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regard partial tangential traces, i.e., we look only on a subset I' of the boundary
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0. We assume both Q and T to be strongly Lipschitz (possibly unbounded). We
define the space of all H(curl, 2) fields that possess a L2 tangential trace in a weak

ﬁ;ﬁiﬁiequamom sense and show that the set of all smooth fields is dense in that space, which is a
Tangential traces generalization of [1]. This is especially important for Maxwell’s equation with mixed
Boundary traces boundary condition as we answer the open problem by Weiss and Staffans in [10,
Lipschitz domains Sec. 5] for strongly Lipschitz pairs.

Lipschitz boundary © 2025 The Author(s). Published by Elsevier Inc. This is an open access article
Density under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

We will regard a strongly Lipschitz domain ©Q C R? and the Sobolev space that corresponds to the curl
operator

H(curl, Q) = {f € L*(Q) | curl f € L*(Q)}
and the “natural” boundary traces that are associated with the curl operator
mof =X fl,,) xv and - f=vxfl,, for feC®R?),

where v denotes the outer normal vector on the boundary of Q and C>°(R?) denotes the C°° functions
with compact support on R3. These boundary traces are called tangential trace and twisted tangential trace,
respectively. They are motivated by the integration by parts formula
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(curl f, g>L2(Q) —(f, CUT19>L2(Q) = (-1, 7Trg>L2(aQ)~

We could even extend these boundary operators to H(curl, ©?) by introducing suitable boundary spaces, see
e.g., [2] for full boundary traces or [7] for partial boundary traces. However, in this article we focus on
those f € H(curl,2) that have a meaningful L?(9€2) (twisted) tangential trace. Hence, for I' C 9 we are
interested in the following spaces

ﬁp(curl, Q) ={f €H(cur, Q)| 7. f =00nT},
Hr(curl, Q) = {f € H(curl, Q) | =, f is in L2(I")},

where we will later state precisely what we mean by m,f = 0 on I' and 7, f € L*(). In particular we
are interested in ﬂp(curl, ). Similar to Sobolev spaces there are two approaches to 7, f € L2(T'): A weak
approach by representation in an inner product and a strong approach by limits of regular functions. We
use the weak approach as definition, see Definition 4.1. The question that immediately arises is:

“Do both approaches lead to the same space?”

In [10, eq. (5.20)] the authors observed this problem and concluded that it can cause ambiguity for
boundary conditions, if the approaches don’t coincide. In fact they stated this issue at the end of section 5
in [10] as an open problem. This problem can actually be viewed as a more general question that arises for
quasi Gelfand triples, see [9, Conjecture 6.7].

We will not explicitly define the strong approach, but show that the “most” regular functions (C*°
functions) are already dense in the weakly defined space, which immediately implies that any strong approach
with less regular functions (e.g., H') will lead to the same space. This is exactly what was done in [1] for
bounded Q with I' = 9Q. Hence, we present a generalization of [1] for partial L? tangential traces and
unbounded ). In particular, we aim to prove the following two main theorems.

Theorem 1.1. Let Q be a (possibly unbounded) strongly Lipschitz domain and T'y C 02 such that (Q,T1) is
a strongly Lipschitz pair, then C(R3) is dense in Hp, (curl, Q) with respect to e cun Q-
 (curl,

Theorem 1.2. Let Q be a (possibly unbounded) strongly Lipschitz domain and Ty C 0 such that (Q,Ty) is
a strongly Lipschitz pair, then C (R®) is dense in Haq (curl, Q) NHy, (curl, Q) with respect to ||’||ﬁm(Cur1 Q)

However, it turned out that it is best to prove them in reversed order.

The importance of our density results lies in the context of Maxwell’s equations with boundary conditions
that involve a mixture of 7w, and 7, in the sense of linear combination, e.g., this simplified instance of
Maxwell’s equations

OE(t,¢) = curl H(t, (), t>0,¢ €9,
O H (t,¢) = —curl E(t, (), t>0,(e€Q,
mE(t,§) + - H(t,§) =0, t>0,¢ely,
- E(t, &) =0, t>0,¢ely.

In order to properly formulate the boundary conditions we need to know what functions £, H have tangential
traces that allow such a linear combination. Especially when it comes to well-posedness our density results
are needed to avoid the ambiguity that was observed in [10].

As suspected by Weiss and Staffans in [10] the regularity of the interface of Ty C 9Q and I'y :== 92\ Ty
seems to play a role. At least for our answer we need that the boundary of T'g is also strongly Lipschitz.
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In particular our strategy is based on the following decomposition from [4, Thm. 5.2] for bounded
Hr, (curl, Q) = H} (Q) + VH, (9), (1)

which requires (2,Tg) to be a strongly Lipschitz pair. For our main result we consider the intersection of
Haq(curl, Q) and (1)

Hoq (curl, Q) N Hp, (curl, Q) = H}O (Q) + Hoq(curl, 2) N VIiI%O Q).

Every element of H%O(Q) can be approximated by a sequence in Cff(’] (R3) w.r.t. [ll2 () (see [3, Lem. 3.1]),

which is a stronger norm than the “natural” norm of I:Iag(curl,Q). Hence, the challenging part will be
finding an approximation by CICZ‘(’) (R3) elements for all elements in

Hpo(curl, Q) N VAL (Q).

It even turned out that, if we can prove the decomposition (1) also for less regular T'g, then our main
theorems would automatically generalize for those less regular partitions of 9€2, since this is the only occasion
where the regularity of I'y is used.

Finally, we will conclude the results for unbounded €2 by localization.

2. Preliminary
For Q2 C R? open and ' C 9 open we use the following notation (as in [3])
C=(Q) = {f € C(Q) | supp f is compact in Q},

C%O(Q) = {f|Q ‘ fe ém(Rd),dist(F,suppf) > O},

and H'(€2) denotes the usual Sobolev space and HL () is the subspace of H!(Q2) with homogeneous boundary

. 5 H' ()
data on T, i.e., HL(2) = C2 () .
Note that the trace operators m, and ~, are called tangential traces, because v-m,f =0and v -, f = 0.

Hence, it is natural to introduce the tangential L? space on I' C 9Q by
L2(0) ={f e L*(D)|v- f=0}.

This space is again a Hilbert space with the L2(I') inner product. Moreover, both WTGS?Z\F(RS) and

1 Coonr (R3) are dense in that space.
Next we recall the definition of a strongly Lipschitz domain, see e.g., [6]. Moreover, we need H! spaces
on strongly Lipschitz boundaries, see e.g., [8] for a careful treatment.

Definition 2.1. Let © be an open subset of R%. We say € is a strongly Lipschitz domain, if for every p € 0
there exist €, h > 0, a hyperplane W = span{wy, ..., wq_1}, where {wy,...,wg_1} is an orthonormal basis
of W, and a Lipschitz continuous function aw : (p + W) N Be(p) — (—%, %) such that

NCen(p) ={z+aw(x)v|z e (p+W)NB(p)},
QNCep(p) ={z+sv|ze(p+W)NB(p),—h <s<aw(z)},

where v is the normal vector of W and Ce ;(p) is the cylinder {z + dv|x € (p+ W) NB(p),d € (—h,h)}.
The boundary 0fQ is then called strongly Lipschitz boundary.
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Ce,hr(p) w

}o

Fig. 1. Lipschitz boundary.

The hyperplane W and the vector v induce a new coordinate system centered in p. With respect to this
coordinate system the boundary of €2 is locally given by the graph of a Lipschitz continuous function, see
Fig. 1.

Corresponding to a strongly Lipschitz domain we define the following bi-Lipschitz continuous mapping

. oNNCen(p) — B(0) CRIL

where we used W as the matrix [w1 - wa—1]. We call this mapping a strongly Lipschitz chart of 9 and we
call its domain the chart domain. Its inverse is given by

= B.(0) CRY“Y — 99N Cenlp),
' r = p+Waz+a(z),

where we define a(z) := aw (p + W), which is then a Lipschitz continuous function from B.(0) C R4~! to
R. Charts are used to regard the surface of Q locally as a flat subset of R%~!. Every restriction of a chart
k to an open I' C 90 is again a chart.

Definition 2.2. Let Q be a strongly Lipschitz domain in R, Then we say that an open I'g C 952 is strongly
Lipschitz, if for every p € Ty there exists a chart k: 9Q N Cep(p) — Be(0) € R4 such that k(Tp) is a
strongly Lipschitz domain in R%1.

The boundary 9I'g is then called strongly Lipschitz boundary.

Note that it is sufficient to reduce the condition in the previous definition to p € 9T instead of p € L.

Definition 2.3. We call (Q2,T) a strongly Lipschitz pair, if Q is a strongly Lipschitz domain and T'y C 99 is
strongly Lipschitz.

Note that if Ty C 99 is strongly Lipschitz, then also I'y := 9Q\ Ty is strongly Lipschitz. Hence, if (€2, T¢)
is a strongly Lipschitz pair, then also (£2,T') is.

Since we only deal with strongly Lipschitz domains and boundaries, we will omit the term
“strongly” and just say Lipschitz domain, Lipschitz boundary and Lipschitz chart.

Recall the definition of a H! function on the boundary of a Lipschitz domain, see e.g., [8]. Since we only
need the following for bounded domains we will state the following definition only for bounded domains.
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Definition 2.4. Let 2 C R? be a bounded Lipschitz domain. We say f € L2(9Q) is in H(95), if for every
Lipschitz chart k: I' — U the mapping

fok™ isin HYU).
3. Density results for W (£2)

In this section we restrict ourselves to bounded Lipschitz domains 2. However, this is mostly for conve-

nience.
Definition 3.1. Let © C R? be a bounded Lipschitz domain. Then we define
W(Q) = {f e H(Q)] f|,, € H'(0Q)},

1/2
2 2
1wy = (1 1@y + 1 g om))

The next lemma a is a crucial tool in our construction. The basic idea is: Take a smooth function f
with compact support on a flat domain (U C R9~1) extend it on the entire hyperplane R?~! by 0, and
then extend it constantly in the orthogonal direction, i.e., F' ((f\)) = f(¢), where ¢ € R%! and A € R.
Multiplying with a cutoff function y makes sure that this extension has compact support. By rotation and
translation this can be done for arbitrary hyperplanes. Fig. 2 illustrates the construction.

‘ Ce,n(p)
supp x v

supp f

Fig. 2. Illustration of the construction of Lemma 3.2.

Lemma 3.2. Let Q C R4 be a bounded Lipschitz domain, T' C 09, k: T’ — U be a Lipschitz chart and
f € HY(0Q) with compact support in T' C T'. Then there exists an F € H*(R%) N W(Q) N IiIéQ\F,(Q)
such that F|aQ = f. Moreover, there exists a sequence (Fp)nen i ég"mr, (R?) that converges to F w.r.t.
[l Ry + Il gy, @€, Fn converges to F in HY(RY) and Fn‘ag converges to F’aﬂ in H1(99).

Proof. Let p, W and v be the point, hyperplane and normal vector, respectively, to the chart k. In particular
k! is given by
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=y UCR4t — T,
’ x = p+Wz+a(x)v,

where U is open and « is the Lipschitz function. Let x € (o]‘x’(R) be a cutoff function such that
{1}, Al <#2lall,
X(A) € 410,1], [\l € (3/2,2)all

0}, Al>2[a].. T sfallall, 2lall.

By definition f = fok™!isin H'(U) and since f has compact support in IV we conclude fe ﬁl(U) with
support in U’ := k(I") Note that we can extend f € HY(U) on R% by 0. We define

F(¢) =xw-(—p)f(WT(¢—p) for ¢eR

The support of F is inside of a rotated and translated version of U’ x supp x, in particular
suppF Cp+ [W 0] (U’ xsuppy) = =.

Note that by construction of x we have supp F' N 92 C I, therefore F‘[)Q\I" = 0. Since f € HY(R1) it

is straightforward that F possess L?(R?) directional derivatives in W directions. Moreover, by construction
(and the Leibniz product rule) 2F = X' f(WT(- — p)), which implies F € H!(R%). By definition of a
Lipschitz chart we have |v- (¢ —p)| < ||a||, for ¢ € T and hence

F(O)=x(w-(C—p) fWT(¢—p)=Ffok()=f() for CeT

=1

(a.e. w.r.t. the surface measure).
By assumption on f there exists a sequence (f,)pen in C°(U) that converges to f w.r.t. [l (¢r)- Note
that f, is also in C*°(R%~1). We define

Fu(Q) =x(w- (¢ —p)fa(WT (¢ —p)) for ¢eR?

Note that F), is the composition of C* mappings and therefore in C>°(R?). Again, the support of F, is
contained in the bounded set = and therefore compact, which implies F,, € C>(R%). Note that F,ok™! = fn,
which implies (F}, o k™1),en converges to f w.r.t. [l 2 27y~ Since Fn|89\F =0= F{BQ\F we conclude

Fn’(m — F’é)Q in H!(0Q). Finally,

1 = Flli gy < X ool (Fo = DOV = 2Dl ) < 2Malloe X ol F = Fllggr ) = 0
finishes the proof. O
We will formulate a generalization of [1, 2. Preliminaries].

Theorem 3.3. Let @ C R? be a bounded Lipschitz domain and T C 99 open, (in 9). Then C°(R%) is dense
in W(Q) NHL(Q) w.r.t. I+l 0)-
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Proof. Since 2 is a Lipschitz domain we find for every p € 9Q a cylinder C. 1 (p) (¢ and h depend on p) and
a Lipschitz chart k: 9Q N C. 5 (p) — Be(0) C R4~1,

Hence we can cover 0f) by Upe 90 Ce,n(p) and by compactness of 0€) there are already finitely many p;,
i € {1,...m} such that

oN - U C€i7hi (pl)

=1 Yo

We use the short notation C; := C., »,(p;). We employ a partition of unity and obtain («;)!,, subordinate
to this cover, i.e.,

a; € C®(Cy), ai(¢) €[0,1], and Zal =1 forall (€.

For f € W(Q) NHL(Q) we define f; == a;f. It is straightforward to show f; € W(€) N HA(Q). For every C;
there is a Lipschitz chart k;: I'; — U; C R, where I'; = 9Q N C;. Moreover, f;
where T¢ = (Q\ I).

By Lemma 3.2 there is an F; € HY(RY) N W () ﬂHéQ\(FmFG)(
(Fin)neN in CB?)\(FmFG)(Rd) C C(R?) that converges to F; in H!(R?) and in W (). Hence, we have

‘BQ has support in I'; NI,

Q) such that F; |89 fZ|BQ and a sequence

f_iFi = ifz —F e IiIl(Q),
i=1 i=1

which can be approximated by (Fon)nen in C*°(Q). Hence, (>Xr, Fiv")neN is a sequence in (ojl‘ZO(Rd) and
converges to f in W(Q). O

4. The bounded case
4.1. Density result with homogeneous part
In this section we will finally define the Sobolev spaces with homogeneous and L? partial tangential
traces, respectively. Then we will prove one of the main results for bounded domains.
We will use a weak definition for the tangential trace and twisted tangential trace as, e.g., in [5].
Definition 4.1. Let © be a (possibly unbounded) Lipschitz domain and I' C 9 open (in 99).
o Wesay f € H(curl,Q) has a L2(T) tangential trace, if there exists a ¢ € L2(T) such that

(f,curl ¢>L2(Q) — (curl f, ¢>L2(Q) = <q,’7'r¢>Lg(r) Vo € ég?z\r(RS)~

In this case we say 7, f € L2(I') and 7, f = ¢ on I' or more precisely WT’Ff =gq.
o Wesay f € H(curl,Q) has a L2(T) twisted tangential trace, if there exists a ¢ € L2(T) such that

(curl f, ¢>L2 Q) — (f, curl ¢>L2 Q) — <Q77TT¢>L2 (1) Vo € é%\F(R3)~

In this case we say v, f € L2(T') and v, f = ¢ on I" or more precisely %‘Ff =q.
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Note that the previous definition does not say anything about mf on 99Q \ I'. Moreover, the notation
T |F and ;| is an abuse of notation, which should indicate that we only look at the part I" of the boundary

o9

e

Remark 4.2. Note that v x ;¢ = —7-¢ and (¢, 7+¢) 2 T = (VX q, v X Y7rd) 12 (r)- Hence, we can easily see
that 7, f € L(T) is equivalent to v, f € L2(I') and v, f = v x 7, f.

Definition 4.3. Let Q be a (possibly unbounded) Lipschitz domain and I' C 92 open (in 0f2). Then we define
the space

Hr(curl, Q) == {f € H(curl, Q) | =, f € L2(I")}

with its norm

2 2 2 /2
1 Mg eurneny = (171 + lewr £ e + 7o f o))
For ' = 99 we will just write H(curl, Q) instead of Haq(curl, Q).

Definition 4.4. Let Q be a (possibly unbounded) Lipschitz domain and I' C 92 open (in 0f2). Then we define
the space

Hr(cwl, Q) = {f € Ar(cwl, Q) | 7. |.f = 0}.
For T' = 99 we will just write ﬁ(curl, Q) instead of ﬁag(curl, Q).

In [3, Thm. 4.5] it is shown (for bounded €2) that C°(Q) is dense in Hp(curl, Q) w.r.t. I+l eurt, ) 1€

o = H(curl,2)
Hr(curl, Q) = C ()

Hence, for homogeneous tangential traces there is already a version of the desired density result.
Note that the hat on top of the H indicates partial L? boundary conditions and the circle on top indicates
partial homogeneous boundary conditions.

Remark 4.5. We can immediately see
Hr (curl, Q) C Hy(curl, Q).
Since 7, f € L2(T") is equivalent to 7, f € L2(I") we have
Hr(curl, Q) = {f € H(curl, Q) |y, f € L*(I")}.
Since 7 f = 7 f x v, we have | fll 2 = |7+ fll12(r) and

2 2 2 i
||fHI:IF(Cur1,Q) = (Hf||L2(Q) + ||Cur1f||L2(Q) + H%f”w(r)) g

Remark 4.6. Since we use representation in an inner product, one can say that we have defined I:Ip(curl7 )
——HAr(curl,Q)
weakly. Another approach could have been to regard C>*(R3) , which could be called a strong

approach. From this perspective the result we are going to show basically tells us that the weak and the
strong approach to H(curl, Q) fields that possess a L2(T") tangential trace coincide.
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Recall the decomposition (1) for a Lipschitz pair (€, T), where € is bounded:

HFD (curl, Q) = ( )+ VHFO( ).

Note that every element in HILO () is already in H(curl, Q) NHr, (curl, Q). Moreover, by [3, Lem. 3.1] Cii‘; (R3)
is dense in H%O () w.r.t. |||l () and therefore also w.r.t. [+ cun,0)-
Hence, it is left to show that every

f e Vi (2) nH(curl, Q)

can be approximated by a Cl‘ico (R3) function (w.r.t. 1 (curt,0))-

The following result seems obvious at first glance, but needs a bit of preparation to be shown. One must
resist the temptation to show it for smooth function and conclude it by density, since this would lead to a
circular argument. Luckily, it is basically [8, Thm. 4.2] and therefore already shown.

Lemma 4.7. Let Q) be a bounded Lipschitz domain, I'y C OS2 open and f € H%O (Q) such that V f € H(curl, Q)
(in particular 7,V f € L2(0)). Then 7, Vf = VTf’(m and f € W) N H}O(Q)

Proof. Since Vf € ﬁ(curl, Q), we know that m,Vf € L2(99) which implies f‘aﬂ € H(092) and VTf|{m =
7.V [, see [8, Thm. 4.2]. Therefore, we conclude f € W(Q2). O

This brings us to our first main theorem.

Theorem 4.8. Let Q be bounded and (2,To) a Lipschitz pair. Then Cii‘g) (R3) is dense in H(curl, Q) N
Hp, (curl, ) w.r.t. |l cun,0) -

Proof. Let f € ﬂ(curl Q)N ﬁpo (curl, Q) be arbitrary. Then we can decompose f into f = f; + V fa,
where f; € H1 ( ) and f; € H1 ,(2). Note that f € H(curl,Q) and f; € H(curl, Q), which implies V f, €
H(curl, Q) N VH1 , ().

By [3, Lem. 3. 1] f1 can be approximated by C%‘; (R3) functions w.r.t. [[ll2 () and therefore also w.r.t.

|| ||H(curl7Q)'

By Lemma 4.7 we know that fo € W(Q) N H%O (). Hence, we can apply Theorem 3.3 and obtain a
sequence (f2,n)nen that converges to fo w.r.t. |||l (o). This gives

192 = ¥ foleuncry = IV (2 = Fea) 22y + lewrl V(fz = fon)lPaoy + I V(fz = fon) P om)
—_— ——
=0

<lf2 = ol oy + 12l o0 = Fomloallies o

2
= lf2 = fomlw — 0

which finishes the proof. O
4.2. Density result without homogeneous part

Since we already know that Ciioo (R3) is dense in H(curl, Q) N Hp, (curl, Q), we can show the density of
C>(R3) in Hr, (curl, Q) by a duality argument, which we will present in this section. This argument can be
done in just a few lines within the notion of quasi Gelfand triples [9]. However, in order to stay relatively
elementary we extract the essence and build a proof that avoids the introduction of this notion.
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Basically we mimic the abstract boundary space for the tangential trace by ﬁ(curl, )%, which can also
be viewed as the boundary space as it is isometrically isomorphic.

Our standing assumption in this section is that  is bounded, (£2,T'9) is a Lipschitz pair and I'; := 9Q\T.

Note that the boundedness of 2 is only necessary to apply Theorem 4.8. However, we will later be able
replace this by Theorem 5.5

Corollary 4.9. If f € Hp, (curl,Q), then

(e meg)e(ry) = (cwrl f,9)12q) — (f; curlg)po g
for all g € H(curl, Q) N Hp, (curl, Q).
Proof. For f € Hr, (curl, ) we have by definition

(-, 7T79>L2(r1) = (curl f, g>L2(Q) —(/; CUY19>L2(Q)

for all g € CI‘Z‘; (R3). Since this equation is continuous in g w.r.t. ||'||ﬁ(cur1 q)» We can extend it by continuity

—— T (curl,Q) . .
to g € C° (R?) and by Theorem 4.8 to g € H(curl, 2) N Hp, (curl, Q). O

Lemma 4.10. We have the following identity
IiI(culrl7 Q)+t = {f € H(curl, Q) | curlcurl f = —f},

where the orthogonal complement is taken in H(curl,Q), i.e., w.r.t. (-, -)H(Cuﬂ 0)- Moreover, curl leaves the

space H(curl, Q)L invariant.

Proof. Note that by density of ¢ () in ﬁ(curl, Q) both spaces have the same orthogonal complement.
Hence,

feH(cwl,Q)t < 0=(/f, 92 + (curl ficurlg)rz ) Vg€ ¢ (0)

<  cuwrlf € Hlcur,2) and curlcurl f =—f. O

Lemma 4.11. Let P be the orthogonal projection on H(curl, Q)* (in H(curl, Q)) Then H(curl Q) N
Hr, (curl, Q) is invariant under P, i.e., f € H(curl, Q) NHp, (curl, Q) implies Pf € H(curl, ) NHr, (curl, Q).

Proof. Since I — P is the orthogonal projection on ﬁ(curl Q) and H(curl, Q) is a subspace of H(curl, ) N
Hp, (curl, ), we conclude that (I— P)f € H(curl, Q) N Hp, (curl, Q) for every f € H(curl, ). Now for every
f € H(curl, Q) N Hy, (curl, Q) we have

Pf=f-(1-P),
which is in H(curl, Q) N Hp, (curl, ), as linear combination of H(curl, Q) N Hp, (curl, Q) elements. O
Lemma 4.12. For every q € 7, (ﬁ(curl, Q) N Hp, (curl, Q)) there ezists a g € H(curl, Q)L such that
curlg € H(curl, Q) N Hp, (curl, Q) N H(curl, Q)Y and  w, curlg = q.
In particular,

T (ﬁ(curl, Q) N Hp, (curl, Q) =, (Iﬁl(curl7 Q) N Hp, (curl, Q) N H(curl, Q)J‘)
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Proof. By assumption we have ¢ = 7. f for f € H(curl,Q) N ﬁpo (curl, Q). Let P denote the orthogonal
projection on IiI(curLQ)L. Then by Lemma 4.11 we can decompose f into f = Pf + (I — P)f, where
both Pf and (I— P)f are also in H(curl, Q) N Hy, (curl, Q). Moreover, (I — P)f € H(curl, Q), which gives
7+ (I — P)f = 0 and therefore

q= 7T7—f = 7T7—Pf.
Since Pf € ﬁ(curl, Q)+, we have curl curl Pf = —Pf. Thus defining g = — curl Pf finishes the proof. O
Now we finally come to our second main theorem.

Theorem 4.13. C°°(R3) is dense in Hr, (curl, Q) w.r.t. ||-||HF1(CM1’Q).

Proof. By the definition of the norm of Hp, (curl, Q) the mapping ~,: Hr, (curl, Q) C H(curl, Q) — L2(I';)
is closed. We define the following restriction of -,

_ ] C>*(R? CH(cwl, Q) — L2(I)),
o foe ol

Since 7, C v, we conclude
35 277
1. Step: Calculate dom7*. Let ¢ € dom¥*. Then there exists a g € H(curl, Q) such that
ek Dreryy = D ageune) = 912 ) + {curl frcurl g) o g (2)
for all f € C(R3). For f € Clofi (R3), we obtain
0=(f, g)LQ(Q) + (curl f, curlg}Lzm)7
which implies curlg € IjIrD (curl, Q) and curlcurlg = —g, and by Lemma 4.10 g € fl(curl, Q)1 Hence,

we revisit (2), where we extend ¢ by 0 outside of I’y in 92 and use the full twisted tangential trace v,
(on all of 8Q) for f € C=(R?)

v+ f, q)LQ(aQ) = —(f, curl curlg)Lz(Q) + (curl f, curlg)Lz(Q).
This implies curl g € ﬁ(curl, Q) and g = 7, curl g. Consequently,

dom#; C 7, (H(curl, Q) N Hr, (curl, Q) N H(curl, Q)*4)
=7, (ﬁ(curl, Q) N Hy, (curl, Q).
2. Step: Calculate dom~:. If ¢ € 7, (H(curl, ) N Hy, (curl,2)), then by Lemma 4.12 there exists a g €

H(curl, Q) such that curlg € H(curl, Q) N Hp, (curl, Q) and 7, curl g = ¢. Hence, by Corollary 4.9 for
f € Hy, (curl, Q) and curl g we have

<77’f7 Yr curl g>L2(1"1) = <cur1 fv curl g>L2(Q) - <fa curl curl g>L2(Q) = <f7 g>H(cur1,Q)7

=q =—9
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which implies ¢ € dom v;. Consequently,
dom~} D 7, (ﬂ(curl, Q) N Hy, (curl, Q)).
3. Step: Combining the results of the previous steps yields
Tr (ﬁ(curl, Q) N Hp, (curl, Q)) 2 dom7: 2 dom~; D 7, (ﬂ(curl, Q) N Hy, (curl, Q).

Hence, 7 = v and therefore

= ~k

V=7 =% =7
which implies C>°(R3) is dense in Hp, (curl, Q) w.r.t. the graph norm of ~, which is Il (curne)- O
 (curl,
4.3. Integration by parts

Let Q C R? be a Lipschitz domain and I'y,I'; € 99 a decomposition of 92 such that (2, T) is a Lipschitz
pair. The integration by parts formula

(curl f, g>L2(Q) -/, Cur19>L2(Q) = (1, 7779>L2(r1)

is a priori valid for f € C°°(R3) and g € Ciioo (R?:)' Moreover, by deﬁrAlition of Hr, (ct&rl, Q) and Hag (curl, Q)N
Hr, (curl, Q) we can extend this to either f € Hp, (curl, Q) or g € Hoq(curl, ) N Hp, (curl, 2), but a priori
not to both simultaneously.

As we have seen in Corollary 4.9 one density result is already sufficient to show that a simultaneous
extension is valid. However, with both density results we conclude that this extension is even a continuous
extension.

5. The unbounded case

In this section we consider an unbounded Lipschitz domain  C R3 such that (£2,T) is a Lipschitz pair
for I'y C 9 and we define I'; := 9Q \ Tp.

The main idea is to multiply a vector field f € ﬁpl (curl, Q) with a cutoff function x that is supported on
a sufficiently large ball such that || f — x f ”ﬁrl (curl,0) < € for given € > 0. Then we only have to approximate
xf with smooth vector fields. This reduces the problem again to bounded domains, as the support of x f is
bounded.

In order to execute these ideas we show some technical lemmas, that explain how the boundary conditions
are inherited in a smooth cutoff process. Intuitively the lemmas are obvious, however we present them for
completeness.

Lemma 5.1. Let f € Hp, (curl, Q) and x € C°(R3). Then xf € Hr, (curl, Q) with w0 (xf) = x7rf on Ty.

Proof. Let ¢ € CI‘Z‘; (R3). Note that by the product rule for curl we have curl(xf) = ycurl f + Vx x f.
Moreover, we have x¢ € C° (R?) and we denote 7, f as ¢ € L2(I';) on T';. Hence,

(¢, curl(x f)) 2y = (& xewrl f) 2 (q) + (0, VX X L2 = (X&, curl f)ra ) = (VX X ¢, [z
= (curl(x¢), f>L2(Q) + (v (x9), Q>L3(r1) —(Vx x ¢, f>L2(Q)

= (xeurl ¢, f)r20) + (17 X0 121,
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which implies xf € Hp, (curl, Q) with 7. xf = x¢. O

Corollary 5.2. Let f € Hpg(curl, Q) NHp, (curl, Q) and x € C®(R3). Then xf € Hao(curl, Q) NHr, (curl, Q)
with 7 (xf) = x7f onTy.

Proof. By Lemma 5.1 applied with I'; = 9Q we have yf € Hoq(curl, Q) and 7. xf = x7,f. Since . f = 0
on I'y we conclude that also 7, xf = 0 on I'g and consequently x f € flpo (curl, Q). O

Lemma 5.3. Let f € H(curl, Q) N Hp, (curl,Q), p € 9Q, a € C(Cen(p)), Qp = QN Cep(p) and Iy, =
Iy Nsupp a.. Then af € H(curl, Q,) ﬂIiIan\m(curl, Q) with m-af = am, f on OQy,, where w, f is extended
by 0 on 09, \ 0Q.

The setting of the previous lemma is illustrated in Fig. 3.

il

-
~<o
~
-
-

Fig. 3. Illustration of the setting of Lemma 5.3

Proof. Note that of € H(curl, Q) N Hr, (curl, Q) by Lemma 5.1. Hence, for ¢ € C>(R?) we have

(curl ¢, af>L2(Qp) — (¢, curl 0lf>L2(Q,,) = <CUT1¢,Olf>L2(Q) — (¢, curl af>L2(Q) = <%¢,0”Trf>L2(p1)

= (19, 047T7f>L2(r1,p) = (-9, CWTf>L2(aQP)

Hence, af € ICI(curLQp). Moreover, if we choose ¢ € Cl‘ij (R3) in the previous equation we conclude
P

af € ﬁaﬂ\m(cuﬂ, Q,). O

Remark 5.4. Note that in general the intersection of Lipschitz domains is not a Lipschitz domain. Roughly
speaking this is because of the angle between the sets. However, for p € 0 the intersection €2, = C. 5, (p) N2
of the cylinder C. j,(p) and € is again a Lipschitz domain. Moreover, (£2,, T'9N€2,) is a Lipschitz pair. Roughly
speaking here the assumptions on C. j(p) make sure that angle is not 0.

Finally, we show that density result for unbounded domains.

Theorem 5.5. Let ) be an (unbounded) Lipschitz domain such that (2,Tg) is a Lipschitz pair. Then Cl‘icf’) (R3)
is dense in Hog (curl, Q) N Hp, (curl, Q) w.r.t. ||-||ﬁm(cur17ﬂ).

Proof. Let f € Hyq(curl, Q) N Hy, (curl, Q).
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1. Step: Reduce to bounded case. Then for given e there exists an r > 0 such that

1f =1, ©0)fllL2) < €
[eurl f — 1p, (o) curl fllg2q) <€,

||7T7'f - ]lBT(O)WTf”L?(aQ) <e
This is a consequence of monotone convergence. We choose y € éoo(R3) such that
suppx € B,12(0), x(¢) €[0,1], x=10onB,(0) and [Vx|, <1.

Such a function can be constructed by convolving 1g (g) with a suitable mollifier. By Lemma 5.1 we
have xf € Haq(curl, Q) N Hy, (curl, Q) with 7,xf = x7-f. Moreover,

”f - Xf||L2(Q) < 2e,
[eurl f — curl x flp2(q) < llewrl f — xcwrl fllpzq) + VX X fllpzq) < 4e,

[mrf = x7r fllr2(0) < 26

Hence, [|f = X fllf1,q cur,0) < 8€.

2. Step: Localize by partition of unity. We define O, = C. (p) for p € 02 N B,42(0), where C. 5 (p) is a

cylinder that fits the Lipschitz assumptions of 2 and O, = B.(p) for p € QNB,12(0), where ¢ > 0 is such
that Bc(p) € Q. Then (Op)pe90u0)nB,1(0) is a covering of QN B, 2(0). Since &N B,12(0) is compact
there exists a finite subcovering (0;)%_,. We define Q; = O; N Q. Moreover, we employ a partition of

unity subordinate to this covering and obtain functions (a;)¥_; such that
k —_—
a; € C*(0;), «;(¢)€]0,1], and Zai(C) =1 for ¢€QNB,42(0)
i=1

We define I' ; := I'1 Nsupp ;. Hence, if O; is a cylinder, then a;x f € ﬁaQi (curl, ;) ﬂﬁagi\m(curl, Q)
and if O; is a ball, then a;xf € Hggq, (curl, ;). In both cases we can extend these functions to £ by 0
outside of €; and obtain an element of Hyg (curl, Q) N Hy, (curl, ©2).

Moreover, we can approximate these functions by ég?]i\m(R?’) functions (that vanish on €\ ;)
w.rte [l eun,n,) Py Theorem 4.8. Since the extended versions are 0 outside of §2; we conclude this

approximation also in ﬂag(curl, Q). Hence, we can approximate every a;xf by a sequence in 01‘2‘[’) (R3)

(w.r.t. ||'||ﬁm(cur1,9))-
We denote these sequences by (fin)nen and we choose n € N so large that ||a;x f— fiv"”ﬁ@g(curl o <%

Since x f = 0 outside of B,2(0), we have Zle a;xf = xf and therefore

k
ﬁasz(curl,Q) S Hf N Xf”ﬁaQ(CUYLQ) + ;”O”Xf - fi7n||ﬁan(0url’9)

-3 hn
=1

<8 +e O

Corollary 5.6. Let Q be an (unbounded) Lipschitz domain. Then C>() is dense in H(curl,Q) w.r.t.

||'||H(cur1,Q)'

Proof. This is just a special case of Theorem 5.5, namely 'y = 0Q2. O
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In order to generalize the other main result for unbounded domains we have two options: Either repeating
the strategy of this section with small adaptions or repeating Section 4.2. The second option is more
convenient as we only need to observe that boundedness was only used for Theorem 4.8, which we can now
replace by Theorem 5.5. Hence, we obtain the following theorem.

Theorem 5.7. Let Q be an (unbounded) Lipschitz domain such that (0, T1) is a Lipschitz pair. Then C®(R?)
is dense in Hp (curl, Q) w.r.t. i (curl0)-
; (curl,

Proof. Repeat Section 4.2 and replace Theorem 4.8 with Theorem 5.5. O

Corollary 5.8. Let Q be an (unbounded) Lipschitz domain. Then C°°(R3) is dense in H(curl, Q) w.r.t.

||‘||H(curl7Q)'

Proof. This is just a special case of Theorem 5.7, namely I'y = 0. O
6. Conclusion

We have defined H(curl, Q) fields that possess an L? tangential trace on I'y C 99 via a weak approach
(by representation in the L?(T';) inner product) and showed that the C°° fields are dense in this space. This
is a generalization of [1], where the case I'1 = 02 was regarded. Moreover, we lifted the result to unbounded
domains. In fact for partial tangential traces there is the second question about the density with additional
homogeneous boundary conditions on Ty = 9\ T';. This was exactly the open problem in [10, Sec. 5],
which we could solve. In particular they were asking whether Hllo (Q) is dense in ICI(culrl7 Q)N ﬁpo (curl, ),
which is in fact a weaker version of Theorem 4.8. We answered this question even for unbounded domains
with Theorem 5.5.
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