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ABSTRACT

In this second part of our series of papers, we develop an abstract framework suitable for de Rham complexes
that depend on a parameter belonging to an arbitrary Banach space. Our primary focus is on spectral perturba-
tion problems and the differentiability of eigenvalues with respect to perturbations of the involved parameters.
As a byproduct, we provide a proof of the celebrated Hellmann-Feynman theorem for both simple and multi-
ple eigenvalues of suitable families of self-adjoint operators in Hilbert spaces, even when these operators depend
on possibly infinite-dimensional parameters. We then apply this abstract machinery to the de Rham complex in
three dimensions, considering mixed boundary conditions and non-constant coefficients. In particular, we derive
Hadamard-type formulas for Maxwell and Helmholtz eigenvalues. First, we compute the derivatives under minimal
regularity assumptions—specifically, Lipschitz regularity—on both the domain and the perturbation, expressing
the results in terms of volume integrals. Second, under more regularity assumptions on the domains, we reformulate
these formulas in terms of surface integrals.

1 | Introduction

We continue our analysis from the first part where we have discussed the eigenvalue problem for the de Rham complex
on variable (transplanted) domains in a general setting.

We use our notations from the first part. Throughout this paper, let (Q,T",) be a bounded weak Lipschitz pair, where Q
is a bounded open set in R3 with boundary I". Moreover, let I, :=T\T, and v, ¢, u, be admissible coefficients. These
assumptions will be sharpened later.
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In our first part we have shown that the de Rahm complex has countably many eigenvalues
0<Aro1SAro2 S Sdpopa SApor S 0= z €{0,1}. ey

Here @ : Q — ®(Q) = Q, is a bi-Lipschitz transformation that models the variations of the domain Q, and the indices 0
and 1 indicate Helmholtz and Maxwell eigenvalues, respectively. More precisely, 4, ¢ , are the eigenvalues of the boundary
value problem

—vldiveVu = Agu in Qg,
u=0 on I 4,
n-eVu=0 onTl, 4, 2
and 4, ¢, are the eigenvalues of
elrotu ' rot E= L, E in Qg,
nxE=0 onT, g,
nxu lrot E=0 onT, . 3)

Here
Iy :=o), Ft@ =0T, Ioe:= oT,)

and (Qq, T, 3) is also a weak Lipschitz pair.
Concerning the transformation @, we recall that ® € C*'(Q, Q) and @~ € C*'(Q,,, Q) with!
Jo=® =(V®)",  essinfdetJq > 0.
Such bi-Lipschitz transformations will be called admissible and we write
o e L(Q).

Note that £(€) is understood as a subset of C*(Q, Q) and C>'(Q, Q,,) is endowed with its standard Lipschitz norm (the
sum of the sup norm of |®| and the Lipschitz constant of |®|). For ® € £(2) the inverse and adjunct matrix of Jg shall
be denoted by

Iyt adj Jg 1= (det Jp)Jg ',

respectively. We denote the composition with ® by tilde, that is, for any tensor field y we define
Y i=yod.
Let us fix a certain index k of the sequence of eigenvalues and consider
Qoo = Aok Mo = Aok

Then by the conclusion of the Part I of this series of papers the eigenvalues are given by the Rayleigh quotients of the
respective eigenfields u, E, H, or

Pu=u-d, T E = J (E°®), T H = (det Jo)J ;' (H - D),

(o]
this is:
= (eVr, ott: Vi o120, and A - = (ut 1oty o E, 10t ¢ E)2(q,)
0,0 — 1,0 —
(v, u) 2, (€E, E)2q,)
_ (€ Vr Tl Vi To)2q) _ (g roty 73 E, 1oty 74 E) 2q)
(vq)rgu, 70 u)Lz(Q) <€¢Té>E, T$E>L2(Q)
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(viidivy peH,divr oeH)2q,)
(eH, H>L2(Qq,)

(Vo' divy £q7g H,divy £474 H ) 2(q)

(4)
(eptaH, 1y H) 2
Here
Ep = TéETé)_l = (det J(D)qungq:T, Vo = T%V‘L'g)_l = (det Jy)V,
Up = Téuré_l = (det J@)J;ﬁJd;T
and
0_ 1 1_ 2 o2 3
Vg, =14V, rot 7y, = 74 rot, div Ty = Tg div.
Clearly, we have in L2(Qq,) resp. L(Q)
—v7hdivy eVr u= Agot, e 'roty, i roty, E = Ao E,
—1 3= _
-V, vodivp eH = A oH
and in Lﬁd) (Q) resp. LE@(Q)
—vg! divrneq,VF’Tgu = AooTolls ey rOtrn/%l rotr’réE = AoToE.

-1 4 1y _ 1
= Vr Vg divp €T H = g 7o H.

Note that the eigenvalues 4, 4, are depending not only on @ (shape of the domain) but also on the mixed boundary
conditions imposed on I', and I, and on the coefficients ¢, u, and v, which we do not indicate explicitly in our notations,
that is,

Aowi = /10,<1>,k(9’ L e v), Mok = ﬂ1,<1>,k(9s Ly e p).

In the first part of this series of papers, we have found Hadamard-type formulas for the derivatives of 4, ¢ and 4, ¢ with
respect to @ under the assumption that the corresponding (pull-backs of the) eigenfunctions are differentiable with respect
to ®. The formulas were obtained by differentiating the Rayleigh quotients (4) with respect to ®. In particular, as for the
classical Hellmann - Feynman Theorem, one realizes that the derivatives of the eigenvectors with respect to ® cancel out
and do not appear in the formulas. We note that the differentiability assumption for the eigenfunctions typically requires
that the eigenvalue under consideration is simple, since multiple eigenvalues may bifurcate into several branches, thus
preventing their differentiability with respect to ®. In the case of a family of transformations ® , depending smoothly on
a real parameter y, one may relabel the eigenvalues and repeat the same formal argument for a branch of eigenvalues
and eigenfunctions that are assumed to be differentiable with respect to y. In general, this relabelling is not possible for
parameters y belonging to a multi-dimensional space.

In this second part of this series of papers we consider transformations @, depending on a parameter y belonging to an
arbitrary Banach space, possibly infinite dimensional, and analyze this problem in detail. More precisely, we prove a dif-
ferentiability result for the elementary symmetric functions of the eigenvalues, we provide Hadamard-type formulas for
the corresponding directional derivatives and discuss the bifurcation of multiple eigenvalues by proving a Rellich-type
theorem with corresponding formulas for the derivatives. First, the derivatives are computed under minimal, that is
Lipschitz, regularity assumptions on Q and ® and are formulated in terms of volume integrals. Second, under more
general regularity assumptions on Q, we express those formulas in terms of surface integrals. In particular, this is done
by assuming the validity of the Gaffney inequality. We call the formulas for the Maxwell eigenvalues ‘Hirakawa’s for-
mulas’ since, as far as we know, they first appeared in [2]. These results are contained in Section 3 and are obtained
as an application of a number of theoretical results proved in Section 2 where we provide an abstract framework suit-
able for de Rham complexes depending on a possibly infinite-dimensional parameter y. We note that, as a byproduct
of our analysis, we provide a rigorous proof of the Hellmann-Feynman Theorem for these eigenvalue problems, see
Remark 2.9.
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2 | Perturbation Theory in an Abstract Framework

Let Hy and H, be fixed Hilbert spaces. We assume that, besides the scalar products (-, -)y and (-, -); , we are also given
two families of scalar products -, -), , and (-, -); , defined on the vector spaces H, and H,, respectively, that depend on a
parameter y belonging to some open subset & of a fixed real Banach space X. We assume that the norms associated with
(*s)o,, and (-, -); , are equivalent to those associated with (-, -),, and (-, -)y , respectively. The resulting Hilbert spaces
will be denoted by H, , and H, , and the scalar products (-, -), , and (-, -); , will also be denoted by (-, ~)H0J and (-, '>H1,x'

We assume that for any y € X we are given a densely defined and closed linear operator A, : D(A ) C H, , — H; , with
domain of definition D(A ).

Our main assumption is that D(A ) does not depend on y. To emphasise it, we denote by V the space D(A ) by setting
V= D(A,). Since D(A)) is naturally endowed with the graph norm of A, which depends on y, we assume that those
graph norms are equivalent and, unless otherwise indicated, we understand that V is endowed with one fixed graph norm
chosen among them (for many of our arguments, the specific choice is not relevant). In particular, the topological dual
V' is well-defined, as well as the analogous space Vg of antilinear continuous maps from V to C (recall that V' and V/
are homeomorphic by conjugation). Note that since A, is closed, V turns out to be complete, hence it is a Hilbert space
continuously embedded into H,,.

Recall that the Hilbert space adjoint Aj’( : D(Aj{) CH,, — Ho, is well defined and characterised by
VxeVv Vye D(Aj‘{) (A, x, y>H1.I = (x,Aj{y)Ho_l.
The operator Aj{ is also densely defined and closed.? Recall that by A , we denote the reduced operator associated with A, .

It is convenient to set 7, = A”;AX and to recall from the first part that 7', is a non-negative self-adjoint operator densely
defined in H, ,. We shall always assume that the embedding D(A ,) < H, is compact. This implies that

o(T)\ {0} = {4, }ken C (0,00)

witheigenvaluesO < 1,; <4,,<---<1,,, <4, <+ — oooffinite multiplicity. Here we agree to repeat each eigen-
value in the sequence as many times as its multiplicity.

In order to study the dependence of the resolvent of T, upon variation of y, we need to represent it in a suitable way. To
do so, we consider the operator 7, : V — Vé which takes any u € V to the operator 7 u defined by

(Tu,v) = <A;(”’A;(U>H1_,

for all v € V. In a similar way, we consider the operator 7, : H, — Vé which takes any u € H, to the operator 7 ,u
defined by
(Tyu,v) = (u,v)y,

for all v € V. Then we can prove the following

Lemma2l. If¢eC)\ o(T,) then the operator T, — {1, is invertible and

(T, =¢1,) " o1, =T, =¢D7 ©)

Proof. 'We begin by observing that given F € V;} the equation
Tu—-¢Tl,u=F
in the unknown u € V can be formulated in the equivalent form
(A, u, Alv)HM —¢{u, U)HOJ =Fv

for all v € V. It follows that if 7,u — {7 ,u = 0 for some u € V then u = 0 otherwise { would be an eigenvalue of T,,. Thus

T, — {1, is injective. To prove that it is surjective, we first note that by the Riesz Theorem any functional F € V; can
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be represented in the form F = 7,w + T ,w for some w € V. Thus, we have to prove that given w € V there exists u € V
such that
Tu—-C(Tu=T,w+I,w (6)

Since { is in the resolvent set of 7, there exists u,, € V' such that

Tu,—¢Lu,=1T,w.

It follows that the solution u to Equation (6) is given by u = w + ({ + Du,,.
The equality in (5) is straightforward. O

Remark 2.2.  Although the domain H, of (T, — {I)~" does not depend on y, the domain of 7, — { I may change when
x is perturbed. The advantage of the representation formula (5) consists in the fact that the domains and codomains of
the operat(;rs T,—¢1,and I, do not depend on y. This allows to easily prove regularity results for the dependence of
(T)( —¢I) " on y.

In order to study the regularity properties of the eigenvalues 4, , we need appropriate regularity assumptions on the
families of operators A, and scalar products (-, )y ., (-, *)1 ;-

The regularity assumption in the following definition is given with respect to the real structure of the Banach spaces
involved, in which case differentials are required to be R-linear functionals (not necessarily C-linear). In particular, by a
function of class C® we mean a real-analytic function, i.e., the function is C* and locally representable by Taylor’s series.

Definition 2.3 (Regularity assumption). We say that the family of operators and scalar products under consider-
ation are of class C" with r € Ny U {oo} U {w} if both the map from X to L(V, Vﬁ’) which takes any y € X to 7, and the
map from & to L(H,, Vn’ ) which takes any y € X' to T, are of class C".

We also recall the definition of gap between operators from [3, chapter IV]
Definition 2.4. Given a Banach space Z and two closed subspaces M, N of Z the gap between M, N is defined by
8(M,N) =max{5(M, N),5(N, M)}
where
8(M,N) = supdist(u, N), 5(N, M) = supdist(u, M)
uES )y, ueSy

and S,,, S denote sets of unit vectors in M and N respectively.

Given two closed operators 7', .S acting between two fixed Banach spaces E, F, the gap between T and S is defined by
(T, S) = 6(G(T), G(S))

where G(T) and G(S) denote the graphs T and .S, respectively (considered as closed subspaces of the product space
Z=EXF).

Lemma 2.5. Assume that the family of operators and scalar products are of class C°. Let € X be fixed. Then 6(T T7) =
oDasy - y.

Proof. By [3, theorem 2.17, p. 204] it follows that 5(T T7) < 43(T}( + I, T- + I) and by [3, theorem 2.20, p. 205] 8T, +
I,T;+1)=6((T, + ), (T + I)™"). Moreover, by [3, theorem 2.14, p. 203] we have that 6((T, + I)™!, (T + )7") <
(T, + I)™' = (T + )7!||. Thus, by formula (5) we have 5(T,, T) < 4[|(7, + Z){)_l o1, — (T + 17)_1 o I||. By our reg-
ularity assumption and by observing that the inversion (for functions between fixed spaces) is an analytic operator, we
conclude that || (7, + I;()_1 o1, - (T7+ 17)_1 o 1|l = o(1) as y — 7 and the proof is complete. =

Let y € X and let 6(T)) = X’ U X" where Z; NX” = . Assume that ¥’ and ZZ are (closed) sets separated by a simple,
closed, rectifiable curve I' in the sense that 2; is in the interior of I" and ZZ in the exterior. The Riesz Projector is defined
as follows:
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1 -
Pr =PT,r:—2—/(TX—CI) td¢ (7
x x T r
We recall a few properties of Py, see [3, III-theorem 6.17 and p. 273]:

i PTX is an orthogonal projector in H .

ii. PTX(HO’ pand (I — PTI)(HO, ,,) are invariant subspaces for 7, .

iii. o T =Y ando(T =3
< ;(|,QTX(H0,,)> x Z\-pr, o0, x

iv. If 2; = {41, ..., 4, } where 4, ..., 4, are eigenvalues of 7, then Pr (Hy ) is the space generated by the corresponding
eigenfunctions.

The following theorem is a restatement of [3, IV-theorem 3.16] and [3, IV-theorem 3.11, VII-theorem 1.7]. For the sake
of completeness, we provide some details of the proof. More details can be found in [4] where the more general case of
symmetrizable operators is considered.

Theorerg 2.6. Assume that the family of operators and scalar products are of class C",r € NU {oo} U {w}. Let y € X be
fixed and 2 be an eigenvalue of T. Let I be a curve separating 2’7 = {1} from 2;_’ = o(T3) \ {4} as above. Assume that 4 has
multiplicity m and A = Az =+ = Az ym-1 Jor some k € N. Then there exists 6 > 0 depending only on T and I such that
if llx — xll <6 thenT separates also the spectrum of T, into two parts: Z; in the interior, EZ in the exterior of T'. Moreover,
E; = {4, k> > Ay k4m-1}> the space generated by the eigenfunctions associated With 4., ., ..., A, y,,—1 has dimension m and
coincides with PT,,F[Ho,x]' Finally, the map defined from {y € X : ||y — x|l < 6} to L(H,y, H,) which takes y to PTX’r is of
class C".

Proof. By 3, 1V-theorem 3.16] there exists 6 > 0 depending only on T and I' such that if é(Tx’ T-) < & then I' separates
the spectrum of 7', in two parts: Z; in the interior and Z; in the exterior of I'. Moreover, the space PTX [Ho,, ] is isomorphic
to PTY[HOJL hence has dimension m. Since PTX [Ho,, ] is an invariant space for T, and T,is selfadjoint, we have that the
restriction of T, to Pr [Ho ] is diagonalisable, hence Pr [H,] has a basis of eigenfunctions of T, corresponding to m

possibly multliple eigenvalues. Moreover, the same argument applied to all eigenvalues of 75 not exceeding 4 allows to
conclude that by taking § sufficiently small we have that Z;{ = {4, 4>+ Ay km—1 }- Thus, in order to complete the proof of
the first part of the statement it suffices to note that by Lemma 2.5 it follows that there exists 6 > Osuch thatif ||y — ¥|| <6

then &(T,,T5) < 6.

The continuous dependence of PTI on y is deduced from formula (7) and is proved in [3, IV-theorem 3.16]. In order to
prove the dependence o PTI on y isof class C", we use formula (5) and note that the two maps y +— (T ,—¢1 x) andy — 7T,
are of class C" from X to the space Banach space C(T, L(V, Vﬁ’ )) of continuous functions from I" to £(V, V) endowed
with the natural sup-norm defined by || f1lgr Loy = supger I/l L)) Since the inversion operator is real-analytic

it follows that the map y — (T , —¢1 I)_l o7, is of class C" in a neighborhood of , see Appendix A for more details. In
order to conclude it suffices to observe that integration on I" defines a linear and continuous map, hence analytic map. O

Under the same assumptions of Theorem 2.6 we set F = {k, ...,k +m — 1} and we consider the elementary symmetric
functions of the corresponding eigenvalues

AF,S[)(]3= z A ﬂ s=1,...,m. ®
J1--Js€F

We plan to prove that these functions are of class C". To do so, we follow the argument in [5]. We fix an orthonormal basis
iy, ... i, in Hy - of the eigenspace associated with 4 and we note that, possibly shrinking §, the vectors Pr vy, ..., Pr ri,
are linearly independent. Thus, it is possible to apply the Gram-Schmidt procedure to orthonormalize those vectors in
Ho,, and define a basis of orthonormal vectors u,, ,, ..., u, ,, in H, , for the space Pr_rlH,,]. Since the Gram-Schmidt
procedure involves elementary operations and the scalar products (u, v)HM with v € V are of class C” with respect to y by
our assumptions, it follows that u PRTRTTRY - (O of class C" from a neighborhood of  in & to H,,.
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In order to reduce our problem to finite dimensions, it would be natural to consider the restriction of the operator 7, to
the m-dimensional space PTX,F[HQ ] and to represent it by a matrix with respect to the orthonormal basis defined above.
However, since the domain of T, depends on , it is not straightforward to prove that the entries of that matrix are of
class C" with respect to y. For this reason, it is safer to use the resolvent of T, rather than T, itself. Thus we consider the
resolvent operator for { = —1 and we set

R,=(T,+D7".

We denote by S = (Sj)p =1, the m X m symmetric matrix with respect to the basisu,, ,, ... ,u,, ,, of the restriction of R,
to the m-dimensional space Pr rlHo - Clearly, we have

-1
S, = <Rx”)r,h’”)(,l>Ho,I = <(T)( + I)() ° I}(u;(,h’u/y,»Hovl' ©)
Recall that by Theorem 2.6 the eigenvalues of the matrix S are given by (4, , + D7%, ..., (A, 440 + D70

Then it is natural to consider the functions

Apglali= ) (B, + 14, +1), (10)
g
and to note that S
s—p |F| —k\a
Apslel = 20 (1 , JResla, (1)
p=0

where we have set A;, = A = 1. Thus, in order to study the dependence of the functions A [ 7] on y, it is enough to
consider the functions A r.sLx]- To do so, it is convenient to set

Mp,pl = ) (4, +D7 (4, + D7, (12)
and to note that .
MF m—s [)(]
Aplyl = ———. (13)
Mg, [x]

We are now ready to prove the following

Theorem 2.7.  Let the same assumptions of Theorem 2.6 hold. Then there exists an open neighborhood X~ of 7y in X such
that the restriction of the functions A ; to X5 are of class C” for all s = 1, ..., m. Moreover, the directional derivatives of the
symmetric functions Ap. ([ ¥] at the point y in the direction y are given by the formula

m

--l/m—1 -
=/ ( s—1 ) (az (Agtizn Agizndn, = 49; (g ”7,h>Ho,l> (14)

=7 h=1

0, Aplx]

fors=1,...,m, where Ugpseee sl is an orthonormal basis in Hoz of eigenvectors associated with A.

Proof.  Up to the sign, the functions M r.sLx] are the coefficients of the characteristic polynomial det(S,, — AI) of the
matrix S,,. Since those coefficients are obtained as sums of products of the coefficients of S,, which are functions of class
C" in the variable y, for y in a suitable neghborhood X of 7, it follows they are also of class C" on X5. By formulas (11)
and (13) we deduce the same results for the functions A ([ ¥] and the proof of the first part of the theorem is complete. In
order to prove formula (14) it suffices to differentiate in formula (8). This requires some care. Namely, we fix a direction
# € X and we consider the one parameter familyR 3 7 y, := + 7 7. By Theorem 2.8 the eigenvalues 4, , withj € F

o . . da . .
admit right (as well as left) derivatives d":’ L Thus by differentiating formula (8) we get
=0t
_ dA; dA; _ dA;
—s-1 Jroke ke --1/m—1 JiXe
9, ) b2t ) 27 ( ) . 15
iArsla] , Z F< dr |_p dr |r=0+> s—1 Z dr |+ (15)
=7 15 € JEF
J1<<Js

14250 Mathematical Methods in the Applied Sciences, 2026

858017 SUOWIWOD BATER1D 8 [cedt dde aup Ag pausenob a2 Sajole YO ‘SN JO Se|ni o} Akeuq18UIIUQ AB]1M UO (SUONIPUOD-PUE-SWLBI W00 AB 1M AseIq 1 puljuo//:Sdiy) SUORIPUOD pue swis | 8y} 88S *[9202/80/70] Uo ARiq1T8ulluo A8 (1M * YeLI01[qIasepUe ] 8UoSISUDRES - AlMed >A1a Aq €20/ BWIL/ZOOT 0T/I0p/W00" AS 1M AeIq 1 puljuo//:Sdny Wouy papeojumoq ‘2T ‘9202 '927T660T



Finally, it suffices to observe that by Theorem 2.8 the sum in the last term of the previous formula is the trace of the matrix
(16), that is ZZ=1(0;2<A;(”7,h’A u}[h)H1 A@Z(uy’h,uy’h)H()’){). O

The following bifurcation result is deduced by the classical Rellich theorem for symmetric matrixes which, up to ur knowl-
edge, is know for perturbations of class C! or analytic. Note that it is necessary to restrict to families of operators depending
on one scalar parameter since counterexamples are well known for families depending on two or more parameters.

Theorem 2.8 (Rellich). Letthe same assumptions of Theorem 2.6 hold with X = R and r = 1, . Then for y sufficiently
close to y, the eigenvalues A TR A ¢ k+m—1 CAN be represented by m functions y +— ¢ s e ¢ o detm—1 of class C", defined in a
suitable neighborhood of y. Moreover, given an orthonormal basis of eigenvectors u ,, ... ,u5 ,, in Hy~ for the eigenspace of
4, the derivatives in the variable y € R of those functions at the point y are given by the eigenvalues of the matrix

d
<E ((Aluy,h’A uz 1>Hl ) > . (16)
=77 hil=1,....m

Proof.  Since the parameter y is assumed to be real and the entries of the matrix S are functions analytic in y or of class
C! then the classical Rellich Theorem is applicable (see [6, theorem 1, p. 33] and [3 chapter II, theorems 6.1, 6.8]) and it
allows us to represent the eigenvalues of S by means of m functions y + & ko e ¢ k+m—1 Which are analytic or of class
C!, depending on the regularity assumptions. Recall that the numbers (1 et DT R ) 1 + )7t are exactly the

-d
- ﬂa <<u7,h»”7,/)H071>

X=X

X k+m—
eigenvalues of the m X m symmetric matrix S defined above. Then, by setting , , = Zf ;: — 1 we conclude the proof of the
first part of the statement.

By [3, chapter II, theorem 5.4] the derivatives of T ¢ vk+m—1 With respect to y at y are given by the eigenvalues of
the matrix %s , which we now calculate. First of all we note that by differentiating S,, with respect to y at the point »
we get

d d d
Eshl = <ER ”;(h> Tih, + E(Ryuy,h,u;;)%

d d d
+{ Ro—u, ,,u> Rou . =(—R , 17
< Id)(u)(’h ux’l>H0<l < 74h d}(uﬂ>H0‘I <d){ 7o I[>H0 a”

where we have used the fact that

d d d
—(Ru= U5 )y + <R——u U= > + <R —U= p, —U >
dy 270 Tl iH,y, *d)( xh Yl o 7-h dy P2 o
d d
(ﬂ+1) (U i) <—u ,u—> +<u— ,—u >
< dy 70 Y71, dy 2 Pl Hoz 2h dy ye s
_ - 4 d
7+1 ( : )= 1+ L, =0. 18
=G+ DT (e teidn,, ) = G4 DTy (18)

Using formula (17) we have

d d d
L s ={Lru, (L1, +1) " e 1,u,
g ™" <d1 want >H <d%( L) L >H

-1 d
-1 d
+<(T7+17) lodxl u)(h, ZI>H

- -+ 1)‘2<£(Tx +11)u77,,,u7,,> + G+ 1)—1<d" T u 1,>. (19)
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Then the derivatives of the functions ¢, ,.....¢

v km—1 are given by the eigenvalues of the matrix és multiplied by

—(1+ 1)?, that is, the matrix with the following entries

d — d
<E(7} + Il)uy’h, u7,1> - (i + 1)<EIIU7JI,U7’/>
=/ d
< T Uz s U >—ﬂ<d T uzp,uy > (20)

which coincides with those in the statement. O

Remark 2.9 (Hellmann-Feymann Theorem). Recall that the eigenvalues can be represented by means of the

Rayleigh quotient as follows
<A;(”x,k’ A){”x,k>H1.X

A
<”1,k’ u;(,k)HO_l

(21)

k=

Assume that 4 = A is a simple eigenvalue. Then 4, , is also simple for y close to y and the derivative of 1, , at the point

7 is obtained by differentiating the quotient
(A;(uy,ks Az, k)Hu

(U s ”7,k>HW

(22)

with respect to y at the point y. If u5 , is normalized by (u . ”7,k>H0; = 1 then such derivative in the direction y at the
point  is given by B
0 hyk| = 0y(A iz Az iy, — A0, (ug iz n, - (23)

=x

see formula (14). For multiple eigenvalues and y real, the derivatives of the branches of eigenvalues splitting 4 are given
by the matrix obtained in the same way, as in formula (16).

We note that formula (23) can be obtained in a direct way by assuming apriori that a normalized eigenfunction u,
corresponding to 4, , is differentiable with respect to y at the point . Indeed, by differentiating formula (21) and taking
into account the normalization of u,, , we get

0,2,k = 0;3<A;,u7,k,A U~ k)H + (AY()}-[u}(,k,A7u7’k)HL7 + (AYqu,A;(d){u}{k)HL7

= T 0tz vy, + (Ot g v + (i 000 )

= 0, (A Uz o Ayliz i, zag(”},k’qu>Ho’l
+ 2m<<A7u7,k’A761u1,k>Hl — Au 4,0 1,k>H07> = 0 (A Uz o Atz i,
— 20, (uz 1 Uz n,, T 2R(AZ AUz — Atz > 0 Uk M,

= 0)3<A,1’u7.k’ A ul’ k>H1 /15;(147!,(, u7*k>H0.1

where we have used the fact that A_A Tz = = Au- 7« This formal procedure was used in the proof of our theorem 4.1 in
Part I of this series of papers and it is essentlally the same used in the classical Hellmann-Feynman theorem. We refer to
[7] for a recent discussion on this topic and references.

3 | Applications to the De Rham Complex

In this section we apply the abstract results obtained in Section 2 to the Maxwell and Helmholtz problems (3), (2). To do
so, we shall make the following assumptions:

« the space of the parameters y is a generic real Banach space X and in particular y belongs to an open subset X of X;
in the case of the Rellich-type Theorems 3.6, 3.11 we shall consider the particular case X = R;
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« we consider a family of bi-Lipschitz transformations {®,} c» C £(Q) where £(€) is as in the Introduction, and we
assume that the map y — @ is of class C" with r € NU {0} U {w};

« we shall use the following notation:

P:=9,0 and ¥ :=¥.oplV (24)
X

to denote the directional derivative of @, at the point y in the direction y and its push-forward via @, respectively.
(Note that if X = R then we shall talk about derivative rather than directional derivative.)

« we assume in this section that &, u, as well as the scalar function v, are defined in the whole of R* and they are at
least of class C'. Moreover, we assume that the (real valued symmetric) matrices £(x), u(x) are positive-definite for
all x € R3 and that v is also positive.

Later we shall specify the Hilbert spaces associated with any y, depending on the problem under consideration. Before
doing so we need some technical lemmas.

Lemma 3.1. Assumethat M : R> — R>3 isa map of class C" withr € NU {oo} U {w}. Consider the map
M : C(Q:R%) - C(Q; R>3)
D> Mo,

Then M is of class C" and its Fréchet differential doy M at a point @ € C(Q; R3), applied to ¥ € C(Q; R3), is given by the
formula
deM((¥) = ((VM,.J. o ®) - V)

1<i,j<3°

Proof. This statement can be deduced as a limiting case of theorem 2.10 and proposition 2.17 in [8] (in the notation of
[8] one should set m = & = # = 0) the proof being obtained in the same way as a simpler application of the abstract results
in [9] (for that purpose note that if M is analytic then its restriction to any compact set belongs in the Roumieu class as
required in proposition 2.17 in [8], see, for example, [10, theorem 2.17]). We also refer to [11] for a direct approach to
differentiability and analyticity results for the composition operator in Sobolev and Schauder spaces. Note that C(Q;R)is
a Banach algebra (an important property for the proof of these results) regardless of the boundary regularity of Q. O

Recall that £ = € - @ . We apply Lemma 3.1 to the maps ¢, u as well as to the scalar function v (recall that we assume that
they are of class C'). In particular it follows that

0.% =(V..o<1>--\¥!) . 25
18|x=7 (Ve o Pz) 1<i,j,<3 (25)
Then we set
e ~ -1 _
Oge 1= <0j£|12?> oD = (Vei’j ~‘I’)1S[’j’53. (26)
Similarly, we set
Qg™ 1= (alﬁ—l ) ol = (V -1, ) 27)
=7 b 1<i,j.<3
and
Ogyv = <6Zv ) @ =Vv. P,
|I=7
where ¥ and ¥ are defined in (24).
Recall from the introduction the following definitions:
o = TgeTy, = (det J) 5 €U, Vo = TgvTe, = (det Jg)V,
py' = Tou Tl = (det Jp) N g p g
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Lemma 3.2. Assume that the mapsv : R - R, &, u : R3 — R>3 as well as the map y ~ @, are of class C" with r €
NU {oo} U {w}. Then the maps y — Jo,. qul,eq,l, Hg' from X to L®(Q; R¥3) and the maps y — det Jo,. (detJg )71, Vo,
from X to L*(Q; R) are of class C'.

Proof. 1t is well-known that the determinant and the inverse of a matrix define real analytic operators. Moreover, the
Jacobian operator from Co’l(ﬁ; R3) to L®(Q; R3*%) which takes @ to J,, is a linear and continuous map, hence real-analytic.
It follows by our assumptions on v, ¢, 4 and by Lemma 3.1 that the maps in the statement are of class C" in the variable y
since they are compositions of analytic maps and maps of class C". O

3.1 | Maxwell Eigenvalues

In this subsection we consider the Maxwell problem (3). As mentioned in the introduction, we shall prove a formula for
the shape derivatives of its eigenvalues under assumptions on Q and ® which are weaker than those used in [12]. Note
that in [12, theorem 4.5] the authors require an additional hypothesis on the regularity of the eigenvectors, assuming
them of class H2. Here we only assume the validity of the Gaffney inequality on the reference domain Qg around which
we differentiate. This inequality for general mixed boundary conditions on a domain 4, reads as follows. There exists a
C > 0 such that

|u|H1(Q®) < C(|u||_z(9¢) + |r0tu|,_z(9¢) + |diV£u||_2(Qq))) (28a)

forallu € Ry (Qg) Ne™'Dr (Qg), and
Ul q,) < C(lul,_z(gm) + |rot ,u_lull_z(gm) + |div ule(%)) (28b)
forallu € u Rr. (@) N Dy, (Q)-

Remark 3.3. Assume thatT’, and I, are separated (in other words "' =T, UT, and T, N T, = #). Then if Qg, is a bounded
domain of class C!'! or a bounded convex domain, and the coefficients &, u are of class C', the Gaffney inequalities (28a),
(28b) hold on Qg, see [13]. We note that assuming that I, , and I', 4, can be swapped then (28b) follows from (28a).

In view of the notation and the results of Section 2, we need to specialise the function spaces and the operators as follows:

« we fix the ambient Hilbert spaces by setting H, = H, = L*(Q) and we consider also the Hilbert spaces H,, = qu) (Q)
andH, , = L/Z% (Q) depending on y. Note that changing the value of y gives equivalent scalar products;
« we consider the operator
A, = M; roty @ Rp(Q) C Li% Q) - Li% (Q)
as the pull-back of the operator

Ai=pulrotr, 1Ry, Q) CLAQe ) = L(Qg )i
1, ’'e 1, X X x X

recall their adjoints

A*

5= 6‘; rot : Rp (Q) C Li% Q) - Li% (L),

AF = ¢! rotr, , RFMDI Q) C Lfl(gq,l) N Li(Qq,X);
« we consider the operator 7 PRI Q) — Rr,(Q); defined by

(T,F,Gy=(A,F,A, G\ (g = <;4; rot F, rotG> 2
1, pt L2(Q)

_ “1~e1
- <(det Jo )i g T0UF, Ty rotG>L2(Q)

forall F,G Rr (€); recall that i = p o @ ;
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« we also consider the operator 7, : L2(Q) — RD(Q)I’i defined by

(L,F.G) = (F.G): (@ = (eq F.G)ug = ety EI;TF, J‘TG>LZ(Q)
X

forall F € L’(Q)and G € Rr (Q); recall that €= e - @,
For the convenience of the reader, we recall that the transformation

1 .2 2 1 _ T
T, Qo) =L @, Ty F=Ug F

@,

is an isometry, and if F € D(A) = Ry o Qo ) then Té) F € D(A,) =R () and
1o, x 2z '

rot 7y, F = 72 rot F = (adj J)rot T.

As in the previous section, for a quantity f, depending on y € X, we shall use the symbol 9, f 1, _(orsimply 9, f,) to

denote the directional derivative of f,, at the fixed point y € &, in the direction y € X. Moreover, for the following lemma
we use the notation in (26) and (27).

Lemma 3.4. Assume that the maps €, u : R> — R¥3, as well as the map y — @, are of class C" with r € NU {co} U
{w}. Then the maps y = (1 ,F,G) and y — (T, F,G) are of class C" and the following statements hold:

(i) Forall F,G € L2(Q)
0,(1,F, G)ll:7 = ((dye + (div P)e — 2 sym(lee))Ti;F, r;);(;hz(g%). (29)
(ii) Forall F,G € Rr, ()

0,(T,F, G>|I=; = ((Ogu™ = (u~H div¥) + ZSym(y_lJ\P))rotrL F roty, (D, G)Lz(Q . (30)

Proof.  The regularity is easily deduced by Lemma 3.2. By the appendix of the first part we have

0460, _ = (detdy )J5! (a L+ ([divP)E -2 sym(?u;z)>Jq;;
and . .
0,y = (et Jo ) g (0,47 = @V +25ym(u1Ty) o,
Since

0L, F.G) = (0,60 F.Gla  and  0(T,F.G) = (045! rot F.rotG) | o

by changing variables and recalling that

1o F=(JgTF)e®!,  rotz) ,F =1 10t F = ((detJg) 'JpTOt F) e @,

the proof is complete. O

By combining Theorems 2.7 and Lemma 3.4 we immediately deduce the following theorem. Note that no additional
boundary regularity assumptions are used here.

Theorem 3.5. Letr e NU {oo} U {w}andlete, u,and v beofclass C". Let Q be a bounded Lipschitz domain in R3 and let
{®,} e beafamily of bi-Lipschitz transformations @, € L(Q) such that the map y — @, isofclassC". Let y € X be fixed.
Let 4 be an eigenvalue of the Maxwell problem on Q(D;( Assume 2 has multiplicity m and let A = Ak =" = Az pyma JOT
somek € N.Let F = {k,k+1, ...,k +m— 1} and let Ay ; be the elementary symmetric functions of the Maxwell eigenvalues
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defined as in (8). Then the functions Ay ; are of class C" in a neighborhood of 'y and their directional derivatives at the point
7 in the direction y are given by the formula

—s—1 —
7 (m 1

o1 )Z(((dyﬂ‘l — (1 divp) +2 sym(y‘qu,))rotrr‘dF E ;. rotrm; Ezh)Lz(%?)

h=1 #

~H(9e + @V Ve ~ 25ym(Jye)) Ezps Ezadia, ) )
X

.....

By Theorem 2.8 we also deduce the following theorem where in particular we recover the formulas in our theorem 4.1 in
Part I of this series of papers when 4 is simple.

Theorem 3.6. Let the same assumptions of Theorem 3.5 hold. Assume that r = {1,w} and X = R. Then for y sufficiently

close to y, the eigenvalues A, ..., A, x,,,_1 can be represented by m functions y = ¢, . ..., ¢, k11 Of class C". Moreover

the derivatives of those functions at y are given by the eigenvalues of the following matrix

(( (Ogu™" = (" div¥) + 2 sym(u~" Jy))roty  Ez ), rotrr%Ey’,)Lz(gm)
X ’ e

7 (Oge + (div P)e — 2 sym(Jye)) Ex . Ez,>Lz(Q®7))h o (31)

.....

Proof.  Recall from Part I of this series of papers that F € Ry (Q) is an eigenvector of the operator A;Ay associated

with an eigenvalue Aifand only if E = T;)_lF belongs to R, | (L47) and is an eigenvector of the operator A*A associated
—_— 7 T
with the same eigenvalue A. Moreover, th, h=1,...,mis an orthonormal basis in Lfm (Q) of the eigenspace of A*7A7
7

associated with 2 if and only if E;, =7, F-,, h=1,...,mis an orthonormal basis in Li(Q%) of the eigenspace of A*A

— X
associated with A. By Lemma 3.4 we have that

0T, Fyp Fzp) = 20,(L, Fy . F5 )
= ((Ogp™ = (u div ) +2 SYm(/,{_IJ‘P))I‘O'[FL%EZh, rOtI—1<¢7E7J>Lz(Q®7)

— A((0ye + (divW)e — 2sym(Jye)) E5 1. Bz )2, - (32)

The proof follows by applying Theorem 2.8. O

In order to write the formulas in the two previous statements by means of surface integrals we need additional assumptions
as follows.

Corollary 3.7 (Hirakawa’s formula).  Assume that A and { E5,},,—,._, are as in Theorem 3.5 and assume that the
Gaffney inequalities (28a), (28b) hold in ch7- Then the following statements hold.

(i) The directional derivatives at the point  in the direction y of the functions A ; from Theorem 3.5 can be written as

7 hE(

/ ((trot By, 10t ) = e By B ) )1 W)do
h=1\“T

n.d>7

- / ((M—l rot E-,,, - ot E-,) — A(e -, -@))(n-\mda). (33)
T

r,d)?
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(i) The derivatives at a point y € R of the functions {, ., ..., {,, yy,m—1 from Theorem 3.6 are given by the eigenvalues of the
following matrix:

</r ((M—l rot B, - rot Ey,) — MeEy, -E_z,)>(n Wydo

n.!;D?

- / ((;rl rotEy’h-rotE_y,,)—/l(eEZh-E_w)>(n-‘P)da> , (34)
h,l=1 m

T
105

The proof of Corollary 3.7 is an immediate application of Theorems 3.5, 3.6 and the following lemma.

Lemma 3.8. Suppose that the Gaffney inequalities (28a), (28b) hold in Qq,?. Suppose that F,G € Li(Q@?) are Maxwell

eigenfunctions associated with an eigenvalue A # 0. Then

((Ogu™ = (u ' divP) +2 sym(y‘lJ\P))rotrr»qu, rotr, . G)ixq, )

— A((0ge + (div W)e — 2 sym(Jye)) F, G2,

=/ ((;4—1 rotF-rotE)—/l(eF-5))(n-‘1’)do-
T, D—

"*x

—/ ((;rl rotF.rotE)—z(gF-5))(;1.\1’)(16,

T,
1,0)?

Proof. To ease the notation, throughout this proof we write ®, A instead of ®-, E, and we use the Einstein notation
omitting summation symbols.

Observe also that the quantities W, ¢, W have real-valued entries, thus they coincide with their complex conjugates. The
complex conjugate of G is denoted by G.

Recall that since F, G are eigenvectors of A*A associated with a non-zero eigenvalue, they belong to D(A) N R(A*) C
D(rot, )N N (divrms) by the Hilbert complex property (see remarks 2.21 and 3.10 of Part I). Therefore div(e F) =
div(eG) =0in Qg andeF -n=¢ G-n=0onTlg.

Moreover, since by lemma 2.15 of Part I, the vector fields u~! rot F, ! rot G are eigenvectors of AA* (associated with the
same non-zero eigenvalue), they belong to D(A*) N R(A) C D(rotrn d)) NN (divr’ o 1) (see the operator A, in the remark 2.21

of Part I), hence in particular n - rot F = n-rot G = 0 on I, 4. As a consequence, by the Gaffney inequality rot F, rotG €
H R (Qg) NDr, (Qg) C H'(Qy).

We set
0:= / (dye — 2sym(Jye)) F - G dy.
le

Observe that since by hypothesis the Gaffney inequality holds in Qg, then F, G € H(Q,). Integrating by parts yield
- / (Jye+ Ty &)T)F-G= —/ Fi(0,¥)e,,G; — / F(0,¥))e,,G;
Q0 Q0 Q0
= | (0F)¥e,;G; + / F¥,6,(0,G)) + / F - ¥ div(eG) + / G - ¥ div(eF)
QID Q‘@ 'Q‘D

Qq

— | (F-¥)eG-ndo— | (G-¥)F - n)do

F@ F(D
= [ (0.F)¥:e;G; + / F¥€,,(0,G,) - / (F-¥)(eG -nydo — | (G-W)(eF - n)do.
Q(I) QfD r(I) r(I)
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Furthermore we have that

(0 F) — (0;F,))e,;G,¥; =0t F - (¢G X ¥)

3
ij.k=1
Moreover observe that
V(F - G)- ¥ = (0,F)e,;G,"¥, + (0,G e, F 'Y, + (0., F, G,'Y,;
= (0;F)e;G; Y, + (0,G e F Y, + F.G,(Vey,; - Wit i<
= (0;F e, G, + (0,G e F ¥, + F - (0y€)G.
= (0;F e, G, + (0,G ey F 'Y, + (0ye)F - G.

Therefore

Q=/ rot F-(eGX W) +10tG - (eF X W)+ V(eF - G) - ¥
QO

—/ <(F-‘I‘)(£5-n)+(5-‘P)(eF-n))do-

FCD
= / €G- (PX10t F)+eF - (¥ X10tG) + V(¢F - G) - ¥ — 2/ (eF - G)(n-Y)do, (35)
Qg Fo

where in the last equality we have used the fact thate F -n=¢ G-n=0o0n I, o, while F = (F - n)n and G =(G-nnon
I, o By recalling that F and G are eigenvectors of A*A = ¢! rot 4" rotr, and integrating by parts we get

/e@-(‘l’x rotF)=/l‘1/ rot ' rot G - (¥ X rot F)
Qe Qo

=471 / p 1ot G - rot(¥ xrot F) + A7 [ (nx p' 1ot G) - (¥ x rot F)do
Qg Iy

=-1"1 / u'rotG - rot FdivW + 47" / w10t G - Jy rot F
Q0 Q

»

-1 / u ot G - Joo ¥+ A7 / (u~ ' rot F - rot G)(n - P)do. (36)

Q, lo
Here we have used the fact that rot(¥ x rot F) = —rot F div¥ + Jy rot F — J,, ¥ and that
nXu 'rot F=nxpu 'rotG =0
onT, o, while on I, 4, we have that
X pu 'rotG)- (PXrot F) =% - (rotF X (nX pu! rotE))
=Vv. ((rot F-pu ' rot G)n — (rot F - m)u~" rot 5)

= (ot F - u ' rot G)(n - ¥)
=(u ' rot F - rot G)(n - ¥)

by Lagrange’s formula for the vector triple product and the fact that n - rot F = 0 on I, 5. An analogous equality holds for
/ eF - (¥ x rot G). (37)
Qq

Observe that the Jacobians matrices J, r, J,, ¢ are well defined since rot F, rot G € H'(Qg). By standard calculus and

an approximation argument we also have that

V(u'rot F 1ot G) - ¥ =J, ¥ u 1ot F + Jyo pP - ' 10t G + (Ogp V1ot F - rot G. (38)
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Hence by (35-38)
A0 = —2/ u'rot F -rot G div¥ + / (™" Jy + (u™ )" 1ot F - 1ot G
Q0 Q0

—/ V(ut rotF-rota)-‘P+/ (@W—l)(rotF)-rot6+/1/ V(F-G)-¥
Qg Qg Qq

+2 / (u ' rot F - rot G)(n - W)do — 24 / (eF - G)(n - ¥)do. (39)
e Fo
Applying the divergence theorem we obtain
10 = —/ ulrot F -rot Gdiv¥ + / (0 Ty + (' Jy)") 10t F - 1ot G
le Qd)
+ [ @gu (ot F)-10tG— 4 | (¢F - G)div¥

Qg Qq

Iy

- / (W 'rot F-rotG)(n-W)do + A | (eF - G)(n-¥)do
Iy

+2/ (ut rotF-rotE)(n-lP)da—z/l/ (eF - G)(n-Y)do
FHP rrlD

= —/ ut rotF-rotEdiV‘P+/ (0 Ty + (1 Jy)")rot F - 1ot G
Qll) Qd)

+ / (Ogu (X0t F) - 10t G — A | (¢F - G)div¥
Qfl) Qd)

- / (u~' rot F - rot G)(n - W)do + A / (eF - G)(n-V)do
Fo Fo

+ / (' rot F - rot G)(n - ¥)do — A / (eF - G)(n-¥)do. (40)
rx,q) T

1P

Finally, from (40) we deduce that

((Ogu™" = (u~" div¥P) + 2sym(u~"Jy)) rot F, rot G,
— M{(0ye + (divW)e — 2sym(Jye)) F, G) g,

=/ (Opu™ = div¥ + p ' Ty + (™ Jy)") TOt F - rotE—AQ—ﬂ/ div¥ eF -G
Q(D

Qp

=/ ((;fl rot F - rota)—/l(eF-E))(n-‘P)da
Lo

n,

—/ ((;rl rot F - rotE)—A(eF-E))(n~‘I’)da,
I

1.0
and the proof is complete. o

3.2 | Helmholtz Eigenvalues

In this subsection we focus on the Helmholtz eigenproblem (2). We follow the notation and the results of Section 2 by
specialising the function spaces and the operators as follows:

« we fix the ambient Hilbert spaces by setting H, = L*(Q), H; = L*(Q) (with H, being a space of vector valued functions,
thatis, H, = H3) and we consider also the Hilbert spaces H, , = Lf@ (Q)andH, , = Li@ (Q) depending on y. Note that
changing the value of y gives equivalent scalar products; ‘ ‘

» we consider the operator

.- .yl 2 2
A, =V HL@CL @=L @

Mathematical Methods in the Applied Sciences, 2026 14259

85U20| 7 SUOWILLOD @A IR0 3|qedlidde aup Aq pausenob ase saoie YO ‘8sN JO S3|nJ 10} Afeiq 1T 8UIIUO A8|IA UO (SUORIPUOD-PUB-SWIB)ALI0D A 1M AReiqjpul U0/ Sd1L) SUORIPUOD PUe SLLB | 34} 88S *[9202/80/10] Uo A%eiqi auliuo A8|Im * XBUIol|dIgsapUe ] 4asSUORES - Aimed 311A Ad €20/ BWW/Z00T OT/I0p/W00" A3 ]I AreJq 1jpu|uo//Sdny oy papeojumod ‘2T ‘9202 ‘92bT660T



as the pull-back of the operator
A=V, ¢ H;WX Q) C Li(gél) - Lg(sz%);
recall their adjoints
A= —v(;i divy e e;{ Dr () C Lﬁml Q) - Lfml (),

A* = —y! divrwle : g—lorm Q) C Lg(Qd,I) - Lf(sz@l);

« we consider the operator 7, : H. (Q) — H[. (Q)l’i defined by

(Tof.8)= (A L A8, @ = (VI V8, @ = (e VS Ve),

= {(detJ, YeI-TV ,J—Tv>
(et sy 2057V 1, 05TVe @

forall f,g € H. (Q); recall that € = e o @ ;
» we also consider the operator Z,, : L*(Q) — H}. (Q)J/: defined by
<I;,f,g> = <f’g>|_§® @ = <V<1>If,g>|_2(9) = <(det J¢I)Vf,g>

B9

forall f € L*(Q)and g € H. (Q); recall that V=ve®,.

We have the equivalent to Lemma 3.4. Recall that ¥ is defined in (24).

Lemma 3.9. Assumethatthemapv : R3 — Raswell asthemap y @, areofclassC"withr € NU {oo} U {w}. Then
x = (I,F,G)and y - (T,F,G) are of class C" and the following statements hold:

(i) Forall f,g € L2(Q)
a;’(<11f’ g>|1:; = <(a‘l’v + (le T)V)Ti;f,"r'g);g>|_2(g¢;)- (41)

(ii) Forall f,g € H}’(Q)
0T, f. g)le = ((dye + (divP)e — 2 sym(J.{,e))Vrt%rg; 7 vrt%rg; g)Lz(Qmi). (42)

Proof. The regularity is easily deduced by Lemma 3.2. In order to prove the formulas in the statement, it suffices to use
the appendix of the first part, perform a change of variables, and recall that

0 _ -1 0 _ 1 _ -T -1
T f =fe®@7 Voo f=1, V= (/g Vf)e @l

The following theorem is an immediate consequence of Theorem 2.7 and Lemma 3.9.

Theorem 3.10. Letr € NU {0} U {w} andlet €, u, and v be of class C". Let Q be a bounded Lipschitz domain in R3 and
let {®,} cx be a family of bi-Lipschitz transformations ® , € L(Q) such that the map y — @ is of class C". Let y € X be
fixed. Let Abean eigenvalue of the Helmholtz problem on Qq);. Assume A has multiplicity m and let A = Ak = = Agkema
for some k €N. Let F = {k,k+1,...,k+m—1} and let A be the elementary symmetric functions of the Helmholtz,
defined as in (8). Then the functions Ay are of class C" in a neighborhood of y and their directional derivatives at the
point y in the direction y are given by the formula

—S—1<m—1

(" )Z (((awg + @iV W)e = 25ym(Uy)) Vi, 5. Vr,, 4z a)ica, )

h=1

~H((Ogv + (@i Witz st )2 )

where {u5 ,}p_y IS an orthonormal basis in Li(Qq,?) of the eigenspace associated with A, and W is as in (24).
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By Theorem 2.8 we also deduce the following theorem where in particular we recover the formulas in our theorem 4.1 in
Part I of this series of papers when A is simple.

Theorem 3.11. Let the same assumptions of Theorem 3.10 hold. Assume that r = {1,w} and X = R. Then for y suf-
ficiently close to y, the eigenvalues A, ,, ..., 4, y.,_1 can be represented by m functions y = ¢, ..., ¢, 1.1 Of class C".
Moreover the derivatives of those functions at y are given by the eigenvalues of the following matrix

(( (0w + (@iv W)e = 25ymUye)) Ve, , 5. Vr,, 17 )ice, )

_I( (d\yv + (div ‘I‘)v)uzh, uz,)Lz(QdF))h e

where {uz ,} oy, IS an orthonormal basis in Lg(Qq,y) of the eigenspace associated with A.

Proof.  Recall from Part I that v € H. (Q) is an eigenfunction of the operator A*7A7 associated with an eigenvalue 2 if
and only if 7! v belongs to H.  (Q4-) and is an eigenfunction of the operator A*A associated with the same eigenvalue
o 1",‘4,7 ¥4

x

A Moreover, Vs h=1,...,mis an orthonormal basis in Liq} (Q) of the eigenspace of A;Ay associated with 1 if and only
X

if gy = 0 U3 h =1,...,misan orthonormal basis in Lf(QCD ) of the eigenspace of A*A associated with 2. By Lemma 3.9
, ] s x

we have that

al<Tx U?,h’ U?,l> - /10)-{<le)7’h, U7,1>

= ((0ge + (divP)e — 25ym(Jye)) Vr, , 74 Vi, Uz.0)12@0q. )
- E( (O\PV + (le \P)V)I/l7’h, u7,1>L2(Q®;) (43)
which combined with Theorem 2.8 completes the proof. O

Corollary 3.12.  Assume that 4 and {1 4} per... m are as in Theorem 3.10 and assume in addition that u- ;, € H*(Qg_)
forall h =1, ..., m. Then the following statements hold.

(i) The directional derivatives at the point % in the direction y of the functions A ; from Theorem 3.10 can be wriiten as

(v )Z(/r (eVitzn - Vit =T v iz (¥ - i

h=1 n,<l>7
—/ (eVug j, - Vg ,)(¥ - n)da). (44)
To
(i) The derivatives at a point y € R of the functions ¢, ;. ..., ¢, i1 from Theorem 3.11 are given by the eigenvalues of

the following matrix:

(/ <£Vu7,h - Vug — Av Uz p a>(‘P -n)do

I
nd

- / (€Vug,, - Vi (¥ - n)do> . (45)
Lo

The proof of Corollary 3.12 is an immediate application of Theorem 3.6 and the following lemma.

Lemma 3.13. Suppose that v,w € Lf(Qq);) are Helmholtz eigenfunctions associated with 0 # A Suppose that v, w are
H2-regular. Then

((0‘{,6 + (divWP)e — 2 Sym(J\Ps))Vr@?u, Vrn@?w%_z(g%)
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— A0V + (divPWV) v, w) 20,

- / <6VU NW—Avo w)cp - mydo — / (eVo - VD)W - n)do. (46)

r T,
n,d)7 r,d>?

Proof. To ease the notation, throughout this proof we write @, A instead of <I>7, I, and we use the Einstein notation
omitting the summation symbols.

First recall that (dye),; = Ve, - ¥ =¥, 9,¢,; (cf. also formula (26)) and that —div(eVv) = v 4 v. Observe also that the
quantities W, v, € have real-valued entries, thus they coincide with their complex conjugates. The complex conjugate of w
is denoted by w.

By integrating by parts we have

/ Jye Vo-Vw = [ (0,¥)e; 0,v 0w = / WY, &, 0;v dw ny do —/ W, (0y&y;) 0,0 dw
Qg Qg 'y Q

1)

—/ WY, &4, (0,9;0) 0iﬁ—/ W, &, 0;v (0,0,w)
Q‘P Q‘D

= [ (¥ Vw)e Vv n)do — / (¥ - Vio)div(e Vo) — / ¥, £, 9,0 (0,0,10)
Iy Qo Q

= (¥ - Vw)(e Vv -n)do + A (P -Vwyvov- / ¥, &, 0,0 (0,0,w). 47)
Iy Qq Q

Similarly, integrating by parts, exchanging the second-order derivatives, and then integrating by parts once again, we get

(Jpe)" Vu-vw=/ Jye Vo - Vo

Qo Qo

= [ (¥ -Vu)e Vw-ndo+1 [ ¥ -Voyvw- / Y, &4, 0;w (9,9,0)
Iy Qq Q

=/(‘I‘-Vu)(e Vi - n)do + A (\P-Vu)vw—/ W, £, 0,0 (3,0,0)
Iy Qq Qg

= (P - Vo)e Vw -n)do + A (IP‘VU)VE-F/ divP e Vw- Vv
r@ Q(D Q‘P

+/ dge VE-VH/ ¥, &, (0,0,0)00— | (¢ Vio- Vo)(¥ - n)do. (48)
Qp Qp T,

Moreover, making again use of the integration by parts we have that

(OgV) UE=/ ¥, 0,vow
QCD Qfl)

=—/ diV‘vaE—/ (‘P-Vv)vw—/ (‘P-Vw)vu+/ vow (¥-n). (49)
Qd) Qd) Qd) F‘D

Hence, recalling that € is a symmetric matrix and that the summation indices are mute, and using (47), (48), (49), we
obtain that

((9we + (divW)e — 2 sym(Jye)) Vo, Viv) 2, ) — A (O + (div ¥)V) v, w) 2q,)

=/ ((3q,e+diV‘I’£—J.}.£—(J‘P£)T)VU-Vﬁ—ﬂ/ (Ogv+div¥ v)v w
QlD QfD

= eVvo-Vw—-Avow) (¥ -ndo— [ (¥ -Vw)e Vv-n)do— [ (¥-Vuv)e Vw-n).
Iy Iy To
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Recall now the boundary conditions, that is, v,w =0onT,g andn-e Vu=n-e Vo =0onT, . Therefore on I', o we
have that Vo, Vw are parallel to the normal n, thatis Vo = (Vv - n)nand Vw = (Vw - n)non T, 4. Then it is easy to see that

(eVo-Vw—-Avow) (¥ -nde— [ (P-Vw)e Vv-ndo— | (¥ -Vv)e Vw-n)

Iy Iy Iy

=/ (eVU-VE—/l v UE)(‘P-n)dcr—/ (eVuv - Vw)(¥ - n)do.
Fnd) rrll) O

Remark 3.14. IfT", and T, are separated (in other words ' =T, UT, and ', N T, = ), Q, is a bounded domain of class
C!! and the coefficients €, v are of class C' then the eigenfunctions of the Helmholtz problem on Qg4 belong to H*(Qg,),
see [14, 15].

Author Contributions

Pier Domenico Lamberti: conceptualization; investigation; writing — original draft; writing — review and editing; validation; method-
ology; formal analysis. Dirk Pauly: conceptualization; investigation; writing - original draft; writing - review and editing; validation;
methodology; formal analysis. Michele Zaccaron: conceptualization; investigation; writing — original draft; writing — review and
editing; validation; methodology; formal analysis.

Acknowledgments

The authors are thankful to Prof. Massimo Lanza de Cristoforis for useful discussions and for bringing to their attention items [8, 9] in
the reference list.

The first named author acknowledges support from the project “Perturbation problems and asymptotics for elliptic differential
equations: variational and potential theoretic methods” funded by the European Union-Next Generation EU and by MUR Progetti
di Ricerca di Rilevante Interesse Nazionale (PRIN) Bando 2022 grant 2022SENJZ3; he is also a member of the Gruppo Nazionale per
I’Analisi Matematica, la Probabilita e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica (INdAM). The third
named author is very thankful for the kind invitation of the second author and the great hospitality of the Fakultdt Mathematik, Insti-
tut fiir Analysis of the Technische Universitit Dresden during his visiting period when some problems discussed in this paper were
addressed. He also acknowledges financial support by “Fondazione Ing. Aldo Gini” for his visit in Dresden. His work was partially
realized during his stay at the Czech Technical University in Prague with the support of the EXPRO grant No. 20-17749X of the Czech
Science Foundation. He has also received support from the French government under the France 2030 investment plan, as part of
the Initiative d’Excellence d’Aix-Marseille Université - A*MIDEX AMX-21-RID-012. Open access publishing facilitated by Universita
degli Studi di Padova, as part of the Wiley - CRUI-CARE agreement.

Funding

This work was supported by the European Union-Next Generation EU and by MUR Progetti di Ricerca di Rilevante Interesse Nazionale
(PRIN) Bando 2022 (Grant No. 2022SENJZ3).

Conflicts of Interest

The authors declare no conflicts of interest.

Data Availability Statement

The authors have nothing to report.

Endnotes

!Note that the Jacobian determinant of a bi-Lipschitz diffeomorphism has a constant sign on the connected components of the domain,
see [1, lemma 6.7], hence it is not restrictive to assume that it is positive almost everywhere.

2Note that in principle D(A’;) may depend on y but this does not affect our analysis.
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Appendix A

Sensitivity Analysis

More Details on the Proof of Theorem 2.6

Let F be the bilinear map from the product space C(I', L(V, V")) x C([', LV, V)) to C(T", LV, V)) defined by

F(f.8)=g°f (A1)

forall (f,g) € CI, L(V,V])) x C(T, £(Vﬂ’ , V), where formula (A1) has to be understood as follows:

(g &) =g f(O)

for all ¢ €T. Since the composition operator defines a bilinear continuous map, it follows that F(f, g) is a well-defined element of
C(I, L(V,V)). Moreover
lI(g = AHON < NgONLAON < NlgIHLA

forall ¢ €T, hence
llge £ < el

which implies that F is a bilinear continuous map, in particular it is analytic.

Let f, € C(I, L(V, an )) be fixed and assume that it has the following property: for all { € I" the operator f,,({) is invertible. Since the
inversion operator which takes any invertible operator to its inverse is continuous (actually, it is analytic), it follows that the function

f§t from T to L(V, V) defined by

FHO = (fon™
for all ¢ €T, is an element of C(I', £(V/, V') and satisfies the equation
F(fo, foh) =1
where 7 is the constant function from I' to £(V, V') defined by I({) = I for all { €T, and I is the identity operator. We now apply

the Implicit Function Theorem to the function F at the point (fy, f ). Note that the differential of F with respect to the variable g,
computed at y (the linearised variable) is given by the formula d, F|; ,_( oD [w]=w - f, which shows thatd, F; ,—( Fodi) is bijective
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from C(T, E(Vﬁ,’ V) to C(T, L(V,V)). It follows that there exist a neighborhood U" of f,, in C(I', B(H,)), a neighborhood V of fo‘l in
C(I", B(H,)) and an analytic map R from V" to V¥ such that

{(f.e)eUxV: F(f.e)=1}={(f.R() : feU} (A2)

Consider now the curve f,(§) =7, — (I, defined for any y € X with ||y — ¥|| < é. For all { € I the operator 7, — {7, is invertible,
hence F(T, — ¢{1,,(T, - CIZ)‘l) = 1.1t follows that once we fix f, = f, for some y with || y — 7| < 6, we can consider the correspond-
ing map R and deduce from (A2) that (Tx - ch)()‘1 = R(Tx —{1,). Thus y — (Tx — (I)()‘1 is of class C" being the composition of the
analytic map R and the map 7, — {7, which is of class C". Again, by our regularity assumption, we conclude thatalso (T, — {1 )()*1 o7,
has the same regularity with respect to y, hence by formula (5) the map y (T, -¢1 )~! which takes values in C(T', L(H,, Hy)) is of
class C" or analytic.

Finally, since the integration on I" defines a linear and continuous map with respect to the integrating function, it follows that
fr (T, - ¢I)7td¢ is of class C” with respect to y for || y — 7|l < 6.
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