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ABSTRACT. We prove that for bounded and convex domains in three dimen-
sions, the Maxwell constants are bounded from below and above by Friedrichs’
and Poincaré’s constants. In other words, the second Maxwell eigenvalues
lie between the square roots of the second Neumann-Laplace and the first
Dirichlet-Laplace eigenvalue.

1. Introduction. It is well known that, e.g., for bounded Lipschitz domains €2 in
R3, a square integrable vector field v having square integrable divergence divv and
square integrable rotation vector field rot v as well as vanishing tangential or normal
component on the boundary T, i.e, vy|r = 0 resp. vy|r = 0, satisfies the Maxwell
estimate

/Q |v|? Scﬁ[z(|rotv|2+|divv|2), (1)

if in addition v is perpendicular to the so called Dirichlet or Neumann fields, i.e.,

/v-sz Yw € H(Q),
o

Hp(Q) := {w € L*(Q) : rotw =0, divw = 0, we|r = 0}, if ve|p = 0,

H(Q) =
@ Hy(Q) :={w € L*(Q) : rotw =0, divw = 0, wy|r = 0}, if vujpr =0

holds. Here, ¢, is a positive constant independent of v, which will be called Maxwell
constant. See, e.g., [20, 21, 13, 26]. We note that (1) is valid in much more gen-
eral situations modulo some more or less obvious modifications, such as for mixed
boundary conditions, in unbounded (like exterior) domains, in domains Q C R¥,
on N-dimensional Riemannian manifolds, for differential forms or in the case of
inhomogeneous media. See, e.g.,[10, 15, 17, 21, 22, 23, 26, 27].

So far, to the best of the author’s knowledge, general bounds for the Maxwell
constants ¢, are unknown. On the other hand, at least estimates for ¢, from above
are very important from the point of view of applications, such as preconditioning
or a priori and a posteriori error estimation for numerical methods.
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In this contribution we will prove that for bounded and convex domains 2 C R3
Cpo < < ¢p < diam(Q) /7 (2)

holds true, where 0 < ¢, o < ¢p are the Poincaré constants, such that for all square
integrable functions v having square integrable gradient Vu

/|u|2§c}2,’o/ |Vul?  resp. /|u|2§c}2)/|Vu|2
Q Q Q Q

holds, if u|p = 0 resp. / u = 0. While the result (2) is already well known in two
Q

dimensions, even for general Lipschitz domains 2 C R? (except of the last inequal-
ity), it is new in three dimensions. We note that the last inequality in (2) has been
proved in the famous paper of Payne and Weinberger [19], where also the optimality
of the estimate was shown. A small mistake in this paper has been corrected later
in [3]. We will prove the crucial and from the point of view of applications most
interesting inequality ¢, < ¢, also for polyhedral domains in R?, which might not
be convex but still allow the H!(£2)-regularity for solutions of Maxwell’s equations.
We will present a general result for non-smooth and inhomogeneous, anisotropic
media as well, which extends the preliminary results of [18] to the general situation,
and even give a refinement of (2). Let us note that our methods are only based on
elementary calculations.

2. Preliminaries. Throughout this paper let Q2 C R? be a bounded Lipschitz
domain. Many of our results hold true under weaker assumptions on the regularity
of the boundary T' := 9. Essentially we need the compact embeddings (5)-(7)
to hold. We will use the standard Lebesgue spaces L?(Q) of square integrable
functions or vector (or even tensor) fields equipped with the usual L*()-scalar
product (-, -)g and L*(Q)-norm | - |o. Moreover, we will work with the standard
LQ(Q)—SoboleV spaces for the gradient grad = V, the rotation rot = Vx and the
divergence div = V- denoted by

) o o HI(Q)
HY(Q) := H(grad; Q), HY(Q) := H(grad; Q) := C>(Q) )

o] ] [e] D(Q)
D(Q) := H(div; ), D(Q) := H(div; Q) := C>(Q)

o o o R(Q)
R(Q) := H(rot; Q), R(Q2) := H(rot; Q) := C>(£2)

In the latter three Hilbert spaces the classical homogeneous scalar, normal and
tangential boundary traces are generalized, respectively. An index zero at the lower
right corner of the latter spaces indicates a vanishing derivative, e.g.,

Ro(Q) = {E € R(Q) : rot E =0}, Do(Q) := {E € D(Q) : div E = 0}.

Moreover, we introduce a symmetric, bounded (L*) and uniformly positive definite
matrix field € : @ — R3*3 and the spaces of (harmonic) Dirichlet and Neumann
fields . 3

Hp () :==Ro(2) Ne™'Do(R), Hy () := Ro(2) Ne'Do().
We will also use the weighted e-L*(Q)-scalar product (-, -)o.. := (e, - )q and the
corresponding induced weighted e-L*(Q)-norm | - |g. = (-, >512/§ Moreover, 1.
denotes orthogonality with respect to the E—Lz(Q)-Scalar product. If we equip L2(Q)
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with this weighted scalar product we write L2(Q). If ¢ equals the identity id, we

€
skip it in our notations, e.g., we write L := Ljq and Hp(Q) := Hp;4(2). By the
assumptions on ¢ we have

Jee>0 VYEeLl®(Q) e B[} < (eE E)q <&|El3 (3)
and we note |E[} . = (¢E, E)q = |¢'/2E[}, as well as [¢E|q = [¢'/?E|q .. Thus, for
all E € L*(Q)

e YE|q < |Ela. <E|E|q, e YE|ge < |eE|la <E|E|g,. (4)

For later purposes let us also define € := max{g,z}.
We have the following compact embeddings:

Ifll(Q) C HY Q) — L*(Q) (Rellich’s selection theorem)  (5)
I%(Q) Ne !D(Q) < L*()  (tangential Maxwell compactness property)  (6)

R(Q)N E*IB(Q) — L*(Q) (normal Maxwell compactness property)  (7)

It is well known and easy to prove by standard indirect arguments that (5) implies
the Poincaré estimates

HCP’O >0 Yuée HI(Q) |U|Q < CP7O|VU|Q7 (8)
Jep >0 Yu e HY(Q)NRE lulo < | Vula. 9)
Furthermore
A= L < . 2
Po T A Lo P

holds, where A\ is the first Dirichlet and uo the second Neumann eigenvalue of the
Laplacian. We even have 0 < pi, 41 < A, for all n € N| see e.g. [5] and the literature
cited there.

Analogously, (6) implies dim#;, () < o', since the unit ball in H, () is
compact, and the tangential Maxwell estimate, i.e., there exists ¢y > 0 such that

VEER(Q) Ne'D(Q)  |(1-m)Eloc < care(|rot B3 + |diveE3)"?,  (10)

where m : L2(Q) — Hp - (22) denotes the e-L%(€)-orthogonal projector onto Dirichlet
fields. Similar results hold if one replaces the tangential or electric boundary condi-
tion by the normal or magnetic one. More precisely, (7) implies dim Hy _(2) < oo
and the corresponding normal Maxwell estimate, i.e., there exists ¢yn. > 0 such
that

VHeR®Q)Ne'D(Q) |H—mHloe < cane(|rot H + |diveH[2)"?, (1)
where my : L2() — Hy - (2) denotes the e-L%(9)-orthogonal projector onto Neu-
mann fields. We note that ,/c,%mE + 1 can also be seen as the norm of the inverse

M~! of the corresponding electro static Maxwell operator

M RN IDQ)NHy ()Y — 10tR(Q) x LX(Q)
E —  (rot E,diveE)

Ldp := dimHp . (2) is finite and independent of . In particular, dp depends just on the
topology of Q. More precisely, dp = B2, the second Betti number of Q. A similar result holds also
for the Neumann fields, i.e., dy := dim Hy . (Q2) = B1.
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The analogous statement holds for ¢, . as well.

The compact embeddings (5)-(7) hold for more general bounded domains with
weaker regularity of the boundary I', such as domains with cone property, restricted
cone property or just p-cusp-property. See, e.g., [1, 2, 20, 21, 22, 23, 24, 26, 27, 28,
13]. Note that the Maxwell compactness properties and hence the Maxwell estimates
hold for mixed boundary conditions as well, see [10, 7, 9]. The boundedness of the
underlying domain €2 is crucial, since one has to work in weighted Sobolev spaces
in unbounded (like exterior) domains, see [11, 12, 13, 14, 15, 17, 16, 20, 24].

As always in the theory of Maxwell’s equations, we need another crucial tool, the
Helmholtz or Weyl decompositions of vector fields into irrotational and solenoidal
vector fields. We have

L2(Q) = VHY(Q) ®. e 'Do()

Il
To

0(Q) . e ot R(Q)

4

;
H

(Q) & Hp () e et rot R(Q),
\Y% (S3)

L2(Q) = VH'(Q) @. ¢ Do (9)
— Ro(Q) ®. e ' rot R()

= VHY(Q) &, Hy () &, e 10t R(Q),

where @. denotes the orthogonal sum with respect the latter scalar product, and
note

VH(Q) = Ro(Q) N Hp (0, e 1ot R(Q) = e~ "Dy () N Hy, (),
VHU(Q) = Ro() N Hy (0%, e 1ot R(Q) = ™' Dg(Q) N Hy ().
Moreover, with
R(Q) == R(Q) N 1ot R(2) = R(2) N Do (2) N Hy (),
R(Q) == R(Q) Nrot R(2) = R(2) N Do (2) N Hy ()
o rot R(Q) = rot R(Q),  rot R(2) = rot R(L).

Note that all occurring spaces are closed subspaces of L?(€), which follows immedi-
ately by the estimates (8)-(11). More details about the Helmholtz decompositions
can be found e.g. in [13].

If © is even convex? we have some simplifications due to the vanishing of Dirichlet

and Neumann fields, i.e., Hp, .(€2) = Hy .(2) = {0}. Then (10) and (11) simplify to
VEERQ)Ne D) [Elo. < cnee(lrot B3 + | diveB|3)?,  (12)

VH € R(Q)Ne~1D(Q) |Hlo.e < cane(|rot HE + | diveH|2)?  (13)
and we have

o o

Ro(Q) = VHY(Q), Ro(Q) = VH'(Q), Do(®) = rotR(Q), Do(€) = rot R(%)

2Note that convex domains are always Lipschitz, see e.g. [8].
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as well as the simple Helmholtz decompositions

L2(Q) = VHY(Q) @. e 'rot R(Q), L2(Q) = VHY(Q) @. e trotR(Q).  (14)
The aim of this paper is to give a computable estimate for the two Maxwell

constants ¢p e and cppe.

3. The Maxwell estimates. First, we have an estimate for irrotational fields,
which is well known.

Lemma 3.1. For all E € VHY(Q)Ne™1D(NQ) and all H € VHY(Q) Ne™1D(Q)
|E|Q,8 §§0p70|diV€Elﬂv |H|Q,a Sécp|diV5H|Q-

Proof. Pick a scalar potential ¢ € HY(Q) with E = V. Then, by (8)
|Eléyc = (6B, Vp)a = —(diveE, )q < | diveElalgla < ¢pof diveBla|Vela
= po|diveE|q|E|q < ecp 0| diveE|q|Elq,.
Let ¢ € HY(Q) with H = Vi and ¢ LR. Since eH € D(f2) we obtain as before and
by (9)
|H|$. = (eH, V) = —(diveH, p)q < |diveH|olplo < ¢ diveH|o|Vy|a
=cp|diveH|q|H|q < ecp|diveH|q|H|q.,
which finishes the proof. O

Remark 1. Without any change, Lemma 3.1 extends to Lipschitz domains Q c RY
of arbitrary dimension.

To get similar estimates for solenoidal vector fields we need a crucial lemma from
[1, Theorem 2.17], see also [25, 8, 6, 4] for related partial results.

o

Lemma 3.2. Let Q be convex and E € R(Q)ND(Q) or E € R(Q) ND(Q). Then
E € HY(Q) and

IVE|3 < |rot E|3 + |div E[3. (15)

We note that for E € H}(Q) it is clear that for any domain Q C R?
\VE|? = |rot E|3 + | div E[3 (16)

holds since —A = rotrot —V div. This formula is no longer valid if F has just the
tangential or normal boundary condition but for convex domains the inequality (15)
remains true.

Lemma 3.3. Let Q be convex. For all vector fields E € R(Q) Ne~rot R(Q) and
all vector fields H € R(2) Ne 1ot R(Q)

|Elq,e <Ecplrot Elo, |H|a,e < Ecp|rot H|q.
Proof. Since eE € rot R(2) = rot R(Q2) there exists a vector potential field ® in
R(Q) with ot ® = ¢E and ® € H'(Q2) by Lemma 3.2 since R(Q) = R(2) N Dgy(9).

Moreover, ® = rot ¥ can be represented by some U € R(€2). Hence, for any constant
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vector a € R? we have (®, a)q = (rot U, a)q = 0. Thus, ® belongs to H: ()N (R3)+.
Then, since F € I%(Q) and by Lemma 3.2 we get
|E|S,. = (E,cE)q = (E,10t ®)q = (rot B, ®)q < |rot E|o|®lo < | rot E|o|V®[q
< ¢p|rot Elg|rot @|o = ¢p|rot Elg|eElq < Ecp|rot Elg|E|q...

Since eH € rot I%(Q) there exists a vector potential ® € I%(Q) with rot ® = ¢H.

Using the Helmholtz decomposition L?(£2) = Ro(Q) @ rot I%(Q)7 we decompose
R(Q) > H = Ho + Hyot € Ro(2) @ R(Q).

Then, rot Hyot = rot H and again by Lemma 3.2 we see H,o; € H(Q). We pick

some a € R? such that H,,; —a € HY(Q) N (R?)L. Since ® € R(Q) and therefore
(rot @, Hyp)o = 0 = (rot ®, a)q as well as by Lemma 3.2 we obtain

|H|,. = (eH,H)q = (rot ®, H)q = (rot ®, Hyot — a) < |eH|q|Hrot — alo
< epleH|a|VHyot|la < Ecp|H|q e rot Hyot|o = Ecp|H|q | Tot Hq,
completing the proof. O

Remark 2. It is well known that Lemma 3.3 holds in two dimensions for any
Lipschitz domain © C R2. This follows immediately from Lemma 3.1 if we take
into account that in two dimensions the rotation rot is given by the divergence div
after 90°-rotation of the vector field to which it is applied. We refer to the appendix
for details.

Theorem 3.4. Let Q) be convex. Then, for all vector fields E € I%(Q) Ne 1D(Q)
and all vector fields H € R(Q2) N 5_16(9)
B < §2c§’o| diveE|} +§203| rot B3,
|H|s225 < §zc§| diveH|?, +§2cg| rot H|3.
Thus, cnye < max{ecpo,e¢p} and
Cntyer Cmne < ECp < Ediam(Q2) /7.

Proof. By the Helmholtz decomposition (14) we have
R(Q)Ne'D(Q) 3 E = By + Eroy € VH(Q) @, e rot R()

with Ey € Vlfll(Q) NeID(Q) and Eyo € I%(Q) Ne lrot R() as well as
divebEy =diveE, rotFE,, =rotkFE.
By Lemma 3.1 and Lemma 3.3 and orthogonality we obtain
Bl = |Ev[ée + | Brotld . < €26 o] diveE[d + 2| rot B[,

Similarly we have
R(Q)Ne™'D(Q) > H = Hy + Hyor € VHY(Q) @ e 1ot R(Q)

with Hy € VHY(Q) Ne™!D(Q) and H,or € R(Q) Netrot R(Q) as well as
diveHy =diveH, rot H,, =rot H.
By Lemma 3.1 and Lemma 3.3

(H[S e = [Ho[d o + [ Hrotld,e < e%cpl diveH[, +Ecp| ot HI,
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which finishes the proof. O
Lower bounds can be computed even for general domains £2:

Theorem 3.5. It holds

Cpro o
—5 < Cuyte, —3 < Cnne-
€E £F

Proof. Let A; resp. Aj . be the first Dirichlet eigenvalue of the negative Laplacian
—A resp. weighted Laplacian —diveV, i.e.,

1 Vul? 1 Vul? by
—— =M= inf | “2|9 > inf | |§’€ ===
.0 oructin) WMo T E guuetn Ul €

Hence A\i . < (€/cpo)?. Let u € H'(2) be an eigenfunction to A1 .. Note that u
satisfies

Vo e HY(Q) (eVu, Ve)a = A1 (u, p)o.

Then 0 # E := Vu belongs to Vﬁl(ﬂ) Ne 'D(Q) = IOQO(Q) Ne 'D(Q) NHy (Q)*
and solves —diveE = —diveVu = Ay cu. By (10) and (8) we have

. Cmtye _
|E|Q,s < Cm,1:,a| le@E‘Q = an,t,e>\1,a|u|ﬂ < cm,t,EALECp,O|vu|Q < ?WEQ§|E|Q,E
P,0
yielding ¢ < cny282. Now, we follow the same arguments for the Neumann
eigenvalues. Let po resp. po . be the second Neumann eigenvalue of the negative
Laplacian —A resp. weighted Laplacian —diveV, i.e.,

1 Vu|? 1 Vul|?
— =p = inf | “2|9 > inf | |§’5 = B2
o 0#£ueH! (Q)NR+ |U\Q €7 0£u€eH (Q)NRL |U|Q €

Hence pi2 e < (E/cp)?. Let u € HY(Q) NRL be an eigenfunction to us.. Note that
u satisfies

Vo e HH(Q) NRT  (eVu, V)a = pa-(u, p)a
and that this relation holds even for all ¢ € HY(Q). Then 0 # H := Vu belongs
to VH'(Q2) Ne™'D(Q) = Ro(2) Ne'D(Q2) N Hy ()< and satisfies the equation
—diveH = —diveVu = ps cu. By (11) and (9) we have

. Cane_
|H|o,e < CaneldiveH|q = canepizcltlo < caneizecp|Vulg < feQQIHIQ,E

yielding ¢, < cm7n75§52. The proof is complete. O

Remark 3. The latter proof shows that Theorem 3.5 extends to any Lipschitz do-
main Q C RY of arbitrary dimension with the appropriate changes for the rotation
operator rot.

Combining Theorems 3.4 and 3.5 we obtain:

Theorem 3.6. Let ) be convex. Then

and hence
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If additionally € = id, then
Cpo <y < o = ¢p < diam(Q) /7.

Remark 4. Our results extend also to all possibly non-convex polyhedra which
allow the H!(Q)-regularity of the Maxwell spaces R(€2) N D(Q) and R(2) N D(£)
or to domains whose boundaries consist of combinations of convex boundary parts
and polygonal parts which allow the H!(Q)-regularity. Is is shown in [4, Theorem

4.1] that (15), even (16), still holds for all E € HY(Q) NR(Q) or E € H(2) N D()
if Q is a polyhedron®. We note that even some non-convex polyhedra admit the
H!(Q)-regularity of the Maxwell spaces depending on the angle of the corners, which
are not allowed to by too pointy.

Remark 5.

(i) We conjecture cp0 < Cpy < Cpn = ¢p for convex Q C R3.
(ii) We note that by Theorem 3.6 we have given a new proof of the estimate

0<p2 <X\

for convex Q C R3. Moreover, the absolute values of the second eigenvalues
of the different Maxwell operators (tangential or normal boundary condition)

lie between /112 and v/A;.

Finally, we note that in the case € = id we can find some different proofs for the
lower bounds in less general settings. For example, if {2 has a connected boundary,
then Hp(©2) = {0} and hence

1 t F|2 div E|?
1 gy ImERavs
“nt  0£EER(Q)ND(Q) [El5

t F|2 div E|2 E|? 1
o IERNER . VEL
0£EeH1(Q) |E[S, 0£E€H! (Q) By G

giving ¢po < cny. If Q is simply connected, then Hy(£2) = {0} and hence

1 inf |rot H|3 + | div H[3,

Cin 0£HER(Q2)ND () [H?,
o g DotHBRdvHEE o [VHE 1
 0£HER () [H? 0£HeH(Q) [T} o

yielding ¢p 0 < ¢pn. Another proof would be like this: Again, we assume that I is
connected for the tangential case resp. that 2 is simply connected for the normal

case. Let u € HY(Q) and ¢ € R? with |¢| = 1. Then E := ué € HY(Q) C R(Q)ND()
and since there are no Dirichlet resp. Neumann fields, we get by (10) resp. (11) and
rot E =Vux§& divE =Vu-§

uléy, = |EJ% < i (|rot BJg, + [ div B[3) = e Vulf.
Therefore ¢, o < cn, where ¢y = cp ¢ T€SP. Cn = Cppn.

3The crucial point is that the unit normal is piecewise constant and hence the curvature is
Z€ero.
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Appendix A. The Maxwell estimates in two dimensions. Finally, we want to
note that similar but simpler results hold in two dimensions as well. More precisely,
for N = 2 the Maxwell constants can be estimated by the Poincaré constants in any
bounded Lipschitz domain  C R2. Although this is quite well known, we present
the results for convenience and completeness.

As noted before, Lemma 3.1 holds in any dimension. In two dimensions the
rotation rot differs from the divergence div just by a 90°-rotation R given by

_ |10 1 2 _ . T_  p_ opet
R.—[_l o]’ R2=_id, R =-R=R"

The same holds for the co-gradient < := rot* (as formal adjoint) and the gradient
V. More precisely, for smooth functions u and smooth vector fields v we have

rotv = div Rv = 01 v — 09 v1, QURVu[aQU},
— 81 u
divv = —rot Rv, Vu=-R<du
and thus also —Au = —divVu = div RRVu = rot <u. For the vector Laplacian

we have —Av = <rot —V div. Furthermore,
veER(Q) & RveD(Q), ONS I%(Q) < Rve B(Q).
The Helmholtz decompositions read
L2() = VHY(Q) @. e 1Do(Q)
= Ro() . e < HY(Q)
= VH(Q) @ Hy (Q) & e~ < HI(Q),
L2(Q) = VHY(Q) ®. e 'Do(Q)
— Ry(Q) ®. e~ <HY(Q)
= VHY(9) @2 Hy () @ e < HL(Q)
and we note
VHU(Q) = Ro(Q) N Hy (), e < HI(Q) = e~ Do () N Hy, (),
VHY(Q) = Ro(Q) NHy (), e < HY(Q) = e~ 1Do(Q2) N Hy ().

We also need the matrix e := —ReR, which fulfills the same estimates as ¢, i.e.,
for all E € L*(Q)
e ?|ElG < (erE, E)a < 2|E[3,
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since (egF,E)q = (¢eRE,RE)q and |RE|q = |E|g. But then the inverse ej'
satisfies for all E € L*(Q)

EER, < (R B, B)a < 22|},
which immediately follows by (4), i.e.,

/25 —1/2 2
_1/2 e*(erer '"E,¢ E)q = %|E|?
<5R1E E)o = leg / E|Q{ " —-1/2 r -1/2p ¢

>& *epep "E,ep "E)q =g ?|E[}
Hence, for the inverse matrix 517-11 = —Re 'R simply ¢ and % has to be exchanged.
Furthermore, we have 5%1/2 _Ret1/2R.

For the solenoidal fields we have the following:

o

Lemma A.1. For all E € R(Q) Ne t <HY(Q) and all H € R(Q) Ne~t <HY(Q)

|Elo,e <Ecplrot E|o, |H|a,e < Ecpo|rot H|q.

Proof. Since RE € D(Q) and ReE € VH(Q) we have ReE € VHY(Q) NerD(Q).
By Lemma 3.1 (interchanging £ and &) we get

|Elq.c = [eV/?E|q = |Re™/?cE|q = |, /*ReE|q = |ReElq .
< 2¢p| diver' ReElq = Ecp| 1ot Bq.
Analogously, as RH € D() and ReH € VH(Q) we have ReH € VH!(Q)NeD(€).
Again by Lemma 3.1 (and again interchanging € and ) we get
|Hloe = [/ H|q = |Re™2eH]q = |e"/* ReH|o = |ReH], -
< Ecp,o div E§1R€H|Q = ECpo| rot H|q,

which completes the proof. O

Finally, the main result is proved as Theorems 3.4, 3.5 and 3.6, but taking into
account that there are now possibly Dirichlet and Neumann fields.

Theorem A.2. For all E € R(Q)Ne™'D(Q) and all H € R(Q)Ne~D(Q)
|E —mE|§ . < §203’O| diveE|} +§2cg| rot B3,
|H — myH | . < 22| diveH [} +&%¢ | rot H3,.

Thus
Cpo _
= < Cppe < max{ecp 0,86}, §€2 < g < Cppn,e < max{ecy, Ecpo}
and hence
c
P,0 A
5?2 < Cutyes Cone < ECp.

For e =1id it holds
Cp,o < Cn,t < Con = Cp
and if additionally Q is convex we have ¢, < diam(€2) /7.
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Proof. Using the Helmholtz decomposition we have

R(Q)Ne 'D(Q)NHp ()3 E—mE =Ey +Eq € VH (Q) @' <H'(Q)
with By € VHY(Q) Ne™ID(Q) and E4 € R(Q) Ne~! < HY(Q) as well as
diveby =diveE, rotE  =rotFE.
Thus, by Lemma 3.1 and Lemma A.1 as well as orthogonality we obtain
B~ Bl = [Bol. + |Balf. < 2| diveBl} + ¢ rot B3,

Analogously, we decompose
R(Q)Ne 'D(Q) NHy ()™ > H—mH =Hy + Hy € VH'(Q) . 7! <H'(Q)

with Hy € VHY () Ne™tD(Q) and H, € R(2) Ne™t < HY(Q) as well as
diveHy = diveH, rotH,4 =rotH.
As before, by Lemma 3.1, Lemma A.1 and orthogonality we see
|H —miH | = |Hyld +Hald, < cyldiveH[ + 2% [ rot Ho,

yielding the assertion for the upper bounds. For the lower bounds we refer to
Remark 3, which completes the proof. O
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