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1 | INTRODUCTION

In [1], we investigated the de Rham Hilbert complex with mixed boundary conditions on bounded strong Lipschitz
domains

. Lqil’Q(Q) de—1 LQ»Q(Q) 44 Lq+1’2(Q)

whose 3D version for vector proxies reads

0 = 5rad 1~ 2~ 1.
L2(Q) d” =grad LQ(Q) d’ =rot L2(Q) d® =div LQ(Q)

In [2], we extended our studies and results to the elasticity complex

. LQ(Q) symGrad Lg(Q) RotRotg Lg(Q) Divg LQ (Q) o

In this contribution, the third part of the series, we shall investigate the two biharmonic Hilbert complexes with mixed
boundary conditions on a bounded strong Lipschitz domain Q c R?

) LQ(Q) Gradgrad Lg(Q) Rotg L%(Q) Divr L2 (Q) .
L2 9 devGrad L2 Q symRoty L2 [9) divDivg L2 [9)
- Q) ———— Ly (9Q) s() @) — .

Note that these two complexes are formally dual (adjoint) to each other.
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As explained in detail in [1, 2], all these Hilbert complexes share the same geometric structure

Ao A

Ho H, Hy — -+, R(Ag) C N(Ay),

where Ay and A; are densely defined and closed (unbounded) linear operators between Hilbert spaces H,s. The corre-
sponding domain Hilbert complex is denoted by

. D(Ag) % D(A) 2 Hy

The goal of this article is to show that the previous biharmonic Hilbert complexes are compact, which is proved by
using regular decompositions of the domains of definition of the respective operators as a crucial tool. We shall follow
in close lines the rationale from [1, 2]. Along the way, we show the existence of regular potentials and decompositions,
compact embeddings, Helmholtz decompositions, closed ranges, Friedrichs/Poincaré type estimates, and bases of the
corresponding cohomology groups (generalised Dirichlet/Neumann tensors). Due to the similarity of results, we shall
only state those which are most important. In the appendix, we will present some of the crucial proofs, which differ from
the proofs of the previously investigated complexes.

2 | BIHARMONIC COMPLEXES I

Throughout this paper, let Q ¢ R? be a bounded strong Lipschitz domain with boundary I, decomposed into two parts I';
and I, := I'\I', with some relatively open and strong Lipschitz boundary partT'; C T'. More precisely, we assume generally
that (Q,T";) is a bounded strong Lipschitz pair. We shall consequently use the notations, methods, and results from our
corresponding papers for the de Rham complex [1], for the elasticity complex [2, 3], and for the biharmonic complexes
[4]. In particular, we recall [1, Section 2, Section 3] including the notion of extendable domains. The standard Lebesgue
and Sobolev spaces (scalar or tensor valued) are denoted by L*(Q) and Hk(Q) with k € Nj.

We recall that weak and strong boundary conditions coincide for the standard Sobolev spaces with mixed boundary
conditions, that is,

HE (@) = HE. (Q); (Y]

and compare [1, Lemma 3.2, Theorem 4.6]. Below, we shall show that “strong = weak” holds generally also for the
biharmonic complex. Note that H’é(ﬂ) = H*Q) and Hgt(ﬂ) = L%(Q).

We introduce as usual Grad, Rot, and Div as “row-wise” incarnations of the classical operators grad, rot, and div from
the de Rham complex.

2.1 | Operators

Let Gradgrad, Rot, Div, devGrad, symRot, and divDiv be realised as densely defined (unbounded) linear operators

SGradogradF[ : D(gGradogradr{) cLX(Q) —» Lé(Q); u — Gradgrad u,

tRotsr, : D(rRotsr,) c L3(Q) —» LA(Q); S+ Rot S,
Divrr, : D(Divrr,) clZ©Q) - LXQ); TwDivT,

rGradr, : D(rGradr,) c L*(©Q) - Li(Q); v+ devGrad v,
sRotrr, : D(sRotrr,) C L3(Q) - Li(Q); T+ symRot T,

divDivsr, : D(divDivsy) € Li(Q) - L*(Q); S+ divDiv S,
where symS := %(S +STyanddevT :=T — %(trT)id, with domains of definition

D(sGradgrady.) :=C{°(Q), D(zRotsr,) := CZ(Q),  D(Divrr,) :=CFp (Q),
D(zGradr,) :=C{(Q), D(sRotry,) := CTr (@), D(divDivsy,) := C (),

85U80]7 SUOWIWIOD BA a1 [dedlidde aup Aq pauienob ae Sapie YO ‘8sN JO Sa|NJ 10} ARig1T8UIIUO A8 |IAN UO (SUOIPUOD-PUR-SLLIBILI0D" A3 1M A0 |BUUO//:SANY) SUORIPUOD Pue S | 841 89S *[202/80/82] U0 Ariq1T8UIIUO AB|IM YeUI0![qIdsapUe T aUas sYoses Aq ZEr6eWW/Z00T 0T/I0pAW0D" A8 1w AeIq1jeuljuo//Sciy Wwolj papeoumod ‘9 ‘vZ0Z ‘9.yT660T



PAULY and SCHOMBURG

WILEY——3
satisfying the complex properties

'ﬂ*R‘btg,rl gGradogradrl co, DDiVT,pl TRcotg,rL co,

SR(E)t']r,r[ 11‘GI?adrr c o, diVbiVS,rl gRZ)tTyrl cO0.

For elementary properties of these operators, see, for example, [3]; in particular, we have a collection of formulas pre-
sented in Lemma A.1 (Appendix A). Here, we introduce the Lebesgue Hilbert spaces and the test spaces of symmetric
and deviatoric tensor fields

L3(Q) = {Se Q) : skwS =0}, Cer (@) :=CR@)n L2(Q),
L@ = {Sel’@:uT=0}, CT(Q) :=CQ)nLyQ),

respectively. We get the first and second biharmonic complexes on smooth tensor fields

TROtSI} DiVT,Ft

oy 12() sEndERdn ) 2 ) L2(Q) L2(Q) — -+,
. LQ(Q) rGradr, L%(Q) sRotr r, Lé(Q) divDivs LQ(Q) RN

For a more algebraically structured introduction of the latter operators suggested by Rainer Picard, see Appendix B.

The closures

sGradgradr, :=SGrad°gradrt, TRotsr, 1= TRbtg,r[,

rGradr, :=7Gradr,,

DiVT,I“, = DiV'JI‘,Ft ,

SROtT,Ft = SRO'['[["]"[, diVDiVS’rt = diVDng,rt,

and Hilbert space adjoints are given by the densely defined and closed linear operators

sGradgradr, :D(sGradgradr,) C L2(Q) » Lé(Q); u +— Gradgrad u,
sGradgrad, = divDivsr, :D(divDivsr, ) cLi(Q) - L*(Q); S+ divDiv S,
tRotsr, :D(rRotsr,) cLi(Q) — LA(Q); S+ Rot S,
Rot; - =sRotrr, :D(sRotrr,) c LA(Q) - Li(Q); T+ symRot T,
Divrr, :D(Divrr,) cL(Q) - L*Q); T~ DivT,
DiV;r,rt = —rGradr, :D(rGradr,) c L)@ — L%T(Q); v > —devGrad v,
1Gradr, :D(7Gradr,) c L*(Q) —» L2(Q); v+ devGrad v,
1Grad, = ~Divrr, :D(Divrrr,) cLyQ) - L*Q); T+~ -DivT,
sRotrr, :D (sRotrr,) c LA(Q) - Li(Q); T+ symRot T,
sRot .. =rRotsr, :D(rRots,) CLi(Q) — LA(Q); S+ Rot S,
divDivsr, :D (divDivsr,)  C Li(Q) = L*(Q); S+ divDiv S,
diVDivg’rt=gGradgradrn :D(SGradgradrn) c L) - Lé(Q); u — Gradgrad u,

with domains of definition

D (sGradgradr, ) = Hp. (Gradgrad, ),
D(rRotsr,) = HS,I‘[(ROt’ Q),
D(Divey,) = Hy . (Div, @),
D(rGradr,) = Hr[(deVGrad, Q),
D (sRotrr,) = Hy - (symRot, Q),

D(divDivsr ) = HS,Fn(diVDiV, Q),

D(sRotrr,) = HT,F,, (symRot, Q),

D(rGradr,) = Hrn(deVGrad, Q),
D(Divrr,) =Hy . (Div,Q),

D(tRotsr,) = HS’Fn(Rot, Q),

D (divDivs,) = Hsr, (divDiv,Q),  D(sGradgrad; ) = H. (Gradgrad, Q).
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We shall introduce the latter Sobolev spaces in the next section.

2.2 | Sobolev spaces
Let
H(Gradgrad, Q) := {u € L) : Gradgrad u € L*(Q)},
Hg(Rot, Q) 1= {S € LL(Q) : Rot S € L*(Q)},
Hy(Div,Q) := {T € LL(Q) : Div T € L*(Q)},
H(devGrad, Q) := {v € L*(Q) : devGrad v € L*(Q)},
Hp(symRot, Q) := {T € L3(Q) : symRot T € L*(Q)},
Hg(divDiv, Q) := {S € L{(Q) : divDiv S € L*(Q)}.

Note that S € Hg(Rot, ) implies RotS € L%T(Q) (cf. Lemma A.1 (Appendix A)) and that we have by Necas' inequality and
a Korn type inequality for dev the regularities

H(Gradgrad, Q) = H*(Q),  H(devGrad, Q) = H'(Q) ©)

with equivalent norms; see, for example, [5, Lemma 8.2] and [4, Lemma 3.2]. Moreover, we define boundary conditions
in the strong sense as closures of respective test fields, that is,

HQ
Hr (Gradgrad, Q) :=C(Q) = HF, (Q),
oo—HS(Rot,Q)
Hop, (Rot, Q) :=Cor@
H,(Div.Q)

Hyr (Div, Q) :=CR (Q) ,

s—H@
Hp (devGrad,Q) :=Cr(Q)  =H (),

m—HT(symRot,Q)
HT’rl(symRot, Q) = CT’R Q) ,

H;(divDiv,Q)

HSII(diVDiV, Q) :=Cg T (Q)

For I'; = @, we may skip the index @, which is justified by density. Spaces with vanishing differential operator coincide
with kernels and are denoted by an additional index 0 at the lower right corner, for example,

Hgr o(Rot, Q) = N(rRots ), Hyr o(Div, Q) = N(Divr,).
We need also the Sobolev spaces with boundary conditions defined in the weak sense, that is,

Hy, (Gradgrad, ©) 1= {u € HX(@) : (Gradgrad u, ®)2 g, = (. diVDIV ®) 2, YO € CT, (@) |

HS,I’,(ROt’ Q) := 15 € Hg(Rot, Q) : (Rot S, T)L%(Q) = (S, symRot ‘P)Lé(g) V¥ e C%’Ern(Q)} ,

H, (. (Div, Q) := { T € Hy(Div, Q) : (Div T, $) 20, = ~(T,devGrad ¢z, Vb € CF° (Q)},

Hp (devGrad, @) := {v € H'(@) : (devGrad v, %)z g, = —(v Div )2, V¥ € 3, @)},
HTyrr(symRot, Q) 1= {T € Hy(symRot, Q) : (symRot T,@)Lé(g) = (T, Rot (I)>'-12r(9) Vo e Cg}n(Q)} ,

Hg 1. (divDiv, Q) := { S € Hg(divDiv, Q) : (divDiv S, ¢) 2, = (S. Gradgrad ¢) >, Vo € CY (Q)}.

85U80]7 SUOWIWIOD BA a1 [dedlidde aup Aq pauienob ae Sapie YO ‘8sN JO Sa|NJ 10} ARig1T8UIIUO A8 |IAN UO (SUOIPUOD-PUR-SLLIBILI0D" A3 1M A0 |BUUO//:SANY) SUORIPUOD Pue S | 841 89S *[202/80/82] U0 Ariq1T8UIIUO AB|IM YeUI0![qIdsapUe T aUas sYoses Aq ZEr6eWW/Z00T 0T/I0pAW0D" A8 1w AeIq1jeuljuo//Sciy Wwolj papeoumod ‘9 ‘vZ0Z ‘9.yT660T



PAULY and SCHOMBURG Wl L EY 3851

Note that “strong C weak” holds, thatis, H..(- - - ,Q) C H..(- - - , Q), for example,
Hg r (Rot, Q) C Hg - (Rot, Q), Hyr, (Div, Q) C Hy - (Div, Q),
and that the complex properties hold in both the strong and the weak case, for example,
devGrad Hp, (Q) € Hy - o(symRot, Q), Rot Hg - (Rot, Q) € Hy - ((Div, Q),

which follows immediately by the definitions. In Remark 2.3 below, we comment on the question whether “strong =
weak” holds in general.

2.3 | Higher order Sobolev spaces

For k € Ny, we define higher order Sobolev spaces by

HE Q) :=H"Q) nLA(Q),
HL@Q) 1= H Q) n L),

k 0 H'@) k 2
Hep (@) :=Cr (@) =Hp (@) nLg@),

H’;m(sz) =
Hk(Gradgrad, Q) =
H’lit(Gradgrad, Q) :=1ue Hlli Q@Qn Hr (Gradgrad, Q2) : Gradgrad u € H{%(Q)} ,

Hi(Rot, Q) :=
HE - (Rot. Q) = | S € HE (@) N Hyp (Rot, Q) : Rot § € HE (Q)}

HDIv, Q) 1= {TeHL(Q) : Div T e Hk(Q)}

C

{

{

{s

{

{

HE - (Div, Q) 1= {T € HE (@) nHy, (Div. Q) : Div T € HE (Q)}
H¥(devGrad, Q) := {v € HYQ) : devGrad v € H (Q)},

HE (devGrad, Q) := {v € HE (@) N Hy, (devGrad, Q) : devGrad v € H’;t(sz)} ,
HE (symRot, Q) <= {T e H.(Q) : symRot T € Hk(Q)}

Hé},rt(symRot, Q) := {T IS Hk (Q) N HTF (symRot, Q) : symRot T € Hk (Q)}

HE(divDiv, Q) <= {s e H5Q) : divDiv S e Hk(Q)}
{

HS 1 (divDiv, Q) := { S € Hy (Q) N Hg . (divDiv, Q) : divDiv S € Hf (9)}

For the first reading, we recommend to only regard the case k = 0 from Section 2.2.
Note that, for example, for the latter divDiv-Sobolev spaces, we have Hg’g(diVDiV, Q) = Hg(diVDiV, Q) and
Hgyg(diVDiv, Q) = Hy(divDiv, Q) as well as Hg’rl(diVDiV, Q) = HS’Ft(diVDiV, Q). ForI'; # @, it holds

He 1, (@ivDiv, @) = {S € HE (@) : divDiv SeHE @)}, k22,
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butforI'; #gandk=0and k=1

Hg 1, (divDiv, Q) = H - (divDiv, Q)

¢S €H: (@) : divDiv S € Hp. (Q) ¢ = Hy(divDiv, Q),
—— ——
=L2(©@) =L*(Q)

HL . (divDiv, Q) ¢ {s e HL (@) : divDiv S € H}t(g)},
respectively. As before, we introduce the kernels

HS - 4(divDiv, Q) := Hf (Q) N Hg . ((divDiv, Q) = H 1. (divDiv, Q) n Hg o(divDiv, Q)

= {5 e HE, @vDiv. Q) : divDiv s =0}.

The corresponding remarks and definitions extend also to the Hllit(Gradgrad, Q), Hg,F[(Rot, Q), Hlfm-[(DiV, Q),

H’lit(deVGrad, Q),and H’fr’rt(symRot, Q)-spaces. In particular, we have forI'; # @ and k > 1 and, for example, Hg’rl(Rot, Q),
the observations

HE | (Rot, @) = {S eHS, (@) :RotSe H’;t(Q)},

Ha . (Rot, Q) =Hg - (Rot, Q) ¢ 4S5 € Hy - (Q) : Rot S € HY. (Q) ¢ = Hy(Rot, Q),
—— ——
=L2(©Q) =L*(©Q)
Hgyrl,O(Rot, Q) = H’E (Q) NHg - o(Rot, Q) = Hg,rl (Rot, Q) N Hg o(Rot, Q)

= {seH (Rot.@) : Rot 5=0}.

Analogously, we define the Sobolev spaces H?t(Gradgrad, Q), Hg,rt(Rot, Q), H’.}It(Div, Q), H’lft(devGrad, Q), Hlflrt
(symRot, Q), and Hgyrt(diVDiv, Q) using the respective Sobolev spaces with weak boundary conditions H:(- - - , Q) in the
definitions, for example,

HE  (symRot, ©) := { T € Hf (@) 1 Hyp, (symRot, @) : symRot T € HE, @) }

- {T € HE (@) N H, (symRot, Q) : symRot T € Hﬁ(g)},

where we have used (1). Note that again “strong C weak” holds, that is, HI(---,Q) < HI(---,Q), for example,
Hg’r[(Rot, Q) C Hg’rl(Rot, Q), and that the complex properties hold in both the strong and the weak case, for example,

Gradgrad H’;TZ(Q) c Hg,r[,o(ROt’ Q), symRot H’{r’rl(symRot, Q) c Hg’rpo(divDiv, Q).

In the forthcoming sections, we shall also investigate whether indeed “strong = weak” holds. We start with a simple
implication from (1).
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Corollary 2.1. Hgyr[(Q) = Hg,r,(g) and H%‘H[(Q) = Hlfr,r[(Q)’ that is, weak and strong boundary conditions coincide
for the standard Sobolev spaces of symmetric and deviatoric tensor fields with mixed boundary conditions, respectively.

As in (2) and with Corollary 2.1, we get the following.
Lemma 2.2 (Higher order weak and strong partial boundary conditions coincide).

(i) Fork > 0, it holds
HE (devGrad, Q) = HE™ (@) = HE™ (@),

HE. (Gradgrad, Q) = HE(Q) = HEP(Q).
(ii) Fork > 1, it holds

Hlft(deVGrad, Q) ={veH: (Q) : devGrad v e HE (9)} = H’Ft(deVGrad, Q) = ngjl(sz),

Hé},rt(symRot, Q) ={TeH: r,(Q) : symRot T € HE (Q)} = H}”[C[‘,F[(SymROt’ Q),

Hg,FI(Rot, Q) = {S S,r (Q) : Rot S € HE (Q)} = H’é,rl(Rot, Q),
HE - (Div,Q) = {

Te HI'E‘]" (Q) : Div T € HE (Q)} = Hlncr,rr(DiVs Q).

(iii) Fork > 2, it holds
H’lit(Gradgrad, Q) = {u € H’E (Q) : Gradgrad u € Hﬁ (Q)} = H’E(Gradgrad, Q),
HE 1 (@ivDiv, @) = {5 € HE (@) : divDiv S € Hf, (@)} = HE 1, divDiv, ©.
Remark 2.3 (Weak and strong partial boundary conditions coincide). In [4, 5], we could prove the corresponding
results “strong = weak” for the whole two biharmonic complexes but only with empty or full boundary conditions
('t = @ orI'y =T'). Therefore, in these special cases, the adjoints are well defined on the spaces with strong boundary
conditions as well.

Lemma 2.2 shows that for higher values of k indeed “strong = weak” holds. Thus, to show “strong = weak” in general,
we only have to prove that equality holds in the remaining cases k = 0 and k = 1; that is, we only have to show

Hrt(devGrad, Q) C Hrt(deVGrad, Q), Hrt(Gradgrad, Q) C HFt(Gradgrad, Q),
H; . (Div, Q) C Hy - (Div, Q), H}[(Gradgrad, Q) c H}[(Gradgrad, Q),
Hs - (Rot, Q) C Hg - (Rot, Q), Hg 1, (divDiv, Q) € Hg 1. (divDiv, @),

Hy - (symRot, Q) C Hy - (symRot, @), Hg . (divDiv, Q) C Hg - (divDiv, Q).

The most delicate situation appears due to the second-order nature of divDivs. In Corollary 3.11, we shall show
using regular decompositions that these results (weak and strong boundary conditions coincide for the biharmonic
complexes for all k > 0) indeed hold true.

2.4 | More Sobolev spaces
For k € N, we introduce also slightly less regular higher order Sobolev spaces by
Hlli’[k_l(Gradgrad, Q) = {u S Hlfl(Q) N Hrt(Gradgrad, Q) : Gradgrad u € H’Ft_l(Q)} ,
H?’["_l(Gradgrad, Q) := {u IS H’E(Q) N Hrt(Gradgrad, Q) : Gradgrad u € HIIE[_I(Q)} ,
HE (divDiv, Q) := {S € HE (©) N Hy - (divDiv, Q) : divDiv S € Hl’ijl(g)},
Hgillil_l(diVDiv, Q) = {S S HI’EI(Q) N Hg . (divDiv, Q) : divDiv S € H’E‘l(Q)},

and we extend all conventions of our notations. These spaces can be ignored at the first reading.
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We have for the kernels of divDivg

He . o(divDiv, @) = HE | ((divDiv,Q),  HE[ (divDiv, Q) = HE . ((divDiv, Q),

and by Necas' inequality (cf. (2)),
HE ! (Gradgrad, Q) = Hl’ijl(g) = Hl’ijl(g) C HI’f’tk_l(Gradgrad, Q).

The intersection with HF[(Gradgrad, Q), HF[(Gradgrad, Q), and HSJ-[(divDiv, Q), Hs’rl(diVDiV, Q), respectively, is only
needed if k = 1. As before, we observe Hg”f__l(divDiV, Q) C Hg’]ffl(diVDiv, Q), that is, “strong C weak,” and in both cases

(weak and strong), the complex properties hold, for example, Gradgrad Hlli’k_l(Gradgrad, Q) C Hg}lpo(Rot, Q).
Similar to Lemma 2.2, we have the following.

Lemma 2.4. (Higher order weak and strong partial boundary conditions coincide). For k > 2,

HI’i’[k'l(Gradgrad, Q) = {u IS HIIE[(Q) : Gradgrad u € HIIEI_I(Q)} = Hlli’k'l(Gradgrad, Q) = Hllijrl(ﬂ),

Hg”;_l(divDiv, Q) = {S € Hg’rt(g) : divDiv S € Hﬁ—l(sz)} = Hg"ffl(divDiv, Q).

2.5 | Some biharmonic complexes

By definition, we have densely defined and closed (unbounded) linear operators defining six dual pairs

(sGradgradr, ,gGradgradlft) = (sGradgradr,, divDivs, ),
(rRotgr,rRotg ) = (rRots - .sRotr,),
(Divyr,, Divi ) = (Divyr,, —rGradr, ),
(rGradr, ,TGradl*ﬂt) = (rGradr,, —Divrr,),
(sRotrr,.sRot 1) = (sRotrr,TRots ),

(divDivs,, divDivg’rl) = (divDivs,,s Gradgradrn ).

Pauly and Schomburg [1, Remark 2.5, Remark 2.6] show the complex properties

TRots r,;Gradgradr, C 0, Divrr,qRotsr, C O,
gRotT,rtTGradrt co, diVDng,rtSRotT‘rl co,
divDivsr (Rotrr, CO, —sRotrr, .Gradr, CO0,

—Divyr,  Rotsr, CO, TRotS,rnSGradgradrn cO.

Hence, we get the two primal and dual biharmonic Hilbert complexes

sGradgradr, rRots 1, Divr,r,

= L2(Q) m——— LE(Q L2(Q) ————— L*(Q) — - 3
&= L@ divDivs 5, 5(Y) <Rotr 1, (@) — ,Gradr, (@) == ’ (3)
9 1 Gradr, 9 sRotr r, 9 divDivg r, 9
= L) m—— L1 (Q) m——— L5(Q L(Q) == ---. 4
( ) — Divrr, T( ) rRots 1, S( ) sGradgradr,, ( ) ( )
The long primal and dual biharmonic Hilbert complexes (cf. [1, (12)]) read
) L?)%t 5 SGradgradpt 9 —H-R,Otgwpt ) Div-r‘pt ) WL{TFH
— 2(Q) /———
Pr, ol L2(2) divDivg 1, L5(9) sRotr 1, L7(©) — ;Gradp, L2(9) 'RTL,, RTr, ®)

T
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LRTp, rGradp, sRotr 1, divDivg 1, 7"1;,1
RT L2(Q — L2(Q ' <:>L2Q 4“_]?1 6
Ty ""RTFt ( ) —Divr , T( ) rRots 1, ( ) sGradgradr,, ( ) F In ( )

with the additional complex properties

R(tgr,,) =N (1Gradr,) = RTr,, R(Divrr,) = RT,
R(l]pllﬂ )=N (SGradgradr[) = PI{:’ R(diVDiVS,Fn) = (I[Dl{l)le(Q),

where

0} if T#0, . . 3 .
RTE:{]{R’]I}‘ifZiQ, with R’IF.:{}R3 9xn—>ax+q.aeR3,qeR3},

{{0} if = +0,

. 3
Py = Pty — g with IP1:={R3 er—>q-x+a:aeR3,qeR3}

denote the global Raviart-Thomas fields and the global polynomials of degree less or equal to 1 in Q, respectively. We
have dim RT = dim P' = 4. Note that, for example, by Lemma 2.2 (i), it holds

N (sGradgradr,) = {u IS H%t(Q) : Gradgrad u = 0} )

More generally, in addition to (5) and (6), we shall discuss for k € Ny the higher Sobolev order (long primal and formally
dual) biharmonic Hilbert complexes (omitting Q in the notation)

Pl gGradgradk Rot~ Divk TRT.
T S T S, Ty T, Ty A
1 t k t k t k It k n
Prt HF?, HSA,D, HT,I} HFt RTFn )
Tl . .k k k
pl Pr, & divDivg & sRotr r, Lk —pGradp & RTT,, RT
Iy Ty S,Tn T,D, Ly In
and
k k . ok ™
RT RTr, k rﬂ-GradFt & sRoty & leDlVSﬁrt & ll“n 1
Iy Iy T,I} S,y Iy I
«k k
BT TRT, e Divy HE Rot# T HE ¢Gradgrady, & ran pl
Iy I, T,T, S,y I, I
with associated domain complexes
1”1 Gradgradk DivE TRT
s ¥ . .1 Tn
PL — HE, (Gradgrad) = HE L (Rot) _T%n HE 1, (Div) = HE " RTp,,
Ly dvDivEn sRotfr, z Do ok
P, HE, Hg . (divDiv) (— HTF (symRot) <— HE, (devGrad) <— RTE,
and
LRTp +Gradf sRotk divDiv¥ pL,
t k t t k e S, It k n 1
:
RTy, —— Hf, (devGrad) ——— HE 7., (symRot) —ts Hs r, (divDiv) HT, Pr .
TRTL - Divlf r TR S I QGradgradl}E ¢ 311—‘
t ke I'n k . n S n k . n 1
RTr, HE, H7f r, (Div) <——— Hgp, (Rot) <—————— H{, (Gradgrad) <—— Py, .

Additionally, for k > 1 we will also discuss the following variants of the biharmonic complexes

L1 kok—1 k—1 k=1
pL L, HE gGradgradp) w1 TROtST, HE=1 VT, -1 TR, RT
T I S, Iy T, T} Iy Tn»
o1 A k k
P. divDiv, <Rot. — +Grad LRT
T N S, T, S T,I, T I I,
1 t k—1 S,In k ;In k n k "R
Prt HFn HS:Fn HT I HFn TF"
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. . . . k,k—1 Tl
LRTL, TGradI& qRot.])’- r divDivg 1 P
t k t k S I k I k—1 Tn 1
RTT, H H H HE-l o p
t T T, S,Ty Ty Iy
k-1 kk—1 o1
RT RTI} b1 Dlv,”. Tn H b1 TRotc Fn H k1S Gradgrad o H N ?’Fn Pl
I Iy T,Tp S, T Tn

with associated domain complexes

Ll}"ft kk—1 nGradgrad{Z’ rﬂ-R.ots;tl ) Div’.ﬂf }fl ) TRTL,
P}, — HE®~! (Gradgrad) ————— H’g’}tl(Rot) —— HE L (Div) —5 HET! "y RT,,
el divDivF k=1 LRT
Iy ST ; tF T,
1 t k—1 n kk—1/4. . n k k n
P, Hrn Hgr,  (divDiv) <— Hf 1, (symRot) <— HE, (devGrad) <—— RTr,

and

kok—1 Tl
T rddl"t Rot-ﬂ- I divDivg: T 1.,”

RTr, N HE, (devGrad) ———— HE% . (symRot) St AN HE S~ (divDiv) ———— HE™H — P

iviE—!
T,

k,k—1 Lpl
TRT — P
RTp, ¢ HE! «— HELI(Div) Sy ! (Rot)

%Gradgrad T
HE, (Gradgrad) «—— P[, .

Here, we have introduced the densely defined and closed linear operators

SGradgradl'i[ :D (gGradgrad’lit> C HIEI(Q) - Hg,rl(ﬂ); u — Gradgrad u,
divDiv,. : D (divl)ivgr ) cH L@ = HE @)1 S divDiv S,
rRotk | (TRot ) HE (@) = HEL (@) S Rot &,
SRot’;m : D(sRoth . ) c HE (@ — i () T symRot T,
Divk . : (DwTr ) CH.L (@ - HE@Q: T Div T,
rGradf : D (TGrad’;n) CHE (@ - Hep (@): v devGrad v,
TGrad{it :D (TGradlli) C H’lit(Q) - H;‘LF[(Q); v devGrad v,
Divk, : D (Divg}F ) CHiL (@ —HE(@: TeDivT,
sRoth : D (sRoth . ) € He (@) — HE (@) T+ symRot T,
tRotf . : D(7Roth, ) cHE. (@ —HEp (@) S Rots,
divDivy, : D (divDiviy, ) € HE (@ — HE@: S divDiv s,

SGradgrad{i" : D (gGradgradllin> C H’}n Q) — Hé,r,, (Q); uw~ Gradgrad u,

with domains of definition

D (SGradgrad [) = H{%(Gradgrad, Q), (dllevS r, Hg Fn(diVDiV, Q),
D (TRot ) r (Rot, Q), (SRot > = Hk Tr, (symRot, Q),
D (Divky, ) =H , Div, @, D (rGradf, ) =H, (devGrad, ),
D (xGradf, ) = H (devGrad, ©), D (Divk,. ) =HE Div. 0,
D (SRot’T‘m) HE . (symRot, ), (TRot ) =H. . (Rot, ),
D <divDivk ) =Hk (divDiv, Q) D (SGradgradk > H: (Gradgrad, Q2).
ST, ST, >54)s r,
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Moreover,
SGradgradlli’k_1 :D (SGradgradlli’k_l) C Hl’i[(Q) - Hg}ll(g); u — Gradgrad u,
SGradgrad?’k_1 : D (SGradgrad?k_l> C Hl'in(Q) - Hg}l (Q); uw+ Gradgrad u,
s e kk—1 - s kok—1 k k=1,097. g
divDiv " @ D (divDivg " ) C HSL(Q) - Hrt (Q); S+ divDiv S,
divDiviy " : D (divDivEy " ) c HE L @ — HEA@); S - divDiv s,
with domains of definition

D <SGradgrad§’["_1> = H’;’k_l(Gradgrad, Q), D (divDivg”;ﬂ) = Hg";_l(divDiv, Q),

D (gGradgrad?k_l) = Hl;’k_l(Gradgrad, Q), D <divDivg’I;_1> = Hg’];_l(divDiv, Q).

2.6 | Dirichlet/Neumann fields

We also introduce the cohomology spaces of biharmonic Dirichlet/Neumann tensor fields (generalised harmonic tensors)

Mgp (@) :=N(rRotsr) NN (divDivg,e) = Hgp o(Rot, Q)N e‘lHS’FmO(diVDiV, Q),

H (Q) :=N(sRotrr,) N N(Divyr,u) = Hy - j(symRot, Q) N y‘lHT’r[’O(DiV, Q).

’]I‘vr‘nﬂr‘n/‘
Here, ¢ : Lé(Q) - Lé(Q) is a symmetric and positive topological isomorphism (symmetric and positive bijective
bounded linear operator), which introduces a new inner product

(e @ = (e e

where Lé’E(Q) 1= Lé(Q) (aslinear space) equipped with the inner product( -, - )Lé @ Suchweights e and also y : L%(Q) -

L%(Q) are called admissible. Typical examples are given by symmetric, L,-bounded, and uniformly positive definite tensor
fields e, u : Q — R®¥*C*3) with appropriate algebraic properties.

3 | BIHARMONIC COMPLEXES II

3.1 | Regular potentials and decompositions I

3.1.1 | Extendable domains

The next theorem is a crucial result. Its proof is based on [4, Theorem 3.10], where the stated results forI'; = TandI'; = @
have been shown, and the arguments used in, for example, [1, Lemma 4.4] for partial boundary conditions. See Appendix
C for a detailed proof.

Theorem 3.1 (Regular potential operators for extendable domains). Let (Q,I";) be an extendable bounded strong
Lipschitz pair and let k > 0. Then there exist bounded linear regular potential operators

7)::{Gradgrad,l"[ : Hg,F[,O(ROt’ Q) - Hllij—z(g) n Hk+2(R3)’

P;‘R%r[ : H’;Lrpo(Div, Q) — Hg}lt(sz) A HEL (RS,

Pk : HI'E[(Q) N (RTp y've — Hg;}f (Q) N HY(R?),

Divy,I',

PfGra ar, - H’;mo(symRot, Q) — H’;jl(gz) n H L (R3),

Pk : Hg’r[’o(divDiv, Q) — HQ}}{ Q) N HY(R?),

sRotp, I,

divDivg,I',

Log
Pk L HE@n (P}n) U HEQ) nH®RY).
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In particular, P: are right inverses for sGradgrad, rRots, Divy, TGrad, sRoty, and divDivs, respectively, that is,

Gradgrad P*  Gradgrad T, ld""é,r,,o(ROt’Q)’ devGrad P¥ Gradr, ldHI'E‘,r,.o(SymROt’Q)’
k k i
ROt P got.r, = ldH;}r ,(Div.Q)° symRot P r, = lngrpo(divDiv,Q)’
Div Pk =id L divDiv Pk =id L2 -
Divy,I; HE @n(RT;, ) @ divDivg,I', Hﬁ(ﬂ)ﬂ(ﬂ’%n) )

Without loss of generality, P.: map to tensor fields with a fixed compact support in R*.

Remark 3.2. Note that A,P,, = idgr,) is a general property of a (bounded regular) potential operator P, : R(A,) —
H; with H ¢ D(A,) (cf. [1, Section 2.3]).

As a simple consequence of the complex properties, the general results for regular potentials and decompositions from,
for example, [1, Section 2.3] and Theorem 3.1, we obtain a few corollaries.

Corollary 3.3 (Regular potentials for extendable domains). Let (Q, ;) be an extendable bounded strong Lipschitz pair
and let k > 0. Then the regular potentials representations

Hg’rt,O(Rot, Q) = Hg,rwo(Rot, Q) = Gradgrad H’E(Gradgrad, Q) = Gradgrad H’lit“(Q)
= Gradgrad H’lijrl’k(Gradgrad, Q)
=R (SGradgrad{E[) =R <SGradgrad§T1,k> ,

HE 1 o(Div, Q) = Hf . ((Div, Q) = Rot Hg - (Rot, Q) = Rot H§}(Q)
=R <TRot§’F[> s

HE (@) n (RTr,) @ = DivH¥ - (Div, Q) = Div HEL (@)
=R(Divk. ),
Hlfr,rl,o(SYmROt’ Q) = H%},F“O(symRot, Q) = devGrad Hllil(deVGrad Q) = devGrad HIIETI(Q)
=R (TGrad{il> s
H . o(divDiv, Q) = H - ((divDiv, Q) = symRot Hi |- (symRot, Q) = symRot H{'! (Q)
=R <SR0t11c1‘,F[> s
HE @ n (P}, )l““” = divDiv H . (divDiv, Q) = divDiv HE(Q)

= divDiv HkJr1 *(divDiv, Q)
=R <d1VD1VS r ) (leDlvgJ}l k>

hold, and the potentials can be chosen such that they depend continuously on the data. In particular, the latter spaces are
closed subspaces of HE s(Q), HE (), and H*(Q), respectively.

85U80]7 SUOWIWIOD BA a1 [dedlidde aup Aq pauienob ae Sapie YO ‘8sN JO Sa|NJ 10} ARig1T8UIIUO A8 |IAN UO (SUOIPUOD-PUR-SLLIBILI0D" A3 1M A0 |BUUO//:SANY) SUORIPUOD Pue S | 841 89S *[202/80/82] U0 Ariq1T8UIIUO AB|IM YeUI0![qIdsapUe T aUas sYoses Aq ZEr6eWW/Z00T 0T/I0pAW0D" A8 1w AeIq1jeuljuo//Sciy Wwolj papeoumod ‘9 ‘vZ0Z ‘9.yT660T



PAULY and SCHOMBURG Wl L EY 3859

Corollary 3.4. (Regular decompositions for extendable domains). Let (2,I';) be an extendable bounded strong
Lipschitz pair and let k > 0. Then the bounded regular decompositions

HE - (Rot, @) = HEL(Q) + Gradgrad HE(Q) = ( K ot r) HE 1 o(Rot, Q)

=R (P"Rot T ) + Gradgrad Hk”(Q)
=R (kaot T, ) + Gradgrad R ( N radgrad L, )

HE . (Div, Q) = Hi# (@) + Rot HEH(Q) = (P]'Sw I ) +HE - 4(Div, Q)

Divr,I'
k k
=R(Phy.r,) + ROt R (P 1 ).

HI’E‘,I‘,(SymROt’ Q) = Hk+1 (Q) + devGrad Hk+1(9) (kaot r, ) + Hg‘r‘rpo(symRot, Q)

—R (7)" ) + Rot H5H (@)

k ; k+1
=R (PrRot r ) + devGrad H:(Q)
k
=R (P Rot,.T', ) + devGrad R( Gradr, >

HE . (divDiv, ©) = HE(@) + symRot HEYL (@) = (pk

k T
divDivg,I" ) + HS,Ft,O(dIVDIV’ Q)

=R (Phpp, r, ) + symRot HEL @)

=R (P(Iicllevc ) + SymROt R <P Roty,I” )
hold with bounded linear regular decomposition operators

Qorr, 1= Prrorr ROt 1 HE [ (Rot, Q) — HEL (@),

rRotg,I"; rRotg,I";
k.0 ._ pk _ Okl . Hk k+2
QTRotg,F[ T 7)SGradgrad,l", (1 QTRotSFl> : HS,F,(ROt’ Q) - H (L),
k.1 ._ pk oo Hk ; k+1
QDiVT,F[ = PDiVT,F[DIV : HT,I"[(DIV’ Q) — Hy (Q)

kO ._ pk k1 CHE (D k+1
iv,r, = Plrot,r, (1 - QDivT,l",> ¢ Hyp (Div, Q) — Hg T (),

.1 ) . Wk kt1
Qskoter, = Pé‘RotT’rtsymRot : Hyp (symRot, Q) — Hy + T (),
k.0 ._ pk k1 . Mk k+1
Qxotr, *= PlGradr, (1 QSR%J : Hpp (symRot, Q) — HE" (Q),
k.1 . . P k . . k+2
Qiivpiv,r, - p(IiCiVDiVS,F,dIVDIV : Hgp (divDiv, ) — H (),
k0 ._ pk k.1 CHE  (dios k1
Qivpiver, *= Plrotyr, (1 - QdivDivg,I’t> : Hg - (divDiv, Q) — Hy ' (),
satisfying
QTRot r, T Gradgrad o RotSF lngrt(Rot,Q)’
k.1 k,0 .
Qpyy, r, T RO Qo ldHQ‘m(Div,Q)’
.1 .
Q kot,.r, T devGrad Q% sRotpT, = ldHl.,‘rv]‘[(symRot,Qy

okl 4 symRot QX°

divDivg,I', divDivg,I', =id ng  (divDiv,Q)*
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Remark 3.5. Note that for (bounded linear) potential operators P, _ and P, , the identity

Q}\n +An_1Q0An =idD(An) with Q}\n = pAnAn : DAy — H;,

Q0 =Py (1 - Q}\n> . D(Ay) = HE_,

n

is a general structure of a (bounded) regular decomposition. Moreover,
@) R(Q})=R(Ps)and RQ} ) =R(Px,,).
(ii) N(A,) is invariant under Qi ,as A, = A,,Q}\ holds by the complex property.

(iii) Q}xn and An—lQOAn =1- Q}xn are projections.
(iv) There exists ¢ > 0 such that for all x € D(A,,)

1
[,

HY < C|Anx|Hn+1'
(iv") In particular, Qzlxn Ina,) = 0.

Corollary 3.6. (Weak and strong partial boundary conditions coincide for extendable domains). Let (Q,T';) be an
extendable bounded strong Lipschitz pair and let k > 0. Then weak and strong boundary conditions coincide, that is,

H’E(Gradgrad, Q) = H?l(Gradgrad, Q)= HIE“(Q) = HIIETZ(Q),
HE - (Rot, @) = HY - (Rot, ),
HE - (Div, Q) = HE - (Div, ©),
Hlli[(deVGrad, Q) = Hlli[(devGrad, Q)= Hl’ijfl(g) = HIIE':'I(QL
HE - (symRot, ) = H¥ - (symRot, Q).
HE 1. (divDiv, Q) = HE - (divDiv, Q).

Similar versions of Corollary 3.4 and Corollary 3.6 are available for the nonstandard Sobolev spaces of the form
HE 1. .., Q) (cf. Section 2.4). Note that

H?’k_l(Gradgrad, Q) = H{i:rl(Q) 7)
as H]li’k_l(Gradgrad, Q) C Hllijl(Gradgrad, Q)= HIIETI(Q) C H]li’k_l(Gradgrad, Q).

Corollary 3.7. (Corollary 3.4 and Corollary 3.6 for nonstandard Sobolev spaces). Let (2, I';) be an extendable bounded
strong Lipschitz pair and let k > 1. Then the bounded regular decompositions

ngla—l(divDiv, Q) = Hg}f(g) + symRot H’{T}l[ Q) =R (pgi;lgw) + Hg’rl’o(diVDiv, Q)
=R (Pé‘i;éivg,r[) +symRot Hi? (@)
=R (Phigby,r, ) +symRot R (P, - ) = HE ! (divDiv, ©)

hold with bounded linear regular decomposition operators

kk-11 . _ pk-1 s TV o Mkk=1,3: 1N k+1
QdivDiVSL = PdivDiVS,F,dIVDIV : HS,I} (divDiv, Q) — Hs,r,(g)»

divDivg,I, *~ 7 gRoty,I divDivg,I',

Qo 1= Phear, (1= Qont L) ¢ HEE @ivDiv, @) — HE (@)
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. kk-1,1 kk-1.0 . . . Lo
satisfying QdivDivg,l"[ + symRot QdiVDivS,l’r = lng,':;-ll (divDiv.Q)" In particular, weak and strong boundary conditions coincide

also for the nonstandard Sobolev spaces.

Recall the Hilbert complexes and cohomology groups from Section 2.5 and Section 2.6.

Theorem 3.8. (Closed and exact Hilbert complexes for extendable domains). Let (Q,I";) be an extendable bounded
strong Lipschitz pair and let k > 0. Both biharmonic domain complexes

]P)ll—‘t LWIl‘t Hé;‘j,g gGradgradllgt HISC_’rt (Rot) TROtFI;‘:I‘t H’];Er‘t (DIV) DiV’IF‘I‘t H],zt TRTL,, R'H‘DN
]PILt ”ml“t H{in divDivg,r71 ng,L(divDiv) % H%,F,L(SymRot) *TG"H‘JR Hlﬁjl RTp,, RTI‘n
and, fork > 1,
Ph Lun}t Hlﬁflscra(igradgkilH’S“;,tl (Rot) ﬁ) H%;} (Div) Divff},,l H]f:”il TRT,, Ry, ,
PY, R Hﬁ;ldiVDivsﬁf 1 HEE = (divDiv) SRt HE . (symRot) [ rGradt HiH & gy,

are exact and closed Hilbert complexes. In particular, all ranges are closed, all cohomology groups (Dirichlet/Neumann
fields) are trivial, and the operators from Theorem 3.1 are associated bounded regular potential operators.

3.1.2 | General strong Lipschitz domains
From now on, we drop the additional condition “extendable domain,” thus (2, I';) is a bounded strong Lipschitz pair.

Lemma 3.9. (cutting lemma). Let ¢ € C®(R*) and letk > 0.

() IfSe H’é’r[(Rot, Q), then ¢S € Hg’F[(Rot, Q) and Rot(pS) = pRot S — S spn grade.

(ii) IfT e H’fr,rl(Div, Q), then ¢T € H’{T’F[(Div, Q) and Div (T) = pDiv T + T grade.
(iii) IfT H’fr,rt(symRot, Q), then T € Hé},rt(symRot, Q) and symRot(pT) = psymRot T — sym (T spngrad ¢).
(iv) Ifk>1andS e Hg’;‘[l(divmv, Q), then ¢S € Hgf;l(divDiv, Q) and

divDiv(@S) = ¢@divDiv S+ 2grad¢ - Div S+ Gradgrade : S.

In particular, this holds for S € ngt(divDiV, Q). Note that - and : denote the point-wise scalar product for vectors
fields and tensor (matrix) fields, respectively.

We proceed by showing crucial regular decompositions for the biharmonic complexes extending the results of
Corollary 3.4 and Corollary 3.7 to our general setting. The proof is based on Corollary 3.4 together with a partition of unity.

Lemma 3.10. (Regular decompositions). Let k > 0. Then the bounded regular decompositions

Hg’rt(Rot, Q) = HE(Q) + Gradgrad Hl’ijz(sz),

T
HE - (Div, @) = HET (@) + Rot HEL (@),
H . (symRot, Q) = Y} (@) + devGrad H{™ (@),

Hgﬂ(divDiv, Q) = Hg}f(g) + symRot H’T‘r}{ Q)
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and, for k > 1, the nonstandard bounded regular decompositions
r,(divDiv, Q) Hk" L(divDiv, Q) = Hk“(g) + symRot HYY (@)
hold with bounded linear regular decomposition operators
Qorr,  HEp, (Rot, @) — HET (@), Q' er,  Her,(Rot, @) — HEP (@),

QlSilvT,F, : H%‘r’rt(Div, Q) — Hk+1 .

Q:klotT,r, : Hli-’r[(symRot, Q) > HkJr1 (Q), Q:ﬁot”t : H%},Fl(symRot, Q) - Hk“(Q),
Q’(;’;Dw[ : HE . (divDiv, Q) — H"+2(9) Q’é’iSDiVS,Ft 1 HS 1. (divDiv, Q) — Hit (@),
Qo+ HET (ivDiv, @) — HER (@), Qi - HE ! (divDiv, @) — HYE (@)
satisfying
Q:ﬁotg,r + Gradgrad Q' Rotg I, ingrl(Rot,g)’
QDlv r, T Rot QDlv I, _idH’;ﬂ(Div,g)’
Q:i{lotT r, + devGrad Q Rot I, idH'.}_rt(symRot,Q)’
Ql(;’i\IIDivg,F + symRot leva I, _ingyrt(divDiv,Q)’
Qi r, +SYmROL QU | = idyis gy k> L.
It holds Rot Q ROLT, TRotSF, DvaDlv DIVTI-, and symRot Q “Roty T, _gROtk r, and thus Hg’rho(Rot, Q),
0(D1V Q), and HTF o(symRot, Q) are mvarlant under Q*! Rot.T' ngllv ,and Q"! “RotyT'* respectively. Analogously, we
have divDivQ"! divDiv, T, = leDle,rt and deva’gi’iD}V;F = leDle k-1 and thus HSF o(divDiv, Q) is invariant under
ng}‘lzDivg,I’, and Qﬁil\{fD}v;F,’ respectively.

Qllgi(:lv,r, - HY - (Div, Q) - HER (@),

Corollary 3.6 and (7) are generalised to the following important result.

Corollary 3.11. (Weak and strong partial boundary conditions coincide). Let k >

conditions coincide, that is,

Hlli[(Gradgrad, Q)
Hlli’lk'l(Gradgrad, Q)
HE - (Rot, Q)
Hlflrt(DiV, Q)

HIIE[ (devGrad, Q)
H’{.}rt (symRot, Q)
HS . (divDiv, Q)
Hk k= 1(dew Q) =

= Hl'i[(Gradgrad, Q) = Hﬁ“(g) = H’lijrz(g),
=H{*(Gradgrad, @) = HE (@) = HE' (@), k> 1,
= H 1. (Rot, Q)

= HY . (Div, Q),

= Hllil(deVGrad, Q) = Hl’ijrl(g) = Hl’ijfl(g),

= HE | (symRot, Q),

= H§ - (divDiv, Q),

HE ! (divDiv, Q), k> 1.

0. Weak and strong boundary

. k _ k k sk _ ik k _ k k
In particular, we have gGradgradr[_gGradgradrl, quotS —TROtsr , DlVT,rt = DlV'Jl‘,l",’ TGradrl_TGradrt, SROt’]T,F[

—gROtT r;

divDiv’éJ_t = diVDng r, as well as, fork > 1, SGradgradrk l—gGradgraLdIk:k_1 and divDiv’

kek—1
ST,

kk—1

= leDlVS,F,

For a detailed proof of Lemma 3.10 and Corollary 3.11, see Appendix C.

85U80]7 SUOWIWIOD BA a1 [dedlidde aup Aq pauienob ae Sapie YO ‘8sN JO Sa|NJ 10} ARig1T8UIIUO A8 |IAN UO (SUOIPUOD-PUR-SLLIBILI0D" A3 1M A0 |BUUO//:SANY) SUORIPUOD Pue S | 841 89S *[202/80/82] U0 Ariq1T8UIIUO AB|IM YeUI0![qIdsapUe T aUas sYoses Aq ZEr6eWW/Z00T 0T/I0pAW0D" A8 1w AeIq1jeuljuo//Sciy Wwolj papeoumod ‘9 ‘vZ0Z ‘9.yT660T



PAULY and SCHOMBURG Wl L EY 3863

3.2 | Mini FA-ToolBox

3.2.1 | Zero order mini FA-ToolBox

Recall Section 2.6 and let ¢, u be admissible. In Section 2.1 (for ¢ = u = id), we have seen that the densely defined and
closed linear operators

A = zph : IE”}[ - LZ(Q); pwp,
Ag = sGradgradr, : H?. (Q) c L(Q) — L5 ,(Q); u > Gradgrad u,
Ay = u"'tRotsr, 1 Hg (Rot, Q) C L2, (@ - L3 ,(Q): S~ u'RotS,
Ay =Diveru @ p Hyp (Div, Q) C L3 ,(@ - L%Q):; T Div uT,
Az = zﬁ‘wrn () RTr,; q v gty g
A = ’E"?, L@ - Prs P 7 P,
A} =divDivsp e @ ¢ 'Hg (divDiv, Q) C L2, (@ - L*(Q):; S+ divDiv &S,
A} =¢"'sRotrr,  Hyp (symRot, Q) C L (@) —» L5, (Q); T & 'symRot T,
A; = —rGradr, : Hp (@) C L*(Q) — L (Q); v —devGrad v,
A% = gr, : RTr, - L*Q); gw~aq,

where we have used Corollary 3.11, build the long primal and dual elasticity Hilbert complex

A_1=,1

: L, , Ag=gGradgradr, N Ay=p~! [Rotg 1, ) Ag=Divr, p 5 AsSmRTp

L2(Q) L2 (Q) m—————= 12 (Q) L2(Q) RT (8)
o S — S, T, oo
EOAT ey Ag=divDivg p,, ¢ ¢ Aj=e 1 Rotyrp, H Aj=— Gradr,, Aj=mry, n

Tt
and compare (5). Note that

AL =g = L@ - L@,

1
t Pr[

lRTrnA3 = IRT;, l&Tr = 7RT,, : LZ(Q) - LZ(Q)
are the actual projectors onto }P’}t and RTr , respectively.

Theorem 3.12. (Compact embeddings). The embeddings

D(A1) N D(A}) = Hg - (Rot, Q) n e Hg - (divDiv, Q) < L2 (Q),
D(A;) N D(A}) = ™" Hyp (Div, Q) N Hy - (symRot, Q) < L (Q)

are compact. Moreover, the compactness does not depend on € or p.
See Appendix C for a proof.
Remark 3.13. (Compact embeddings). The embeddings

D(Ag) N D(A%,) = D(Ag) = H.(Q) = LA(Q),  D(As) N D(A}) = D(A3) = Hp (Q) = LX(Q)

are compact by Rellich's selection theorem.

Theorem 3.14. (Compact biharmonic complex). The long primal and dual biharmonic Hilbert complex (8) is compact.
In particular, the complex is closed.
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Let us recall for the densely defined and closed linear operators
Ay, D(Ay) C Hy, = Hpya, Ay : D(A;) C Hypp —» Hy
the corresponding reduced operators

(Ap)L 1=A : D((An)1) = D(Ay) N N(Ap)* C N(Ap)' — R(Ay),

n N(A”)LHn
(ADL 1= Allyanien - DAL = DAL N N(AR) e C N(A;) e — R(AY).

Note that R(A,) = R((Ay)1) = N(Aj)**+ and R(A%) = R ((A})1) = N(A,)**. Here, we consider

(Ao)L = (sGradgradr,) ., (Ay)L = (s 'rRotsr,),, (Ax)L =(Divrru),
(AL = (divDivgre) . (A})L = (¢ 'sRotrr,),, (A})L= — (rGradr,) .

and
(AL = (’Pé)l =idp : Pr, = Pr..

= idRTrn . RTrn - RTrn,
T

— 3 .l 1
Pll—[ = ld]Pll—[ . ]P)r[ - ]P)r[,

(As)L = (mmrrn> = 7RT,,
1 RT,

(A = (i, ) | =ider,, : RTr, - RTr,

Lemma 2.9 of [1] shows:
Theorem 3.15. (Mini FA-ToolBox). For the zero order biharmonic complex, it holds

(i) The ranges R (sGradgradr, ) , R (u~'1Rots, ), and R(Divy, u) are closed.
(i) The ranges R (divDivsr€) , R (e 'sRotr, ), and R (tGradr, ) are closed.
(ii) The inverse operators (gGradgraldrl)l1 N u‘lTRotg,rl)ll, and (Divy,r,u)7* are compact.
(ii) The inverse operators (divDiVS,pns)l1 , (e‘lgRotT,rn)ll, and (quradrn)I1 are compact.
(iii) The cohomology groups of generalised Dirichlet/Neumann tensor fields Hsr r () and Hrr, r, .(Q) Are
finite-dimensional. Moreover, the dimensions do not depend on € or p.
(iv) The orthonormal Helmholtz type decompositions

L%, (Q) =R (sGradgradr, ) O N (divDivs, )
=N (#'1Rotsrr,) S R (¢ 'sRotrr, )
=R (sGradgradr,) ®: (o Hsr 1, (DB, @R (¢ sRotrr, )
L7,,(Q) =R (rGradr,) .2 o N(Divrr,u)
=N (¢ 'sRotrr, ) Bz @R (#7'rRotsr,)
R

=R (yGradr,) D @Mrr,r, Q8 @R (1 'rRotsyr,)

hold.
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(v) There exist (optimal) ¢y, c1, c; > 0 such that the Friedrichs/Poincaré type estimates

L2

Yu e le-,(Q) n <IP11-I> |uli2q) < co [Gradgrad uf 2 (),

VS € £ 'Hgr, (divDiv, Q) N R (sGradgradr,)  |S |'—§.L(9) < o |divDiv €S| 2(q),

VS € Hsr,(Rot, Q) N R (' Rotryr, ) ISI2 (@ < c1|u'Rot S|z (),
VT € Hyr,(symRot, Q) N R (4~ tRotgr, ) Tl @ <@ |e'symRot T| 2 @
VT € u~'Hyr,(Div, Q) N R (rGradr, ) Tl (@) < c2IDIv 4T g
12
Vv eHp (@ n (RTp, ) @ [Vl < cz2ldevGrad v g
hold. .
Vi ora S ot, Q)Ne” ivDiv, Q) N S , it holds
() ForallS € Hyp (Rot, Q) ne 'Hg o (divDiv, Q) n M. . (Q) <, it hold
21,,-1 2
|S||_2 @S <cilu RotS||_12M(Q + ¢; |divDiv eSle(g)

L
(i) ForallT € HTyrn(syrnRot, Q)n y‘lHT,F[(DiV, QNH (Q) Y@ it holds

T, u

21,1 2
|T|L2 @= < ¢ | symRot T|L§,{(Q) + ¢ |Div yTle(Q)

(vii) H,

S,F[,Fn,e(Q) = {0} and HT,Fn,F,,M(Q) = {0}, if (Q,T';) is extendable.

3.2.2 | Higher order mini FA-ToolBox

For simplicity, let e = y = id. From Section 2.5, we recall the densely defined and closed higher Sobolev order operators

sGradgrady. : HE(Q) € HE (@) — HE [ (Q),
sCGradgradf™ : HEM'(@) C HE (@) = HE (@), k=1,

TROt

§r» ¢ Hep (Rot, Q) € Hg 1 (@) = Hi (),

Divi. Hf 1. (Div, Q) € HY - () — HF, (@),

©)
rGradf : HEP'(Q) € HE (@) — HE | (@),
sRotf . : HE - (symRot, Q) € Hi - (@) - Hs - (@),
divDiv§ . 1 HEp (divDiv, Q) € H - (@) — Hf (@),
divDivgy " 1 Hg ' (divDiv, @) C Hg (@ —» HE (@), k21,
building the long biharmonic Hilbert complexes
]Pl QGr'ldgr')dFt Div’ls_rt ) TRTY,,
PL, LN HE (Q) — = HE L () —> HE 1, () — HE, (Q) RTr,, k>0, (10)
ul divDiv§ 1.3 — pGradf ‘RT,
P, A HE, () S HE b, () <—" HE 1, (Q) “HE () “— RTp,, k>0, (11)
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P’l sGradgradk-F=1
Tr,

PL, — HE, () —> H}F (Q) +> HTF (Q) % Hk ) —> RTr,, k>1, (12)

Ll divDivE: "n 1 ek o, —TGrad{ﬁn B
12 A HA 1(52) S HE b, () <7 HE 1, () HE (Q)

Tn

RTr,, k> 1, (13)
We start with regular representations implied by Lemma 3.10 and Corollary 3.11.

Theorem 3.16. (Regular representations and closed ranges). Let k > 0. Then the regular potential representations

R (gGradgrakorl k) (SGradgradk ) = Gradgrad Hlft(Gradgrad, Q) = Gradgrad HIIE:'Z(Q)
= Gradgrad H’li:rl’k(Gradgrad, Q)
= Hgyrf(Q) N R (sGradgradr,)

=H (@) NnH.. (Rot, Q)N H, (@) @
=Hsr, S.I,.0 ’ )

SI',.I,.e

1
=HE; J(Rot, Q) NH, (Q) 5,

S.I,.,.e
R (TROtg,r,) = Rot HS . (Rot, Q) = Rot H (@)
=HE | (Q) N R(zRotsr)
=HE (@) N Hyp oDIv.Q) N Hyy o (Q) 4
=HE oDV, Q) N Hyp Q) E®,
R <Di"lfr,r,) = DivH{ . (Div, Q) = Div H{ (@)
= Hf. (@) N R(Diver,) = H (@) n (RTy, )@,
R (TGradﬁ) = devGrad Hllft(deVGrad, Q) = devGrad Hlkfrl(Q)
=HE - (@) N R (1Gradr,)

=H_(@nH (symR Lz @
=T, 1r,0(SymRot, ) N H Q) "t

JL8 P ]

1
=Hi 1. o(symRot, Q) n M Q) @,

T.LLym
R (SROtl’E‘F ) =symRot H%’Ft(symRot, Q) = symRot Hk+1 Q)
=H§, () N R (sRotrrr,)
= Hg - (@) N Hg -, o(divDiv, @) n Hg . 1 @

12
ST, L @,

=HS . o(divDiv, Q) n H,
R (divDivEr* ) = R (divDivE . ) =divDiv HE  (@ivDiv, ©) = divDiv H{2(Q)
= divDiv H{ (divDiv, Q)

12 (@

= HE, (@) n R (divDivsr,) = H @ (P, )

hold. In particular, the latter spaces are closed subspaces of HX s(Q), HE 7(Q), and HQ), respectively, and all ranges of the
higher Sobolev order operators in (9) are closed. Moreover, the long biharmonic Hilbert complexes (10)-(13) are closed.

A proofis given in Appendix C. Note that in Theorem 3.16 we claim nothing about bounded regular potential operators,
leaving the question of bounded potentials to the next sections (cf. Theorem 3.24).
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The reduced operators corresponding to (9) are

(SGradgradlﬁ> : D< gGradgrad’;> ) (]P’ [> HE @

(SGradgradI;’lk_1 )

- &(

D (

(Rt . ) D ((xRott, )l> c N(rRots F[) (
(pivky, ), :D ((Divg‘rﬂ)L) c N(Divk,, ) " = R(Divky ),

(

(

( Gradgradllf’k_1> ) (]P’ ) e R SGradgradlftA), k>1,

(Q)

Ly
(qulradr ) D ((TGradIIE ) ) c (RTr,) L@ R rGradf ),
n l n _L n

Lok
HEp, @

(sRotsy. ) = D((sRotky, ) ) o N(sRotk )
: sk . : sk \,r (%) s sk
d1vD1VSr :D d1VD1VSF CN d1vD1vSr - R d1VD1vSF s
L)) L) N
o kk—1
(leDIVS,Fn ) )

D ((divDivg’§_1> ) C N(leDlVSF — R(leDlV ) k>1.
L 1

L
Lemma 2.1 of [1] and Theorem 3.16 yield the following:

Theorem 3.17. (Closed ranges and bounded inverse operators). Let k > 0. Then,

@) R <(SGradgrad’ﬁ>L) =R (SGradgradI'f) =R (gGradgrad§T1’k> = R <(SGradgrad]§rl’k)L> are closed, and

equivalently, the inverse operators

-1

<SGradgradkl> 'R SGradgradk ) - D

( (
( (
( (
( (

: R(sGradgradf ) - D SGradgrad’;Jrl’k)

<SGradgrad{El ) N >

SGradgrad{it ) ,

1
-1

resp. <SGradgrad : R (sGradgrad;. | - D

t t

[

dk
sGradgrad (SGradgfadlliTLk > N )

[

|-

-1

).
(SGradgradk+1k> N 'R
),

)= D
resp. (gGradgmdk+1 k K )

are bounded. Equivalently, there is ¢ > 0 such that for all u € D<<gGradgradllit)l) resp. u €
D((SGradgradk“k) )
L

[Ulpeqy <€ |Gradgrad u| His@ TesP- Ul <c |Gradgrad u| HE @)

(ii)) R <TR0tI§r ) =R ((TRotgr ) > are closed, and equivalently, the inverse operator
B e )]

-1
k . k k
(TRotS’F)L ‘R (TRotS’l_t> =D ((TRotSJ_t)l)

-1
resp. (quotgF > ‘R <TRot’§F ) - D <TRotgF >
e ) oLy oLt

is bounded. Equivalently, there is ¢ > 0 such that forall S € D ((TRotg r ) >
),

|S|H’§(Q) < c|Rot S| HE (@)
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(iii) R (Div’frr ) =R ((Divlfrr ) ) are closed, and equivalently, the inverse operator
g )

-1
-k . -k .k
(DIVT-F,>l 'R <DIVT,F,) - D ((DIVT-R)l>

Ko\t k k
resp. (DivM[)l : R(Divk, ) - D (Divk,. )

is bounded. Equivalently, there is ¢ > 0 such that forall T € D ((Div’fT r ) )
),
|T|H1%(Q) < c|Div T| H Q)
(iv) R <TGradlfl> =R ((TGradI’ft )l> are closed, and equivalently, the inverse operator
k)7 k k
<qu1radF ) 'R (TGradr ) - D (<TGradF ) >
t 1 t t 1
-1
resp. (TGradf ) R (TGradlf ) —-D (TGradlf )
t J_ t t
is bounded. Equivalently, there is ¢ > 0 such that forallv € D <<TGrad§ ) )
[y
Vg < ¢ |devGrad v| HE @)
W R <SRoté‘T’rl> =R ((SRot’fH[ >l> are closed, and equivalently, the inverse operator
-1
(sRothy ) ¢ R(sRotk . ) = D((sRotsy, ) )
Ae) ) ot st/
-1
resp. (SRotlfrr ) ‘R (sROtIfTF > >D (SRotlfrr >
Ae )y st st
is bounded. Equivalently, there is ¢ > 0 such that forall T € D ((SRot’j‘r r ) >
T/,

IT|p () < clsymRot T| HE @)

i) R <<diVDiv§,Fl )l) =R (diVDivg’Fl> =R (divDivg}lt’k) = <<leD1VI§1-_1 k>l> are closed, and equivalently, the

inverse operators

<d1vD1vSr )ll 'R (leDlVSr ) —-D ((dilevSr ) )
resp. <d1VD1VS F[): R (diVDivg’r) - D <diVDiV§,F[> R
(leDle+1 k): ‘R (dilevgr ) - D <(divD1vg}1 k) )
resp. <d1VD1Vk+1 k): R (leDlVSF ) - D <diVDin+l k)
are bounded. Equivalently, there is ¢ > 0 such that for all S € D ((dlvDivgrt >L) resp. S € D ((leDle+1 k) )

[Sle ) < € |divDiv S| Hi Tesp- ISlywg <c |divDiv S| He @)
S S
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Lemma 3.18. (Schwarz' lemma). Let 0 < |a| < k.

@ IfSe Hg’rt(Rot, Q) then 0°S € HSI[(Rot, Q) and Roto*S = 9*Rot S.
(i) IfT € H (Div,Q) then 0°T € Hy . (Div, Q) and Divo“T = 0°Div T.
(iii) IfT H'fr,rt(symRot, Q) then 0°T € Hy - (symRot, Q) and symRotd*T = 0*symRot T.
(iv) IfS € Hg. (divDiv, Q) resp. S € Hg *(divDiv, Q) then 0°S € Hg . (divDiv, ) resp. 0°S € H (divDiv, Q) and
divDivo*S = 9*divDiv S.

Theorem 3.19. (Compact embedding). Let k > 0. Then the embeddings

HE - (Rot, @) N HE 1. (divDiv, Q) < HE, T(€),
HE - (Div, @) N HE . (symRot, ) & HE, Q)

are compact.
A proof is given in Appendix C.

Remark 3.20. (Compact embedding). For k > 1 (cf. [3, Remark 4.12]), there is another and slightly more general proof
of the first compact embedding using a variant of [1, Lemma 2.22] (cf. [2, Theorem 3.19, Remark 3.20]); see Appendix
C for a proof. It utilises the decomposition Hg”’;_nl(divDiv, Q) = Hg}ln (€2) + symRot Hlfr}ln () from Lemma 3.10 and
leads immediately to the next (stronger) result.

Theorem 3.21. (Compact embedding). Let k > 1. Then the embedding

HE -, (Rot, @) n Hg ! (divDiv, @) < Hg ()

is compact.

Theorem 3.22. (Friedrichs/Poincaré type estimate). Let k > 0. Then there exists ¢ > 0 such that for all

Se Hg,rt(ROt, Qn Hg,r (divDiv, Q) N Hg - - id(Q)LLé(m’

1
Te Hé},rl(SymRot, QN HE L DIV, Q)N My ()75,

it holds
Shizey < € <|Rot S| - @ + |divDiv S| Hk(g)) ,

I Tl e < € (ISYMROE T 0, + IDIV T )

respectively. The orthogonality condition H. . d(Q)lLé(Q) and H, . d(Q)LHZT“” can be replaced by the weaker condi-

S,r,.r, T,
1 1 1 1
tions 7—[’8‘””i N @ op HIS{,Fr,I’n,i o) M@ gnd H%,F[,Fn,i ) G@ op H%,F[,Fn,i Q) HE@  respectively. In particular,

k

VS € Hip, (Rot. @) R (sRots . ) 1Sk < € IROL S 4t g,

VS € Hip, (divDiv, @) N R (sGradgradf, ) ISl < ¢ |dIVDIV S g,
k

VT € (symRot, @) R (1Roth, ) [Tlys(q, < clsymRot Tl g,

VT € H . (Div,Q) N R (1Gradf, ) 1Tl @ < €DV Tl g
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with

R (sRotk . ) =HE . o(@ivDiv, Q) n Hy (@) 52,

R <SGraldgradk+1 k ) (gGradgradk ) Hg’rpo(Rot, QNHgp d(Q)l%“”,
. 1.2
R (TRotg ) HE | DIV, Q) N Hy o (Q) 5,

(@)ue,

T r, o(symRot, Q) N H,, I, id

Analogously, for k > 1, there exists ¢ > 0 such that

Sl < € <|Rot Sl - @ + IdivDiv S| Hk_l(Q))
forall Sin Hg,rt(ROt’ Q)n Hg’lf__l(diVDiV, QNHg d(Q)les“”. Moreover,

kk 1 o
VS e H (d1vD1V Q)NR (SGradgrad ) |S|H§(Q) < c|divDiv S| H-1(Q)-

The proof follows by a standard contradiction argument.

Remark 3.23. (Friedrichs/Poincaré/Korn type estimate). Let k > 0. Similar to Theorem 3.22 and by Rellich's selection
theorem (cf. the estimates in Theorem 3.17), there exists ¢ > 0 such that for allv € Hllitl(Q) N (R’E‘rl )LLZ(Q) and for all

1.2
k+2 1 \v®
ueH@n (P)
[Vl < c|devGrad v HE @) Ul < lulpen gy < c|Gradgrad ul HE @)

L2

1 1
As in Theorem 3.17, (R’]I‘FI)LQ“” and (IP’}) can be replaced by (RTr,) @ and (IP’}[) M, respectively.

3.3 | Regular potentials and decompositions II

Let k > 0. According to Theorem 3.17, the inverses of the reduced operators

<§,Gradgrad1’i[)l1 : <SGradgradk ) — D (sGradgrady > = H’;TZ(Q),

-1
(SGradgradlli“’k) : (SGradgrad¥ -D SGradgrakor1 k) =H2 (@),
t 1 t

t

= D (Rott . ) = H . (Rot, @),
1

(DwTF o R(Div,

(
)=(
)=o(
)=(

£), (TGrad ) ~D (TGradk ) = H(@),

)=o(
)-(
)=2(

(TRoth)_l  R(7Rott .
h ~ D (Divk,. ) = H. | (Div, Q).

(TGrad )

(sRott 1): R (sRotk . ) = D (sRotk ) = HE . (symRot, ),

<divDiV§,r[>l1 <d1VD1VSF - D d1VD1vSr ) = Hggr[(divDiV, Q),

-1
: - k+1k k+1k _ gk+lk/ q: :
(leDlVS’rl )l <d1vD1vSr —D d1VD1v ) = Hs,r[ (divDiv, Q)
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are bounded, and we recall the bounded linear regular decomposition operators

Qor,  HEp,Rot, @) — HET (@), Qor,  Her,(Rot, Q) — HEP (@),
Q’I;’;VTL : H'{r’rl(DiV, Q) - H'%Tﬁ (Q), QIB’?VT,F, : H’;H[(Div, Q) - Hg}f(g),
Q’S‘g%r[ : HE - (symRot, @) — H{H (@), Q:igot—w,l", : Hi - (symRot, Q) — HE (@),
Qupiv,r, + HEr, (@VDIV.Q) = HEF@). Qg o HE (divDiv. @) — HET (@),
Q’gjvgf;;n : Hg}f*k(divDiv, Q) - HEZ @), QE;})”;\’,Z,FI : Hg}ll’k(divDiv, Q) - HE @

from Lemma 3.10. Similar to [1, Theorem 4.18, Theorem 5.2] and [2, Theorem 3.24, Theorem 3.25] (cf. [1, Lemma 2.22,
Theorem 2.23]), we obtain the following sequence of results:

Theorem 3.24. (Bounded regular potentials from bounded regular decompositions). For k > 0, there exist bounded
linear regular potential operators

1

k . kY . ogk L2 @ k+2
P g, = (SGradgradrt>L FHE JROLQ) N M (@) - HE(Q),
-1 1
k+1,k . k+1.,k . k 2 k
Ph L ar, = (sCradgrad™) ©: HE L (RoLQ) N My o (@) 5 ~ HEP (@)

k . k.1 k
pTRmsJ'z : QTR"lSTr (TROtS,l"[)L

-1
Phr, = o, (Divhy, )| HE @0 (RTY,) 0 - HEL @)

. 15
: HI’E“I‘[’O(DIV’ Q) n HT'rn*r[sﬂ(Q) e - Hg}lt(QL

Dive,I; Divy,I'y
)
k . k-1 . gk L2 (@ k+1
pTGrad,F[ i= (TGradFt) T HTINO(symRot, Q)nHT,F,,Fn,M(Q) .® Hr, (Q),
-1
k ._ okl k .k PR L@ k+1
Proor, 1= Qi (SRotMl)l D HE L H(iVDIV.Q) N M - (@) H - HE (@),
-1
k . k1 : sk .k 1 L2 k+2
Pawpiver, *= Leivpivar, (leDlVS,rt> L HE (@) N (P'r,) — Hgr (),
-1
k+1.k ._ oktlkl i ktLE . gk 1 \le2g k+2
Pipiver, *= Laivpiver, <d1VD1Vs,rt > L Hr, (@) n (P'r,) — Hgr (),
such that
k+1,k k :
Gradgrad P = Gradgrad P =id| L
Gradgrad,T’ 2 @>
sGradgrad I, sGradgrad I’ HE o RotNH, . (@) e
Rot PX_  =id| P
S k . (BN
TS Her o DV.QNH (@) T
. k s
Div pDiv—JT,F, =id| HE @n (RTrn)le @
devGrad P* =id| L
Grad,I" X L2 (@°
T t H.[“_tvo(symRot,Q)nHT‘r[_rn#(Q) Top
k .
symRot P =id| 1,
sRoty,I k PRI LE@?
SEEM H&F,.o(dIVDW'Q)nHS.r,,.rI.e(Q) S
: : k+1,k o : k 3
divDiv PdivDivS,l"[ = divDiv Pivpiver, = lle)ﬂ @n(Py, )@

In particular, all potentials in Theorem 3.16 can be chosen such that they depend continuously on the

k+1.k K K k k k k kL Lo
data. P Gradgradr, PGradgradr,® FsRotyl,> Poiver Pocradr,® Pevosres Pawpiver 2 and Piivbiv,r, are I ight inverses of

Gradgrad, Rot, Div, devGrad, symRot, and divDiv, respectively.
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Theorem 3.25. (Bounded regular decompositions from bounded regular potentials). For k > 0, the bounded regular
decompositions

HE - (Rot, @) = HEF (@) + HE . (Rot, Q) = HE (@) + Gradgrad HEP(Q)

=R(Q4,., ) +HEp, o(Rot, ©)

-ﬂ-RotS,l"[
= R (QI;};‘{“SJ‘[ > -i- R (N-ﬂﬁlolS,l"l > b
HE . (Div, Q) = it (@) + HY - (Div, Q) = H (@) + Rot HEH (@)

=R (5, 1) +Hp, oD, Q)

Divy Iy
_ (8Kl N
—R <QDNT,F1) iR <NDNT,FI> ,

H]'E‘,Fl (symRot, Q) = HlvE—rl[ Q)+ H%’Fuo(symRot, Q) = HI'E—I}I (Q) + devGrad Hlli-ti-l(g)

~k,1 . k
=R <QsRotT,rt> + HT,rt,o(SymRot, Q)

— ~k,1 . N
=R <QSROtT’rt> +R (NgRotT,I“,> >

Hg,rt(divDiv, Q)= Hg}f(sz) + H’g!rpo(divDiv, Q)= H’é}zt(g) + symRot H’??—Fl o)

k.1 sk . .
=R (QdivDivS,l“t> + Hg - o(divDiv, Q)

—p(Ok! i Nk
=R <QdivDiv§,F[) +R <NdivDivS,l"[) >

HE - (divDiv, Q) = HE(@Q) + HEY (divDiv, @) = HEP(Q) + symRot HEE (Q)

— ~k+1,k,1 . k+1 . .
=R <QdivDivS,Fl> + HS,r[’o(dIVDIV, Q)

=R(Qpe! ) +R (N )

divDivg, divDivg,I',

hold with bounded linear regular decomposition operators

Qor, 1= Phon RO 1 HE L (Rot, Q) — HEY (@),
él]{)’ilvﬂ-,l"[ = p]I;iVT,F[DiVI'E“,F, . HI'JCI‘,F,(DiV’ Q) - HI'E‘T;[(Q)’
cjggwt 1= Pl sROtE HE . (symRot, Q) — HEH (@),
éﬁiimvs,r[ 1= Pl piv,r, GiVDIVE L 2 HE | (divDiv, @) — HEF(@),
éﬁ;;’;;rt = P S’FtdivDivg}lt’k : Hg}t’k(divDiv, Q) - HER (@),
N¥or t HEL (Rot, @) — HE . ((Rot, ),
N o o HE L (Div.Q) — HE . (Div. ),
j\\/;kRotT,l"t : Hlﬂcl',l“t(symROL Q) - Hljcr’rno(symROt, Q),
N (i(iVDiVS,Ft : Hg’rt(divDiV, Q) - Hlé,r[,o(diVDiv, Q),
NEME 2 HE ¥ (divDiv, @) » HEF (divDiv, Q)
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satisfying

. ok =k
lngﬁr[ (Rot.Q) = +WN

TRotS I TRotg.I; ?
: k.1 Tk
id, : =0, -
Hyp, (Div.Q) QDlVT,Ft Divy,I',?
. _ Akl Nk
1dH’i.'r[(symRot,Q) - QgRotT I, sRotp,I',?
. k1 Tk
lng,r (divDiv,Q) — lelevn + NleDle r,’
_ SkeLkl Fh+Lk
1de+1 *(divDiv.Q) lelevS I, divDivg,I',*

Corollary 3.26. (Bounded regular kernel decompositions). For k > 0, the bounded regular kernel decompositions

HE 1 o(Rot, @) = HEH (Rot, ©) + Gradgrad HE (),

H'fr,rl,o(Div, Q) = Hk“ - o(Div, Q) + Rot Hk+1(g)
Hlfr’l—po(symRotQ) = Hk+1 0(symRot, Q) + devGrad Hk+1 Q).
HE 1 (divDiv, Q) = HE? (divDiv, ©) + symRot HEHL (@)

hold.

Asin[2, Remark 3.27, Theorem 3.28] and [1, Theorem 4.18, Remark 4.19, Theorem 5.2, Remark 5.3] (cf. [1, Sections 2.3
and 2.4]), there is a collection of results about the bounded regular decomposition operators; see Remark D.1 and Remark
D.2 of Appendix D.

Corollary 3.26 shows the following:

Corollary 3.27. (Bounded regular higher order kernel decompositions). For k,¢ > 0, the bounded regular kernel
decompositions

<’]I‘R0t ) ’O(Rot, Q) = O(ROt Q) + Gradgrad Hk+2(Q),
(DlvT r ) Hlfr r, 0(D1V Q) =H; r[,O(Div, Q) + Rot Hk“(g)
N (SROt > HTrr o(symRot, Q) = H%r o(symRot, Q) + devGrad Hllg+1 Q.

N (diVDivg’r) = HS’FNO(diVDiV, Q) = sr o(divDiv, Q) + symRot Hk“(Q)
hold. In particular, fork =0andall ¢ > 0

N (rRotsr,) = Hgp- o(Rot, Q) =HS . ((Rot, Q) + Gradgrad Hf. (),
N(ivrr,) = Hyp o(Div, Q) = H;’;r o(Div, Q) + Rot Hg - (),
N (sRotrr,) = Hy . o(symRot, Q) = H7 - ((symRot, Q) + devGrad Hr. (),
N (divDivsy,) = Hgp o(divDiv, Q) = Hg - ((divDiv, Q) + symRot Hy. - ().
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3.4 | Dirichlet/Neumann fields

From Theorem 3.15 (iv), we recall the slightly modified orthonormal Helmholtz type decompositions

Lé’E(Q) =R (sGradgradr,) O N (divDivg,€)
=N (rRotsr, ) O @R (¢ 'sRotrrr, )
=R (sGradgradr,) @2 My, (@12 R (¢ 'sRotrr, ) .
N (rRotsr,) =R (sGradgradr, ) @2 My - ().
N (divDivsr,e) =Hgp 1 (@2 R (¢7'sRotrrr, ) .
L%,,(Q) =R (1Gradr,) @2 )N (Divrr, k) 1
=N (sRotryr, ) B2 R (#'1Rotsr, )
=R (rGradr, ) O @Mrrr, (0 R (#7'7Rotsrr, ) ,
N (sRotr,) =R (rGradr,) @L;,,(sz>HT,r,,rn,ﬂ(9)’
N (Diver, i) = Hg. . (@0 R (- 5Rotr,).

Let us denote the Léyg(ﬂ)- and L%!”(Q)-orthonormal projectors onto N (divDivsr,e), N(rRotsr,) and
N (Divrr,u), N (sRotrr,) by

An(aivDivey, ¢) | Lo () = N (divDivsr,€) . Zy(iv,, ) © L7, (&) = N (Diver, u) .
ZN(;Rotsyr,) L5 (@) — N (rRotsr, ), ZIN(sRotyy,) - L% ,(Q) — N (sRotrr, ) ,

respectively. Then

N (divDivey, ) IN(Rotg ) © N (rRotsr, Hgp (L),
M r, (€,
),

Q)

H’]I‘,Ft Jau

) -

7N (sRotsy, ) IN(divbivey, ) © N (divDivsr,e) —
ZN(Divyr, H)|N(SRotT'rt) ' N (SROtT,Ft) -

) -

”N(sRotT’rl)lN(DivT,r" W) - N (DIVT,F,,# qu,r,,r,,,u

are onto. Moreover,

nN(diVDiVSIne) |R(SGradgradr[) =0, ﬂN(DiVT‘Fn ") |R(TGradrt) =0,
7N(yRotsr, ) |R(e—1SR0tT.r”) =0, 7N(gRotrr,) |R(;4-1TR0t§'rn) =0,
ﬂN(diVDiVS’rne) |H§.Ft.r,,,s ©@ = ldHS,I"[,F”,f (Q)» ”N(DiV'ﬂ‘,r,,”) |HT.Ft,I“,,,M(Q) = ldH'ﬂ‘,F,,l‘n,AA (Q)»

ﬂN(TROtS,r[) |HS,F[,Fn,s(Q) = lst,r[,rn,s(Q)’ ”N(SROtT.F,) |HT,F[.Fn,y(Q) = ldH'Lr,r[,rn,u(Q)'

Therefore, by Corollary 3.27 and for all # > 0,

¢
Hg,rt,rn,g(g) = ”N(divDivS'rne)N (TROtSI[) = ”N(diVDiVSVrne)HS,F,,O(ROt’ Q),
Hp 1, () = 7 (Roty, )N (divDivsre) = ”N(TRotSr[)E_lHg,rmo(diVDiV, Q),
¢
qu,r[,rm,,(Q) = TL'N(DiVTJ_nM)N (sRotT,r[) = ZN(Divs,, ”)HTIpO(symRot, Q),

. — 4 .
Horr o) = In(rote, )N (Divrr,u) = 7N (sRotny, M IHT,FWO(DIV, Q),
where we have used

N (divDivgr,e) = e 'Hg - (divDiv, Q), N (Divrr,pu) = ™' Hyp o(Div, Q).
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Hence with
HE o(Rot, Q) = = (HE . 4(Rot, ), HE o(divDiv, Q) @ = ((|HE . ((divDiv,Q),
k>0 k>0
[+3] . k 00 . . k .
HTyrl’O(symRot, Q) : = ﬂHTIPO(symRot, Q), Hrp oDiv,Q) @ = ﬂHT,F o(Div, Q),
k>0 k>0

and with the finite numbers

dg’g,rt :=dim HS,FZ,FWE

(), dorr, i=dimHyp . (€Q),

we get the following result:

Theorem 3.28. (Smooth pre-bases of Dirichlet/Neumann fields). It holds

ﬂN(diVDiVSrné) ngt,o(Rot, Q) = HS,F,,FH,E (Q) = ﬂN(TROtS,Ft)S_l ngn’o(diVDiV, Q),
”N(DivTﬁrny)H’TI‘cz r,o(SYmROtL, Q) =Hy . o (L) = Zn( oty pHY r o(Div, Q).

Moreover, there exist smooth tRotgr, and divDivgr, pre-bases of H,

SI'.I .
pre-bases of H (Q); that is, there are linear independent smooth fields

e(Q) and smooth sRotrr, and Divrr,

Tvrtvrn»ﬂ

d
Rot, QST
ST } ‘ C HSOOF; O(R()t,sz),

BTROtS.F[ (Q) c=

divDivg - . i STy dosr, o o
B (Q) 1= | B c HY. (divDiv, ),
/=1 s

BSROtT,F[ (Q) ‘=

d
Rot: QT 00
’Il‘.l'x} CCHYL o(symRot, Q),
T

=1

;i i d LT .
BPVir (Q) 1= B];Vﬂrrn }:1” C HZp 4(Div, Q),
such  that 7y (givpiv,,. £)IB’TR‘“‘SD () and nN(TRotgr)e‘leiVDi"an (Q) are both bases of Hg. . (Q), and

TN (Divay, ﬂ)BSRO‘T-Fz (Q) and 7y got,,.) u~ ' BPVer (Q) are both bases of H (Q). In particular,

T, ,,

Linzy givpivs,, ) B 01 (Q) = H (Q) = Linzy( goy,, ye~ BYPM0(Q),

S.I,.I,.e
Linaty(piv,,, B (Q) = Hyp 1 (Q) = Lindy(goy,  y1 - B2 (Q).

Note that, for example, <1 — 7IN(divDivey. ¢ ) ) isthe Lé’g (Q)-orthonormal projector onto R (sGradgradr, ). By (14), Theorem
3.16, and Theorem 3.28, we compute

HS,F,,O(ROL Q) =R (sGradgradr, EBLQE(Q)HS,FI,F,[,E(Q)

i R
=R (sGradgradr, O12 (@ LinTy(aivbiv,, ) B %k (Q)

( )
( )
(sGradgradr, ) + (Tx(aivbivey, ¢) — DLIN BrRor Q) + Lin BrRo%br (Q)
( )
( )

15
sGradgradr ) + Lin BrR%r (Q), (15)

t

sGradgradr, ) N ngt’O(Rot, Q) + Lin BR%br (Q)

Similarly, we obtain decqrnpositions of Hg’rmo(diVDiv,Q), Hyr o(symRot,Q), and H%,Fn,O(DiV’ Q) using
BIVPVsr, (), BRotr (Q), and BPVrra (Q), respectively. We conclude:
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Theorem 3.29. (Bounded regular direct decompositions). Let k > 0. Then the bounded regular direct decompositions

ng (Rot, @) =R (@', 1, ) +HE, o(Rot. 2,
O(Rot, Q) = Gradgrad HIIETZ(Q) + Lin BrRobr (Q),
Hg;r (Div,Q) =R (3, - ) +HEp ((Div.Q),

H’;mo(Div, Q) = Rot H"“ (Q) + Lin BPVrr (Q),

HE . (symRot, @) =R (3%, . ) + HE . o(symRot, ©,
Hf 1. o(symRot, Q) = devGrad HF"(Q) + Lin B (Q),

HE . (@ivDiv, @) =R (@t ) +HE . ((divDiv, Q).

divDivg,T’

Hk+1 k(leDlV Q) = ( ﬁ:}})’fvl I, ) + Hk+1 0(diVDiV, Q),

SF 0(d1VD1V Q) =symRot Hk+1 (Q) + Lin BYVPivsr, Q)

pold. Note that K <Q ot r‘) Hk+1 &, R (QDIV r ) HkH (Q), R( sRoty.l ) H"Jrl (Q), and R <demv§r )
R(Q5iht ) € HEP @.

See Appendix C for a proof.

Remark 3.30. (Bounded regular direct decompositions). In particular, for k = 0,

Hor, (R0t Q) =R (Q%,, 1. ) + Hap o(Rot, ),

S’1-[’0(Rot, Q) = Gradgrad le-t(Q) + Lin BrRotr ()
= Gradgrad Hé Q& @Hsrr, ().

Her, DV, @) =R (@}, ) +Hyp, oDV, ©),
y‘lH%’Fnyo(Div, Q) =y~ 'Rot ngn(g) + p~'Lin BPVrra (Q)
= u~'Rot Hy, (@12 Moy, r,, ().
Hp - (symRot, Q) = ( ORlot I{) + Hpp o(symRot, Q),
Hyr o(symRot, Q) = devGrad HF. (Q) + Lin B=Fr (Q)
= devGrad H}l(Q)GBL%J‘(Q)HT’FNFM(Q),

Hor, (@ivDiv, @) =R (30, 1 ) + Hop, o(divDiv, ©),
e 'Hg . o(divDiv, Q) = e 'symRot Hy. . (Q) + £7'Lin BPVar (Q)

= ¢ 'symRot qum(Q)@LQE(Q)HSINW (Q),

and
L2, (@) = Hsr o(Rot, Q)@Léf(g)e_lsymRot qur’rn(g)
= Gradgrad H%l (Q)é,_ét @€ Hsp o(divDiv, Q),
L7, (Q) =Hy . ((symRot, Q@2 qH 'Rot Hsr (@)
= devGrad H} (@2 i "Hyy, o(DIV, Q).
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By the latter theorem, we have bounded linear regular (direct) decompositions

ng (Rot, Q) = ( kéot r ) + Lin B R4 (Q) + Gradgrad HIIETZ(Q)

H"“(g) + Gradgrad Hk+2(£2),
HE . (Div. Q) =R (Q’];}V N ) +Lin BPVere (@) + Rot HEY (@)
H"“ (Q) + Rot H“+1 Q),

H., (symRot, Q) = ( oo, ) + Lin Bo*r Q) + devGrad HE™' (@)

(16)
= H"+1 (Q) + devGrad HI’i“(Q),

HE 1, (@ivDiv, @) =R Qi . ) + Lin B2 (Q) + symRot HEYL (@)
= Hk+2 (Q) + symRot H"+1 Q),
HkJrl k(leDlV Q)= ( EE)IICVI I, ) + Lin BPVsr, (Q) + symRot H"Jr2 Q)

=HgY ’ (Q) + symRot Hk+2 Q).

See Remark D.3 for more details on these decompositions and the corresponding bounded linear regular direct decom-
position operators. Noting

R (e7'sRotrr, ) L1z B™1(Q), R (sGradgradr, ) L2 g BWPor(Q),
’ (17)

- R Di
R (s 1TROtS,F”)J-L§W(Q) BeRotrr, (Q), R (quradrt)J_l_fr @BV (Q),
we see the following:

Theorem 3.31. (Alternative Dirichlet/Neumann projections). It holds

Hgp r E(Q)OBTR‘”““(Q) L = {0},
N (divDivsr,e) n BrRobr (Q) tee _p (e”'sRotrr, ),

H (Q) n BdiVDiVSFn (Q)J‘Lé(m — {0}’

S,I',.Iy,.e
Di 1
N (TROtS,r[) n BdllevS;” (Q) e _ R (SGradgradr[) ,

1,
Her 1, (@) 0 BFOH(Q) 0 = {0},
i)
N(Divrr,e) n BRwr(Q) Y =R (u™'rRotsr, ) ,

M Q) N BV (Q) 5@ = {0},

Tl

N (sRotrr,) N BY¥rrs(Q) 4@ =R (+Gradr, ) .

Moreover, for all k > 0,

12
N (clivDivgr g) A BrR%r Q) @ — R (e‘lgRot’;rr ) = ¢ 'symRot HE'L (@),
N (TRotg’R) n BYWDPYs, (Q)L%(Q) =R <sGradgradl’i[) = Gradgrad HIIETZ(Q),
1
N (Divlflrne> n BRotr (Q) @ =R <u_11rR0t§7rn> u~'Rot Hk+1 (Q),

N (sRoth . ) 0 BPVenn (@) =R (rGrad}, ) = devGrad HE™(@).

See Appendix C for a proof. Theorem 3.29 implies the following:

85U80]7 SUOWIWIOD BA a1 [dedlidde aup Aq pauienob ae Sapie YO ‘8sN JO Sa|NJ 10} ARig1T8UIIUO A8 |IAN UO (SUOIPUOD-PUR-SLLIBILI0D" A3 1M A0 |BUUO//:SANY) SUORIPUOD Pue S | 841 89S *[202/80/82] U0 Ariq1T8UIIUO AB|IM YeUI0![qIdsapUe T aUas sYoses Aq ZEr6eWW/Z00T 0T/I0pAW0D" A8 1w AeIq1jeuljuo//Sciy Wwolj papeoumod ‘9 ‘vZ0Z ‘9.yT660T



3878 PAULY and SCHOMBURG
WILEY

Theorem 3.32. (Cohomology groups). It holds
N (divDngr )
R (sRots . )
-k
N (Divk. )

R (7Rott . )

N (zRott . )
R (gGradgradﬁ)
N (sRots . )

R (7Gradf, )

~ Lin B R6r (Q) =~ H (Q) = Lin BIPVer, (Q) =

s

S P
~ Lin B (Q) = My (@) = Lin BPVIn (Q) =

In particular, the dimensions of the cohomology groups (Dirichlet/Neumann fields) are independent of k and e, u and
it holds

dosr, = dim (N (TROtg,r,) /R <SGradgradI'ft>) = dim (N (divDivgrn> /R (SRot’fTIn)) ,

dorrr, = dim (N (sRotk ., ) /R (1Gradf, ) ) = dim (N (Divk. ) /R (Rots,. ).
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APPENDIX A: ELEMENTARY FORMULAS

From [3, 4] and [5], we have the following collection of formulas related to the elasticity and the biharmonic complex.

Lemma A.1 ([5, Lemma 12.10]). Let u, v, w, and S belong to C°°(R33).
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o (spnv)w =vXw = —(spnw)v and (spnv)(spn—1S) = —Sv, if symS =0

« symspnv = 0 and dev(uid) =0

« trGradv = divv and 2skw Gradv = spnrotv

+ Div(uid) = gradu and Rot(uid) = —spngradu, in particular, rotDiv (uid) = 0 and rotspn~'Rot (uid) = 0 and
symRot(uid) = 0

« Div spnv = —rotv and Div skwS = —rotspn~!skw S, in particular divDivskwS = 0

« Rot spnv = (divv)id(Gradv)™ and Rotskw S = (divspn~'skw S)id — (Gradspn™'skw S)"

« devRotspnv = —(devGrad v)"

« —2Rot symGradv = 2Rotskw Gradv = —(Gradrotv)'

« 2spn~skwRotS = Div ST — gradtrS = Div (S — (trS)id)", in particular rotDiv ST = 2rotspn~'skwRotS
and 2skwRotS = spnDiv ST, if trS = 0

o trRotS = 2divspn_1skw S, in particular, trRotS = 0, if skw S = 0, and trRotsymS = 0 and trRotskwS = trRotS

+ 2(Gradspn~'skw )T = (trRotskwS)id — 2RotskwS

+ 3Div(devGradv)" = 2 grad divv

+ 2Rot symGradv = —2Rot skw Gradv = —Rot spnrotv = (Gradrotv)"

+ 2Div symRotS = —2Div skwRotS = rotDiv ST

+ Rot(Rot symS)T = symRot(RotS)"

+ Rot(RotskwS)T = skwRot(RotS)"

All formulas extend also to distributions.

APPENDIX B: BIHARMONIC COMPLEX OPERATORS REVISITED
Let T denote the formal operator of matrix transposition, that is,
TS :=S",

and define
a; 0 —as Qa;
spn iR >R |ap |~ | a3 0 —ap|.
as —a; a; 0

We recall the operators forming the de Rham complex (classical vector analysis) grad, rot, and div acting on functions
and vector fields, respectively, as formal matrix operators

o 0 —03 0,
grad 1= [ 0, [ ,rot :=spngrad=| 95 0 =0 |,div:=Tgrad = [0 9, 05].
03 -0, 01 O

Moreover, we introduce their relatives from the vector de Rham complex acting on vector and tensor fields, respectively,
as formal matrix operators

Grad :=TgradT,Rot := TrotT,Div := TdivT.

In words, Grad, Rot, and Div act row-wise as the operators grad, rot, and div from the classical de Rham complex. Note
that Grad v is just the Jacobian for a vector field v.
Let

. 3x3 3x3 . p33%x3 3%3
15 @ Rgm — R, T i R = R

denote the canonical embedding of symmetric and deviatoric (trace free) (3x3)-matrices into the arbitrary (3x3)-matrices,
respectively. Then the adjoints

% . Tp3x3 3x3 % . Tp3X3 3x3
15 ¢ R = Ry, it R S RS

85U80]7 SUOWIWIOD BA a1 [dedlidde aup Aq pauienob ae Sapie YO ‘8sN JO Sa|NJ 10} ARig1T8UIIUO A8 |IAN UO (SUOIPUOD-PUR-SLLIBILI0D" A3 1M A0 |BUUO//:SANY) SUORIPUOD Pue S | 841 89S *[202/80/82] U0 Ariq1T8UIIUO AB|IM YeUI0![qIdsapUe T aUas sYoses Aq ZEr6eWW/Z00T 0T/I0pAW0D" A8 1w AeIq1jeuljuo//Sciy Wwolj papeoumod ‘9 ‘vZ0Z ‘9.yT660T



3880 PAULY and SCHOMBURG
WILEY

are almost the projectors onto symmetric and deviatoric (3 X 3)-matrices, respectively; that is, the actual projectors are
given by

sym 1=t : R¥C - R¥; S %(s+ ST), dev :=ipit : R > R¥ T T - %(trT)id.

We extend all the latter formal operators to L?(€)-tensor fields.
In the light of this, in the biharmonic complexes, we are dealing with the operators

sGradgrad :=igGradgrad, rtRots := i Rotis,  Divy := Div ,

divDivg :=divDiv g, sRoty :=gRotiy, 7Grad :=1;Grad.

Note that

1ssGradgrad = sym Gradgrad = Gradgrad = T grad T grad,
irtRots = devRotg = Rotig = TrotTig =: Rotsg,
Divy = Tdiv T,
it Grad =devGrad = devTgrad T,
SRott = symRot = sym TrotTir,
divDivg =divT div Tis;

in particular, on symmetric tensor fields, we have TRots = devRot = Rot (cf. [3, Lemma A.1]). Using these formal
operators, we introduce their maximal L,(Q)-realisations, that is,

sGradgrad : D(sGradgrad) C L*(Q) — Lé(Q), u — Gradgrad u,
TRots : D(7Rots) C LE(Q) — L3(Q), S+ Rot S,
Divy : D(Divy) € L3(Q) —» L*(Q), T+ Div T,
1Grad : D(rGrad) c L*(Q) - L3(Q), v+ devGrad v,
sRoty : D(sRoty) € LA(Q) — LZ(Q), T+ symRot T,
divDivg : D(divDivs) C LE(Q) — L3(Q), S+ divDiv S,

which are densely defined and closed (unbounded) linear operators and form the two (formally primal and dual)
biharmonic complexes
sGradgrad

-ﬂ-ROtg Divp

- LA(9Q) L3() LE(©) L3(Q) —= ---,

SRotT rGrad

divDivg

e () L2(Q) L2() L2(Q) « -

and compare [4] for the complex properties.
Finally, the operators

sGradgradr,, tRots,I';, Divrr,, TGradr,, sRotrr,, divDivsr,

from Section 2.1 are the restrictions of
sGradgrad, tRots, Divy, pGrad, sRotr, divDivg
to their domains of definition
D (sGradgradr, ) , D (tRotgr, ), D(Divyr,), D (1Gradr,), D (sRotrr,), D (divDivsrr, ),

which are the closures of Cl‘i‘i (Q), Cg}t(Q), and C%}l(Q) in the corresponding graph norms, respectively.
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APPENDIX C: SOME PROOFS

Proof of Theorem 3.1. In [4, Theorem 3.10], we have shown the stated results for I'; = I" and I'; = @, which is also
a crucial ingredient of this proof. Note that in these two special cases always “strong = weak” holds as A** = A, =
A, and that this argument fails in the remaining cases of mixed boundary conditions. Therefore, let @ ¢ I'; C T.
Moreover, recall the notion of an extendable domain from [1, Section 3]. In particular, Q and the extended domain Q
are topologically trivial.

e LetS e Hgsr[,O(Rot, Q). By definition, S can be extended through I'; by zero to the larger domain Q yielding
S € H o (Rot, ©) = HE (Rot, Q) = HE ((Rot, Q).

By [4, Theorem 3.10, Remark 3.11] and Stein's or Calderon's extension theorem—see also [1, Lemma 4.3, Lemma
4.4] for the fact that the respective potentials are already defined on the whole of R*—there exists ii € H*"2(R?)
such that Gradgrad &t = S in Q. Since § = 0 in Q, & must be a polynomial p € P! in Q. Far outside of Q, we
modify p by a cut-off function such that the resulting function p is compactly supported and p|g = p. Note that p
depends continuously on S by Poincaré's estimate. Thenu :=fi—p € H*2(R?) with ulg = 0. Hence, u belongs to
Hk+2(§2) and depends continuously on S. Moreover, u satisfies Gradgrad u = Gradgrad & = S in Q, in particular
Gradgrad u = S in Q. We put P¥ radgradr, S (= U E HIIETZ(Q).
- LetT € H%‘TINO(DW, Q). By definition, T can be extended through I', by zero to Q giving

T € Hi ,, ,(Div, Q) = HX ((Div, Q) = H} ((Div, Q).

By [4, Theorem 3.10], there exists S € H5™(R®) such that RotS = Tin Q. Since T = 0 in , that is, S|s €

Hk“(Rot Q), we getagain by [4, Theorem 3.10] (or the first part of this proof) it € H**3(R3) such that Gradgrad i =

Sin Q. Then S := § — Gradgrad ii belongs to Hk+1(R3) and satisfies S| = 0. Thus, S € Hk+1 (Q) and depends

continuously on T. Furthermore, Rot S = Rot S = T in Q, in particular Rot S = T in Q. We set P T:=Se
Hk+1 (Q)

« Letv € H’lft(Q). By definition, v can be extended through I'; by zero to Q defining ¥ € H*(Q). Theorem 3.10 of
[4] yields T € HE (R®) such that Div T = §in Q. As = 0in €, that is, T, € Hk+1(DIV Q), we get again by [4,
Theorem 3.10] (or the second part of this proof) S € Hk+2(R3) such that Rot S = Tholdsin Q. ThenT := T—Rot S
belongs to Hk+1(R3) with T|s = 0. Hence, T belongs to HkJrl (Q) and depends continuously on v. Furthermore,

Div T = Div T = #in Q, in particular Div T = v in Q. Flnally, we define Pllgiv rvi=Te HkJrl (Q)
T ¢t

rRotg,I",

« LetT € H’T‘T’r[’o(symRot, Q). By definition, T can be extended through I, by zero to Q yielding
Te H]fr‘@’o(symRot, Q) = H’fryo(symRot, Q) = Hlfm(symRot, Q).

By [4, Theorem 3.10], there exists ¥ € H*"'(R?) such that devGrad #» = T in Q. Since T = 0 in &, ¥ must be a
Raviart-Thomas field r € RT in Q. Far outside of Q, we modify r by a cut-off function such that the resulting
vector field ¥ is compactly supported and 7| = r. Thenv (=9 -7 € H(R?) with v o = 0. Hence, v belongs
to Hk“(Q) and depends continuously on T. Moreover, v satisfies devGrad v = devGrad # = T in Q, in particular
devGrad v = T in Q. We put P¥ Graar, T 1=V E H’;Tl(ﬂ).

- LetS e Hg,r[,o(dIVDlV’ Q). By definition, S can be extended through I'; by zero to Q giving
Se

s 2. o(divDiv, Q) = g’o(diVDiV, Q) = Hg’o(diVDiV, Q).

By [4, Theorem 3.10], there exists T € H5™(R?) such that symRot 7 = §in Q. Since S = 0in Q, that is, T|, €
Hk“(symRot Q), we get again by [4, Theorem 3.10] (or the fourth part of this proof) ¥ € H*2(R3) such that

devGrad 9= Tin Q. Then T := T — devGrad ¥ belongs to H?I(Rﬂ and satisfies T|s = 0. Thus, T € HkJr1 (Q) and
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depends continuously on S. Furthermore, symRot T = symRot T = S in Q, in particular symRot T = S in Q. We
set P, S 1= T € HiYL (@)

e Letu € Hk (Q). By deﬁnltlon, u can be extended through I'; by zero to Q defining & € H*(Q). Theorem 3.10
of [4] y1e1ds S € HEP(R®) such that divDiv § = @ in Q. As @ = 0 in €, that s, S|, € Hk+2(d1VD1V Q), we
get agaln by [4, Theorem 3.10] (or the fifth part of this proof) T € Hk+3(R3) such that symRot T = S holds
in Q. Then S := S — symRot T belongs to HE"(R?) with S| = 0. Hence, S belongs to H"Jr2 (Q) and depends

continuously on u. Furthermore, divDiv S = divDiv S=minQ,in particular divDiv S = u in Q. Finally, we

k k+2
define P divdiver W 1= =Se H (Q)
The assertion about the compact supports is trivial. O

Proof of Lemma 3.10 and Corollary 3.11. According to [6, Section 4.2] (cf. [7, Section 4.2], [1, Lemma 3.1], [2], or [3]),
let (Uy, @¢) be a partition of unity for Q, such that

e=J o, @:=QnU, ¢ eCy WU,

and such that (Q,, ﬁf) are extendable bounded strong Lipschitz pairs. Recall
S, 1= 0QA\l, T i=TinUp, L i=intT UZy).
+ Letk>0andletS e ng[(Rot, Q). Then by definition, S|g, € Hgyw (Rot, ) and we decompose by Corollary 3.4
Sla, = S¢1 + Gradgrad usp

with Sy := Slo, € H"Jrl Q) andusg = Q"lgok Slo, € Hk+2(£2f) Lemma 3.9 yields

Qk,l
TRotg, I

@rSla, = @rSea + @sGradgradu, o
=:5,

A\

~

=@/Sy1 — 2sym ((grad @ )(gradus )" ) — usoGradgrad ¢,

+ Gradgrad (@surp)
——

=iu,

with S, € Hg*'ﬁl Q) and u, € H§+2(Qf). Extending S, and u, by zero to Q gives tensor fields S, € HkJrl (Q) and
LN e

€ HIFTZ(Q) as well as

L L L
S = Z ®rSla, = Z S, + Gradgrad Z iy

¢=-L ¢f=—L ¢=-L
€ Hk+1(9) + Gradgrad H"”(Q) C Hg’rt(Rot, Q).

As all operations have been linear and continuous, we set

TRotg = 2 S, € Hk“(Q) QTRO% = Z i, € HE(@Q).

o Letk>0andletT € H%,I‘,(Div’ Q). Then by definition, T|q, € Hlfr’rm(Div, Q) and we decompose by Corollary 3.4

TlQK =Ts1+ Rot Sy
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with T,; 1= Q~! , €HIY (@) and Sy 1= QRO

~ : k )
DivT,l“[leﬂ, piv,r,, L, € HEE (Q/). Lemma 3.9 yields

e

@¢Tlo, = @¢Tra + @eROt Spo = 9Ty + Seospngrad @, + Rot(@eSy )
- -

~ ——
=T, =S,

with T, € H';rfl (Qz)and S, € Hg%l (Q/). Extending T, and S, by zero to Q gives tensor fields T, € H’f;l} (Q) and
Ll Ll A ot

S, e Hg}lt(g) as well as

L L L
T = Z (prlgi = 2 Tf+ROt Z S’f
¢=-L ¢=-L ¢=-L

€ H{ (@) + Rot HEF (@) € HY 1. (Div, Q).

As all operations have been linear and continuous, we set

L L
k,1 . F k+1 k,0 . o k+1
Q5 T:= Y TreHI (@), QT 1= Y S, e HE @
=—L

Divr,I', .

e letk >0andletT € H'fr,rf(symRot, Q). Then by definition, T|q, € H’{r?rm(symRot, Q,) and we decompose by
Corollary 3.4
T|o, = Ty +devGrad vep

. . Akl k+1 ._ k0 k+1 .
with Ty, 1= QSRotT,FLleﬂ . € HTJ_M (Qp)andveg := QSRotT,FMTl o, € Hr[f (Qy). Lemma 3.9 yields

@¢Tla, =9sTr1 + @edevGrad vy

=@,Tr + dev (v o(grade,)") + devGrad(p,ve.)
. ~ _/ N——

=;Tf =1Vp

with T, € H?fl (Qy)andv, € H?l(Qf). Extending T, and v, by zero to Q gives tensor fields T, € Hé‘;}l (Q) and
e ¢ Tt

v, € Hllffl(Q) as well as

L L L
T= Y ¢/Tlo,= ). Tr+devGrad ) v,
{=—L f=—L .

€ HY} (@) + devGrad H{'(Q) € Hf - (symRot, Q).

As all operations have been linear and continuous, we set

L L
Q;‘gotTI[T =) Tre HEL (@), Q’S‘gotTLT = ) i e H(Q).
f=-L f=-L
e Letk > 1andletS € Hg’];_l(divDiv, Q). Then by definition, S|o, € Hg”;_l(divDiv, Q,) and we decompose by
WL g Ll X
Corollary 3.7
Slo, = S¢,1 +symRot Tg o
with S¢1 1= QEnh! L Sla, € HET (@) and Tro 1= QT Slo, € HYY (Q). Thus,

divDivg,I', , divDivg,I', ,

@eSla, = ®rSe1 + @esymRot Ty

= @S¢ +sym(Tyospngrad ,) + symRot(e,Tz) (CD
o ~ / o J/
=:S, =:T,
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with S, € Hk (Qf) and T, € Hk (Qf) Extending S, and T, by zero to Q gives fields S, e Hk (Q) and

T, e HkJrl (Qas Well as

L L L
S = Z @cSla, = Z S, + symRot Z T,

£=—L ¢=—L f=—L
Hk“(Q) + symRot HY (@c HE ! (divDiv, Q).

As all operations have been linear and continuous, we set

kk 1,1 — Z S EHk (Q) Qkk 1,0 Z TfEHk (Q)

d1vD1v% divDivg,I',
¢=-L

« Letk > Oandlet S € ng[(divDiv, Q). Then by definition, S|o, € Hg’rm(divDiv, Q,) and we decompose by

Corollary 3.4
SlQ, = Sy1 +symRot Ty
with Sy; = Ql:fii{z;@;rms|9f HkJr2 (Q,,») and Typo := Qﬁfz;@: r, Slo, € HkJr1 (Qf) Now we follow the argu-

Hk+1

ments from (C1). Note that still only Sy € (Qf) holds, that is, we have lost one order of regularity for S,.

Nevertheless, we get

Se H"”(Q) + symRot H"+1 Q).
and all operations have been linear and continuous. But this implies by the previous step
Se Hg}lt’k(divDiV, Q) + symRot Hy'! Q).
Again, by the previous step, we obtain

Se Hk+2(£2) +symRot Hi'? (Q) + symRot Hk“ Q)
= HEP(@Q) + symRot HEH (@) € HE - (divDiv, ),

and all operations have been linear and continuous.
It remains to prove the assertions on the operators devGrad and Gradgrad.

e« Letve H’;I(deVGrad, Q). Then by Corollary 3.6,

o € HX (devGrad, Q,) = HY (devGrad, Q,) = H(Q)).
L, L, L,

Extending ¢,V by zero to Q yields v, € H’lifl(Q) andv= Y pv=>Yv, € HIIETI(Q).
7 7

« Letue Hllit(Gradgrad, Q). Then by Corollary 3.6,

QU E HI% (Gradgrad, Q,) = HI% (Gradgrad, Q,) = H;‘LZ(QK).
e (24 (A

Extending @,u by zero to Q yields u, € Hk+2(9) and u = z QU = Z us € Hk+2(Q).
o« Letu € Hkk 1(Glradgrad Q). Then p,u € Hkk 1(Gradgrad Qy) = Hk+1(Qf) by (7). Extending ¢,u by zero to Q
yields u, € H’li“(Q) andu=Y gsu=>u, € Hk“(Q).
! ¢ ¢

The proof is finished.
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Proof of Theorem 3.12. Note that these types of compact embeddings are independent of € and u (cf. [5, Lemma 5.1]).
So, let e = yu = id. Lemma 3.10 (for k = 0) yields, for example, the bounded regular decomposition

D(A) = Hg . (Rot, Q) = ng[(g) + Gradgrad H%L(Q)

with H = Hé’r[(g) and H = le-t(Q) and H, = L§(Q), H, = L*(Q). Rellich's selection theorem and [3, Corollary 2.12]
(cf. [1, Lemma 2.22]) yield that D(A;) n D(A;) < H, is compact. Analogously, we show the compactness of D(A;) N
D(A}) < H, using, for example, the bounded regular decomposition D(A,) = HT’F[(DiV, Q) = H%T,F[(Q)+Rot Hé’r[(Q).

O

Proof of Theorem 3.16. We only show the representations for R (quot’ér ) and R (divDivgr > The others follow
analogously.

« By Lemma 3.10 and Corollary 3.11, we have
k — k _ k+1
R (7Rot. ) = Rot HE 1. (Rot, @) = Rot HE} (@), (C2)
Moreover,

(@4

k k i
R <'J1‘R0tg,rl> c H’]T,F[,O(DIV’ Q)n H’]I‘,I’",F,,u

=HE 1 (@) N Hyp ,(Div. @) waw(g)%m = H - () N R (1Rots ).

since by Theorem 3.15 (iv)

R(rRotsy,) = Hyp oDV, Q) Ny (@) 9 (C3)

| SR W]

Thus, it remains to show

HE ;. oDIv.Q) N My (@) c Rot HE; (RoL Q) k> 1.

T.L,.I.

For this,letk > 1and T € H%’FI,O(DiV, QNH M(Q)lL%“”. By (C3) and (C2), we have

T.r,.I';,
T € R (1Rotsr,) = Rot Hg,n(g),

and hence thereis S; € Hé’F[(Q) such that Rot S; = T. Wesee S; € Héyr[(Rot, Q). Hence, we are done for k = 1.
Fork > 2, wehave T € Rot Hg . (Rot, Q) = Rot H3 . (@) by (C2). Thus thereis S, € H3 - () such that RotS, = T.
Then S, € Héyr[(Rot, Q), and we are done for k = 2. After finitely many steps, we observe that T belongs to
Rot ng[(Rot, Q).

« By Lemma 3.10 and Corollary 3.11, we have

divDIVHE (@) ¢ divDiv HE;(divDiv, @) = R (divDivir )

C divDiv H 1, (divDiv, @) = R (divDivk , ) = divDiv H{ (@)
In particular,

R (divDivgft) = divDiv HY . (divDiv, @) = divDiv HE2(Q). (C4)

Moreover,

R(divDiv, ) € HE @) n (P'r,) 5 = HE @) 0 R (dvDiver,)
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since
R (divDivgr,) = LA@) n (P'r, ) @, (C5)

Thus, it remains to show
k 1 L2 R k s
Hr,(g) N <]P’r ) C divDiv HS,F,(dIVDIV’ Q), k>1.

For this,letk > 1andu € HIFI(Q) N (PIFH)LLZ“”. By (C5) and (C4), we have
u € R (divDivsr,) = divDiv H3 - (),

and hence thereis S, € Hé,r,(Q) such that divDiv S; = u. Wesee S; € Hé’rl(divDiV, Q)resp. 51 € Hé’rt(diVDiv, Q)
ifk = 1. Hence, we are done for k = 1and k = 2. For k > 2, we have u € divDiv Hé’rt(diVDiV, Q) = divDiv H‘S"r[(Q)
by (C4). Thus, thereis S, € Hg - () such thatdivDivS, = u.Then S € Hg - (divDiv, Q)resp. S, € H3 1. (divDiv, Q)
if k = 3, and we are done for k = 3 and k = 4. After finitely many steps, we observe that u belongs to

divDiv Hg’r[(divDiv, ), finishing the proof. 0

Proof of Theorem 3.19. We follow in close lines the proof of [3, Theorem 4.11] (cf. [1, Theorem 4.16] and [2, Theorem
3.19]), using induction. The case k = 0 is given by Theorem 3.12. Let k > 1 and let (S/) be a bounded sequence in
HS - (Rot, @) N HE . (divDiv, Q). Note that

HE 1 (Rot, @) n HE - (divDiv, Q) € HE - (@) n HE - (@) = HE Q).

By assumption and w.l.o.g., we have that (S,) is a Cauchy sequence in Hg}l(g). Moreover, for all |a| = k, we have
0°Sy € HSYFI(Rot, Q)N HS,F (divDiv, Q) with Rot 9*S, = 9*Rot S, and divDiv 0*S, = 0*divDiv S, by Lemma 3.18.
Hence, (0*S;) is a bounded sequence in the zero order space HS’F[(Rot, QN HS!rn(diVDiV, Q). Thus, w.l.o.g. (0*Sy) is

a Cauchy sequence in Lé(Q) by Theorem 3.12. Finally, (Sy) is a Cauchy sequence in HEsS, I'(2). Analogously, we show
the assertion for the second compact embedding. O

Proof of Remark 3.20. Let(S,) be abounded sequence in Hg,r, (Rot, Q)N Hg)r (divDiv, Q). In particular, (S¢) isbounded
in Hg,r[(Rot, QN Hg";—l(diVDiv, Q). According to Lemma 3.10, that is,

Hg ' (divDiv, @) = HgT (@) + symRot HT (©),

we decompose S, = S, + symRot T, with S, € Hg}lt(Q) and T, € H’T‘r}lt(Q). By the boundedness of the regu-

lar decomposition operators, (S;) and (T,) are bounded in Hg}l () and H%‘T}l (Q), respectively. W.Lo.g. (S;) and (T,)
converge in Hg,r,(g) and H%‘T’Fl(ﬂ), respectively. For all 0 < |a| < k, Lemma 3.18 yields (0*S;) C HSI[(Rot, Q) and
Rot 0“S, = 0°Rot S,. With the notations Sy; :=S; — S, Sz := S, — 8§}, and Ty, := T, — T}, we get

2 ~
|Sf’l|Hg(.Q) = <Sf,la val)Hg(Q) + <val, SymROt Tf’l>H§(Q)

= S <c(|S
(Se1,Sepi@ + (ROt Set Tr g S € (|Sf,l|H§(g> + |Tf,l|H§cr(Q)> -0,

completing the proof. O
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Proof of Theorem 3.29. Theorem 3.25 and (15) show

HE (Rot @) =R (3, 1. ) + He o(Rot, ©),

rRotg,I";

Hg,F[,O(ROt’ Q) = Gradgrad HIFTZ(Q) + Lin BrRobr (Q).
To prove the directness of the second sum, let

dosr,
3 4B & Gradgrad HE(@) 0 Lin B (Q).
=1

R
Then0 =Y, 4, ”N(divDivSJ—ne)B; o g Lin;rN(divDiVSr"g)BTROtSFz and therefore 4, = 0 for all # as 7y (qivpiv, . <) BrRoGr g
a basis of Hsr'we(Q) by Theorem 3.28. Concerning the boundedness of the decompositions, let

Hg’r[’O(Rot, Q)> S=Gradgrad u+B, ue€ H’;jz(gz), B € Lin B % (Q).

By Theorem 3.24 Gradgrad u € R(SGradgradﬁ) and i := Pé‘Gra derad. Gradgrad u € HIIETZ(Q) solves Gradgrad & =
Gradgrad u with |it] ) < c¢|Gradgrad u| HE @) Therefore,

|8l gy + 1Bk S € (IGradgradu| Hi@ T |B|H§(9)> <c <|S| Hi @ T |B|H§(9)) :

Note that the mapping
IﬂN(divDivS - S) . Lln BTROtS‘Ft (Q) s Linn’N(divDivS'rn E) BTROtS.Fl (Q) = 7‘[&1_‘[’1_,”"E (Q)
o Rotg. Rot
B, " = N (divDivs, £) B olare

is a topological isomorphism (between finite dimensional spaces and with arbitrary norms). Thus,

IBlis ) < €IBliz) < €| 7n(divpive,, e)B| 2@ = € '”N(divDivSv]‘ﬂg)S (@ < ClSlizg) < Sl

Finally, we see S = Gradgrad @i + B € Gradgrad H’li:rz(Q) + Lin B R%r (Q) and
|ﬁ|Hk+z(Q) + |B|H§(Q) < C|S|H§(Q).

The other assertions for Hlncr,rn(DinQ)’ H’fr’rl(symRot,Q), Hg’rn(diVDiv, Q), and HgJ'rl’k(divDiV,Q) follow
analogously. ' O

L2
Proof of Theorem 3.31. Fork=0andS € H, Q) n BrR%r(Q) <Y we have

SI,.T,.

TRots I,

rRotg -
0= <S, B( ’> Lé.E(Q) = <”N(divDivS',~”£)S’ Bf, > Lé,g(ﬂ)

TRotS'r[
= <S ) ”N(divDivS,rne)Bf L@

and hence S = 0 by Theorem 3.28. Analogously, we see for S € H, Q)N BAVDsr, (Q)L%@)

ST,.T,,

B divDivg ., _ -1 pdivDivsr,
0= <S’Bf >L§<9> = <”N(nrR°ts,n)S’£ B, >L§JQ>

divDiv,
— -1 STy
= <S, TN(oRotsy, )€ By > L2.@
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and thus S = 0 again by Theorem 3.28. According to (14), we can decompose

N (divDivsr,e) = R(e"'SRotrr, )@ Hsp 1 (),
N (rRotsr,) =R (sGradgradr,) @ (oM 1 (@),

which shows by (17) the other two assertions. Let k > 0. The case k = 0 and Theorem 3.16 show

N <diVDiv’§’rne> N B (@) 5 = e HE - (@) NN (divDivs,e) 0 B (@) e
=¢! ngn Q) NR(¢7'sRotryr,)
=R (e‘lgRot’fT’FJ = ¢ 'symRot H"Jrl (Q),
N (TRotg,r[) A BAVDar, ()@ — HS - (@) NN (tRotsr,) n BHPYar (@)
= Hg,r[(ﬂ) N R (sGradgradr, )
=R (SGradgradllil> = Gradgrad H{P(Q).

Analogously, we prove the assertions for the remaining qur’ ,(§)-related spaces. O

APPENDIX D: SOME TECHNICAL REMARKS

Remark D.1 (Bounded regular decompositions from bounded regular potentials). It holds

Rot 0% _Rot,1, = Rot o) Rots.T, _TROtSr’
Div QDW I = Div QDN T, —DiVTr,
symRot Q Roty.T, = = symRot Q Roty.T —SRotTF,
divDiv Q divDive T, = = divDiv Q divDiv.T, —diVDlVS’r[,
divDiv Q! | = divDiv Qi ie! | = divDivgy .

Therefore, the kernels Hg,r[’O(Rot, Q), H%’FI,O(DiV, Q), Hlfr’rpo(symRot, Q), and Hg,rpo(divDiV, Q), Hg}lpo(diVDiv, Q)

oo k1 ~k.1 k.1 ~k.1 k1 ~k.1 k.1 ~k.1
are invariant under Qi Qiusr,s Qiv,r Lowery Lroter Lroter, Laivbiver,» Laivoiv,r»  and
Qk+1,k,1 ~Sk+1,k,1

divDiv..r,> Liviver respectively. Moreover,

< TRotS ) =R < Rotg.Iy ) > QII.;,RLS,F[ = QI;}\IMSTI (TROtg,F )J_ TROtS r,;
R (QDIV ) =R ( Divy.T| ) ’ él];ilvT,F[ = Ql];ilvT,F[ <D1V'I[‘F ) D“’Tr ;
R <Q°R°t1r ) =R sROtTF) ’Qv:illotT,FL = Q;{izlot.[r,rl (SROtT,FI )L SROt’]l‘F s
R lelev% ) = ( divDivg, l",) ’ éﬁi\IIDivS,F Qlc;\l/DlvS <d1VD1VSF >_ diVDing ’

k+1,k,1 k+1,k ~k+1,k,1 _ k+1k1 k+1,k +1 k
R <deDwS ) R <pdivDivS,Ft> s Qaiwpiver, = Laivdiver, (leDIV ) divDi :

~k.1 k.1 k.1 k.1 ~k+1.k,1 k1 k.1 k1
Hence, QTRMS Te? QDivT,F[’ QSRotT,F,’ QdivDiv »and lelevA I, coincide with QTRO‘Q I'e? QDivT,F[’ QgRotT leleVg r,’ and
Qk+1’k‘1 on the reduced domains of definltlon

divDivg,I",

D((rRotsy. ) ). D((Divhy,), ). D((sRotsy,) ). D((aivDivky, ) ). D((diwDiviR*) ).
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. k.1 k.1 k.1 k.1 k+1,k,1 k.1
respectively. Thus, QTR0‘§~rz’ QDivT,F,’ QSR%I[, Q divDivr,” and Q9 divbiv,,r, MAY differ from Q Rotg.Cs QDivT,I’,’
k1 k1 k+1,k,1
Q Roty.r,» Ldivbiver,’ and Qiivbivr, only on the kernels

N (TRotgr ) = H.,. o(Rot, @), N (Div’fr’rt) = Ht | (Div. Q). N (SRot’;rr ) = H. . (symRot, ),

and N (diVDivg,F ) = Hg,rho(diVDiV, Q), N (diVDngJ}l’k> = Hg}lt,o(diVDiV’ Q), respectively.

Remark D.2 (Projections). Recall Theorem 3.25, for example, for divDivg,R

HE 1, @ivDiv, @) = R (@0 - ) + R (M1, ) -

divDivg,T’
Akl Tk _1_ Okl P
(l) QdivDivS,F and NleDIV =1 QdivDiVS,F ¢ are projections.
o k1 Tk _ Tk ~k,1 _
(1) lelevS NleDIVS NdllevQ QdivDivS,I“[ =0.
. Tk _ 2 _ r(kl _
(ii) Forly := Q divDivs T, +N divDivT, ,itholdsI, = I? 1deF (divDiv.Q)" Therefore, I, I, aswell as I_ = 2Q divDiv.r,

ingrt (divDiv.0) are topological isomorphisms on Hs,r[ (divDiv, Q).

(iii) There exists ¢ > 0 such thatforall S € Hgsrt(divDiV, Q)

HE (@) < |divDiv S| H@) < |S|Hk(dllev Q)

| leVDlVa

S HE@)-

Sl = ISl + ‘Q

’ divDivg,I', divDivg,I',

(iii") For S € H sr,o(divDiv, Q), we have okt divpiver, S =0 and N divpiver, S = S-In particular, NE divDive T, is onto.
Similar results to (i)-(iii’) hold also for TRotSr , DIVTF , sROtTF, and leDle+1k In particular, Q ngrl QISiIVT,Fz,

~k,1 ~k+1,k,1 k 1 k 1 k 1 k+1 k,1
Q koto.r, ativbiv,.r, A0 N er» N Divy.L', N oot r-and N divDiv,. -, A€ Projections and there exists ¢ > 0 such that for

allS e Hg,FI(Rot, Q),Te HT’rt(Dlv, Q),Te HT’r[(symRot, Q),and S € Hk+1 k(leDlV Q)

~k.1
|QTR0tS S| He) S € |Rot S| HE @) Q%ROtT T He) S € )symRot T HE@)?
k,1 k+1k1 &
'QDWT T HE (@) <c|Div T| H Q) |Qd1vD1vS S Hk+2(9) <c |dIVDIV S He Q)

Remark D.3 (Bounded regular direct decompositions). By Theorem 3.29, we have, for example,

Hg,rt(ROt, Q) =R ( ot Ty ) + Lin BRobr Q) + Gradgrad Hk+2(Q)
= Hk+1(Q) + Gradgrad Hk+2(g)

with bounded linear regular direct decomposition operators

TROIS,F[

Gkl . 1 HE (RotLQ) - R <Q - ) c HEH (@),
gl : HE - (Rot, ) — Lin BT (Q) € HEY, o(Rot, Q) € HET (@),

TRO‘S«FI

Q50 1 Hir (Rot, Q) — HEP(Q)

Rotg Iy

Ak,00
satisfying Q Rols Tt QTMSI[ + Gradgrad Q (Rots. Tt 1der (Rot.Q)*
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A closer inspection of the proof allows for a more precise description of these bounded decomposition operators.
For this, let S € Hgyrt(Rot, Q). According to Theorem 3.25 and Remark D.2, we decompose

S=Sp+5y:=0%, S+ N, . SER <Q - ) iR (J\f")
with R (J\f T’;W r ) S r,o(Rot, Q) = (TRotg - ) By Theorem 3.29 we further decompose

Hg,rt,o(ROt’ Q) o Sy = Gradgrad @ + BinGradgrad Hllijrz(Q) + Lin BrRobr (Q).

Then ”N(divDivS,rne)SN = ”N(divDivS_rne)B IS Hs,rt,r,,,g(g) and thus

— . R
B=1I;! (divnwg_rnf)”N(divDiVs.r,,E)SN € Lin BR%r (Q).
Therefore,
~ _ pk
u= 7)SGradgrad I, Gradgradu - Gradgrad I, (Sn —B)

k -1
pSGradgrad]“[ <1 —1I; T (avpivs € N(leDlVgr e))
Finally, we see

Ak,1 _ Akl _ pk k.1 k
QTRotS,F[ = QTROtS,l"[ = PTRotg TROtSr »= QTRotS,T‘[ (TROtS,r ) n TROtSr ’

k,co —7-1 R ~k
QTROtS!r[ - IﬂN(divDivSrn €) N (divDivg r, €) N’IROtS I

k0 _ pk _ -1 Tk
QTRotS,F[ - p§Gradgrad,Ft < 1 I”N(divDiVs,rnf) ZIN(divDivgr, ) ) NTROtS!r[

with M Nk =1-0k . Analogously, we have for the other spaces

TRotg.I'¢ TRotg.I't

H%r (DIV Q) < I];llv ) + LlnBDlVTrn (Q) + Rot Hk+1 (Q)
=HE! (@) + Rot HEY (@),
qucrr (symRot, Q) = < okl > + Lin B8R (Q) + devGrad H{%“(Q)

sRotp, I,

= H (@) + devGrad HEM(@),
sr (divDiv, Q) = ( l(ili'DlV r, ) + Lin B4PVer, (Q) + symRot HkJrl Q)
= HER (@) + symRot HEY (@),
He "(dllev Q)= ( ’;fv})’fvl r ) + Lin BPYera (@) + symRot HY'? (Q)

= H"+2 (Q) + symRot Hk+2 Q)
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with bounded linear regular direct decomposition operators

Q\Il;ilvT,Fn r (Div,Q) - R (QDIV I, ) Hk+1 (),

O - Hip (Div, Q) — Lin B”=(Q) € HE, ((Div, Q) € H (@),
Q\]Bg/T,r : Hlﬂ},rn(DiVa Q) - HkJrl (Q),
Qor,r,  Hir, (symRot, Q) — R(Q Roty r> c HED (@),

Qo ¢ Hi . (symRot, Q) — Lin BT (Q) € HFp. (symRot, @) C H (@),

o, - H%‘r,rxsymRot, Q) - H (@,

gl ot HE L (divDiv.Q) — R(Q C HE (@),

divDivg,I", divDivg,I", )

éﬁifmvg,rn : HE . (divDiv, Q) — Lin B"PMn(Q) € HE. (divDiv, Q) C |-|’<+2 Q),

Ak . . .
Qioper, * Hir, (divDiv, Q) - HEY! (@),
HRHLEL . kL gionys Skt1kl k+2

Qyivpiver, © Hsr, (divDiv,Q) - R (QdivDiv I, ) <€ Hsr (),

Qe 1 HEM k(leDlV Q) — Lin BMPVar, (Q) € HSr 0(divDiv, Q) € HER (@),

divDivg,I",
Q’gvg’i‘j;rn : Hk“ H(divDiv, Q) - HYE (@)
satisfying
Okl 4Ok L Rot OF°  —idy o,
Divy,I, Divr,l, Divy,I, H-”n(DIV,Q)
QgRotT, +0% _Rot,.r, +devGrad Q% sRotpT, — idH;rt(symRot,Q)’
Q\s’iszivs,Fn + Qldcl’i:)/oDiv T, + symRot levDNS,F - ing\]‘n (divDiv,2)*
Q\S:/})]fvlr + ngﬁ)]fvjr + symRot Qﬁ:z})lfv:,rn = ing}:k(divDiv,Q)
and

-1
Akl _ Skl Akl -k -k
Qwer, = Lower, = PDIV r,Di V1rr Qpiver, (DIVT,F,,> . Divyp
k,00 _ 71 N
QDiVT,F n I”N(SR‘"T.Q ) N (SROt’ﬂ‘sr[)NDiVT,rn ’

A0 k kK _ Akl k
piv,r, QgRotT,l" P Roty.r,sROtp . = Qo 1 (SROtT,rt> N SROtTr’

Ak,c0 _ 71 “rk
sRotr, [, — I”N(Divwn ) N (Divy, 1) N.SROtT’F I

Ak.0 _ pk 71
SRoty,I', pTGrad,Fl <1 I”N(D“’Tr,r,, ) ”N(Dlv-“— ;4)> sRotp. T,

Okl gkl _pk

-1
.o~k s~k e~k
divDivg,I", divDivg,T", divDivg,I, leDIVS,F leVDle’ <d1VD1VS,F,, ) 1 leDIVS,Fn’

k00 _7-1 Tk
QdivDivg,I’w = I”N(TR(,(&W) ”N(’LFROtS‘F[)N. divDivg,I',°

k.0 _ pk _ 71 k
QdivDivS,Fn - PSRotT,F” <1 InN(TRmSﬂ)”N(TRots,r[)> N, divDivg,I,°

Ak+1,k,1 _ Ak+lk1 k+1,k k+1.k k+1,k,1 k+1.k k+1.k
QdivDiVS,Fn - QdivDiVS,F - 7)dllevS leDIVSF lelevS,l“ <d1VD1VSF ) i leDlVSF ’
Ak+1.k,00 \rk+Lk

16} —

divDivg, I, — I N(TRot§ ) N (rRotg, rt)'Afdllevg,l"

Hk+LEO  _ pk+l _ -1 k+1k
QdiVDiVS,F =P sRot, I, <1 I”N(TRotSJ—-[)”N (TRots,rt)> NdivDivS,F "
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with . ~
k _1_ Okl k _1_ Akl
NDiv.ﬂ-,Fn =1 QDiv-ﬂ-,Fn’ NdivDiVS,Fn =1 QdiVDiVS,Fn’
Nk —1_0kl Vktlk o _ 4 _ Ak+lkl
NSROtT,F, =1 QSRotT,FZ’ divDivg,l, — 1 QdivDivg,Fn’
and o ot
. o ) o
y(avpivsrye) Lin BT (Q) = Linzn(givpiv,,, o) B () = Hsr,r, ()
L'n
BTROtS,l'[ TRots
¢ = ”N(diVDivg‘rne) ¢ d
. : divDiv, : —1 jpdivDivg _
I (eRoisr,) Lin 5750 (Q) — Linziy( o, )& B Q) = Hsr, 1, ()
divDivg _1 pdivDivs
£ our = ”N(TRotSﬁ)fr P ,
i tr, i tr. —
T (o, 1) Lin Bs®' ((Q) — Lll’lﬂN(DivTArn W) BsRotr L (Q) = Hrrr, . (€2)
JIn
sRotr.I'; <Rotr, [,
Bf = ﬂN(DiV’][‘,Fn”) ¢ s
. : Div. : —1 pDiv. _
;rN<§Rot“t> o LinB7(Q) = Linzy( por,r)# BT () = Hrr,r, ,(L)
Divy, _1 DV
Bf ' = ZIN(sRoty I, )M Bf g
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