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1. Introduction

The dynamics of electromagnetic fields is described by Maxwell’s equations, which for
classical materials take the form

OpeE + oE — curlH = —J,
OopH + curl E = 0,

where Jy denotes time-differentiation, E the electric field, H the magnetic field. The term
J summarises external current densities exciting the field, £ and u describe dielectricity
and permeability of the medium, o its conductivity. Here, we consider Maxwell’s equa-
tions subject to the electric boundary condition; that is, we ask the electric field to have
a vanishing tangential component at the boundary of the underlying domain  C R3. If
) is regular enough to allow for a well-defined unit outward normal field n: 692 — R3,
the strong form of the mentioned boundary condition reads

E xn=0onoN.

It is possible to generalise this condition in a similar way to homogeneous Dirichlet
boundary conditions also to 2 lacking the regularity for a well-defined unit outward
normal. This will be detailed later in the text. For the time being we shall use curl to
denote the curl operator with the additional constraint of the appropriate generalisation
of vanishing tangential component at the boundary. Consequently, the above mentioned
Maxwell’s equations subject to the boundary condition read

() (o)l ) )= ()

There is a suitable abstract framework, see [25], extended, for example in [26,30,36,37,
41,42], to incorporate dissipative, non-autonomous, and nonlinear systems. If for ex-
ample €, u, o are all selfadjoint, non-negative, given e.g. by non-negative, real scalar
Lo-multiplication-operators, then this abstract framework yields — with well-chosen
boundary conditions — well-posedness of the problem, if we assume that p and € + o
are both strictly positive. This allows for a type change by having ¢ = 0 in some re-
gions (eddy current case) and e strictly positive in others. This eddy current problem
is well-understood and well-justified, see [21] or [42, Section 5.3]. The problem we want
to investigate here goes, however, one step further. We assume € = 0 everywhere and o
may still vanish in some regions, as e.g. suggested in [5].
In the case € = 0, we eliminate H and obtain

OgoE + curl/flclirlE = —0pJ (1)
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as a degenerate eddy current problem, which formally has parabolic regions, where o is
strictly positive, and elliptic regions, where o vanishes. Note that this indeed represents a
particularly degenerate situation for if o vanishes in some regions, the resulting problem
still has a null-space, stemming from the infinite-dimensional null-space of the curl-
operator. In the derivation to be carried out below this is in fact the crucial observation.

In a sense the problems discussed in this manuscript can also be regarded as the
parabolic extension of the framework provided for elliptic type problems presented in
[38], where nonlinear differential inclusions in divergence form have been discussed.

The extended abstract framework of [26] still allows us to incorporate the degenerate
situation, where o is only supported in a bounded subset 2. of the underlying open set
Q (with positive distance to the boundary of Q).

Although electromagnetic fields are generally accepted to be controlled by Maxwell’s
equations, it is still well established with engineers, see e.g. [1,11], to discard Maxwell’s
correction; that is, the displacement current term. It appears that the rigorous justifica-
tion of the above degenerate eddy current problem, where € = 0 and o vanishes in some
region, is still open or rather unattainable.

For a survey concerning the eddy current problem the reader may consult [7, Chapter
8] and for various variants [17]. We shall furthermore refer to [3,2,4,32] for the eddy
current problem particularly considered in the time harmonic case. A convergence result
relating the non-vanishing dielectricity case to the eddy current version of Maxwell’s
equations is also presented in [32]. We connect this convergence statement to the one
derived in the concluding section of the paper at hand at the end of this manuscript, see
Remark 6.3. We refer to [35] for a mathematical treatment of eddy current type problems
and a selection of applications.

For a treatment of the full time-dependent problem with nowhere vanishing o, we refer
to the recent paper [12]. This treatment prerequisites more assumptions on the smooth-
ness of the boundary of the underlying domain (as well as on the magnetic permeability),
which we wish to avoid here.

More specifically, our investigation is inspired by a series of papers by S. Nicaise et
al., [20,18,19]. Among other things the so-called A-¢ approach is addressed in these
references. We shall comment on this approach, when we present the complete solution
theory' for the eddy current problem discussed here, see Remark 4.22.

We will employ the theory of evolutionary equations as laid out in Section 1, see
[28,26], to analyse the structure of the degenerate eddy current problem. It will prove
to be beneficial to embed the degenerate eddy current problem into an abstract class of
degenerate parabolic systems in order to understand the mechanism of well-posedness

LA (linear) solution theory (for a linear operator B) comprises not just a description of a class of right-
hand sides f for which a solution u of Bu = f can be found, but also to identify a complete linear space,
in which the solution can be found. Furthermore, one needs to ensure that for every right-hand side f
produced by an element w in the way that Bu = f, we actually can recover the original w from this right-
hand side by applying the proposed solution procedure. Indeed, here we consider providing a solution theory
as establishing that the operator is a continuous bijection between its domain and its range as complete
linear spaces (well-posedness).
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more deeply. After a brief introduction into the theory of a problem class (Section 2),
which we will refer to as evolutionary equations or evo-systems, we shall investigate the
mentioned abstract class of degenerate parabolic problems as a special case more closely
in Section 3.

The application to the degenerate eddy current problem is then given in the concluding
Section 4. In particular, having reformulated and solved the degenerate eddy current type
problem, we shall address the validity of the equations one started out with. It appears
that this a posteriori justification of the original equation has not been addressed in the
literature as of yet. The application to the eddy current type model is discussed further
in the concluding 2 sections. There we present an alternative saddle-point formulation for
the problem at hand, which might be useful for numerical considerations. In fact a similar
strategy has led to an efficient numerical treatment of Maxwell’s equations (see [34]).
Moreover, we shall justify the degenerate eddy current model as a regular limit case of
non-degenerate problems. In the framework presented here, we are thus mathematically
justifying that the degenerate eddy current problem is indeed approachable by regular
problems so that the maybe-easier-to-solve degenerate parabolic problem leads to an
appropriate approximation of the full hyperbolic Maxwell’s equations.

2. A brief introduction to evo-systems

In this section we shall introduce the general abstract problem class we like to use as
the underlying structure of the derivations to come.

More precisely, we will discuss evolutionary equations, evo-systems for short, in the
following. These terms are chosen deliberately in order to distinguish from classical
(explicit) evolution equations, which turn out to be just a special case of the class of
evo-systems. For convenience of the reader, we gather some necessary information as
follows.

The starting idea of the evo-system approach is to realise that the time-differentiation
can be established as a normal operator in a real, weighted L2-type Hilbert space
H,o(R; H), 0 €]0,00[, see e.g. [28], characterised by

Hyo (RH) = f € L1 R H)|[fl,00 = | [ 1F () exp (~20t) dt < o0
R

where | - |, denotes the norm in the underlying real Hilbert space H. Our choice of a
real Hilbert space is no important constraint, it merely is an adjustment to account for
mostly real physical quantities. Note that every complex Hilbert space is in fact a real
Hilbert space if we restrict scalar multipliers to R and take the real part of the inner
product as the real inner product.

Please cite this article in press as: D. Pauly et al., On a class of degenerate abstract parabolic problems
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The inner product (- [ ), of Hyo (R, H) is given by

(6.0) / (6 ()1 () exp(—20t) dt,
R

where (- |- ), denotes the inner product of H. We define the time-derivative dy , (or
just Jg, if o is clear from the context) to be the distributional derivative with respect to
the first variable in H, o(R, H) with maximal domain. We also put H, 1 (R, H) := D(dp)
endowed with (9 - |9o- ) 00,0 as scalar product. This is a scalar product the induced
norm of which being equivalent to the graph norm of D(9y). Indeed, for this 9y needs
to be continuously invertible. This property on the other hand follows from maximal
accretivity of Jy. In fact, a simple integration-by-parts procedure shows that

(G + 85) = o,

| =

11—
5(80 + 85) = sym(@o) 2

where g is a short-hand for the operator of multiplying by the scalar value g. So Jy is
(real) strictly positive definite (or accretive). This observation can be lifted to obtain a
solution theory for systems (evo-systems) of the form

(B0M (85") + A)U = F,
where here we focus on simple, so-called ‘material law’ operators of the form
M (95") = Mo + 0y ' M,

where My, k € {0,1}, are certain continuous, linear operators in H. The operator A is
densely defined and closed in the Hilbert space H. All the operators My, My, and A are
(canonically) lifted to the H-valued space H, o(R; H) by being applied pointwise with
maximal domain. Re-using the notation for these lifted operators, we easily verify that
My and M; are still bounded linear operator in the extended space H,o(R;H) even
commuting with dy, that is,

Mkao - 80Mk (/C c {0, ].})

A acting in H, o(R; H) will still be densely defined and closed; the adjoint of the lifted
A is the lift of the adjoint of A having acted in H. Focusing on the simple material law
mentioned above, we want to solve evo-systems of the form

(80M0+M1+A)U:F. (2)

By solving this evo-system, we mean to show that for all F' € H,o(R; H) there exists
a unique U € H,o(R; H) satisfying (2). In other words, (9oMy + My + A) needs to be
shown to be continuously invertible.

Please cite this article in press as: D. Pauly et al., On a class of degenerate abstract parabolic problems
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Furthermore, in order to render (2) ‘physically meaningful’, we shall show that (2)
also leads to a causal solution operator, which will be quantified in the next theorem
and roughly means that there is ‘no reaction’ U, if there is ‘no action’ F. We shall
furthermore refer to [40] and to [42, Chapter 2] for a more detailed account on causality.

The issue in the context of well-posedness of (2); that is, continuous invertibility of
(m) is, see e.g. [26,42], to establish estimates of the form

(Ul (0oMo + M1+ A)U), o = co(U|U), 00 (UEDA)ND()), (3)
(VI(0oMo + My + A)" V)gyoyo >co(VIV),00 (VED(BMo+ M+ A)")) (4)

for some cg > 0.

In the following we shall employ the convention to denote by D(C), R(C), N(C) the
domain, range and kernel of a linear operator C'.

We record the following variant of [26, Theorem 2.3] or [42, Theorem 3.4.6]. For this
we briefly emphasise that in contrast to earlier treatments of this theorem, we shall
focus on the real Hilbert space case, only. In this way the real parts used for the positive
definiteness estimates in the mentioned theorems can entirely be dispensed with.

Theorem 2.1. Let My, My € L(H) with My = M. Moreover, let A: D(A) C H — H be
a closed, densely defined linear operator such that

(Wl (oMo + My + A) W)y = co (W|W) g (5)
(VI(eMo+ My +A") V) > co (VIV)y (6)

for some cq, 0o € ]0,00[ and all W € D (A), V € D (A*) and ¢ € [po, o0[. Then, equation
(2) has for every F € H, o (R, H) a unique solution U € H, o (R, H). Moreover, we have
for the corresponding solution operator the estimate

1
<

—
‘Xl—oo.,al (0oMo + My +A)  F 200 — Co ’X1—<>c-,a1F’Q,0,o

foralla € R and F € H,o (R, H), that is, we have continuous and causal dependence
on the data.

Proof. The result largely follows with the general results in [26] and is a special case of
[42, Theorem 3.4.6] or of [37, Theorem 3.1, Theorem 4.4]. Since, however, the material
law is more elementary here, we outline — for sake of transparency and to remain self-
contained — a more straightforward independent proof. By density of D(A) in H, we
obtain that D(A)-valued continuously differentiable functions with compact support are
dense in H, o(R; H).

Thus, letting U € Cy(R; D(A)) and using the Cauchy-Schwarz inequality as well as
integration by parts, we obtain

Please cite this article in press as: D. Pauly et al., On a class of degenerate abstract parabolic problems
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|X1—oc,a1U‘g,0,0 X e g (D0 Mo + My + A) U|g,0,0
> (X oe. Ul (B0 Mo + My + A)U)

a

_ / (U] (80 Mo + My + A)U) () exp (~20t) dt

0,0,0

— / %<U|MOU>;I (t) exp (—2pt) dt + / (UM U)  (t) exp (—20t) dt

+ / (UJAU) 4 (t) exp (—2pt) dt
1 a
— 5 M) 5 (@) exp (~200) + ¢ [ (1MUY (8) exp (~20) ds ()
+ / (UM U) g (t) exp (—20t) dt + / (U|AU) ; (t) exp (—2pt) dt
29/ (UIMoU),; () exp (—2t) dt + / (UMY, (1) exp (—20t) dt
+ / (UJAU) 4 (t) exp (—2pt) dt
_ / (U] (oMo + My + A)U)  (£) exp (—2ot) dt

— 00

> <X],m,a1U|X]—w,aJU>g,o,o :

Letting a — oo in (7) we get (3) with a density argument. Similarly, we obtain (4)
by re-doing the above estimate for a = oo and A replaced by A* (in which case there
is no point-evaluation at the upper time boundary value and we need to confirm that
(OoMo + My + A)" = 95Mo + M; + A*, which in turn follows using suitable density
arguments as for instance in [30, the proof of Theorem 2.13]). Thus (9gMy + M; + A) !
is continuous. Hence, from N ((9oMo + My + A)") = N (5 My + My + A*) = {0}, we
infer that (W) s also everywhere defined. Moreover, the above estimate
(7) shows

_ 1
‘X]—oc,a] (OoMo + My + A) 'F < — |X]_x,a]F 00,0 (8)

0,00 Cp

Please cite this article in press as: D. Pauly et al., On a class of degenerate abstract parabolic problems
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foralla e R and F € H,o (R, H). If F =0 on the time interval | — 0o, a] then we read

off that also the solution U must vanish on this time-interval; that is, we have causality.
Letting a — oo in (8) shows continuous dependence in the form

H(60M0+M1+A) lugé. -
Remark 2.2. We identify the dual spaces
H=H'
H,po(R) = H,o (R),
and so we have
Hoo(R,H) =H,o(R,H) .

Moreover, the dual (9;5)° of the — by choice of inner product — unitary operator
Ootm, (rRH) - Ho1 (R,H) — Hyo (R, H) — has an extension to a continuous opera-
tor for which we keep the notation dy and so

Qo Hyo(R,H) = H, 1 (R, H) :=H, (R, H) .
Similarly, the continuous mapping
Ath, o®,D(4%) : Hoo (R, D (A%)) = Hoo (R, H)

has as dual

o

(A")° = (A"um, y®,D(a+)) : Hoo (R, H) — Hyo (R, D (A*)'),
which may be considered as a continuous extension of A and so justifies (with some care)
to keep A as a notation for (A*)°.?

Indeed, for ¥ € H, (R, D(A*)) we compute

((A47)° @) (¥) := (V[ (A)° @), , o = (A"T[®), 4

0,0,0

for all ® € H, (R, D (A)), in which case A® = (A*)° ® and by continuous extension
also to ® € H, o (R, H). We have for a solution of the evo-system (2) that

doMoU + MU + AU = F

2 Note that we routinely use D (A) for the domain of A also for the corresponding Hilbert space with
respect to the graph inner product of A. In this sense D (A*)’ denotes the dual Hilbert space of the Hilbert
space D (A™).

Please cite this article in press as: D. Pauly et al., On a class of degenerate abstract parabolic problems
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holds in the space H, 1 (R, D (A*)"). Note that
Hy 1 (R,D(A*)) D Hp—1 (R,H)N Hyp (R,D(A%)).

We shall use this observation to conveniently drop the closure bar in equations of the
form (2).

Remark 2.3. (a) In the case of a simple material law as used here it is interesting to
note that the result easily carries over to a local-in-time formulation. Indeed, the time-
derivative restricted to a finite time-interval [0,T], T € ]0,00[, given as the closure
Do, 0,)0,) Of Qo restricted to ol (0,T],H) in H, o (0, T[, H) loses the skew-selfadjointness,
keeps, however, the maximal accretivity. We emphasise the parentheses of the interval in
the index of the time-derivative operator: 9y ,0,7) has a zero boundary condition at 0,
and no boundary condition at T'; whereas 0 ,,[0,7[ (defined as 9 , 10,77 With ]0,T] being
interchanged by [0,7[) has no boundary condition at 0 and a zero boundary condition
at T'. In classical terms, we have

D(g,,00,11) = {¢ € H'(0,T); $(0) = 0},
D(0o,p,0,7) = {0 € H'(0,7);¢(T) = 0}.

For the closure 9y , 0,7 We still have 06"0]0 T = —00,0,j0,7] T 20. Thus, it is rather
straightforward to see

90,000,115, 00,71 = ©;
which allows the solution theory of
0o,oMo + My + A
to be carried over to
90,0011 Mo + My + A.

In this sense the above solution strategy also carries over to problems with finite time
horizon. For this, we also refer to [14] for a numerical treatment of evo-systems. Regarding
numerics, we shall furthermore refer to the Section 5.

(b) It is also possible to use the above derived solution theory for incorporating initial
value problems. For this there are at least two possibilities. One is to require that the

initial datum Uy is in the domain of A. Then one can show that for the unique solution
V of

(G0 Mo + My + A)V = —X[0,00)M1Uo — X0,00) AV,

Please cite this article in press as: D. Pauly et al., On a class of degenerate abstract parabolic problems
and applications to some eddy current models, J. Funct. Anal. (2020),
https://doi.org/10.1016/j.jfa.2020.108847




YJFAN:108847

10 D. Pauly et al. / Journal of Functional Analysis sss (seee) sseese

it follows that U =V + x[0,00)Uo satisfies the initial value problem

{(80M0+M1 +A)U=0 on (0700)
(MoU)(0+) = MoUp

in an appropriate sense. It is also possible to extend the solution operator
(OoMo + My + A)~! to a continuous linear operator S from H, _;(R; H) into itself.
It can then be shown that the solution U of the just introduced initial value problem
satisfies

U = S60MyUy,

where §g is the Dirac delta-distribution. Interestingly, the latter formulation is also well-
defined for Uy ¢ D(A) and, thus, serves as a generalisation for the initial value problem
for less regular initial data; we refer to [28, Chapter 6], [33, Lecture 9] for the details.

Our focus in the following will be on a rather particular subclass, where M; = 0 and
A = C*C for a closed, densely defined operator C with closed range. The coefficient
My may have a non-trivial null space but, as we shall see, that 0 is in the resolvent set
of the reduction of C*C to the subspace R (C*), which is also closed, can be used to
compensate for this short-coming. Recall that for elliptic problems; that is, for My = 0,
the strategy of projecting onto R(C*) has been successfully applied also to non-linear
(abstract) differential inclusions, see [38]. Also in [38], the crucial assumption for the
well-posedness was a closed range condition.

3. A class of degenerate abstract parabolic equations

In this whole section, we let H and X be Hilbert spaces and let n € L(H) be a
bounded, selfadjoint, non-negative operator. Furthermore, let

C:D(C)CH—X

be closed and densely defined; throughout assume C' to have a closed range.
Abstractly speaking, we want to consider

(8077+C*C)U:F. (9)
Remark 3.1. Note that the equation holds in the form
80’17U + C*CU=F

if considered in the space

Please cite this article in press as: D. Pauly et al., On a class of degenerate abstract parabolic problems
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H,_1(R,D(C*C)).

This is clear from Remark 2.2. Henceforth, we shall therefore dispose of the closure bar
in equations of the form (9) unless it is needed for sake of clarity.

Without having looked at this equation in detail, it is immediately clear, where de-
generacies might arise. Indeed, if U attains non-zero values in N(n) N N(C); that is, if
UeH,oR,N(n)NN(C)) we have

oonU + C*CU =0,

and so if N (n) N N (C) is not trivial, well-posedness for (9) is out of reach. Hence, the
term ‘degenerate’. We shall come back to this issue in a moment’s time. Following the
solution strategy for evo-systems as it has been sketched in the previous section, we
realise that the issue in the context of well-posedness is to establish estimates of the
form

(U] (0 + C*CYU) g0 = (/201000 2U) 4 (CUICU) 0

2,0,0
2 €o <U|U>Q,O,0 ’
(U@ +CCY'U) o0 = (02V100'PU) | +{CUICU), 0
> Co <U‘U>Q7O,0 .

Since, due to the density of elements with compact time support in D (9p),

1/27719%,1/2 1/2 1/2 1/277]?
<n Uldon U> = <n Ul8on U> = 9‘77 U
2,0,0 0,0,0 0,0,0
we only need to consider one of the estimates, thus we need to have
1/277]? 2 2
0 ‘77 U 00 + |CU|Q’O,0 > co |U|97070, (10)

which again emphasises that the Hilbert space we choose U from cannot contain the
space H, o (R, N (n) NN (C)).

It is the aim of this section to show that restricting our attention to the orthogonal
complement of N (n) N N (C) as well as assuming an estimate of the type (10) for U
attaining values in

Ho:=(N()NN(@C)*CH

leads to well-posedness and causality with state space Hy. Since both n and C are
operators acting on the ‘spatial’ Hilbert space, only, it is possible to provide an equivalent
formulation, which only uses the spatial scalar product.

Please cite this article in press as: D. Pauly et al., On a class of degenerate abstract parabolic problems
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Proposition 3.2. Let C' and n be as above. Then the following conditions are equivalent:

1. There exists 0 > 0 and co > 0 such that for allU € H, o (R, Hy N D(C)) we have
1/2 2 2 2
o|n 20| +ICUL 002 colUL 00
0,0,0
2. There exists co > 0 such that for all U € Hy N D(C) we have
12772 2 2
/20| +1CUT = eo U1}

Proof. An easy density argument implies that the second inequality implies the first one
with o = 1 and the same ¢y > 0. Thus, it remains to show the converse implication. For
this, note that with g, := max{p, 1} we have for all U € H, o (R, Hy N D(C))

2
1/2 2 Co 2
’77 U‘g,o,o +1CU, 00 = 0. 1Ul,.00-

Let © € Hy N D(C). Using the latter inequality for U(t) := exp(gt)z for ¢ € [0,1] and
U(t) =0 for t <0 and ¢t > 1, we infer the desired inequality. O

Next, note that, since elements in IV (n) N N (C) are orthogonal to R (C*) and R ()
and if C' and consequently C* are operators with closed range we may reduce the operator
C to Hy := (N () NN (C))". Indeed, as we shall see next, the operator

CQD(C)HHogHo—)X

u+— Cu

retain the closedness of the range and is also still densely defined. With ¢y, denoting
the canonical isometric embedding of Hy as a subspace of H, we have

Co =Cla,—H.
The mentioned properties of Cy are proved next.
Lemma 3.3. The operator Cy is closed, densely defined and has a closed range.
Proof. It is
H=Hy,® Hy
and

Hi = N(n) NN (C) SN (C) € D(C)
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and so
D (C) = (D(C)NHy) ® Hy.

The density of D (Cy) = D (C) N Hy in Hy now follows from the continuity of the
orthogonal projector Pg, onto Hy. Indeed, let 2o, € Hy. Then we find a sequence (x,,),, in
D(C) such that z,, = Zoo. Thus, also Py, 2, — Pr,Teo = Too- Since, (1— Py, )z, € D(C)
for all n € N by the argument above, we infer that (Py,zn)neN Is, in fact, a sequence
in D(Cy) showing that Cy is densely defined.

Since Cyp = C N (Hy @ X), where we identify the operators with their graphs, the
closedness of Cy follows.

We are left with showing the closedness of the range of Cy. For this, let z be a sequence
in Hy such that Cpz = Cz — w for some wy, € X. Then by the closedness of the range
of C' we have

Cxy, = W
for some z, € D (C). Since
Woo = Cxy = CPy . = Cy (Pry,zs) ,

we confirm that w., € R(Cp) finally proving that indeed closedness of the range is
preserved. O

Lemma 3.4. We have
e
Proof. Since Cj is densely defined we obtain the assertion with [27, Theorem 1.2]. O
Thus, we are led to study the reduced — by construction injective — operator
dono + CyCo = vy, g (Oon + C*C) thy

with 7o := ¢y, yMtH,—H now being selfadjoint in Ho.
To proceed with our approach we need to assume moreover for some ¢; > 0

2
mu| +1CoUTk = e Ul (11)
0

for all U € D (Cy).
Remark 3.5. Note that (11) is equivalent to the inequalities asserted in Proposition 3.2.

For this, we observe that for all U € HyNnD(C) = D(Cy) we have CoU = CU. Moreover,
for U € Hy we compute
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1/2+:]2 1/2 1/2
’770/ U‘HO = <770/ U|770/ U>H0

= (UnoU) u,

= (Ulthy—untHo—aU) Hy
= (tho—»uUNtH,—aU) 1,
= (UnU)u

2
_|1/2 U‘
‘77 g’
which yields the desired equivalence.

The latter assumption leads to well-posedness of the evo-system under consideration
in the state space Hy.

Proposition 3.6. Assume (11). Then dyng + CECy is continuously invertible in H, o(R, Hyp)
for all p > 1.

Proof. In order to prove this theorem, it suffices to apply Theorem 2.1 to My = g
and A = C;Cyp note that it is easy to see that the positive definiteness conditions of
Theorem 2.1 are then satisfied due to assumption (11). O
The next result relates the solution U of
(Bomo +C5Co) U = f (12)
or
(n+C5Co05 ) U =05 f (13)

in Hy to the equation (9).

Proposition 3.7. Assume (11). Let U := (dono + C{)“Co)il F for some F' € H,o(R, Hy)
for some o > 1. Then U satisfies (9).

Proof. Since d;' commutes with (Jyno + C()“Co)il, we infer that (13) is in fact a con-
sequence of (12). Moreover, we read off that

9y 'U € D(C;Cy)
and so in particular

C;Cooy'U = C*Coy'u (14)
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and
noU = nU. (15)
Indeed, since

($]C5Cody U,y = (Cod|Cody U
(C9|Co;'U) «

and
(@nolU) g = (dInU)
for all ¢ € D (Cy) = D (C) N Hy, as well as
(V|C5Co0y 'UY ,, = (CY|COT'U), =0
and
(YlnoU) g = (WnU) i =0
for 1 € Hy = N (C) N N (n), we have
(VIC;Co0y 'UY,, = (CVICOT'U)
and
(VinoU)yy = (VInU)
for all V € D (C). Thus, we read off (15) and
Coy'U € D (C™)
as well as
CiCody'U = C*Coy 'y,
that is, (14). Letting now
V= -Co;'U
we obtain

V4+CotU = 0,

1
nu—C*V = 9y'F. (16)
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Thus, we find that

AV +CU = 0,

17
nU —C*V = 0;'F, (17)

and so also

donU + C*CU = F

hold in a distributional sense. In particular, this confirms that we have indeed solved the
original equation (9). O

Remark 3.8. For F' € H,o(R;Hp) we set U := (9gno + CiCo) 'F € H,o(R; H).
Then, there exists a sequence (Up)nen in Hypi1(R;D(CiCo)) such U, — U and
(Oomo + C5Co)U,, — F. For n € N we estimate
1CoUnl? 0.0 < 0(0Un|Un) 0.0 + (C5 CoUn|Un) 0,00
= ((Gomo + C3Co) Un|Un) ,0,0 (18)

and since the right-hand side is bounded, we infer that (up to a subsequence) CoU,, — w
for some w € H,o(R;X). By the closedness (and hence, weak closedness) of Cp, we
derive that U € D(Cy) and w = Cou. In particular |CoUl,,0,0 < liminf,, o [CoUplp.0,0-
Letting n tend to infinity in (18) we get

(FlU)o00 = o{moU|U)e00 + lim (CoUn|CoUn)o0,0
> 0(moU|U) 40,0 + (CoU|CoU) 0,0

1 1
=5 (20(noU|U) 0,0 + (CoU|CoU)g,0,0) + §<00U\00U>g,0,0

Y

1 1
501|U|§,0,0 + 5‘00[]@,0,0

>a|U o,
with ¢; := 1 min{1, ¢1}. Estimating the left hand side by |F|,0,-1|U|,,0,1 we end up with
1
Ulo01 < =|Flo0,-1-
C1

Thus, the solution operator S attains values in H,o(R; D(Cp)) and can be extended
continuously to H, o(R; D(C§)’). This is a refinement of the earlier observation in the
general case, see Remarks 2.2 and 3.1.
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Example 3.9. As a quick example, it might be illustrative to apply the observations in
the previous remark to the (non-degenerate) case of the heat equation. So, take n = 1
to be the identity in H = L2(Q) and C = grad with D(C) = HZ(Q). Then the previous
remark confirmed a solution theory for the heat equation (9y — A) U = F for right-hand
sides F taking values in H~1(£2). By the general theory developed here, we obtain that
U assumes values even in H}(Q).

For sake of later reference let us summarise the core of the above observations in the
following theorem.

Theorem 3.10. Let C : D(C) € H — X be a closed densely defined linear operator
with closed range and such that (11) holds. Then, for every F € H,o (R, D(C§)") there
is a unique (weak) solution U € H, o (R, D (Cy)) of (13) or equivalently of the system
(16). Moreover the solution operator S : Hy o (R, Hy) — H,o (R, D (Cy)) is continuous
(11,01 denotes the norm of H, o (R, D (Co)) and causal in the sense that

’X1—oc,a1SF’g,o,1 <G ‘X]—m,ar]F‘g,o,_l

for some positive C1 uniformly in a € R and F' € Hy o (R, Hp) as long as ¢ € ]0,00][ is
sufficiently large.

Proof. The result largely follows from our previous considerations. The sharper regular-
ity statement U € H,o (R, D (Cy)) and the sharper continuous dependence statement
follows by Remark 3.8. The claim of causality follows from a slight refinement of the
estimates along the reasoning of Remark 3.8. Indeed, we have for all sufficiently large
0 €10,00]

’X1—x,a1U‘Q,O,1 X .oy (om0 + C5Co) U|g70 —1

> <X],(x,,a] Ul (8omo + C5Co) U)

2,0,0
1/2 2 1 172 2 2
=0 ‘770 X]_oo,a]U‘ 00 + 3 ‘770 U (G)‘OGXP (—20a) + |00X]_OO‘Q]U 2.0.0
o,Y,
1 2 1 2
Z 54 |X1—x,a1U‘g,o,0 T3 ‘COX]—OC«I]U‘Q,O,O
1 1 2

2 2
Z ¢ (’X]—oc,a]U‘Q,Qo + |COX]—oc,a]U|g7o,0> =34 ’X]—oc,a]U 0,0,1
for U € H,1(R; D(C§Cy)) from which

2

|X1—oo,aJU|g,o,1 = 1 |X]—oo,a1 (Gomo + C5Co) U|g,o,—1

follows. The result then follows by continuous extension. O
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Note that the estimate obtained here is a slightly stronger causality estimate than
available in the general case of Theorem 2.1.

Remark 3.11. Of course we also have (since |¢], o < [¢],, for ¢ € Hpo (R, D (Co)))

‘SFlD(aono-‘ngCo) S 1+ 012 |F‘Q,O,O :
We also note the resulting energy balance law for solutions of (9).

Theorem 3.12. (Energy balance law) For a right-hand side F € H, 1 (R, Hy) with F =0
on [Ty, T1] we have for the solution U € H, 1 (R, D (Cy))

1
3 (U, @)+ [ (cuicu), -
[To,T1]

1

= 5 W) (Tv).

Proof. For F' =0 on [Ty, T1] we have
o= [ Wy, + [ (cuicu),

(To,T1] (To,T1]

= % (UnU) 4 (T1) (UlnU) g (To) +

_1
2
+ / (Cu|ICU)  »
[To,T1]

where we have used the Sobolev embedding theorem to justify the integration by parts.
Furthermore note that the time-derivative commutes with the solution operator. O

For later purposes we analyse the underlying Hilbert spaces

H = Hy® Hy
Hy=(N(C)NN (n)*

further. For a Hilbert space K and a subspace L C K, we define
KoL:=KnL:.
Lemma 3.13. We have

Hy=R(C*)® (N (C)N Hyp)
—R(CH® (N(C)mm) ® ((N(C)mHo)@ (N((J)mm)).
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Proof. By the projection theorem we have
H=R(C*)® N(C).

Intersecting both sides with Hy and using that R(C*) = N(C)+ C Hj we obtain the first

decomposition. For the second one, we observe that N(C) N R (n) is a closed subspace

of N(C) N Hy, since R (n) = N(n)* C Hy. Hence, by the projection theorem
N(©)nHy = (NO)NE®m) @ ((N(©)n Ho) & (NC) N R[m))

yielding the second decomposition. 0O

Example 3.14. As a more elaborate illustrational example let us consider the solution

to the linear part of the so-called “bidomain model”® used in cardiac electrophysiology,

see [8]. For this let Q C R? be open, bounded and connected satisfying the segment
property. The equation in question is given by

11
Ao +C*C|U=F
1 1
with some given data F' taking values in the state space

H=IL*Q) o L*Q)

and

C— vor 0 grad 0
0 Vo2 0 grad
with oy, € L(L%(Q,R%)), k € {1,2}, selfadjoint and strictly positive definite with D(C) =
HY(Q)® H'(Q) and X = L*(Q)? @ L?(Q)? as well as

(11
=\ 1)
Note that grad (and therefore also C') has closed range, as a standard contradiction
argument using the compactness of the embedding H'(Q2) < L?(f2) eventually proving

a Poincare-type estimate shows; in fact we have

[ulp2(q) < klgradulpz g ga (19)

3 We are indebted to Ralph Chill for drawing our attention to this model.
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for all u € D(grad) with fQ u = 0 and some k > 0.
Next, we aim at applying our abstract findings. In particular, we need to establish
the estimate in (11). For this, let us describe the reduced state space, Hy, first. We have

({N (©)"
{

= (Wl,WQ)ELQ(Q)@L2(Q)|/W1(x)dx:/Wg(x)dx ,

L
VeLQ) e L*Q)|V = (_uu> for someuGN(grad)}

L
VeL*(Q) o L*(Q )‘Vza(xg>forsomea€R}
—XQ

where in the second last equality we have used that Q is connected in order to have that
N(grad) = span xq. According to our abstract theory we need an estimate of the form

| Pron Ul + 1CoU % = e Uy
holding for all
UeD(Cy) CHo=R(C")&(N(C)NR(n) & ((N(C)NHo) e (N(C)NR(n)))

for some ¢, > 0 and where Ppg(, denotes the projection onto the range R (n) = R () of
1. Take U = Uy 4+ U; + Us in the sense of this orthogonal decomposition. First we note

that
N(C)NR(y) = {a (:Z) ’aeR}
and
N (C)N Hy = {a<_>‘;n> ’aER},

Thus, we infer that

Hy=R(C) @ (N(C)NR(n)).
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Moreover, by (19) and the assumptions on oy, we find ¢ > 0 satisfying
c|Uoly < |CU|;  (Up € R(C*) N D(C)).

Hence, for all U € D(Cy) we have with U = Uy + U; for uniquely determined U, €
R(C*)ND(C) and U; € N(C) N R(n) that
+|Cololk

|pR(n)U|?q + ‘COU@( = | Pr(yUo + U1|12LI

2
= |Pr(yUoly; + UL I3 + 2(PreyUo, Ur) i + |CoUol%

2

= | PrepUs|y; + [U1[5 + 2(Uo, Ur)m + [Coli[
2

= ‘PR(T])U()’H + |U1|§—I + |COUO|§(

> UL % + 3 Ul

Thus, we found as desired
2 .
| Prn Ul + 1CoU % > min {1, } (U3, .

Therefore, well-posedness of the evo-system is implied by Theorem 3.10. Moreover, since
n[R(C*)] € R(C*) the problem can be further reduced to an evo-system in the subspace
R (C*) and an ordinary differential equation in N (C') N R(C). This insight might be
useful, when dealing with problems in the light of homogenisation, see e.g. [39, Theorem
4.7] for this.

4. Application to a degenerate evo-system associated with the eddy current problem

In this section, we shall now turn to our main application. Consider the system

oE—cucrlH = -J (20)
OopH + curlE = K
in an arbitrary non-empty open bounded set Q C R? with connected boundary. We will
require more regularity properties for €2, in the following.

After having specified the constituents of this system of two equations, we shall re-
formulate the system in order to be in a position to apply our general well-posedness
theorem. This reformulation will then be studied and related to the system (20). We
shall show that the solution for the reformulation yields a solution for the equation, we
started out with. In view of the particular situation of the eddy current model at hand,
though this being a natural property to ask for, it appears to have been overlooked in
the literature so far.

We specify the operators occurring in (20) next. The operator curl denotes the closure
of the classical vector analytic operation curl defined on Cy-vector fields with compact
support in © considered as a mapping in L? (Q,R?); that is,
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curl: D(curl) C L*(, R?) — L*(Q,R?)
given by

¢ € D(curl), ) = curlg

<= There exists a sequence (¢n)n in Cao (2, R?) such that

O20n,3 — 03052
¢n — ¢ and | O3¢p1 — O1bns | — ¥ in L*(Q,R?) as n — oco.

010n,2 — 0201

We emphasise that for smooth 2 belonging to the domain of D(cﬁrl) is equivalent to the
(classical) vanishing of tangential component at the boundary. We define

curl := (cﬁrl) ,

which is the so-called weak curl-derivative in L? (Q,R3). The equations can now be
written as a block operator matrix system as

<a°<8 2>+<3 8>+<c§ﬂ _%url>><fl)=<}§>~ 1)

Remark 4.1. It might seem unphysical to assume a non-zero source term K on the right-
hand side. In the formulation of evolutionary equations in particular concerning the
reformulation of appropriate initial value problems as evolutionary equations with par-
ticular right-hand side it so happens that K might be non-zero. We refer to Remark 2.3(b)
and to [33, Example 9.44] for the details.

Furthermore, assume that
w:L?(Q) = L*(Q)

is selfadjoint and strictly positive definite. The assumption on o : L2 () — L?(Q)
is less standard. We shall assume a certain degree of degeneracy, which is specified in
the following assumption. For convenience of the reader we denote the vector analytical
operators defined on the whole of Q by curl, grad, and div (and the respective ones with
full homogeneous boundary conditions by Clolrl, grzid, and div). For operators defined on
other domains €., we shall use this domain as an index to refer to these operators such
as for example grad, (the operator groadQC is the operator acting as grad, with domain
restricted to Hg (£2.)).

Remark 4.2. As ) is bounded, we have that R(gr%td) is closed by Poincaré’s inequality.
Moreover, R(grad) C N(curl) and thus, the projection theorem gives
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N(citl) = R(grad) @ (zwz(gr‘ad)L N N(cdﬂ))
= R(grad) @ (N(div) N N(cdrl)) .
The space
Hp. := N(div) N N(curl)

is known as the space of harmonic Dirichlet fields. Since the boundary of € is connected,
it follows that Hp o = {0} by [23, Theorem 1] and thus,

N(curl) = R(grad). (22)

Assumption 4.3. Let Q. C Q be open. Moreover, assume that Q. C Q and that €. has
a (3-dimensional) Lebesgue null set as topological boundary and is such that 2. has
finitely many connected components and the connected components of €. have disjoint
closures. We also assume that €. is such that

Digrad, ) = xo, [ D(grad)] (23)
Let
o1 L% (Q,R?) — L? (Q,R?)

such that o is strictly positive definite. We shall assume that o is degenerate in the sense
that?

0 =10,0 Lo, -

We note here that (23) indeed is a regularity requirement for .. In maybe more
familiar terms, this requirement equivalently reads as

H' () = {¢ € L*(Q.)| there is ¢ € HL () such that yao, ¢ = ¢}

Remark 4.4. We comment some more on the condition (23). Since for every open set
Q. CR?, a function u € H}((.) if and only if

4 In this case

*

Xa, = la by,

is the orthogonal projector Pg(,) from H = L? (Q,RS) onto the closed linear subspace R(o) =
Lo, [LQ (0, R:‘)} (the canonical embedding ¢, of L? (Qe, ]R3) into L> (@, ]R3) is via “extension by zero”).
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Q.
=" e m(R),
0 else

the requirement (23) is equivalent of Q. being an H'-extension domain (see [15] for the
definition). The Calderon—Stein theorem asserts that Lipschitz domains are H!-extension
domains. An improvement of this result can be found in [16], which holds for so-called
uniform domains allowing the boundary of 2. to have any Hausdorff dimension strictly
less than 3. A necessary criterion, however, is due to [15, Theorem 2] the measure density
condition; that is, there exists ¢ > 0 such that for all z € 2. and 0 < r < 1 we have

AB(z,7) N Q) > cr?,

where A(-) denotes the Lebesgue measure in R3. Thus, all domains €. failing this
condition are no H'-extension domains. Furthermore, if . has cracks of big enough
Hausdorff-dimension (see e.g. [18] for a two-dimensional setting), Q. is no H!-extension
domain.

We record an elementary consequence of the assumptions on o.
Proposition 4.5. Assume Assumption 4.3 to be in effect. Then

R(o)=R(x,,) =L* (%, R?),
N(o)=R(1-x,,) =L (Q,R* e L* (R,
=L?(Q\ Q.,R?),

where L? (QC,R3) , L? (Q \ Q. R3) are considered as subspaces of L? (Q,R3) via exten-
ston by zero.

For the transcription of (20) into a problem of the form (9), we need to warrant the
closed range condition first. This, in turn, is a regularity requirement for Q:

Assumption 4.6. Let 2 be such that curl and consequently its adjoint curl have closed
range:

R (cﬁrl) , R (curl) closed. (24)

Remark 4.7. A closed range requirement is the fundamental property of linear equation
theory (see e.g. [38] for a corresponding result in elliptic theory) and linear operator
equations with an operator having closed range are therefore, since the beginning of
last century also referred to as normally solvable. That for exterior domains or for R3
the differential operators (without or with associated homogeneous boundary condition)
grad, groad, curl, cﬁrL div, div have no closed range in an L?-setting, can be shown by ap-
proximations of the regularised fundamental solution of the scalar or vectorial Laplacian.
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Note that for grad, groad, the closedness of the range is equivalent (this equivalence is due
to the closed graph theorem, see e.g. [38, Remarks 3.2]) to Poincaré’s inequality, which
holds for 2 of bounded width, in particular for pipes and slabs, where Rellich’s selection
theorem fails. For R (curl) and R (Clolrl closedness has so far only been obtained via
a compact embedding result. Open subsets of Riemannian manifold allowing for such a
compact embedding result have been described in [29], asking for 2 to satisfy only rather
mild conditions (e.g., strictly weaker than C''-domains and particularly not allowing
for Gaffney’s inequality to hold). We shall particularly refer to [6] for other boundary
conditions.

For later use, we shall further record the last two remaining regularity properties
needed for our well-posedness theorem to apply.

Assumption 4.8. Assume Assumption 4.3 to be in effect. We shall assume that

N(curl) N L*(Q\ Qc, R?) = N(curlg, g ) and
N(curl) N L*(Q,, R?) = N(curlg,).

Moreover, we suppose that
R(gradg, ) is closed.

Remark 4.9. Assumption 4.8 is another (boundary) regularity property. For this to con-
firm, we realise that any ¢ € D(cﬁrlﬂ\ﬁc) extended by zero to the whole of () satisfies
¢ € D(curl). Thus, in this sense, N(curl) N L2(Q\ ., R?) D N(Cfirlﬂ\ﬁc). For the other
inclusion the equality

D(curl) N L*(Q2\ Qc, R?) = {¢ € D(curl)[¢ = 0 on Q. } = D(curlyg,)

is sufficient. If for instance, Q \ €. satisfies the segment property, the desired equality
holds. The second equation and the third property in the assumptions are fulfilled, if,
for instance, (2. has the segment property. We refer to Remark 4.7 for the limitations of
the closed range requirement.

We are now in the position to state the setting for the application of Theorem 3.10.
We put
H=X=L*(QR?,
C:D(C)CH— X,
E — p~2curlE, (25)
D(C) = D(curl),

n=o.
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Proposition 4.10. Let Q C R? be open with connected boundary. Assume Assumption 4.3,
4.6, 4.8, to be in effect. Then C and n as given in (25) satisfy the assumptions in
Theorem 3.10.

The proof of Proposition 4.10 requires a lot of preparations. The main issue is of
course to prove inequality (11) under the current assumptions. Indeed, note that since

is selfadjoint and a topological isomorphism, we easily realise that C' is densely defined
and closed. Moreover, we obtain C* = curl x~'/2 from which we read off that

R(C™) = R(curl),
which is assumed to be closed by Assumption 4.6. Thus, we are left with showing (11).
Before, however, doing so, we reason, why it makes sense to look at the setting (25) for

solving (20).

Remark 4.11. Using the assumptions of Proposition 4.10 and using the notation intro-
duced in the previous section, we are led to the evo-system

donou + CyCou = —j € H, o (R, Hy),
with
jo=J-Cpoytu?K,
where
Je Hyo (R, Hp).

Hence, with

E = dyu
and
H.— _661M—1/2 (COE _ ,u—l/QK)
we recover
oE—C*u?H=-J
dop*’*H+ CE = 12K
or

Please cite this article in press as: D. Pauly et al., On a class of degenerate abstract parabolic problems
and applications to some eddy current models, J. Funct. Anal. (2020),
https://doi.org/10.1016/j.jfa.2020.108847




YJFAN:108847

D. Pauly et al. / Journal of Functional Analysis sss (sses) eseeee 27

oE —curlH = —J,
OopH + cwrl E = K,

which is (20). Note that the argument just presented is an incarnation of Proposition 3.7,
which in turn yields the solvability of the system, we started out with.

To demonstrate (11) we first recall Lemma 3.13. In particular, we have

Ho = (N(C)N N(n)*
= R(C*) @& Hy & Hs, where (26)
H, = N(C)N R(n) and
Hy = (N(C) N Ho) & (N(C) N R(n)).
In the following, we describe these spaces more explicitly. Throughout, we shall assume

that the assumptions of Proposition 4.10 are in effect. For the formulation of Lemma 4.14,
we recall for an open set O C R3

Hp.o = N(dive) N N(curlp),

the space of harmonic Dirichlet fields in O. In the following we will use the projection the-
orem in different spaces. For the sake of readability, we will use indices at the orthogonal
complements in order to clarify, in which space we take the orthogonal complement.

In order to illustrate the following findings, we recall one of the main results in [23],
namely the computation of the dimension of the harmonic Dirichlet fields. For this let
O C R?2 be open bounded with continuous boundary. We denote

cCy(0) == {z C R*\ O; z (bounded) connected component}.
For z € ccy,(0) let ¢, € C(R?) such that
1, xze€z,
Yo(z) = { ,
0, =€ U.ewcong}?-

Define ¢, := grad . and ¢, := T3, »q:|0, where w3, , denotes the L?(0)3-orthogonal
projection onto Hp o.

Theorem 4.12 (/23, Theorem 1]). Assume @ C R3 to be bounded with continuous bound-
ary. Let m € N be the number of connected components of R3\ Q. Then

dimHpgo=m—1.

More precisely, (¢).ccc,(0) constitutes a basis for Hp q.

Please cite this article in press as: D. Pauly et al., On a class of degenerate abstract parabolic problems
and applications to some eddy current models, J. Funct. Anal. (2020),
https://doi.org/10.1016/j.jfa.2020.108847




YJFAN:108847

28 D. Pauly et al. / Journal of Functional Analysis sss (seee) sseese

Remark 4.13. (a) In the particular case that ) is a ball and €. is an inscribed ball, the
number of connected components of R? \ (2\ Q) is 2. Thus,

It is possible to compute this function by appropriately projecting the gradient of a
function, which is identically 1 on €2, and 0 outside 2. It is possible to compute such a
solution numerically, by solving a variational problem. We refer to [22] for the details.
In the situation of €2, being a ball, we also have that

Hpa. ={0}.

(b) Note that the construction principle to obtain a basis for the space of harmonic
Dirichlet fields extends to other differential operators. For this, we also refer to [22] for
the details using the machinery of Hilbert complexes.

Lemma 4.14. The following equalities hold:

Ho = (N (divgyg: ) N H a0 ) @ 12 (20, R?)

HOLL2<Q> — N(CI;TIQ\Q_C)’

H =N <cﬁrlgc)
: Lr20a.) Lr2c,)
= (3 (@iva) 17,5 ! (27)
Hy O = (N (dive,) N Hp/0 ) ® L7 (2) 00 BY)
! - 2.) M 7tpa, o R?),
Hy =N <cﬁr1) N ((N (divg, ) mHéféi“”) D (N (divﬂ\ﬁ) ﬂ’}_{;%i(\&%?i))) .

Proof. Using Assumptions 4.8 and 4.3, we obtain

L2
Hy " = N(C)NN(n)

= N(curl) N L2(Q\ Q.,R?)
= N(cﬁrlﬂ\ﬁc).

Since grcad;\ﬁc = —divg, g, with adjoint computed in L*(Q\Q., R3) and R(groadﬂ\ﬁc) C
N (cﬁrlg\gc), we thus obtain

Hy = N(cﬁrlﬂ\ﬂ—c)lﬂ(ﬂ)
= N(curlg, )2 @\@0 @ L2(Q., R?)

o Loz
= (R(gradn\ﬁc) @ HD,Q\GC) @ L*(Q,,R?)
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= (N(divgyg,) N H e ) @ L2(Q,, R?),

Next, we have by Assumption 4.8

Hy =N(C)NR(n)
= N(curl) N L2(€2, R?)
= N(curlg,).

1
An analogous argument as already done for Hj implies the asserted equation for H, L@ ,
which in turn implies the second expression for H;. Finally, from R(C*) = R(curl) and
the already derived expression for Hy, we deduce

N(C) N Hy = N (curl) 0 (N (divgygr ) N M0 ) @ 12 (20, R?))

and therefore

= (N(C)NHy) & (N(C)NR(n))
— (N (C) N Hy) N H, 2@

= N (curl) 0 (N (divgyar) NHpEE™ ) @ L2 (2, R?) ) 0
N (N (dive) NHREE) @ L2 (2)\ 0, RY) )
= N (curl) 0 (N (diva,) N Hp5") @ (N (divgyar ) NHA55)) . O
A next step towards the desired proof of Proposition 4.10 is provided next.
Lemma 4.15. We have for Uy, € Hy, k € {1,2},
2 2 2
Xe, (U1 +U2)|" = |UL[" + [xq, Vs
Proof. By Lemma 4.14, we obtain that
Xa. Ug S N(diVQ ) H LQ(Q )

Hence, with (27) we deduce

|XQ Ul + U2 | |XQC U1| <XSZC U1|XQC U2> + |XQC U2|2

= U1 + (Uil xq, Uz) + | Xa, Ue|”

= |:)? + X0, U2 ?

O
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By Assumption 4.6, we deduce with an application of the closed graph theorem, that
there exists kg > 0 such that

U] < ko ‘cﬁrl U’ (28)

forall U € D (cfirl) N R (C*). Finally we need a more subtle result, which is the key

step towards showing the desired inequality (11) in the present context.
Proposition 4.16. There exists k1 > 0 so that

Ul < k1 [xo, U] (29)
for all U € Ho

In order to prove this proposition we need some preparations. We start with the
following observation.

Lemma 4.17. Define
Hj := gradg_ [N(dinc gradg ) N{#| gradg_¢ € Héfgiﬂd}] - LQ(QC)3.
Then Hj is a closed subspace of L?(Q2.) and for U € Hy we have that xq,U € Hj.

Proof. Obviously, H3 is a subspace of L?(£.)%. For proving the closedness of Hs,
let (¢n)nen be a sequence in N(divg, gradg_ ) N {¢| gradg_ ¢ € 'H;LSEQC)} such that
gradg, ¢n — u for some u € L?(Q.). Since R(gradg, ) is closed by Assumption 4.8 we

infer that v = gradg_¢ for some ¢ € D(gradg_). Since gradg_ ¢, € N(divg,) for each
n € N it follows by the closedness of N(divg,) that also u = gradq_¢ € N(divg,); that

2
L4(Q¢) fOI‘
c

is, » € N(divg, gradg, ). Finally, since ’HJD‘@C is closed and gradg_ ¢, € "H,;Q
each n € N, the same holds for u = gradg, ¢. Summarising, we have shown that u € Hj
and thus, Hjs is closed.

Take now U € Hs. In particular, U € N(curl) = R(grad) by (22), and hence, U = grad
for some 1 € D(gr;id). By Assumption 4.3 it follows that ¢ := xq.% € D(gradg_) and

gradg ¢ = XQCgrcéd@/J = xao.U.

Moreover, since U € Hs, it follows by Lemma 4.14 that gradg_ ¢ = xo,U € N(divg,) N

1
HD’LSEQC) which shows that xo U € H3. O

In the following, we consider the operator

Z : Hy — Hj
UHXQCU.
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Lemma 4.18. The operator Z is one-to-one.

Proof. Let U € Hy with ZU = xq,U = 0. Since U = 0 on Q. and U € N(curl), we infer
by Assumption 4.8 that U € N (cﬁrlﬂ\ﬂi). Moreover, by the definition of Hs we get that

U € N(divg,g) MM, "S55 and thus,

o 1 o 1 o
U € N(curlg ;) N N(divgg;) N HD,L;(\?Z—\EZC) =Hpoa N HD,L;%—\;ZC) = {0}. O

Lemma 4.19. The operator Z is onto.

Proof. Let W € Hj. Then, by definition, W € N(divg,) N HJD_féiQC) and there is ¢ €
D(gradg, ) with

W = gradg,_¢.

By (23) there is ¢ € D(groad) such that ¢ = yq 1. Note that by Poincaré’s inequality,
R(gricxdﬂ\m) is a closed subspace of L%(\().). Denoting the orthogonal projector onto
R(gradg\q;) by Py

. we consider
(gradg\g;)’

_PR(gr;dQ\WC)XQ\Q_Cgroadw € R(grhdﬂ\g—c),
and thus, we find 6 € D(groadmﬂ—c) with
grzidQ\Q—CH = _PR(grédQ\Q—C)XQ\Q_Cgédw'
We set
¢ := 1 + 0 € D(grad)
and obtain

XQ\Q—CgI‘OadQZ = XQ\Q—cgr;idi/J + grth\Q—CQ
=(1- PR(grth\m))XQ\@grad¢
€ R(gradg,g-) 1>\ = N(divg,g)- (30)

Finally, we note that
Hp o € N(eurlg o) = N(eurl) N L*(Q\ ©.) = R(grad) N L*(Q\ ) € R(grad),

where we have used Assumption 4.8 for the first equality and (22) for the second equality.
Hence, Hp o\, 18 a closed subspace of R(grad). We now define
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U := PHLR(gr}Ld) grady

DO\

and obtain

L Rlera €L ° €L a. °
U € H Mt = H' 0 Rigrad) = (H,/08 ™ © L3(Q) ) N Rlgrad).

Lr2@van)

Thus, in particular, U € N(cﬁrl) and xo\o.U € H,, oo

. Moreover,

U — grady) € Hp, - € N(divag,)
and thus, in particular U — grady) = 0 on L%(£.) and

Xoa,U = Xo\a, (U — grady) + XQ\Q_Cgledi/; € N(divg\qo),

where we have used (30). On the other hand, we have

xo.U = xq,gradd
= xa.grady + xq,gradd
= gradg,_ xq ¥
= gradq_¢

2

=W € N(divg,) N Hgfgf’c),
and thus, U € Hy with ZU = W. This completes the proof. 0O
Now we are able to prove Proposition 4.16.
Proof of Proposition 4.16. Since Z : Hy — Hjs is continuous, one-to-one and onto, it
follows that Z—! : Hy — Hy is continuous as well by the closed graph theorem. Thus,

the assertion follows with k1 := [|Z71||. O

We are finally in the position to prove inequality (11) and, therefore, to complete the
proof of Proposition 4.10.

Lemma 4.20. There is a positive constant cy such that we have
) 12| . 2
co |UI” < ‘O’ U‘ + ‘curlU‘ (31)

forallU € D (Cﬁrl) N Hy.
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Proof. By the positive definiteness of o, see Assumption 4.3, we obtain for all U €
D(curl) N Hy
2 o 2 2 o 2
Cs |XQCU| + ‘curlU’ < ‘01/2U’ + ‘curlU’
for some ¢, > 0. Thus, the desired estimate follows if we can show that there is ¢ > 0
such that for all U € D(curl) N Hy

2 2 ° 2
c|U)" < |x,, U] +‘curlU’ .

We shall employ the above decomposition (26) so that U = Uy + Uy + Us with
Uy € R Curlu_%), U, € Hy, k € {1,2}. We compute using (28), Lemma 4.16, and
Lemma 4.15

U* = |Uo* + |U:|* + |Ua|?

. 2
gk% curlUy +k%|XQCUQ|2+‘U]|2

. 2
<k [eurllUp| + max {1,k7} }ch (U + U2)|2

\ 2
< kg |curlUp| + 2max {1, k7 } |x,, (U0+U1+U2)|2+
+2max{1,k%} |XQCU0}2

)

. 2
< kg |curlUp| + 2max {1, k7 } |x,, (Uo + Us + U2)|2 +
+2max {1,k7 } Uo|?,

< k2 (14 2max {1,k2}) ‘cﬁronr

_|_
+2max {1, k2} |va, (Uo +Us + Un)[2,

< max {Q,Qk%,k‘g (1 + 2max {1,1@%})} (‘cﬁrlU‘Q + ’XQCU|2>
Thus we see that the estimate (31) holds for
co =min{1,c,}
with
1

&= max {2, 2k%, k3 (1 + 2max {1,k3})} .

We shall summarise the findings of this section as follows.
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Theorem 4.21. Let 2 C R3 be open with connected boundary. Assume Assumptions 4.3,

4.6, 4.8 to be in effect. Then for every F € H,q (R, D(Cg)) (with Cy := p~/?curl|p, )
there is a unique (weak) solution U € H, g (R, D (cﬁrl)) NH,o(R,Hy) of

(800 + curl,u—lcﬁrl) U=F

Moreover the solution operator S : H, o (R, D(C§)') = Hyp (R, D (cﬁrl)) is continuous
(11,01 denotes the norm of H, o (R,D (cﬁrl))) and causal in the sense that

}X],w,a]SFu’oJ < |X]foowa]F|g,0,71

for some positive Cy uniformly in a € R and F € Hy o (R, D(C{)’) as long as g € |0, 00[
is sufficiently large.

Proof. The result follows from Theorem 3.10 in conjunction with Proposition 4.10. O

Remark 4.22. There are two famous engineering type approaches, which have inspired
a number of mathematical investigations, see e.g. [19,18,5,1] and the literature quoted
there. In engineering lingo they are frequently referred to (by a slight abuse of language,
turning adhoc names of variables into constant names) as the A-¢ approach and the
T-Q) approach, where two variants of a vector potential construction come into play. Our
approach is designed precisely to avoid these constructions, which are actually adding
complexity to an already sufficiently complex topic. A crucial assumption in the ap-
plication of these approaches is that the current density source term J is supposed
to be divergence-free,” which, apart from requiring additional regularity of J, excludes
perfectly reasonable current densities, say J = Ieg, if I is not completely constant in
direction es. In contrast, we are here considering the eddy current problem directly by
solving

dooe + curl p~teurle = —J

with a general square-integrable right-hand side (with an exponential weight in the time

direction) with only the obvious constraint that .J is required to be in the closure of the

1

range of Jyo + curl p~* curl. We emphasise that the present approach allows to recover

the original unknowns, see Remark 4.11.

5 A divergence-free condition is also imposed in the existence result in [32]. We detail the potential
formulation in the discussion here. What is said on the divergence condition, however, also applies to the
time-harmonic setting focused on in [32].
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5. An extended system formulation for the pre-Maxwell system

For numerical purposes the construction of Hj is not particularly comfortable. We
therefore want to propose an alternative formulation in the spirit of the extended Maxwell
system [24,34,31], which in the context of numerical investigations is of so-called saddle-
point form. In fact, the key is to formulate belonging to Hs- with the help of belonging
to the kernel of certain differential operators. We therefore hope that the proposed refor-
mulation might shed some light on possible numerical implementations of the considered
model. Quite recently, this method has been applied to homogenisation problems, see

Throughout this section, we assume € to be open and bounded with connected bound-
ary. Moreover, let the Assumptions 4.3, 4.6, 4.8 be in effect. Moreover, we shall rather
focus on p = 1. We need to impose an additional assumption for this section:

Assumption 5.1. Assume that
D (griad) = {4 € D (gradgs) | = 0 on R\ 0}
as well as
D(gradg, o) = {1 € D(grad) [¥ = 0 on Q.}.

Remark 5.2. The latter assumption holds for instance, if Q2 and €. satisfy the segment
property.

Q

1
Amending the system in question by an equation in H,, L3 suitably leads to

( Opo + curl curl 0 ) ( 0 >
<
0 0 gradQ\Q—c

( 0 diVQ\QT ) 0

with (HO &) H;_L2<Q)> @ L?(Q\ Q,, R) as underlying Hilbert space. Here we have

< <o o
gradg, . : D(gradg, ) € L2(Q\ 0, R) — Hy
@ grcadgo
with

<& o
D <gradQ\QC) = {XQ\ﬁgo | peD (grad) , ¢ constant on Qc} .

To fit our scheme we let here
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o o ¥
divg\q, = —gradg\q, -

A reason for the introduction of these new operators is the following lemma.
Lemma 5.3. It is
<& o
’HDQ\QfC =R (gradQ\QC> OR (gradﬂ\ﬂ—c) .
Proof. Let
and by extension by zero ® € N (curlgs). Thus
® = grady

in L21°¢ (R3,R3) for some weakly differentiable . Since ® = 0 on R?\ (22 \ ) we have
that ¢ is constant on each component of R®\ (Q\ Q). Adjusting this constant to be
zero on the unbounded part R\ Q of R?\ (2\ Q) we get a ¥ € D (gradgs) with ¢
constant on ., ¥ = 0 on R?\ Q and

® = gradps .
By Assumption 5.1 we know that
D <grcéd> = {v € D (gradgs) |¢ =0 on R*\ Q}.

Thus,

<& ~
P = gradQ\Q—cz/}.

Since also divg,g; ® = 0 we have indeed shown that

<
/HD’Q\WC Ch <grad9\m) N N(di"n\ﬁc)

Lz

o . o .
=R <gradQ\QC> NR (gradQ\Q—J =R (gradmﬂc> OR (gradﬂ\ﬂ—c) .
il -~ ~ <&
Let now ¢ = gradg o ¢ for some ¢ € D(gradgg;) and divg . ® = 0. Let ¢y €
D(grcad) an extension of 1Z|QC such that 1) is constant in a neighbourhood of .. Then,
in particular, ¥ — 1) vanishes on 2., and so by Assumption 5.1

§ - v € D (gradgg:)
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We have by construction that
o —~
leQ\Q_c gradQ\Q—cz/J = leQ\Q_c P=0
and so
. ° ™~ . ©
leQ\Q—C gradQ\Q—c (w — 1/10) = — leQ\Q—C gradQ\Q—cz/Jo.

Next, we first note that
gricde\Q—C (zZ — 1/)0) eN (cﬁrlQ\Q—C) .

o . o
Since also gradQ\Q—cwo eN (curlQ\Q—c) N N(curl) and since gradQ\Q—cwo actually vanishes
in a neighbourhood of €. we also have

< °
grado g %o € N (curlQ\Q—c) .

Thus,

o ~ . —~ o .
P = gradg, g (¢) = gradg\q; (w — 1/10> +gradg\g Yo € N (curlﬂ\m)
and so
@ G HD,Q\ﬁC'
This yields the converse inclusion. O

The latter lemma particularly implies

HOLL2(Q) - N (Cﬁrlﬂ\m)

= R <gradQ\Q—c) @ HD7Q\Q_C
<
=R (gradg\ﬂc> ,

where we have used Lemma 4.14 for the first equality. Since, according to the projection
theorem, the canonical embedding

(LHO LHOL) L Ho @ Hy "> = L2(Q,R%)

Zo
— Xo + 21
z1
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is unitary we have its adjoint

*

( Ho ) L L2 (Q,R?) — Hy & Hy »
Hg

as the inverse. Thus, we may consider equivalently

Oygo + curl curl 0 0
<
w 0 0 gradQ\Q—C wW* =
<&
(0 divaya) 0

N o
doo + curleurl  gradg, o
<

now on L? (Q, R3) @ L? (Q \ Q, R) as underlying Hilbert space with the unitary map

(LHO LHOL) 0

v (0m, 0y ) 1

Thus, we are led to discuss equations of the form

. o
Ooo + curlcurl  gradg, o ( E) B ( f )
o - .

From this “saddle point formulation” we can recover E as the solution of
dooE + curl curlE = Ly f- (32)
Indeed, we have the following result.

Theorem 5.4. Assume ) to be open and bounded with connected boundary. Moreover, let
the Assumptions /.3, 4.6, 4.8, and 5.1 be in effect. Then the (closure of the) operator

Oygo + curl curl 0 0
<&
0 0 grado, o,

( 0 diveg ) 0

is continuously invertible in H,o(R,Hy & Hy- & L? (Q\ Q.,R)) for sufficiently large
o> 0.
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Proof. Note that since €2 is open and bounded, we infer by Poincaré’s inequality that

° <
R(grad) is closed. This implies that R (gradQ\QC> is closed as well as the range

< <
R (din\QC> of its adjoint — divg, o . This makes
<
0 graudQ\gTc
<

o <
continuously invertible on R <gradg\ﬂc> ®R (diVQ\QC) . Moreover, it is a consequence

of the above lemma that

o 1 -
R (gradQ\QC> =H, L2 (@)

Furthermore, since grad is injective, we infer that

<&
N (gradQ\Q—C) = {0},

which, thus, implies that

R ((ﬁvﬂ\m> _ 2 (Q\TR).

Hence, we infer the claim of the theorem by the well-posedness result from Theo-
rem 4.21. O

The solution (F,p) of the extended system now yields indeed a solution E of the
pre-Maxwell system (32). If f € Hg we have of course f = Pgof and p = 0.

<o
Remark 5.5. For numerical purposes approximations of the equation din\QjE = 0 would
be based on its ‘weak’ form

<
<gradQ\Q—Cw|E> =0,

L2(2\0.R?)

so that F could be approximated in suitable finite-dimensional subspaces of D (Cliﬂ).
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6. Justification of the pre-Maxwell system

We conclude our considerations with a justification of the pre-Maxwell system; that
is, the degenerate eddy current problem,® as an approximation of Maxwell’s system
(including the displacement current). The system of Maxwell’s equations reads as

0oeE 4+ oE — curlH = —J,
OopuH + curlE = K,
where K denotes a magnetic source term (perhaps induced by initial data for H) and
g €]0, co[. Throughout, let ¢ > 1. The question is if and in which sense do the solutions
converge to the solutions of the degenerate eddy current problem as e tends to 0. For

this transition we restrict our attention to current densities J in the correct subspace for
the limit problem ¢ = 0; that is,

J € 1{970(]R7 Ho)

Again, as before, we shall assume that €2 is open, bounded with connected boundary.
Furthermore, we shall assume throughout that the Assumptions 4.3, 4.6, 4.8 are in effect.
We shall furthermore note that a standard application of Theorem 2.1 leads to

S. = (%(3 2>+<g g>+<31 g“ﬂ)) € L(H,i(R; L*(,R®)))

for every ¢ > 0 and k € Z. Here and in the following we use |- |, ; as the notation

for the norm corresponding to the Hilbert space inner product induced by (- [-), o =
(96 - 105+ ) ,00- Hek (R, L*(©2,R®)) denotes the Hilbert space obtained by completion
of D(9%). We denote

=\ —1 o
So 1= (800 + curlu—lcurl) € L(H, (R, Hy), H, o(R, D(curl))

for some fixed sufficiently large ¢ > 0. Furthermore, we define for all € > 0

where 71 (E,H) = E reads off the first three components of a 6-component vector field.
Assuming

curl p P95 'K € Hy o (R, L7 (2, R?))

6 For the non-degenerate eddy current problem this has been given in the current functional analytical
setting in [21,42] in both the autonomous and non-autonomous cases, respectively.
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the simple substitution
H= uflﬁo_lK — ,Lflcﬁrlao_lE
leads to S (J,K) = E being the unique solution of
OocE + oE + curlu_lclirlaalE = —J+curl p~ 1oy K.
By a slight abuse of notation, we shall view S. as a mapping from H, o(R; L?(€2, R?)) into
itself. Thus, instead of S.(J,K) we shall write S.(—J + curl p~*9; 'K). This provides a
second order formulation, which we actually can compare with the degenerate equation.
Due to the particular structure of the right-hand side, we furthermore remark here that
f=-J+curlp=toy 'K takes values in Hy if and only if J does. The main result of this
section reads as follows.
Theorem 6.1. For all k € Z and f € H, ;(R; Hy) we have
|sz - Sof|g7k—270 =0

ase — 0.

Before proving this result, we provide the following auxiliary result.

Lemma 6.2. For all k € Z, we have
sup 1Scll 2, o (R Ho)— Hy o (R, Ho) < OO-
Proof. Let f € Hyp p+1(R, Hp), € > 0. Then E = S, f satisfies
doeE + oE + curl g teurld; 'E = f.
We shall now separate this equation into the parts in Hy and H&- separately. Denoting

o E
Eo = L*H“ , we obtain
E; LHOLE

OpeEy + 0 Ey + curl ,u_lclirlao_lEo =y, [
806E1 = O,

where we have used that f € Hy. By the second equation we have

608E1 =0

Please cite this article in press as: D. Pauly et al., On a class of degenerate abstract parabolic problems
and applications to some eddy current models, J. Funct. Anal. (2020),
https://doi.org/10.1016/j.jfa.2020.108847




YJFAN:108847

42 D. Pauly et al. / Journal of Functional Analysis sss (seee) sseese

and thus, continuous invertibility of dy implies E; = 0. Testing the equation for Ey with
Eq, we deduce
2

120 |2
9’5 / Eo’
0,k,0 0.k,

= <E0|f>g7k;,0 < ‘E0|Q7k_1,o ‘f|g7k+1,0 :

n ’01/2E0‘ n <cﬁr1E0|mlaglcdr1E0>
0

0,k,0

Using
1
’01/2E0‘ < — ‘0_1/2E0 5
0,k=1,0 — 0 0,k,0
and
<cdr1E0|u*180_1(:ﬁrlEo> = <8080_1c11r1E0|/¢*180_1(:1;r1E0>
2,k,0 0,k,0
. 2
=0 ‘80_1/171/20ur1E0'
2,k,0
— o|p/2ewiE ’
= o|p ?curlEy
0,k—1,0
we infer
2| 1/2p |2 —1/2_.° 2
0 ‘0 2, +Q‘M 2eurlEy < |Eolg,k—1,0/flok+1,0-
2,k—1,0 0,k—1,0
On the other hand we know by (31) that
1/2g,|” 2B | Eol?
o ~/“cur >c
‘ 0 b1 + )/J 0 k10 2 0| 0|g,k71’0

for some ¢y € ]0, 00[. Thus, as ¢ > 1 we have

2
<0 [Eoly 1,0 < [Eolyr—10 g rt10-

Consequently, we have the uniform estimate

Co |E0‘g,k71,0 < ‘f|g,k+1,0 )

which yields

Sup ||| 1, 4 (R, Ho)— Hy 2 (R Ho) = SUP [1Sell 1y iy (R HO) s H 1 (R HG) < O
e>0 >0 Co

Proof of Theorem 6.1. For ¢ > 0 and f € H, ,41(R, Hp) we find

Sef = Sof =9 (95" =S") Sof
= SgaﬁoSof
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and so

|Sef = Sofl, 20 -
= [5:0050f, k2.0

[1Sellm, (R, o)~ H, (R, Ho) [€00S0 f |, 1.0

IA

IN

ellSellm, (R, Ho)—H, oo (R, Ho) 15000 f 1, 1.0

IN

EHS€||Hg,k(RvHO)_)Hg,k—2(R7HO) ||SO||Hg,k(R1HO)—>Hg,k(R7HO) ‘(%flg,k,o

IA

gHSE||Hg,k(RsHO)*)HQ,k—2(]R7HO)||SO||Hg,k—1(RaH0)*>Hg,k—l(RwHO) |f 0,k+1,0 *

By Lemma 6.2, we deduce that

e—0

|Sef = Soflg—20 — 0

for every f € Hp 11 (R, Hy). By density of H, x+1 (R, Hp) in H, (R, Hy) and uniform
boundedness of (S¢)_5, it follows that

1S2f — Soflppn0 0
for all f € H, (R, Hp), which is the desired convergence result. O

Remark 6.3. The justification of the eddy-current model as the low electric permittivity
limit of the classical Maxwell system is performed in [32, Theorem 2.5] with a focus on
the frequency domain for fixed frequency. The quantitative estimate is of the order O(g)
as € — 0. The estimates and derivations described in the proof above provide the same
quantitative nature for fixed frequency (see the estimates in (33)). Since the above result
covers the full time line (and thus all frequencies) simultaneously some time regularity
loss has to be expected if one wants to keep the same order of e. Indeed, also in [32,
proof of Theorem 2.5] the frequency dependence of the quantitative estimate suggests a
(time) regularity loss if one wants to keep the derived quantitative estimate for the full
space-time problem (note the w? in [32, proof of Theorem 2.5]). Furthermore, this effect
has been observed in the context of Maxwell’s equations in [21,42]. A similar observation
can be made for approximations in quantitative homogenisation theory: Whereas for
fixed frequencies one obtains optimal quantitative estimates [9,10], the estimates for the
full space-time problem experience a loss of derivatives if one wants to retain the same
quantitative behaviour, see [44,13]. It is possible to accommodate for this regularity loss
with an analogue of Littlewood—Paley type spaces, see [9].
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