the 𝑚-dimensional space 𝑃

𝑇
𝜒

,Γ[H0,𝜒 ] and to represent it by a matrix with respect to the orthonormal basis defined above.
However, since the domain of 𝑇

𝜒

depends on 𝜒 , it is not straightforward to prove that the entries of that matrix are of
class C𝑟 with respect to 𝜒 . For this reason, it is safer to use the resolvent of 𝑇

𝜒

rather than 𝑇
𝜒

itself. Thus we consider the
resolvent operator for 𝜁 = −1 and we set

𝑅
𝜒

= (𝑇
𝜒

+ 𝐼)−1
.

We denote by  = (
ℎ𝑙

)
ℎ,𝑙=1,…𝑚 the 𝑚 × 𝑚 symmetric matrix with respect to the basis 𝑢

𝜒,1,… , 𝑢
𝜒,𝑚

of the restriction of 𝑅
𝜒

to the 𝑚-dimensional space 𝑃
𝑇
𝜒

,Γ[H0,𝜒 ]. Clearly, we have


ℎ𝑙

= ⟨𝑅
𝜒

𝑢
𝜒,ℎ

, 𝑢
𝜒,𝑙

⟩H0,𝜒
= ⟨

(

𝜒

+ 
𝜒

)−1 ∘ 
𝜒

𝑢
𝜒,ℎ

, 𝑢
𝜒,𝑙

⟩H0,𝜒
. (9)

Recall that by Theorem 2.6 the eigenvalues of the matrix  are given by (𝜆
𝜒,𝑘

+ 1)−1
,… , (𝜆

𝜒,𝑘+𝑚−1 + 1)−1.

Then it is natural to consider the functions

̂Λ
𝐹 ,𝑠

[𝜒] ∶=
∑

𝑗1 ,…,𝑗𝑠∈𝐹
𝑗1<···<𝑗𝑠

(𝜆
𝑗1,𝜒

+ 1) ⋅ ⋅ ⋅ (𝜆
𝑗
𝑠

,𝜒

+ 1), (10)

and to note that

Λ
𝐹 ,𝑠

[𝜒] =
𝑠∑

𝑝=0
(−1)𝑠−𝑝

(
|𝐹 | − 𝑘
𝑠 − 𝑝

)

̂Λ
𝐹 ,𝑝

[𝜒], (11)

where we have set Λ
𝐹 ,0 = ̂Λ

𝐹 ,0 = 1. Thus, in order to study the dependence of the functions Λ
𝐹 ,𝑠

[𝜒] on 𝜒 , it is enough to
consider the functions ̂Λ

𝐹 ,𝑠

[𝜒]. To do so, it is convenient to set

̂
𝑀

𝐹,𝑠

[𝜒] ∶=
∑

𝑗1 ,…,𝑗𝑠∈𝐹
𝑗1<···<𝑗𝑠

(𝜆
𝑗1,𝜒

+ 1)−1 ⋅ ⋅ ⋅ (𝜆
𝑗
𝑠

,𝜒

+ 1)−1
, (12)

and to note that

̂Λ
𝐹 ,𝑠

[𝜒] =
̂
𝑀

𝐹,𝑚−𝑠[𝜒]
̂
𝑀

𝐹,𝑚

[𝜒]
. (13)

We are now ready to prove the following

Theorem 2.7. Let the same assumptions of Theorem 2.6 hold. Then there exists an open neighborhood
𝜒

of 𝜒 in such
that the restriction of the functions Λ

𝐹 ,𝑠

to 
𝜒

are of class C𝑟 for all 𝑠 = 1,… , 𝑚. Moreover, the directional derivatives of the
symmetric functions Λ

𝐹 ,𝑠

[𝜒] at the point 𝜒 in the direction 𝜒̇ are given by the formula

𝜕
𝜒̇

Λ
𝐹 ,𝑠

[𝜒]|
|
|𝜒=𝜒

= 𝜆
𝑠−1(

𝑚 − 1
𝑠 − 1

) 𝑚∑

ℎ=1

(

𝜕
𝜒̇

⟨A
𝜒

𝑢
𝜒,ℎ

,A
𝜒

𝑢
𝜒,ℎ

⟩H1,𝜒
− 𝜆𝜕

𝜒̇

⟨𝑢
𝜒,ℎ

, 𝑢
𝜒,ℎ

⟩H0,𝜒

)

(14)

for 𝑠 = 1,… , 𝑚, where 𝑢
𝜒,1,… , 𝑢

𝜒,𝑚

is an orthonormal basis in H0,𝜒 of eigenvectors associated with 𝜆.

Proof. Up to the sign, the functions ̂𝑀
𝐹,𝑠

[𝜒] are the coefficients of the characteristic polynomial det(
ℎ𝑘

− 𝜆𝐼) of the
matrix 

ℎ𝑘

. Since those coefficients are obtained as sums of products of the coefficients of 
ℎ𝑘

which are functions of class
C𝑟 in the variable 𝜒 , for 𝜒 in a suitable neghborhood 

𝜒

of 𝜒 , it follows they are also of class C𝑟 on 
𝜒

. By formulas (11)
and (13) we deduce the same results for the functionsΛ

𝐹 ,𝑠

[𝜒] and the proof of the first part of the theorem is complete. In
order to prove formula (14) it suffices to differentiate in formula (8). This requires some care. Namely, we fix a direction
𝜒̇ ∈ 𝑋 and we consider the one parameter familyℝ ∋ 𝜏 ↦ 𝜒

𝜏

∶= 𝜒 + 𝜏𝜒̇ . By Theorem 2.8 the eigenvalues 𝜆
𝑗,𝜒

𝜏

with 𝑗 ∈ 𝐹
admit right (as well as left) derivatives 𝑑𝜆

𝑗,𝜒
𝜏

𝑑𝜏 |
𝜏=0+

. Thus by differentiating formula (8) we get

𝜕
𝜒̇

Λ
𝐹 ,𝑠

[𝜒]|
|
|𝜒=𝜒

= 𝜆
𝑠−1 ∑

𝑗1 ,…,𝑗𝑠∈𝐹
𝑗1<···<𝑗𝑠

(
𝑑𝜆

𝑗1,𝜒𝜏

𝑑𝜏 |
𝜏=0+

+ · · · +
𝑑𝜆

𝑗
𝑠

,𝜒
𝜏

𝑑𝜏 |
𝜏=0+

)

= 𝜆
𝑠−1(

𝑚 − 1
𝑠 − 1

)∑

𝑗∈𝐹

𝑑𝜆
𝑗,𝜒

𝜏

𝑑𝜏 |
𝜏=0+
. (15)
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Finally, it suffices to observe that by Theorem 2.8 the sum in the last term of the previous formula is the trace of the matrix
(16), that is

∑
𝑚

ℎ=1

(

𝜕
𝜒̇

⟨A
𝜒

𝑢
𝜒,ℎ

,A
𝜒

𝑢
𝜒,ℎ

⟩H1,𝜒
− 𝜆𝜕

𝜒̇

⟨𝑢
𝜒,ℎ

, 𝑢
𝜒,ℎ

⟩H0,𝜒

)

. ◽

The following bifurcation result is deduced by the classical Rellich theorem for symmetric matrixes which, up to ur knowl-
edge, is know for perturbations of class C1 or analytic. Note that it is necessary to restrict to families of operators depending
on one scalar parameter since counterexamples are well known for families depending on two or more parameters.

Theorem 2.8 (Rellich). Let the same assumptions of Theorem 2.6 hold with = ℝ and 𝑟 = 1, 𝜔. Then for 𝜒 sufficiently
close to 𝜒 , the eigenvalues 𝜆

𝜒,𝑘

,… , 𝜆
𝜒,𝑘+𝑚−1 can be represented by 𝑚 functions 𝜒 ↦ 𝜁

𝜒,𝑘

,… , 𝜁
𝜒,𝑘+𝑚−1 of class C𝑟, defined in a

suitable neighborhood of 𝜒 . Moreover, given an orthonormal basis of eigenvectors 𝑢
𝜒,1,… , 𝑢

𝜒,𝑚

in H0,𝜒 for the eigenspace of
𝜆, the derivatives in the variable 𝜒 ∈ ℝ of those functions at the point 𝜒 are given by the eigenvalues of the matrix

(

𝑑

𝑑𝜒

(

⟨A
𝜒

𝑢
𝜒,ℎ

,A
𝜒

𝑢
𝜒,𝑙

⟩H1,𝜒

)

|
|
|𝜒=𝜒

− 𝜆 𝑑
𝑑𝜒

(

⟨𝑢
𝜒,ℎ

, 𝑢
𝜒,𝑙

⟩H0,𝜒

)

|
|
|𝜒=𝜒

)

ℎ,𝑙=1,…,𝑚

. (16)

Proof. Since the parameter 𝜒 is assumed to be real and the entries of the matrix  are functions analytic in 𝜒 or of class
C1 then the classical Rellich Theorem is applicable (see [6, theorem 1, p. 33] and [3, chapter II, theorems 6.1, 6.8]) and it
allows us to represent the eigenvalues of  by means of 𝑚 functions 𝜒 ↦ ̂

𝜁
𝜒,𝑘

,… ,
̂
𝜁
𝜒,𝑘+𝑚−1 which are analytic or of class

𝐶

1, depending on the regularity assumptions. Recall that the numbers (𝜆
𝜒,𝑘

+ 1)−1
,… , (𝜆

𝜒,𝑘+𝑚−1 + 1)−1 are exactly the
eigenvalues of the 𝑚 × 𝑚 symmetric matrix  defined above. Then, by setting 𝜁

𝜒,𝑘

= ̂
𝜁

−1
𝜒
𝑘

− 1 we conclude the proof of the
first part of the statement.

By [3, chapter II, theorem 5.4] the derivatives of ̂𝜁
𝜒,𝑘

,… ,
̂
𝜁
𝜒,𝑘+𝑚−1 with respect to 𝜒 at 𝜒 are given by the eigenvalues of

the matrix 𝑑

𝑑𝜒

 , which we now calculate. First of all we note that by differentiating 
ℎ𝑙

with respect to 𝜒 at the point 𝜒
we get

𝑑

𝑑𝜒


ℎ𝑙

=
⟨
𝑑

𝑑𝜒

𝑅
𝜒

𝑢
𝜒,ℎ

⟩

𝑢
𝜒,𝑙H0,𝜒

+ 𝑑

𝑑𝜒

⟨𝑅
𝜒

𝑢
𝜒,ℎ

, 𝑢
𝜒,𝑙

⟩H0,𝜒

+
⟨

𝑅
𝜒

𝑑

𝑑𝜒

𝑢
𝜒,ℎ

, 𝑢
𝜒,𝑙

⟩

H0,𝜒

+
⟨

𝑅
𝜒

𝑢
𝜒,ℎ

,

𝑑

𝑑𝜒

𝑢
𝜒,𝑙

⟩

H0,𝜒

=
⟨
𝑑

𝑑𝜒

𝑅
𝜒

𝑢
𝜒,ℎ

, 𝑢
𝜒,𝑙

⟩

H0,𝜒

(17)

where we have used the fact that

𝑑

𝑑𝜒

⟨𝑅
𝜒

𝑢
𝜒,ℎ

, 𝑢
𝜒,𝑙

⟩H0,𝜒
+
⟨

𝑅
𝜒

𝑑

𝑑𝜒

𝑢
𝜒,ℎ

, 𝑢
𝜒,𝑙

⟩

H0,𝜒

+
⟨

𝑅
𝜒

𝑢
𝜒,ℎ

,

𝑑

𝑑𝜒

𝑢
𝜒,𝑙

⟩

H0,𝜒

= (𝜆 + 1)−1

(

𝑑

𝑑𝜒

⟨𝑢
𝜒,ℎ

, 𝑢
𝜒,𝑙

⟩H0,𝜒
+
⟨
𝑑

𝑑𝜒

𝑢
𝜒,ℎ

, 𝑢
𝜒,𝑙

⟩

H0,𝜒

+
⟨

𝑢
𝜒,ℎ

,

𝑑

𝑑𝜒

𝑢
𝜒,𝑙

⟩

H0,𝜒

)

= (𝜆 + 1)−1 𝑑

𝑑𝜒

(

⟨𝑢
𝜒,ℎ

, 𝑢
𝜒,𝑙

⟩H0,𝜒

)

= (𝜆 + 1)−1 𝑑

𝑑𝜒

𝛿
ℎ𝑙

= 0. (18)

Using formula (17) we have

𝑑

𝑑𝜒


ℎ𝑙

=
⟨
𝑑

𝑑𝜒

𝑅
𝜒

𝑢
𝜒,ℎ

, 𝑢
𝜒,𝑙

⟩

H0,𝜒

=
⟨
𝑑

𝑑𝜒

(

𝜒

+ 
𝜒

)−1 ∘ 
𝜒

𝑢
𝜒,ℎ

, 𝑢
𝜒,𝑙

⟩

H0,𝜒

= −
⟨
(

𝜒

+ 
𝜒

)−1 ∘ 𝑑

𝑑𝜒

(

𝜒

+ 
𝜒

)
∘
(

𝜒

+ 
𝜒

)−1 ∘ 
𝜒

𝑢
𝜒,ℎ

, 𝑢
𝜒,𝑙

⟩

H0,𝜒

+
⟨
(

𝜒

+ 
𝜒

)−1 ∘ 𝑑
𝑑𝜒


𝜒

𝑢
𝜒,ℎ

, 𝑢
𝜒,𝑙

⟩

H0,𝜒

= −(𝜆 + 1)−2
⟨
𝑑

𝑑𝜒

(

𝜒

+ 
𝜒

)
𝑢
𝜒,ℎ

, 𝑢
𝜒,𝑙

⟩

+ (𝜆 + 1)−1
⟨
𝑑

𝑑𝜒


𝜒

𝑢
𝜒,ℎ

, 𝑢
𝜒,𝑙

⟩

. (19)

Mathematical Methods in the Applied Sciences, 2026 14251

 10991476, 2026, 12, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/m

m
a.70773 by D

irk Pauly - Sã¤C
hsische L

andesbibliothek , W
iley O

nline L
ibrary on [04/08/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



Then the derivatives of the functions 𝜁
𝜒,𝑘

,… , 𝜁
𝜒,𝑘+𝑚−1 are given by the eigenvalues of the matrix 𝑑

𝑑𝜒

 multiplied by

−(𝜆 + 1)2, that is, the matrix with the following entries
⟨
𝑑

𝑑𝜒

(

𝜒

+ 
𝜒

)
𝑢
𝜒,ℎ

, 𝑢
𝜒,𝑙

⟩

− (𝜆 + 1)
⟨
𝑑

𝑑𝜒


𝜒

𝑢
𝜒,ℎ

, 𝑢
𝜒,𝑙

⟩

=
⟨
𝑑

𝑑𝜒


𝜒

𝑢
𝜒,ℎ

, 𝑢
𝜒,𝑙

⟩

− 𝜆
⟨
𝑑

𝑑𝜒


𝜒

𝑢
𝜒,ℎ

, 𝑢
𝜒,𝑙

⟩

(20)

which coincides with those in the statement. ◽

Remark 2.9 (Hellmann–Feymann Theorem). Recall that the eigenvalues can be represented by means of the
Rayleigh quotient as follows

𝜆
𝜒,𝑘

=
⟨A

𝜒

𝑢
𝜒,𝑘

,A
𝜒

𝑢
𝜒,𝑘

⟩H1,𝜒

⟨𝑢
𝜒,𝑘

, 𝑢
𝜒,𝑘

⟩H0,𝜒

. (21)

Assume that 𝜆 = 𝜆
𝜒,𝑘

is a simple eigenvalue. Then 𝜆
𝜒,𝑘

is also simple for 𝜒 close to 𝜒 and the derivative of 𝜆
𝜒,𝑘

at the point
𝜒 is obtained by differentiating the quotient

⟨A
𝜒

𝑢
𝜒,𝑘

,A
𝜒

𝑢
𝜒,𝑘

⟩H1,𝜒

⟨𝑢
𝜒,𝑘

, 𝑢
𝜒,𝑘

⟩H0,𝜒

(22)

with respect to 𝜒 at the point 𝜒 . If 𝑢
𝜒,𝑘

is normalized by ⟨𝑢
𝜒,𝑘

, 𝑢
𝜒,𝑘

⟩H0,𝜒
= 1 then such derivative in the direction 𝜒̇ at the

point 𝜒 is given by
𝜕
𝜒̇

𝜆
𝜒,𝑘|

|
|𝜒=𝜒

= 𝜕
𝜒̇

⟨A
𝜒

𝑢
𝜒,𝑘

,A
𝜒

𝑢
𝜒,𝑘

⟩H1,𝜒
− 𝜆𝜕

𝜒̇

⟨𝑢
𝜒,𝑘

, 𝑢
𝜒,𝑘

⟩H0,𝜒
, (23)

see formula (14). For multiple eigenvalues and 𝜒 real, the derivatives of the branches of eigenvalues splitting 𝜆 are given
by the matrix obtained in the same way, as in formula (16).

We note that formula (23) can be obtained in a direct way by assuming apriori that a normalized eigenfunction 𝑢
𝜒,𝑘

corresponding to 𝜆
𝜒,𝑘

is differentiable with respect to 𝜒 at the point 𝜒 . Indeed, by differentiating formula (21) and taking
into account the normalization of 𝑢

𝜒,𝑘

we get

𝜕
𝜒̇

𝜆
𝜒,𝑘|

|
|𝜒=𝜒

= 𝜕
𝜒̇

⟨A
𝜒

𝑢
𝜒,𝑘

,A
𝜒

𝑢
𝜒,𝑘

⟩H1,𝜒
+ ⟨A

𝜒

𝜕
𝜒̇

𝑢
𝜒,𝑘

,A
𝜒

𝑢
𝜒,𝑘

⟩H1,𝜒
+ ⟨A

𝜒

𝑢
𝜒,𝑘

,A
𝜒

𝜕
𝜒̇

𝑢
𝜒,𝑘

⟩H1,𝜒

− 𝜆
(

𝜕
𝜒̇

⟨𝑢
𝜒,𝑘

, 𝑢
𝜒,𝑘

⟩H0,𝜒
+ ⟨𝜕

𝜒̇

𝑢
𝜒,𝑘

, 𝑢
𝜒,𝑘

⟩H0,𝜒
+ ⟨𝑢

𝜒,𝑘

, 𝜕
𝜒̇

𝑢
𝜒,𝑘

⟩H0,𝜒

)

= 𝜕
𝜒̇

⟨A
𝜒

𝑢
𝜒,𝑘

,A
𝜒

𝑢
𝜒,𝑘

⟩H1,𝜒
− 𝜆𝜕

𝜒̇

⟨𝑢
𝜒,𝑘

, 𝑢
𝜒,𝑘

⟩H0,𝜒

+ 2ℜ
(

⟨A
𝜒

𝑢
𝜒,𝑘

,A
𝜒

𝜕
𝜒̇

𝑢
𝜒,𝑘

⟩H1,𝜒
− 𝜆⟨𝑢

𝜒,𝑘

, 𝜕
𝜒̇

𝑢
𝜒,𝑘

⟩H0,𝜒

)

= 𝜕
𝜒̇

⟨A
𝜒

𝑢
𝜒,𝑘

,A
𝜒

𝑢
𝜒,𝑘

⟩H1,𝜒

− 𝜆𝜕
𝜒̇

⟨𝑢
𝜒,𝑘

, 𝑢
𝜒,𝑘

⟩H0,𝜒
+ 2ℜ⟨A∗

𝜒

A
𝜒

𝑢
𝜒,𝑘

− 𝜆𝑢
𝜒,𝑘

, 𝜕
𝜒̇

𝑢
𝜒,𝑘

⟩H1,𝜒

= 𝜕
𝜒̇

⟨A
𝜒

𝑢
𝜒,𝑘

,A
𝜒

𝑢
𝜒,𝑘

⟩H1,𝜒
− 𝜆𝜕

𝜒̇

⟨𝑢
𝜒,𝑘

, 𝑢
𝜒,𝑘

⟩H0,𝜒

where we have used the fact that A∗
𝜒

A
𝜒

𝑢
𝜒,𝑘

= 𝜆𝑢
𝜒,𝑘

. This formal procedure was used in the proof of our theorem 4.1 in
Part I of this series of papers and it is essentially the same used in the classical Hellmann–Feynman theorem. We refer to
[7] for a recent discussion on this topic and references.

3 | Applications to the De Rham Complex

In this section we apply the abstract results obtained in Section 2 to the Maxwell and Helmholtz problems (3), (2). To do
so, we shall make the following assumptions:

• the space of the parameters 𝜒 is a generic real Banach space𝑋 and in particular 𝜒 belongs to an open subset  of𝑋;
in the case of the Rellich-type Theorems 3.6, 3.11 we shall consider the particular case 𝑋 = ℝ;
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• we consider a family of bi-Lipschitz transformations {Φ
𝜒

}
𝜒∈ ⊂ (Ω) where (Ω) is as in the Introduction, and we

assume that the map 𝜒 ↦ Φ
𝜒

is of class C𝑟 with 𝑟 ∈ ℕ ∪ {∞} ∪ {𝜔};

• we shall use the following notation:

̃Ψ ∶= 𝜕
𝜒̇

Φ
𝜒 |
|
|𝜒=𝜒

and Ψ ∶= ̃Ψ ∘ Φ(−1)
𝜒

(24)

to denote the directional derivative of Φ
𝜒

at the point 𝜒 in the direction 𝜒̇ and its push-forward via Φ
𝜒

, respectively.
(Note that if 𝑋 = ℝ then we shall talk about derivative rather than directional derivative.)

• we assume in this section that 𝜀, 𝜇, as well as the scalar function 𝜈, are defined in the whole of ℝ3 and they are at
least of class C1. Moreover, we assume that the (real valued symmetric) matrices 𝜀(𝑥), 𝜇(𝑥) are positive-definite for
all 𝑥 ∈ ℝ3 and that 𝜈 is also positive.

Later we shall specify the Hilbert spaces associated with any 𝜒 , depending on the problem under consideration. Before
doing so we need some technical lemmas.

Lemma 3.1. Assume that 𝑀 ∶ ℝ3 → ℝ3×3 is a map of class C𝑟 with 𝑟 ∈ ℕ ∪ {∞} ∪ {𝜔}. Consider the map

 ∶ C(Ω;ℝ3)→ C(Ω;ℝ3×3)

Φ↦𝑀 ∘ Φ.

Then  is of class C𝑟 and its Fréchet differential 𝑑Φ at a point Φ ∈ C(Ω;ℝ3), applied to Ψ ∈ C(Ω;ℝ3), is given by the
formula

𝑑Φ(Ψ) =
(
(∇𝑀

𝑖,𝑗

∘ Φ) ⋅Ψ
)

1≤𝑖,𝑗≤3.

Proof. This statement can be deduced as a limiting case of theorem 2.10 and proposition 2.17 in [8] (in the notation of
[8] one should set𝑚 = 𝛼 = 𝛽 = 0) the proof being obtained in the same way as a simpler application of the abstract results
in [9] (for that purpose note that if 𝑀 is analytic then its restriction to any compact set belongs in the Roumieu class as
required in proposition 2.17 in [8], see, for example, [10, theorem 2.17]). We also refer to [11] for a direct approach to
differentiability and analyticity results for the composition operator in Sobolev and Schauder spaces. Note that C(Ω;ℝ) is
a Banach algebra (an important property for the proof of these results) regardless of the boundary regularity of Ω. ◽

Recall that 𝜀̃ = 𝜀 ∘ Φ
𝜒

. We apply Lemma 3.1 to the maps 𝜀, 𝜇 as well as to the scalar function 𝜈 (recall that we assume that
they are of class C1). In particular it follows that

𝜕
𝜒̇

𝜀

|
𝜒=𝜒

=
(

(∇𝜀
𝑖,𝑗

∘ Φ
𝜒

) ⋅ ̃Ψ
)

1≤𝑖,𝑗,≤3
. (25)

Then we set
𝜕Ψ𝜀 ∶=

(

𝜕
𝜒̇

𝜀

|
𝜒=𝜒

)

∘ Φ−1
𝜒

=
(
∇𝜀

𝑖,𝑗

⋅Ψ
)

1≤𝑖,𝑗,≤3. (26)

Similarly, we set
𝜕Ψ𝜇

−1 ∶=
(

𝜕
𝜒̇

𝜇

−1
|
𝜒=𝜒

)

∘ Φ−1
𝜒

=
(

∇𝜇−1
𝑖,𝑗

⋅Ψ
)

1≤𝑖,𝑗,≤3
(27)

and
𝜕Ψ𝜈 ∶=

(

𝜕
𝜒̇

𝜈

|
𝜒=𝜒

)

∘ Φ−1
𝜒

= ∇𝜈 ⋅Ψ,

where ̃Ψ and Ψ are defined in (24).

Recall from the introduction the following definitions:

𝜀Φ = 𝜏2
Φ𝜀𝜏

1
Φ−1 = (det 𝐽Φ)𝐽−1

Φ 𝜀𝐽

−⊤
Φ , 𝜈Φ = 𝜏3

Φ𝜈𝜏
0
Φ−1 = (det 𝐽Φ)𝜈,

𝜇

−1
Φ = 𝜏1

Φ𝜇
−1
𝜏

2
Φ−1 = (det 𝐽Φ)−1

𝐽

⊤

Φ
̃
𝜇
−1
𝐽Φ.

Mathematical Methods in the Applied Sciences, 2026 14253
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Lemma 3.2. Assume that the maps 𝜈 ∶ ℝ → ℝ, 𝜀, 𝜇 ∶ ℝ3 → ℝ3×3 as well as the map 𝜒 ↦ Φ
𝜒

are of class C𝑟 with 𝑟 ∈
ℕ ∪ {∞} ∪ {𝜔}. Then the maps 𝜒 ↦ 𝐽Φ

𝜒

, 𝐽

−1
Φ
𝜒

, 𝜀Φ
𝜒

, 𝜇

−1
Φ
𝜒

from to L∞(Ω;ℝ3×3) and the maps 𝜒 ↦ det 𝐽Φ
𝜒

, (det 𝐽Φ
𝜒

)−1
, 𝜈Φ

𝜒

from  to L∞(Ω;ℝ) are of class C𝑟.

Proof. It is well-known that the determinant and the inverse of a matrix define real analytic operators. Moreover, the
Jacobian operator from C0,1(Ω;ℝ3) to L∞(Ω;ℝ3×3)which takesΦ to 𝐽Φ is a linear and continuous map, hence real-analytic.
It follows by our assumptions on 𝜈, 𝜀, 𝜇 and by Lemma 3.1 that the maps in the statement are of class C𝑟 in the variable 𝜒
since they are compositions of analytic maps and maps of class C𝑟. ◽

3.1 | Maxwell Eigenvalues

In this subsection we consider the Maxwell problem (3). As mentioned in the introduction, we shall prove a formula for
the shape derivatives of its eigenvalues under assumptions on Ω and Φ which are weaker than those used in [12]. Note
that in [12, theorem 4.5] the authors require an additional hypothesis on the regularity of the eigenvectors, assuming
them of class H2. Here we only assume the validity of the Gaffney inequality on the reference domain ΩΦ around which
we differentiate. This inequality for general mixed boundary conditions on a domain ΩΦ reads as follows. There exists a
𝐶 > 0 such that

|𝑢|H1(ΩΦ) ≤ 𝐶
(
|𝑢|L2(ΩΦ) + |rot 𝑢|L2(ΩΦ) + |div 𝜀𝑢|L2(ΩΦ)

)
(28a)

for all 𝑢 ∈ RΓ
𝑡,Φ
(ΩΦ) ∩ 𝜀−1DΓ

𝑛,Φ
(ΩΦ), and

|𝑢|H1(ΩΦ) ≤ 𝐶
(
|𝑢|L2(ΩΦ) + |rot 𝜇−1

𝑢|L2(ΩΦ) + |div 𝑢|L2(ΩΦ)
)

(28b)

for all 𝑢 ∈ 𝜇 RΓ
𝑛,Φ
(ΩΦ) ∩ DΓ

𝑡,Φ
(ΩΦ).

Remark 3.3. Assume that Γ
𝑡

and Γ
𝑛

are separated (in other words Γ = Γ
𝑡

∪ Γ
𝑛

and Γ
𝑡

∩ Γ
𝑛

= ∅). Then ifΩΦ is a bounded
domain of class C1,1 or a bounded convex domain, and the coefficients 𝜀, 𝜇 are of class C1, the Gaffney inequalities (28a),
(28b) hold on ΩΦ, see [13]. We note that assuming that Γ

𝑡,Φ and Γ
𝑛,Φ can be swapped then (28b) follows from (28a).

In view of the notation and the results of Section 2, we need to specialise the function spaces and the operators as follows:

• we fix the ambient Hilbert spaces by setting H0 = H1 = L2(Ω) and we consider also the Hilbert spaces H0,𝜒 = L2
𝜀Φ

𝜒

(Ω)
and H1,𝜒 = L2

𝜇Φ
𝜒

(Ω) depending on 𝜒 . Note that changing the value of 𝜒 gives equivalent scalar products;

• we consider the operator
A
𝜒

∶= 𝜇−1
Φ
𝜒

rotΓ
𝑡

∶ RΓ
𝑡

(Ω) ⊂ L2
𝜀Φ

𝜒

(Ω)→ L2
𝜇Φ

𝜒

(Ω)

as the pull-back of the operator

A ∶= 𝜇−1 rotΓ
𝑡,Φ
𝜒

∶ RΓ
𝑡,Φ
𝜒

(ΩΦ
𝜒

) ⊂ L2
𝜀

(ΩΦ
𝜒

) → L2
𝜇

(ΩΦ
𝜒

);

recall their adjoints
A∗
𝜒

= 𝜀−1
Φ
𝜒

rotΓ
𝑛

∶ RΓ
𝑛

(Ω) ⊂ L2
𝜇Φ

𝜒

(Ω) → L2
𝜀Φ

𝜒

(Ω),

A∗ = 𝜀−1 rotΓ
𝑛,Φ

𝜒

∶ RΓ
𝑛,Φ

𝜒

(ΩΦ
𝜒

) ⊂ L2
𝜇

(ΩΦ
𝜒

) → L2
𝜀

(ΩΦ
𝜒

);

• we consider the operator 
𝜒

∶ RΓ
𝑡

(Ω)→ RΓ
𝑡

(Ω)′
♯

defined by

⟨
𝜒

𝐹 ,𝐺⟩ = ⟨A
𝜒

𝐹 ,A
𝜒

𝐺⟩L2
𝜇Φ

𝜒

(Ω) =
⟨

𝜇

−1
Φ
𝜒

rot 𝐹 , rot𝐺
⟩

L2(Ω)

=
⟨

(det 𝐽Φ
𝜒

)−1
𝜇

−1
𝐽Φ

𝜒

rot 𝐹 , 𝐽Φ
𝜒

rot𝐺
⟩

L2(Ω)

for all 𝐹 ,𝐺 ∈ RΓ
𝑡

(Ω); recall that 𝜇 = 𝜇 ∘ Φ
𝜒

;

14254 Mathematical Methods in the Applied Sciences, 2026

 10991476, 2026, 12, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/m

m
a.70773 by D

irk Pauly - Sã¤C
hsische L

andesbibliothek , W
iley O

nline L
ibrary on [04/08/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



• we also consider the operator 
𝜒

∶ L2(Ω) → RΓ
𝑡

(Ω)′
♯

defined by

⟨
𝜒

𝐹 ,𝐺⟩ = ⟨𝐹 ,𝐺⟩L2
𝜀Φ
𝜒

(Ω) = ⟨𝜀Φ
𝜒

𝐹 , 𝐺⟩L2(Ω) =
⟨

(det 𝐽Φ
𝜒

)𝜀𝐽−⊤Φ
𝜒

𝐹 , 𝐽

−⊤
Φ
𝜒

𝐺

⟩

L2(Ω)

for all 𝐹 ∈ L2(Ω) and 𝐺 ∈ RΓ
𝑡

(Ω); recall that 𝜀 = 𝜀 ∘ Φ
𝜒

.

For the convenience of the reader, we recall that the transformation

𝜏

1
Φ
𝜒

∶ L2
𝜀

(ΩΦ
𝜒

) → L2
𝜀Φ

𝜒

(Ω), 𝜏

1
Φ
𝜒

𝐹 = 𝐽⊤Φ
𝜒

̃
𝐹

is an isometry, and if 𝐹 ∈ 𝐷(A) = RΓ
𝑡,Φ
𝜒

(ΩΦ
𝜒

), then 𝜏1
Φ
𝜒

𝐹 ∈ 𝐷(A
𝜒

) = RΓ
𝑡

(Ω) and

rot 𝜏1
Φ𝐹 = 𝜏2

Φ rot 𝐹 = (adj 𝐽Φ)̃rot 𝑇 .

As in the previous section, for a quantity 𝑓
𝜒

depending on 𝜒 ∈  , we shall use the symbol 𝜕
𝜒̇

𝑓
𝜒 |

𝜒=𝜒
(or simply 𝜕

𝜒̇

𝑓
𝜒

) to
denote the directional derivative of 𝑓

𝜒

at the fixed point 𝜒 ∈  , in the direction 𝜒̇ ∈ 𝑋. Moreover, for the following lemma
we use the notation in (26) and (27).

Lemma 3.4. Assume that the maps 𝜀, 𝜇 ∶ ℝ3 → ℝ3×3, as well as the map 𝜒 ↦ Φ
𝜒

, are of class C𝑟 with 𝑟 ∈ ℕ ∪ {∞} ∪
{𝜔}. Then the maps 𝜒 ↦ ⟨

𝜒

𝐹 ,𝐺⟩ and 𝜒 ↦ ⟨
𝜒

𝐹 ,𝐺⟩ are of class C𝑟 and the following statements hold:

(i) For all 𝐹 ,𝐺 ∈ L2(Ω)

𝜕
𝜒̇

⟨
𝜒

𝐹 ,𝐺⟩
|
𝜒=𝜒

= ⟨
(
𝜕Ψ𝜀 + (divΨ)𝜀 − 2 sym(𝐽Ψ𝜀)

)
𝜏

1
Φ−1
𝜒

𝐹 , 𝜏

1
Φ−1
𝜒

𝐺⟩L2(ΩΦ
𝜒

). (29)

(ii) For all 𝐹 ,𝐺 ∈ RΓ
𝑡

(Ω)

𝜕
𝜒̇

⟨
𝜒

𝐹 ,𝐺⟩
|
𝜒=𝜒

= ⟨
(
𝜕Ψ𝜇

−1 − (𝜇−1 divΨ) + 2 sym(𝜇−1
𝐽Ψ)

)
rotΓ

𝑡,Φ
𝜒

𝜏

1
Φ−1
𝜒

𝐹 , rotΓ
𝑡,Φ
𝜒

𝜏

1
Φ−1
𝜒

𝐺⟩L2(ΩΦ
𝜒

). (30)

Proof. The regularity is easily deduced by Lemma 3.2. By the appendix of the first part we have

𝜕
𝜒̇

𝜀Φ
𝜒 |
𝜒=𝜒

= (det 𝐽Φ
𝜒

)𝐽−1
Φ
𝜒

(

𝜕
𝜒̇

𝜀 + (̃divΨ)𝜀 − 2 sym(̃𝐽Ψ𝜀)
)

𝐽

−⊤
Φ
𝜒

and
𝜕
𝜒̇

𝜇

−1
Φ
𝜒 |
𝜒=𝜒

= (det 𝐽Φ
𝜒

)−1
𝐽

⊤

Φ
𝜒

(

𝜕
𝜒̇

̃
𝜇
−1 − (̃divΨ)̃𝜇−1 + 2 sym(̃𝜇−1̃

𝐽Ψ)
)

𝐽Φ
𝜒

.

Since
𝜕
𝜒̇

⟨
𝜒

𝐹 ,𝐺⟩ = ⟨𝜕
𝜒̇

𝜀Φ
𝜒

𝐹 , 𝐺⟩L2(Ω) and 𝜕
𝜒̇

⟨
𝜒

𝐹 ,𝐺⟩ =
⟨

𝜕
𝜒̇

𝜇

−1
Φ
𝜒

rot 𝐹 , rot𝐺
⟩

L2(Ω)
,

by changing variables and recalling that

𝜏

1
Φ−1𝐹 =

(
𝐽

−⊤
Φ 𝐹

)
∘ Φ−1

, rot 𝜏1
Φ−1𝐹 = 𝜏2

Φ−1 rot 𝐹 =
(
(det 𝐽Φ)−1

𝐽Φ rot 𝐹
)
∘ Φ−1

,

the proof is complete. ◽

By combining Theorems 2.7 and Lemma 3.4 we immediately deduce the following theorem. Note that no additional
boundary regularity assumptions are used here.

Theorem 3.5. Let 𝑟 ∈ ℕ ∪ {∞} ∪ {𝜔} and let 𝜀,𝜇, and 𝜈 be of class C𝑟. LetΩ be a bounded Lipschitz domain inℝ3 and let
{Φ

𝜒

}
𝜒∈ be a family of bi-Lipschitz transformationsΦ

𝜒

∈ (Ω) such that the map 𝜒 ↦ Φ
𝜒

is of class C𝑟. Let 𝜒 ∈  be fixed.
Let 𝜆 be an eigenvalue of the Maxwell problem on ΩΦ

𝜒

. Assume 𝜆 has multiplicity 𝑚 and let 𝜆 = 𝜆
𝜒,𝑘

= · · · = 𝜆
𝜒,𝑘+𝑚−1 for

some 𝑘 ∈ ℕ. Let 𝐹 = {𝑘, 𝑘 + 1,… , 𝑘 + 𝑚 − 1} and let Λ
𝐹 ,𝑠

be the elementary symmetric functions of the Maxwell eigenvalues
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defined as in (8). Then the functions Λ
𝐹 ,𝑠

are of class C𝑟 in a neighborhood of 𝜒 and their directional derivatives at the point
𝜒 in the direction 𝜒̇ are given by the formula

𝜆

𝑠−1(
𝑚 − 1
𝑠 − 1

) 𝑚∑

ℎ=1

(

⟨
(
𝜕Ψ𝜇

−1 − (𝜇−1 divΨ) + 2 sym(𝜇−1
𝐽Ψ)

)
rotΓ

𝑡,Φ
𝜒

𝐸
𝜒,ℎ

, rotΓ
𝑡,Φ
𝜒

𝐸
𝜒,ℎ

⟩L2(ΩΦ
𝜒

)

−𝜆⟨
(
𝜕Ψ𝜀 + (divΨ)𝜀 − 2 sym(𝐽Ψ𝜀)

)
𝐸
𝜒,ℎ

, 𝐸
𝜒,ℎ

⟩L2(ΩΦ
𝜒

)

)

,

where {𝐸
𝜒,ℎ

}
ℎ=1,…,𝑚 is an orthonormal basis in L2

𝜀

(ΩΦ
𝜒

) of the eigenspace associated with 𝜆, and Ψ is as in (24).

By Theorem 2.8 we also deduce the following theorem where in particular we recover the formulas in our theorem 4.1 in
Part I of this series of papers when 𝜆 is simple.

Theorem 3.6. Let the same assumptions of Theorem 3.5 hold. Assume that 𝑟 = {1, 𝜔} and𝑋 = ℝ. Then for 𝜒 sufficiently
close to 𝜒 , the eigenvalues 𝜆

𝜒,𝑘

,… , 𝜆
𝜒,𝑘+𝑚−1 can be represented by 𝑚 functions 𝜒 ↦ 𝜁

𝜒,𝑘

,… , 𝜁
𝜒,𝑘+𝑚−1 of class C𝑟. Moreover

the derivatives of those functions at 𝜒 are given by the eigenvalues of the following matrix

(

⟨
(
𝜕Ψ𝜇

−1 − (𝜇−1 divΨ) + 2 sym(𝜇−1
𝐽Ψ)

)
rotΓ

𝑡,Φ
𝜒

𝐸
𝜒,ℎ

, rotΓ
𝑡,Φ
𝜒

𝐸
𝜒,𝑙

⟩L2(ΩΦ
𝜒

)

−𝜆⟨
(
𝜕Ψ𝜀 + (divΨ)𝜀 − 2 sym(𝐽Ψ𝜀)

)
𝐸
𝜒,ℎ

, 𝐸
𝜒,𝑙

⟩L2(ΩΦ
𝜒

)

)

ℎ,𝑙=1,…,𝑚
, (31)

where {𝐸
𝜒,ℎ

}
ℎ=1,…,𝑚 is an orthonormal basis in L2

𝜀

(ΩΦ
𝜒

) of the eigenspace associated with 𝜆, and Ψ is as in (24).

Proof. Recall from Part I of this series of papers that 𝐹 ∈ RΓ
𝑡

(Ω) is an eigenvector of the operator A∗
𝜒

A
𝜒

associated
with an eigenvalue 𝜆 if and only if 𝐸 = 𝜏1

Φ−1
𝜒

𝐹 belongs to RΓ
𝑡,Φ
𝜒

(ΩΦ𝜒 ) and is an eigenvector of the operator A∗A associated

with the same eigenvalue 𝜆. Moreover, 𝐹
𝜒,ℎ

, ℎ = 1,… , 𝑚 is an orthonormal basis in L2
𝜀Φ

𝜒

(Ω) of the eigenspace of A∗
𝜒

A
𝜒

associated with 𝜆 if and only if 𝐸
𝜒,ℎ

= 𝜏1
Φ−1
𝜒

𝐹
𝜒,ℎ

, ℎ = 1,… , 𝑚 is an orthonormal basis in L2
𝜀

(ΩΦ
𝜒

) of the eigenspace of A∗A

associated with 𝜆. By Lemma 3.4 we have that

𝜕
𝜒̇

⟨
𝜒

𝐹
𝜒,ℎ

, 𝐹
𝜒,𝑙

⟩ − 𝜆𝜕
𝜒̇

⟨
𝜒

𝐹
𝜒,ℎ

, 𝐹
𝜒,𝑙

⟩

= ⟨
(
𝜕Ψ𝜇

−1 − (𝜇−1 divΨ) + 2 sym(𝜇−1
𝐽Ψ)

)
rotΓ

𝑡,Φ
𝜒

𝐸
𝜒,ℎ

, rotΓ
𝑡,Φ
𝜒

𝐸
𝜒,𝑙

⟩L2(ΩΦ
𝜒

)

− 𝜆⟨
(
𝜕Ψ𝜀 + (divΨ)𝜀 − 2 sym(𝐽Ψ𝜀)

)
𝐸
𝜒,ℎ

, 𝐸
𝜒,𝑙

⟩L2(ΩΦ
𝜒

). (32)

The proof follows by applying Theorem 2.8. ◽

In order to write the formulas in the two previous statements by means of surface integrals we need additional assumptions
as follows.

Corollary 3.7 (Hirakawa’s formula). Assume that 𝜆 and {𝐸
𝜒,ℎ

}
ℎ=1,…,𝑚 are as in Theorem 3.5 and assume that the

Gaffney inequalities (28a), (28b) hold in ΩΦ
𝜒

. Then the following statements hold.

(i) The directional derivatives at the point 𝜒 in the direction 𝜒̇ of the functions Λ
𝐹 ,𝑠

from Theorem 3.5 can be written as

𝜆

𝑠−1(
𝑚 − 1
𝑠 − 1

) 𝑚∑

ℎ=1

(

∫Γ
𝑛,Φ

𝜒

(

(𝜇−1 rot𝐸
𝜒,ℎ

⋅ rot𝐸
𝜒,ℎ

) − 𝜆(𝜀𝐸
𝜒,ℎ

⋅ 𝐸
𝜒,ℎ

)
)

(𝑛 ⋅Ψ)𝑑𝜎

−
∫Γ

𝑡,Φ
𝜒

(

(𝜇−1 rot𝐸
𝜒,ℎ

⋅ rot𝐸
𝜒,ℎ

) − 𝜆(𝜀𝐸
𝜒,ℎ

⋅ 𝐸
𝜒,ℎ

)
)

(𝑛 ⋅Ψ)𝑑𝜎

)

. (33)
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(ii) The derivatives at a point 𝜒 ∈ ℝ of the functions 𝜁
𝜒,𝑘

,… , 𝜁
𝜒,𝑘+𝑚−1 from Theorem 3.6 are given by the eigenvalues of the

following matrix:
(

∫Γ
𝑛,Φ

𝜒

(

(𝜇−1 rot𝐸
𝜒,ℎ

⋅ rot𝐸
𝜒,𝑙

) − 𝜆(𝜀𝐸
𝜒,ℎ

⋅ 𝐸
𝜒,𝑙

)
)

(𝑛 ⋅Ψ)𝑑𝜎

−
∫Γ

𝑡,Φ
𝜒

(

(𝜇−1 rot𝐸
𝜒,ℎ

⋅ rot𝐸
𝜒,𝑙

) − 𝜆(𝜀𝐸
𝜒,ℎ

⋅ 𝐸
𝜒,𝑙

)
)

(𝑛 ⋅Ψ)𝑑𝜎

)

ℎ,𝑙=1,…,𝑚

, (34)

The proof of Corollary 3.7 is an immediate application of Theorems 3.5, 3.6 and the following lemma.

Lemma 3.8. Suppose that the Gaffney inequalities (28a), (28b) hold in ΩΦ
𝜒

. Suppose that 𝐹 ,𝐺 ∈ L2
𝜀

(ΩΦ
𝜒

) are Maxwell
eigenfunctions associated with an eigenvalue 𝜆 ≠ 0. Then

⟨
(
𝜕Ψ𝜇

−1 − (𝜇−1 divΨ) + 2 sym(𝜇−1
𝐽Ψ)

)
rotΓ

𝑡,Φ
𝜒

𝐹 , rotΓ
𝑡,Φ
𝜒

𝐺⟩L2(ΩΦ
𝜒

)

− 𝜆⟨
(
𝜕Ψ𝜀 + (divΨ)𝜀 − 2 sym(𝐽Ψ𝜀)

)
𝐹 ,𝐺⟩L2(ΩΦ

𝜒

)

=
∫Γ

𝑛,Φ
𝜒

(

(𝜇−1 rot 𝐹 ⋅ rot𝐺) − 𝜆(𝜀𝐹 ⋅ 𝐺)
)

(𝑛 ⋅Ψ)𝑑𝜎

−
∫Γ

𝑡,Φ
𝜒

(

(𝜇−1 rot 𝐹 ⋅ rot𝐺) − 𝜆(𝜀𝐹 ⋅ 𝐺)
)

(𝑛 ⋅Ψ)𝑑𝜎,

Proof. To ease the notation, throughout this proof we write Φ, 𝜆 instead of Φ
𝜒

, 𝜆, and we use the Einstein notation
omitting summation symbols.

Observe also that the quantities Ψ, 𝜀, 𝜇 have real-valued entries, thus they coincide with their complex conjugates. The
complex conjugate of 𝐺 is denoted by 𝐺.

Recall that since 𝐹 ,𝐺 are eigenvectors of 𝐴∗𝐴 associated with a non-zero eigenvalue, they belong to 𝐷(𝐴) ∩ 𝑅(𝐴∗) ⊂
𝐷(rotΓ

𝑡,Φ
) ∩𝑁(divΓ

𝑛,Φ
𝜀) by the Hilbert complex property (see remarks 2.21 and 3.10 of Part I). Therefore div(𝜀𝐹 ) =

div(𝜀𝐺) = 0 in ΩΦ and 𝜀𝐹 ⋅ 𝑛 = 𝜀 𝐺 ⋅ 𝑛 = 0 on Γ
𝑛,Φ.

Moreover, since by lemma 2.15 of Part I, the vector fields 𝜇−1 rot 𝐹 , 𝜇−1 rot𝐺 are eigenvectors of𝐴𝐴∗ (associated with the
same non-zero eigenvalue), they belong to𝐷(𝐴∗) ∩𝑅(𝐴) ⊂ 𝐷(rotΓ

𝑛,Φ
) ∩𝑁(divΓ

𝑡,Φ
𝜇) (see the operator𝐴2 in the remark 2.21

of Part I), hence in particular 𝑛 ⋅ rot 𝐹 = 𝑛 ⋅ rot𝐺 = 0 on Γ
𝑡,Φ. As a consequence, by the Gaffney inequality rot 𝐹 , rot𝐺 ∈

𝜇 RΓ
𝑛,Φ
(ΩΦ) ∩ DΓ

𝑡,Φ
(ΩΦ) ⊂ H1(ΩΦ).

We set
𝑄 ∶=

∫ΩΦ

(
𝜕Ψ𝜀 − 2 sym(𝐽Ψ𝜀)

)
𝐹 ⋅ 𝐺 𝑑𝑦.

Observe that since by hypothesis the Gaffney inequality holds in ΩΦ, then 𝐹 ,𝐺 ∈ H1(ΩΦ). Integrating by parts yield

−
∫ΩΦ

(
𝐽Ψ 𝜀 + (𝐽Ψ 𝜀)⊤

)
𝐹 ⋅ 𝐺 = −

∫ΩΦ
𝐹
𝑖

(𝜕
𝑘

Ψ
𝑖

)𝜀
𝑘𝑗

𝐺
𝑗

−
∫ΩΦ

𝐹
𝑖

(𝜕
𝑘

Ψ
𝑗

)𝜀
𝑘𝑖

𝐺
𝑗

=
∫ΩΦ

(𝜕
𝑘

𝐹
𝑖

)Ψ
𝑖

𝜀
𝑘𝑗

𝐺
𝑗

+
∫ΩΦ

𝐹
𝑖

Ψ
𝑗

𝜀
𝑘𝑖

(𝜕
𝑘

𝐺
𝑗

) +
∫ΩΦ

𝐹 ⋅Ψ div(𝜀𝐺) +
∫ΩΦ

𝐺 ⋅Ψ div(𝜀𝐹 )

−
∫ΓΦ

(𝐹 ⋅Ψ)(𝜀𝐺 ⋅ 𝑛)𝑑𝜎 −
∫ΓΦ

(𝐺 ⋅Ψ)(𝜀𝐹 ⋅ 𝑛)𝑑𝜎

=
∫ΩΦ

(𝜕
𝑘

𝐹
𝑖

)Ψ
𝑖

𝜀
𝑘𝑗

𝐺
𝑗

+
∫ΩΦ

𝐹
𝑖

Ψ
𝑗

𝜀
𝑘𝑖

(𝜕
𝑘

𝐺
𝑗

) −
∫ΓΦ

(𝐹 ⋅Ψ)(𝜀𝐺 ⋅ 𝑛)𝑑𝜎 −
∫ΓΦ

(𝐺 ⋅Ψ)(𝜀𝐹 ⋅ 𝑛)𝑑𝜎.
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Furthermore we have that
3∑

𝑖,𝑗,𝑘=1

(
(𝜕
𝑘

𝐹
𝑖

) − (𝜕
𝑖

𝐹
𝑘

)
)
𝜀
𝑘𝑗

𝐺
𝑗

Ψ
𝑖

= rot 𝐹 ⋅ (𝜀𝐺 × Ψ)

Moreover observe that

∇(𝜀𝐹 ⋅ 𝐺) ⋅Ψ = (𝜕
𝑖

𝐹
𝑘

)𝜀
𝑘𝑗

𝐺
𝑗

Ψ
𝑖

+ (𝜕
𝑖

𝐺
𝑗

)𝜀
𝑘𝑗

𝐹
𝑘

Ψ
𝑖

+ (𝜕
𝑖

𝜀
𝑘𝑗

)𝐹
𝑘

𝐺
𝑗

Ψ
𝑖

= (𝜕
𝑖

𝐹
𝑘

)𝜀
𝑘𝑗

𝐺
𝑗

Ψ
𝑖

+ (𝜕
𝑖

𝐺
𝑗

)𝜀
𝑘𝑗

𝐹
𝑘

Ψ
𝑖

+ 𝐹
𝑘

𝐺
𝑗

(∇𝜀
𝑘𝑗

⋅Ψ)1≤𝑘,𝑗≤3

= (𝜕
𝑖

𝐹
𝑘

)𝜀
𝑘𝑗

𝐺
𝑗

Ψ
𝑖

+ (𝜕
𝑖

𝐺
𝑗

)𝜀
𝑘𝑗

𝐹
𝑘

Ψ
𝑖

+ 𝐹 ⋅ (𝜕Ψ𝜀)𝐺.

= (𝜕
𝑖

𝐹
𝑘

)𝜀
𝑘𝑗

𝐺
𝑗

Ψ
𝑖

+ (𝜕
𝑖

𝐺
𝑗

)𝜀
𝑘𝑗

𝐹
𝑘

Ψ
𝑖

+ (𝜕Ψ𝜀)𝐹 ⋅ 𝐺.

Therefore

𝑄 =
∫ΩΦ

rot 𝐹 ⋅ (𝜀𝐺 × Ψ) + rot𝐺 ⋅ (𝜀𝐹 × Ψ) + ∇(𝜀𝐹 ⋅ 𝐺) ⋅Ψ

−
∫ΓΦ

(

(𝐹 ⋅Ψ)(𝜀𝐺 ⋅ 𝑛) + (𝐺 ⋅Ψ)(𝜀𝐹 ⋅ 𝑛)
)

𝑑𝜎

=
∫ΩΦ

𝜀𝐺 ⋅ (Ψ × rot 𝐹 ) + 𝜀𝐹 ⋅ (Ψ × rot𝐺) + ∇(𝜀𝐹 ⋅ 𝐺) ⋅Ψ − 2
∫Γ

𝑡,Φ

(𝜀𝐹 ⋅ 𝐺)(𝑛 ⋅Ψ)𝑑𝜎, (35)

where in the last equality we have used the fact that 𝜀 𝐹 ⋅ 𝑛 = 𝜀 𝐺 ⋅ 𝑛 = 0 on Γ
𝑛,Φ, while 𝐹 = (𝐹 ⋅ 𝑛)𝑛 and 𝐺 = (𝐺 ⋅ 𝑛)𝑛 on

Γ
𝑡,Φ. By recalling that 𝐹 and 𝐺 are eigenvectors of A∗A = 𝜀−1 rot 𝜇−1 rotΓΦ and integrating by parts we get

∫ΩΦ
𝜀𝐺 ⋅ (Ψ × rot 𝐹 ) = 𝜆−1

∫ΩΦ
rot 𝜇−1 rot𝐺 ⋅ (Ψ × rot 𝐹 )

= 𝜆−1
∫ΩΦ

𝜇

−1 rot𝐺 ⋅ rot(Ψ × rot 𝐹 ) + 𝜆−1
∫ΓΦ

(𝑛 × 𝜇−1 rot𝐺) ⋅ (Ψ × rot 𝐹 )𝑑𝜎

= −𝜆−1
∫ΩΦ

𝜇

−1 rot𝐺 ⋅ rot 𝐹 divΨ + 𝜆−1
∫ΩΦ

𝜇

−1 rot𝐺 ⋅ 𝐽Ψ rot 𝐹

− 𝜆−1
∫ΩΦ

𝜇

−1 rot𝐺 ⋅ 𝐽rot𝐹Ψ + 𝜆−1
∫Γ

𝑡,Φ

(𝜇−1 rot 𝐹 ⋅ rot𝐺)(𝑛 ⋅Ψ)𝑑𝜎. (36)

Here we have used the fact that rot(Ψ × rot 𝐹 ) = −rot 𝐹 divΨ + 𝐽Ψ rot 𝐹 − 𝐽rot 𝐹Ψ and that

𝑛 × 𝜇−1 rot 𝐹 = 𝑛 × 𝜇−1 rot𝐺 = 0

on Γ
𝑛,Φ, while on Γ

𝑡,Φ we have that

(𝑛 × 𝜇−1 rot𝐺) ⋅ (Ψ × rot 𝐹 ) = Ψ ⋅
(

rot 𝐹 × (𝑛 × 𝜇−1 rot𝐺)
)

= Ψ ⋅
(

(rot 𝐹 ⋅ 𝜇−1 rot𝐺)𝑛 − (rot 𝐹 ⋅ 𝑛)𝜇−1 rot𝐺
)

= (rot 𝐹 ⋅ 𝜇−1 rot𝐺)(𝑛 ⋅Ψ)

= (𝜇−1 rot 𝐹 ⋅ rot𝐺)(𝑛 ⋅Ψ)

by Lagrange’s formula for the vector triple product and the fact that 𝑛 ⋅ rot 𝐹 = 0 on Γ
𝑡,Φ. An analogous equality holds for

∫ΩΦ
𝜀𝐹 ⋅ (Ψ × rot𝐺). (37)

Observe that the Jacobians matrices 𝐽rot 𝐹 , 𝐽rot 𝐺 are well defined since rot 𝐹 , rot𝐺 ∈ H1(ΩΦ). By standard calculus and
an approximation argument we also have that

∇(𝜇−1 rot 𝐹 ⋅ rot𝐺) ⋅Ψ = 𝐽rot 𝐺Ψ ⋅ 𝜇
−1 rot 𝐹 + 𝐽rot 𝐹Ψ ⋅ 𝜇−1 rot𝐺 + (𝜕Ψ𝜇−1)rot 𝐹 ⋅ rot𝐺. (38)

14258 Mathematical Methods in the Applied Sciences, 2026

 10991476, 2026, 12, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/m

m
a.70773 by D

irk Pauly - Sã¤C
hsische L

andesbibliothek , W
iley O

nline L
ibrary on [04/08/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



Hence by (35–38)

𝜆𝑄 = −2
∫ΩΦ

𝜇

−1 rot 𝐹 ⋅ rot𝐺 divΨ +
∫ΩΦ

(
𝜇

−1
𝐽Ψ + (𝜇−1

𝐽Ψ)⊤
)
rot 𝐹 ⋅ rot𝐺

−
∫ΩΦ

∇(𝜇−1 rot 𝐹 ⋅ rot𝐺) ⋅Ψ +
∫ΩΦ

(𝜕Ψ𝜇−1)(rot 𝐹 ) ⋅ rot𝐺 + 𝜆
∫ΩΦ

∇(𝜀𝐹 ⋅ 𝐺) ⋅Ψ

+ 2
∫Γ

𝑡,Φ

(𝜇−1 rot 𝐹 ⋅ rot𝐺)(𝑛 ⋅Ψ)𝑑𝜎 − 2𝜆
∫Γ

𝑡,Φ

(𝜀𝐹 ⋅ 𝐺)(𝑛 ⋅Ψ)𝑑𝜎. (39)

Applying the divergence theorem we obtain

𝜆𝑄 = −
∫ΩΦ

𝜇

−1 rot 𝐹 ⋅ rot𝐺 divΨ +
∫ΩΦ

(
𝜇

−1
𝐽Ψ + (𝜇−1

𝐽Ψ)⊤
)

rot 𝐹 ⋅ rot𝐺

+
∫ΩΦ

(𝜕Ψ𝜇−1)(rot 𝐹 ) ⋅ rot𝐺 − 𝜆
∫ΩΦ

(𝜀𝐹 ⋅ 𝐺)divΨ

−
∫ΓΦ

(𝜇−1 rot 𝐹 ⋅ rot𝐺)(𝑛 ⋅Ψ)𝑑𝜎 + 𝜆
∫ΓΦ

(𝜀𝐹 ⋅ 𝐺)(𝑛 ⋅Ψ)𝑑𝜎

+ 2
∫Γ

𝑡,Φ

(𝜇−1 rot 𝐹 ⋅ rot𝐺)(𝑛 ⋅Ψ)𝑑𝜎 − 2𝜆
∫Γ

𝑡,Φ

(𝜀𝐹 ⋅ 𝐺)(𝑛 ⋅Ψ)𝑑𝜎

= −
∫ΩΦ

𝜇

−1 rot 𝐹 ⋅ rot𝐺 divΨ +
∫ΩΦ

(
𝜇

−1
𝐽Ψ + (𝜇−1

𝐽Ψ)⊤
)
rot 𝐹 ⋅ rot𝐺

+
∫ΩΦ

(𝜕Ψ𝜇−1)(rot 𝐹 ) ⋅ rot𝐺 − 𝜆
∫ΩΦ

(𝜀𝐹 ⋅ 𝐺)divΨ

−
∫Γ

𝑛,Φ

(𝜇−1 rot 𝐹 ⋅ rot𝐺)(𝑛 ⋅Ψ)𝑑𝜎 + 𝜆
∫Γ

𝑛,Φ

(𝜀𝐹 ⋅ 𝐺)(𝑛 ⋅Ψ)𝑑𝜎

+
∫Γ

𝑡,Φ

(𝜇−1 rot 𝐹 ⋅ rot𝐺)(𝑛 ⋅Ψ)𝑑𝜎 − 𝜆
∫Γ

𝑡,Φ

(𝜀𝐹 ⋅ 𝐺)(𝑛 ⋅Ψ)𝑑𝜎. (40)

Finally, from (40) we deduce that

⟨
(
𝜕Ψ𝜇

−1 − (𝜇−1 divΨ) + 2 sym(𝜇−1
𝐽Ψ)

)
rot 𝐹 , rot𝐺⟩L2(ΩΦ)

− 𝜆⟨
(
𝜕Ψ𝜀 + (divΨ)𝜀 − 2 sym(𝐽Ψ𝜀)

)
𝐹 ,𝐺⟩L2(ΩΦ)

=
∫ΩΦ

(
𝜕Ψ𝜇

−1 − 𝜇−1 divΨ + 𝜇−1
𝐽Ψ + (𝜇−1

𝐽Ψ)⊤
)

rot 𝐹 ⋅ rot𝐺 − 𝜆𝑄 − 𝜆
∫ΩΦ

divΨ 𝜀𝐹 ⋅ 𝐺

=
∫Γ

𝑛,Φ

(

(𝜇−1 rot 𝐹 ⋅ rot𝐺) − 𝜆(𝜀𝐹 ⋅ 𝐺)
)

(𝑛 ⋅Ψ)𝑑𝜎

−
∫Γ

𝑡,Φ

(

(𝜇−1 rot 𝐹 ⋅ rot𝐺) − 𝜆(𝜀𝐹 ⋅ 𝐺)
)

(𝑛 ⋅Ψ)𝑑𝜎,

and the proof is complete. ◽

3.2 | Helmholtz Eigenvalues

In this subsection we focus on the Helmholtz eigenproblem (2). We follow the notation and the results of Section 2 by
specialising the function spaces and the operators as follows:

• we fix the ambient Hilbert spaces by setting H0 = L2(Ω), H1 = L2(Ω) (with H1 being a space of vector valued functions,
that is, H1 = H3

0) and we consider also the Hilbert spaces H0,𝜒 = L2
𝜈Φ

𝜒

(Ω) and H1,𝜒 = L2
𝜀Φ

𝜒

(Ω) depending on 𝜒 . Note that
changing the value of 𝜒 gives equivalent scalar products;

• we consider the operator
A
𝜒

∶= ∇Γ
𝑡

∶ H1
Γ
𝑡

(Ω) ⊂ L2
𝜈Φ

𝜒

(Ω) → L2
𝜀Φ

𝜒

(Ω)
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as the pull-back of the operator

A ∶= ∇Γ
𝑡,Φ
𝜒

∶ H1
Γ
𝑡,Φ
𝜒

(ΩΦ
𝜒

) ⊂ L2
𝜈

(ΩΦ
𝜒

) → L2
𝜀

(ΩΦ
𝜒

);

recall their adjoints
A∗
𝜒

= −𝜈−1
Φ
𝜒

divΓ
𝑛

𝜀Φ
𝜒

∶ 𝜀−1
Φ
𝜒

DΓ
𝑛

(Ω) ⊂ L2
𝜀Φ

𝜒

(Ω)→ L2
𝜈Φ

𝜒

(Ω),

A∗ = −𝜈−1 divΓ
𝑛,Φ

𝜒

𝜀 ∶ 𝜀−1DΓ
𝑛,Φ

𝜒

(ΩΦ
𝜒

) ⊂ L2
𝜀

(ΩΦ
𝜒

)→ L2
𝜈

(ΩΦ
𝜒

);

• we consider the operator 
𝜒

∶ H1
Γ
𝑡

(Ω)→ H1
Γ
𝑡

(Ω)′
♯

defined by

⟨
𝜒

𝑓 , 𝑔⟩ = ⟨A
𝜒

𝑓 ,A
𝜒

𝑔⟩L2
𝜇Φ

𝜒

(Ω) = ⟨∇𝑓,∇𝑔⟩L2
𝜀Φ
𝜒

(Ω) =
⟨

𝜀Φ
𝜒

∇𝑓,∇𝑔
⟩

L2(Ω)

=
⟨

(det 𝐽Φ
𝜒

)𝜀𝐽−⊤Φ
𝜒

∇𝑓, 𝐽−⊤Φ
𝜒

∇𝑔
⟩

L2(Ω)

for all 𝑓, 𝑔 ∈ H1
Γ
𝑡

(Ω); recall that 𝜀 = 𝜀 ∘ Φ
𝜒

;

• we also consider the operator 
𝜒

∶ L2(Ω) → H1
Γ
𝑡

(Ω)′
♯

defined by

⟨
𝜒

𝑓 , 𝑔⟩ = ⟨𝑓, 𝑔⟩L2
𝜈Φ
𝜒

(Ω) = ⟨𝜈Φ
𝜒

𝑓 , 𝑔⟩L2(Ω) =
⟨

(det 𝐽Φ
𝜒

)𝜈𝑓 , 𝑔
⟩

L2(Ω)

for all 𝑓 ∈ L2(Ω) and 𝑔 ∈ H1
Γ
𝑡

(Ω); recall that 𝜈 = 𝜈 ∘ Φ
𝜒

.

We have the equivalent to Lemma 3.4. Recall that Ψ is defined in (24).

Lemma 3.9. Assume that the map 𝜈 ∶ ℝ3 → ℝ as well as the map 𝜒 ↦ Φ
𝜒

are of class C𝑟 with 𝑟 ∈ ℕ ∪ {∞} ∪ {𝜔}. Then
𝜒 → ⟨

𝜒

𝐹 ,𝐺⟩ and 𝜒 → ⟨
𝜒

𝐹 ,𝐺⟩ are of class C𝑟 and the following statements hold:

(i) For all 𝑓, 𝑔 ∈ L2(Ω)
𝜕
𝜒̇

⟨
𝜒

𝑓 , 𝑔⟩
|
𝜒=𝜒

= ⟨
(
𝜕Ψ𝜈 + (divΨ)𝜈

)
𝜏

0
Φ−1
𝜒

𝑓 , 𝜏

0
Φ−1
𝜒

𝑔⟩L2(ΩΦ
𝜒

). (41)

(ii) For all 𝑓, 𝑔 ∈ H1
Γ
𝑡

(Ω)

𝜕
𝜒̇

⟨
𝜒

𝑓 , 𝑔⟩
|
𝜒=𝜒

= ⟨
(
𝜕Ψ𝜀 + (divΨ)𝜀 − 2 sym(𝐽Ψ𝜀)

)
∇Γ

𝑡,Φ
𝜒

𝜏

0
Φ−1
𝜒

𝑓 ,∇Γ
𝑡,Φ
𝜒

𝜏

0
Φ−1
𝜒

𝑔⟩L2(ΩΦ
𝜒

). (42)

Proof. The regularity is easily deduced by Lemma 3.2. In order to prove the formulas in the statement, it suffices to use
the appendix of the first part, perform a change of variables, and recall that

𝜏

0
Φ−1𝑓 = 𝑓 ∘ Φ−1

, ∇𝜏0
Φ−1𝑓 = 𝜏1

Φ−1∇𝑓 =
(
𝐽

−⊤
Φ ∇𝑓

)
∘ Φ−1

.

◽

The following theorem is an immediate consequence of Theorem 2.7 and Lemma 3.9.

Theorem 3.10. Let 𝑟 ∈ ℕ ∪ {∞} ∪ {𝜔} and let 𝜀, 𝜇, and 𝜈 be of class C𝑟. LetΩ be a bounded Lipschitz domain in ℝ3 and
let {Φ

𝜒

}
𝜒∈ be a family of bi-Lipschitz transformations Φ

𝜒

∈ (Ω) such that the map 𝜒 ↦ Φ
𝜒

is of class C𝑟. Let 𝜒 ∈  be
fixed. Let 𝜆 be an eigenvalue of the Helmholtz problem onΩΦ

𝜒

. Assume 𝜆 has multiplicity𝑚 and let 𝜆 = 𝜆
𝜒,𝑘

= · · · = 𝜆
𝜒,𝑘+𝑚−1

for some 𝑘 ∈ ℕ. Let 𝐹 = {𝑘, 𝑘 + 1,… , 𝑘 + 𝑚 − 1} and let Λ
𝐹 ,𝑠

be the elementary symmetric functions of the Helmholtz,
defined as in (8). Then the functions Λ

𝐹 ,𝑠

are of class C𝑟 in a neighborhood of 𝜒 and their directional derivatives at the
point 𝜒 in the direction 𝜒̇ are given by the formula

𝜆

𝑠−1(
𝑚 − 1
𝑠 − 1

) 𝑚∑

ℎ=1

(

⟨
(
𝜕Ψ𝜀 + (divΨ)𝜀 − 2 sym(𝐽Ψ𝜀)

)
∇Γ

𝑡,Φ
𝜒

𝑢
𝜒,ℎ

,∇Γ
𝑡,Φ
𝜒

𝑢
𝜒,ℎ

⟩L2(ΩΦ
𝜒

)

−𝜆⟨
(
𝜕Ψ𝜈 + (divΨ)𝜈

)
𝑢
𝜒,ℎ

, 𝑢
𝜒,ℎ

⟩L2(ΩΦ
𝜒

)

)

,

where {𝑢
𝜒,ℎ

}
ℎ=1,…,𝑚 is an orthonormal basis in L2

𝜈

(ΩΦ
𝜒

) of the eigenspace associated with 𝜆, and Ψ is as in (24).
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By Theorem 2.8 we also deduce the following theorem where in particular we recover the formulas in our theorem 4.1 in
Part I of this series of papers when 𝜆 is simple.

Theorem 3.11. Let the same assumptions of Theorem 3.10 hold. Assume that 𝑟 = {1, 𝜔} and 𝑋 = ℝ. Then for 𝜒 suf-
ficiently close to 𝜒 , the eigenvalues 𝜆

𝜒,𝑘

,… , 𝜆
𝜒,𝑘+𝑚−1 can be represented by 𝑚 functions 𝜒 ↦ 𝜁

𝜒,𝑘

,… , 𝜁
𝜒,𝑘+𝑚−1 of class C𝑟.

Moreover the derivatives of those functions at 𝜒 are given by the eigenvalues of the following matrix
(

⟨
(
𝜕Ψ𝜀 + (divΨ)𝜀 − 2 sym(𝐽Ψ𝜀)

)
∇Γ

𝑡,Φ
𝜒

𝑢
𝜒,ℎ

,∇Γ
𝑡,Φ
𝜒

𝑢
𝜒,𝑙

⟩L2(ΩΦ
𝜒

)

−𝜆⟨
(
𝜕Ψ𝜈 + (divΨ)𝜈

)
𝑢
𝜒,ℎ

, 𝑢
𝜒,𝑙

⟩L2(ΩΦ
𝜒

)

)

ℎ,𝑙=1,…,𝑚
,

where {𝑢
𝜒,ℎ

}
ℎ=1,…,𝑚 is an orthonormal basis in L2

𝜈

(ΩΦ
𝜒

) of the eigenspace associated with 𝜆.

Proof. Recall from Part I that 𝑣 ∈ H1
Γ
𝑡

(Ω) is an eigenfunction of the operator A∗
𝜒

A
𝜒

associated with an eigenvalue 𝜆 if
and only if 𝜏1

Φ−1
𝜒

𝑣 belongs to H1
Γ
𝑡,Φ
𝜒

(ΩΦ𝜒 ) and is an eigenfunction of the operator A∗A associated with the same eigenvalue

𝜆. Moreover, 𝑣
𝜒,ℎ

, ℎ = 1,… , 𝑚 is an orthonormal basis in L2
𝜈Φ

𝜒

(Ω) of the eigenspace of A∗
𝜒

A
𝜒

associated with 𝜆 if and only

if 𝑢
𝜒,ℎ

= 𝜏0
Φ−1
𝜒

𝑣
𝜒,ℎ

,ℎ = 1,… , 𝑚 is an orthonormal basis in L2
𝜈

(ΩΦ
𝜒

) of the eigenspace of A∗A associated with 𝜆. By Lemma 3.9
we have that

𝜕
𝜒̇

⟨
𝜒

𝑣
𝜒,ℎ

, 𝑣
𝜒,𝑙

⟩ − 𝜆𝜕
𝜒̇

⟨
𝜒

𝑣
𝜒,ℎ

, 𝑣
𝜒,𝑙

⟩

= ⟨
(
𝜕Ψ𝜀 + (divΨ)𝜀 − 2 sym(𝐽Ψ𝜀)

)
∇Γ

𝑡,Φ
𝜒

𝑢
𝜒,ℎ

,∇Γ
𝑡,Φ
𝜒

𝑢
𝜒,𝑙

⟩L2(ΩΦ
𝜒

)

− 𝜆⟨
(
𝜕Ψ𝜈 + (divΨ)𝜈

)
𝑢
𝜒,ℎ

, 𝑢
𝜒,𝑙

⟩L2(ΩΦ
𝜒

) (43)

which combined with Theorem 2.8 completes the proof. ◽

Corollary 3.12. Assume that 𝜆 and {𝑢
𝜒,ℎ

}
ℎ=1,…,𝑚 are as in Theorem 3.10 and assume in addition that 𝑢

𝜒,ℎ

∈ H2(ΩΦ
𝜒

)
for all ℎ = 1,… , 𝑚. Then the following statements hold.

(i) The directional derivatives at the point 𝜒 in the direction 𝜒̇ of the functions Λ
𝐹 ,𝑠

from Theorem 3.10 can be written as

𝜆

𝑠−1(
𝑚 − 1
𝑠 − 1

) 𝑚∑

ℎ=1

(

∫Γ
𝑛,Φ

𝜒

(

𝜀∇𝑢
𝜒,ℎ

⋅ ∇𝑢
𝜒,ℎ

− 𝜆 𝜈 𝑢
𝜒,ℎ

𝑢
𝜒,ℎ

)

(Ψ ⋅ 𝑛)𝑑𝜎

−
∫Γ

𝑡,Φ
𝜒

(𝜀∇𝑢
𝜒,ℎ

⋅ ∇𝑢
𝜒,ℎ

)(Ψ ⋅ 𝑛)𝑑𝜎

)

. (44)

(ii) The derivatives at a point 𝜒 ∈ ℝ of the functions 𝜁
𝜒,𝑘

,… , 𝜁
𝜒,𝑘+𝑚−1 from Theorem 3.11 are given by the eigenvalues of

the following matrix:
(

∫Γ
𝑛,Φ

𝜒

(

𝜀∇𝑢
𝜒,ℎ

⋅ ∇𝑢
𝜒,𝑙

− 𝜆 𝜈 𝑢
𝜒,ℎ

𝑢
𝜒,𝑙

)

(Ψ ⋅ 𝑛)𝑑𝜎

−
∫Γ

𝑡,Φ
𝜒

(𝜀∇𝑢
𝜒,ℎ

⋅ ∇𝑢
𝜒,𝑙

)(Ψ ⋅ 𝑛)𝑑𝜎

)

ℎ,𝑙=1,…,𝑚

. (45)

The proof of Corollary 3.12 is an immediate application of Theorem 3.6 and the following lemma.

Lemma 3.13. Suppose that 𝑣,𝑤 ∈ L2
𝜈

(ΩΦ
𝜒

) are Helmholtz eigenfunctions associated with 0 ≠ 𝜆. Suppose that 𝑣,𝑤 are
H2-regular. Then

⟨
(
𝜕Ψ𝜀 + (divΨ)𝜀 − 2 sym(𝐽Ψ𝜀)

)
∇Γ

𝑡,Φ
𝜒

𝑣,∇Γ
𝑡,Φ
𝜒

𝑤⟩L2(ΩΦ
𝜒

)

Mathematical Methods in the Applied Sciences, 2026 14261
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− 𝜆⟨
(
𝜕Ψ𝜈 + (divΨ)𝜈

)
𝑣,𝑤⟩L2(ΩΦ

𝜒

)

=
∫Γ

𝑛,Φ
𝜒

(

𝜀∇𝑣 ⋅ ∇𝑤 − 𝜆 𝜈 𝑣 𝑤
)

(Ψ ⋅ 𝑛)𝑑𝜎 −
∫Γ

𝑡,Φ
𝜒

(𝜀∇𝑣 ⋅ ∇𝑤)(Ψ ⋅ 𝑛)𝑑𝜎. (46)

Proof. To ease the notation, throughout this proof we write Φ, 𝜆 instead of Φ
𝜒

, 𝜆, and we use the Einstein notation
omitting the summation symbols.

First recall that (𝜕Ψ𝜀)𝑘𝑗 = ∇𝜀𝑘𝑗 ⋅Ψ = Ψ𝑖 𝜕𝑖𝜀𝑘𝑗 (cf. also formula (26)) and that −div(𝜀∇𝑣) = 𝜈 𝜆 𝑣. Observe also that the
quantitiesΨ, 𝜈, 𝜀 have real-valued entries, thus they coincide with their complex conjugates. The complex conjugate of𝑤
is denoted by 𝑤.

By integrating by parts we have

∫ΩΦ
𝐽Ψ𝜀 ∇𝑣 ⋅ ∇𝑤 =

∫ΩΦ
(𝜕
𝑘

Ψ
𝑖

)𝜀
𝑘𝑗

𝜕
𝑗

𝑣 𝜕
𝑖

𝑤 =
∫ΓΦ

Ψ
𝑖

𝜀
𝑘𝑗

𝜕
𝑗

𝑣 𝜕
𝑖

𝑤 𝑛
𝑘

𝑑𝜎 −
∫ΩΦ

Ψ
𝑖

(𝜕
𝑘

𝜀
𝑘𝑗

) 𝜕
𝑗

𝑣 𝜕
𝑖

𝑤

−
∫ΩΦ

Ψ
𝑖

𝜀
𝑘𝑗

(𝜕
𝑘

𝜕
𝑗

𝑣) 𝜕
𝑖

𝑤 −
∫ΩΦ

Ψ
𝑖

𝜀
𝑘𝑗

𝜕
𝑗

𝑣 (𝜕
𝑘

𝜕
𝑖

𝑤)

=
∫ΓΦ

(Ψ ⋅ ∇𝑤)(𝜀 ∇𝑣 ⋅ 𝑛)𝑑𝜎 −
∫ΩΦ

(Ψ ⋅ ∇𝑤)div(𝜀∇𝑣) −
∫ΩΦ

Ψ
𝑖

𝜀
𝑘𝑗

𝜕
𝑗

𝑣 (𝜕
𝑘

𝜕
𝑖

𝑤)

=
∫ΓΦ

(Ψ ⋅ ∇𝑤)(𝜀 ∇𝑣 ⋅ 𝑛)𝑑𝜎 + 𝜆
∫ΩΦ

(Ψ ⋅ ∇𝑤)𝜈 𝑣 −
∫ΩΦ

Ψ
𝑖

𝜀
𝑘𝑗

𝜕
𝑗

𝑣 (𝜕
𝑘

𝜕
𝑖

𝑤). (47)

Similarly, integrating by parts, exchanging the second-order derivatives, and then integrating by parts once again, we get

∫ΩΦ
(𝐽Ψ𝜀)⊤ ∇𝑣 ⋅ ∇𝑤 =

∫ΩΦ
𝐽Ψ𝜀 ∇𝑤 ⋅ ∇𝑣

=
∫ΓΦ

(Ψ ⋅ ∇𝑣)(𝜀 ∇𝑤 ⋅ 𝑛)𝑑𝜎 + 𝜆
∫ΩΦ

(Ψ ⋅ ∇𝑣)𝜈 𝑤 −
∫ΩΦ

Ψ
𝑖

𝜀
𝑘𝑗

𝜕
𝑗

𝑤 (𝜕
𝑘

𝜕
𝑖

𝑣)

=
∫ΓΦ

(Ψ ⋅ ∇𝑣)(𝜀 ∇𝑤 ⋅ 𝑛)𝑑𝜎 + 𝜆
∫ΩΦ

(Ψ ⋅ ∇𝑣)𝜈 𝑤 −
∫ΩΦ

Ψ
𝑖

𝜀
𝑘𝑗

𝜕
𝑗

𝑤 (𝜕
𝑖

𝜕
𝑘

𝑣)

=
∫ΓΦ

(Ψ ⋅ ∇𝑣)(𝜀 ∇𝑤 ⋅ 𝑛)𝑑𝜎 + 𝜆
∫ΩΦ

(Ψ ⋅ ∇𝑣)𝜈 𝑤 +
∫ΩΦ

divΨ 𝜀 ∇𝑤 ⋅ ∇𝑣

+
∫ΩΦ

𝜕Ψ𝜀 ∇𝑤 ⋅ ∇𝑣 +
∫ΩΦ

Ψ
𝑖

𝜀
𝑘𝑗

(𝜕
𝑖

𝜕
𝑗

𝑤)𝜕
𝑘

𝑣 −
∫ΓΦ

(𝜀 ∇𝑤 ⋅ ∇𝑣)(Ψ ⋅ 𝑛)𝑑𝜎. (48)

Moreover, making again use of the integration by parts we have that

∫ΩΦ
(𝜕Ψ𝜈) 𝑣 𝑤 =

∫ΩΦ
Ψ
𝑖

𝜕
𝑖

𝜈 𝑣 𝑤

= −
∫ΩΦ

divΨ 𝜈 𝑣 𝑤 −
∫ΩΦ

(Ψ ⋅ ∇𝑣) 𝜈 𝑤 −
∫ΩΦ

(Ψ ⋅ ∇𝑤) 𝜈 𝑣 +
∫ΓΦ

𝜈 𝑣 𝑤 (Ψ ⋅ 𝑛). (49)

Hence, recalling that 𝜀 is a symmetric matrix and that the summation indices are mute, and using (47), (48), (49), we
obtain that

⟨
(
𝜕Ψ𝜀 + (divΨ)𝜀 − 2 sym(𝐽Ψ𝜀)

)
∇𝑣,∇𝑤⟩L2(ΩΦ) − 𝜆⟨

(
𝜕Ψ𝜈 + (divΨ)𝜈

)
𝑣,𝑤⟩L2(ΩΦ)

=
∫ΩΦ

(
𝜕Ψ𝜀 + divΨ 𝜀 − 𝐽Ψ𝜀 − (𝐽Ψ𝜀)⊤

)
∇𝑣 ⋅ ∇𝑤 − 𝜆

∫ΩΦ

(
𝜕Ψ𝜈 + divΨ 𝜈

)
𝑣 𝑤

=
∫ΓΦ

(𝜀 ∇𝑣 ⋅ ∇𝑤 − 𝜆 𝜈 𝑣 𝑤)(Ψ ⋅ 𝑛)𝑑𝜎 −
∫ΓΦ

(Ψ ⋅ ∇𝑤)(𝜀 ∇𝑣 ⋅ 𝑛)𝑑𝜎 −
∫ΓΦ

(Ψ ⋅ ∇𝑣)(𝜀 ∇𝑤 ⋅ 𝑛).
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Recall now the boundary conditions, that is, 𝑣,𝑤 = 0 on Γ
𝑡,Φ and 𝑛 ⋅ 𝜀 ∇𝑢 = 𝑛 ⋅ 𝜀 ∇𝑣 = 0 on Γ

𝑛,Φ. Therefore on Γ
𝑡,Φ we

have that∇𝑣,∇𝑤 are parallel to the normal 𝑛, that is∇𝑣 = (∇𝑣 ⋅ 𝑛)𝑛 and∇𝑤 = (∇𝑤 ⋅ 𝑛)𝑛 on Γ
𝑡,Φ. Then it is easy to see that

∫ΓΦ
(𝜀 ∇𝑣 ⋅ ∇𝑤 − 𝜆 𝜈 𝑣 𝑤)(Ψ ⋅ 𝑛)𝑑𝜎 −

∫ΓΦ
(Ψ ⋅ ∇𝑤)(𝜀 ∇𝑣 ⋅ 𝑛)𝑑𝜎 −

∫ΓΦ
(Ψ ⋅ ∇𝑣)(𝜀 ∇𝑤 ⋅ 𝑛)

=
∫Γ

𝑛,Φ

(
𝜀∇𝑣 ⋅ ∇𝑤 − 𝜆 𝜈 𝑣 𝑤

)
(Ψ ⋅ 𝑛)𝑑𝜎 −

∫Γ
𝑡,Φ

(𝜀∇𝑣 ⋅ ∇𝑤)(Ψ ⋅ 𝑛)𝑑𝜎.
◽

Remark 3.14. If Γ
𝑡

and Γ
𝑛

are separated (in other words Γ = Γ
𝑡

∪ Γ
𝑛

and Γ
𝑡

∩ Γ
𝑛

= ∅), ΩΦ is a bounded domain of class
C1,1 and the coefficients 𝜀, 𝜈 are of class C1 then the eigenfunctions of the Helmholtz problem on ΩΦ belong to H2(ΩΦ),
see [14, 15].
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Endnotes
1Note that the Jacobian determinant of a bi-Lipschitz diffeomorphism has a constant sign on the connected components of the domain,
see [1, lemma 6.7], hence it is not restrictive to assume that it is positive almost everywhere.

2Note that in principle 𝐷(A∗
𝜒

) may depend on 𝜒 but this does not affect our analysis.
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Appendix A

Sensitivity Analysis

More Details on the Proof of Theorem 2.6

Let 𝐹 be the bilinear map from the product space 𝐶(Γ,(𝑉 , 𝑉 ′
♯

)) × C(Γ,(𝑉 ′
♯

, 𝑉 )) to C(Γ,(𝑉 , 𝑉 )) defined by

𝐹 (𝑓, 𝑔) = 𝑔 ∘ 𝑓 (A1)

for all (𝑓, 𝑔) ∈ C(Γ,(𝑉 , 𝑉 ′
♯

)) × C(Γ,(𝑉 ′
♯

, 𝑉 )), where formula (A1) has to be understood as follows:

(𝑔 ∘ 𝑓 )(𝜁 ) = 𝑔(𝜁 ) ∘ 𝑓 (𝜁 )

for all 𝜁 ∈ Γ. Since the composition operator defines a bilinear continuous map, it follows that 𝐹 (𝑓, 𝑔) is a well-defined element of
C(Γ,(𝑉 , 𝑉 )). Moreover

||(𝑔 ∘ 𝑓 )(𝜁 )|| ≤ ||𝑔(𝜁 )||||𝑓 (𝜁 )|| ≤ ||𝑔||||𝑓 ||

for all 𝜁 ∈ Γ, hence
||𝑔 ∘ 𝑓 || ≤ ||𝑔||||𝑓 ||

which implies that 𝐹 is a bilinear continuous map, in particular it is analytic.

Let 𝑓0 ∈ C(Γ,(𝑉 , 𝑉 ′
♯

)) be fixed and assume that it has the following property: for all 𝜁 ∈ Γ the operator 𝑓0(𝜁 ) is invertible. Since the
inversion operator which takes any invertible operator to its inverse is continuous (actually, it is analytic), it follows that the function
𝑓

−1
0 from Γ to (𝑉 ′

♯

, 𝑉 ) defined by
𝑓

−1
0 (𝜁 ) = (𝑓0(𝜁 ))−1

for all 𝜁 ∈ Γ, is an element of C(Γ,(𝑉 ′
♯

, 𝑉 )) and satisfies the equation

𝐹 (𝑓0, 𝑓
−1
0 ) = 

where  is the constant function from Γ to (𝑉 , 𝑉 ) defined by (𝜁 ) = 𝐼 for all 𝜁 ∈ Γ, and 𝐼 is the identity operator. We now apply
the Implicit Function Theorem to the function 𝐹 at the point (𝑓0, 𝑓

−1
0 ). Note that the differential of 𝐹 with respect to the variable 𝑔,

computed at𝜓 (the linearised variable) is given by the formula 𝑑
𝑔

𝐹|(𝑓,𝑔)=(𝑓0 ,𝑓
−1
0 )[𝜓] = 𝜓 ⋅ 𝑓0 which shows that 𝑑

𝑔

𝐹|(𝑓,𝑔)=(𝑓0 ,𝑓
−1
0 ) is bijective

14264 Mathematical Methods in the Applied Sciences, 2026
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from C(Γ,(𝑉 ′
♯

, 𝑉 )) to C(Γ,(𝑉 , 𝑉 )). It follows that there exist a neighborhood  of 𝑓0 in C(Γ, 𝐵(H0)), a neighborhood  of 𝑓−1
0 in

C(Γ, 𝐵(H0)) and an analytic map from to  such that

{(𝑓, 𝑔) ∈  ×  ∶ 𝐹 (𝑓, 𝑔) = } = {(𝑓,𝑅(𝑓 )) ∶ 𝑓 ∈  }. (A2)

Consider now the curve 𝑓
𝜒

(𝜁 ) = 
𝜒

− 𝜁
𝜒

defined for any 𝜒 ∈  with ||𝜒 − 𝜒|| < 𝛿. For all 𝜁 ∈ Γ the operator 
𝜒

− 𝜁
𝜒

is invertible,
hence𝐹 (

𝜒

− 𝜁
𝜒

, (
𝜒

− 𝜁
𝜒

)−1) = . It follows that once we fix 𝑓0 = 𝑓𝜒 for some𝜒 with ||𝜒 − 𝜒|| < 𝛿, we can consider the correspond-
ing map and deduce from (A2) that (

𝜒

− 𝜁
𝜒

)−1 = (
𝜒

− 𝜁
𝜒

). Thus 𝜒 ↦ (
𝜒

− 𝜁
𝜒

)−1 is of class C𝑟 being the composition of the
analytic map and the map 

𝜒

− 𝜁
𝜒

which is of class C𝑟. Again, by our regularity assumption, we conclude that also (
𝜒

− 𝜁
𝜒

)−1 ∘ 
𝜒

has the same regularity with respect to 𝜒 , hence by formula (5) the map 𝜒 ↦ (𝑇
𝜒

− 𝜁𝐼)−1 which takes values in C(Γ,(H0,H0)) is of
class C𝑟 or analytic.

Finally, since the integration on Γ defines a linear and continuous map with respect to the integrating function, it follows that
∫Γ (𝑇𝜒 − 𝜁𝐼)

−1
𝑑𝜁 is of class C𝑟 with respect to 𝜒 for ||𝜒 − 𝜒|| < 𝛿.
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