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Abstract: The results of this contribution are derived in the framework of functional type a posteriori error
estimates. The error is measured in a combined norm which takes into account both the primal and dual
variables denoted by x and y, respectively. Our first main result is an error equality for all equations of the class
A*Ax + x = f or in mixed formulation A*y + x = f, Ax = y, where the exact solution (x, y) is in D(A) x D(A*).
Here A is a linear, densely defined and closed (usually a differential) operator and A* its adjoint. In this paper
we deal with very conforming mixed approximations, i.e., we assume that the approximation (X, y) belongs
to D(A) x D(A*). In order to obtain the exact global error value of this approximation one only needs the
problem data and the mixed approximation itself, i.e., we have the equality

Ix = X1 + [AG = O + Iy = 712 + 1A*(y = P)I* = M(X, ),

where M(X, 7) := |f - X — A*J|? + |y — AX|? contains only known data. Our second main result is an error es-
timate for all equations of the class A*Ax + ix = f or in mixed formulation A*y + ix = f, Ax = y, where i is the
imaginary unit. For this problem we have the two-sided estimate
V2 V2

———Mi(%, §) < [x = X? + |Ax = O + ly - JI* + |A*(y - P)I* £ —=——Mi(x, ),

NPT R y y-y y-y N TR y
where M;(x, ) := |f — iXx — A*y|? + |y — AX|? contains only known data. We will point out a motivation for
the study of the latter problems by time discretizations or time-harmonic ansatz of linear partial differential
equations and we will present an extensive list of applications including the reaction-diffusion problem and
the eddy current problem.
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1 Introduction

The results presented in this paper are based on the conception of functional type a posteriori error control.
Often these type of estimates are valid for any conforming approximation and contain only global constants.
In the case of the class of problems studied in this paper the results do not contain even global constants, just
fixed numbers. For a detailed exposition see the books by Repin, Neittaanméki, and Mali [7, 8, 12].
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610 —— 1. Anjam and D. Pauly, Functional A Posteriori Error Equalities DE GRUYTER

In this paper we will consider only conforming approximations, and we will measure the error of our
approximations in a combined norm, which includes the error of both the primal and the dual variable. This
is especially useful for mixed methods where one calculates an approximation for both the primal and dual
variables, see, e.g., the book of Brezzi and Fortin [3]. We call this approximation pair a mixed approximation.
We note here that we consider more regular mixed approximations than in [3]. This regularity can always be
achieved by post-processing techniques.

To the best of our knowledge functional a posteriori error estimates for combined norms were first
exposed in the paper [14], where Repin, Sauter, and Smolianski present two-sided estimates bounding the
error by the same quantity from below and from above aside from basic and global Poincaré type constants
and some special numbers. They studied real-valued elliptic problems of the type A*aAx = f given in mixed
formulation A*y = f, aAx = y.

The first class of problems we study in the paper at hand is the linear equation

Ao A+a)x=f

presented in the mixed formulation
A'y+aix=f, aAx=y, (1.1)

where a1, a5 are linear, self-adjoint, and uniformly positive topological isomorphisms (continuous with con-
tinuous inverse) on two complex Hilbert spaces H; and H,, and A : D(A) c H; — H, is a linear, densely de-
fined, and closed operator with adjoint operator A* : D(A*) c H, — H;. Throughout this paper we will refer
to the class of problems represented by (1.1) as ‘Case I’ in section headings. Our first main result is Theorem
2.5 and it shortly reads as the functional a posteriori error equality

212 2\ 12 ~12 =12 5 ~12 - 212
P = Xligy a0, + 1A = Olig, o, +1Y =Ty, g1 HIATG =Dy o = I =X = ATl o + 1V~ 2AXT

being valid for any conforming mixed approximation pair (x, y) € D(A) x D(A*) of the exact solution pair
(x,y) € D(A) x D(A*). In the purely real case this result can also be derived as a special case of the very general
result [8, (7.2.14)] in the context of the dual variational technique. However, we prove this result here by
elementary methods in a general Hilbert space setting. Our results hold then also for the complex case. The
equality for the purely real reaction-diffusion equation (A = V, A* = —div), was found also by Cai and Zhang
[4, Remark 6.12] and has been used for error indication of the primal variable.

The second class of problems we study in this paper is the linear equation

(A*arA +iwa)x = f
presented in the mixed formulation
Ay +iwaix =f, aAx=y, (1.2)

where w € R\ {0}. Throughout this paper we will refer to the class of problems represented by (1.2) as ‘Case II’
in section headings. Our second main result is Theorem 2.13 and it shortly reads as the two-sided functional
a posteriori error estimate

V2
V2+1

. ~ * =12 Y, |2
(|f —twaaX = AYly iy H IV - “ZAlez,agl)

-2 )12 7712 )12
< |X_X|H1,|a)|a1 + |A(X—X)|H2,a2 + |y - y|H2,a;1 + |A*(y _y)IH1,(|CU|0‘1)71

V2
<
V2-1

being valid for any conforming mixed approximation pair (x, y) € D(A) x D(A*) of the exact solution pair
(x,y) € D(A) x D(A*). We note that the square root of the ratio of the upper bound and lower bound is al-
ways 1 + V2 < 2.42, so the estimate gives reliable information of the combined error value. To the best of our
knowledge this result is new.

. ~ % ~12 17 %12
(|f —iwaaX = AYly iy TV - “2AX|H2,a;1)
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A motivation to study these problems comes from time-dependent PDEs. For many problems, if the time-
derivative is discretized with ‘finite differences’, e.g., the backward Euler scheme, then on each time-step one
solves a static problem of the type (1.1). On the other hand, many time-dependent problems, e.g., the eddy
current problem, can be approximated by a series resp. sum of static complex-valued problems of the kind
(1.2) by using multifrequency analysis, e.g., Fourier transformation. We elaborate on this in Section 2.4.

The paper is organized as follows. In Section 2 we derive our main results in an abstract Hilbert space
setting. In Section 3 we show applications of the general results to several partial differential equations.

2 Results in the General Setting

In this section we derive our main results in an abstract Hilbert space setting, which allows for mixed bound-
ary conditions as well as coefficients for the case, where the underlying problem is a PDE.

Let H1 and H; be two complex Hilbert spaces with the inner products (-, - ), and (-, - )n,, respectively.
The right-hand side f belongs to H;. Let A : D(A) c H; — H; be a densely defined and closed linear operator
and A* : D(A*) c H, — H; its adjoint. We note A** = A and

(Ap, Y)u, = (@, A" )y, forall ¢ € D(A), Y € D(A™). (2.1)

Equipped with the natural graph norms, D(A) and D(A*) are Hilbert spaces. Furthermore, we introduce two
linear, self-adjoint, and positive topological isomorphisms a; : H; — H; and a, : H, — H,. Especially, there
exists a ¢ > 0 such that

cHoly, < (@, @)u, <clolj, forallg e Hy,
and the corresponding holds for . In case the underlying problem is a PDE, the operators a; and a, describe
material properties, and are often called material coefficients, giving the constitutive laws.

For any inner product and corresponding norm we introduce weighted counterparts with sub-index
notation. As an example, for elements from H; we define a new inner product (-, - )H,,qa, = Q1+, *)H,
and a new induced norm |- |y, ,q«,. Note that in Section 2.2 we slightly abuse this notation: We also utilize
(*5 YHy,wa, = {Waa-, -)u,, where w # 0 is possibly a negative real number. Clearly, this sesquilinear form
neither defines an inner product nor a norm, if w is negative.

2.1 Case l: Error Equality for Coefficients a; and a,

Extending the sub-index notation, we define for ¢ € D(A) and ) € D(A*) new weighted norms on D(A), D(A*)
and on the product space D(A) x D(A*) by

191540 = 9, 0 + 1AGIR, 4
|l'b|12)(A*),aI1,a51 = w"ﬁz,a;l + |A*‘/’|ﬁl,a;1’
160 I 5= 101D 000,00 + ¥ lpaey a1
By the Lax—Milgram lemma (or by Riesz’ representation theorem) we get immediately:
Lemma 2.1. The (primal) variational problem

(AX, AQ)H,,a, + (X, QIHy 0y = (s @)n,  forall € D(A)

admits a unique solution x € D(A) satisfying |x|pa),a;,a; < |f|H1,Dql. Moreover, yx := a2 Ax belongs to D(A*) and
A*yy = f — ayx. Hence, the strong and mixed formulations

A* o) AX + a1 x = f, (2.2)
Ay +ai1x=f, aAx=y;y (2.3)
hold with (x, yx) € D(A) x (D(A*) N azR(A)).
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To get the dual problem, we multiply the first equation of (2.3) by A*y with ) € D(A*) taking the right
weighted scalar product and use yx = a;Ax € D(A*). We obtain

A"y, APy, gt + (@1, APy, o1 = (FLA )y, oot
Since x € D(A), we have
(@1, A"y, ot = 06 AP, = (A, P)u, = (Vi Wiy a1
Again by the Lax-Milgram lemma, we get the following result.
Lemma 2.2. The (dual) variational problem
A"y, A" YY1+ 0o W)y gt = (AW, o forallyp e D(A®) (2.4)

admits a unique solution y € D(A™) satisfying |Y|pa«),«;t,a;" < Iflu, a1~ Moreover, y =y, holds and thus y
even belongs to D(A*) nayR(A) with x and yy from Lemma 2.1. Furthermore, a;l(A*y—f) € D(A) with
Aa*(A*y - ) = —a;ly.

Proof. We just have to show that y, € D(A*) solves (2.4). But this follows directly since, for all ) € D(A*),

(Ao APy, ot = —006 A P, + (A D)y oo

= —(Ax, P)n, + (f, A*'ab)Hl,a;l = —(Vx» ’7[}>H2,a;1 +{f, A*¢>H1,a[1'
Hence yy = y and A** = A completes the proof. O
Remark 2.3. We know that |X|pa),a;,a, < |ﬂH1,a;1 and |y|D(A*)’ail’a£1 < |ﬂH1,a;1. It is indeed notable that
NG I = 1A, ot
holds, which follows immediately by y = a,Ax and
Iﬂﬁl’ail = |A*arAx + alXIf,l,ail

_ * 12 2 *
=1]A ylHl,oql + lallel,oql + 2R (A" arAx, (XlX)Hl’aIl

=(A* a2 AX, X)),

= |A*y|f|l,oql + |X|ﬁ1,tx1 + 2 R{ayAx, Ax)n,
=IAXEE, o

=[x, y)I%
Thus the solution operator
L:H; —» D(A)xD@A"), [ (xy)
(equipped with the proper weighed norms) has norm |L| = 1, i.e., L is an isometry.
By the latter remark the combined norm on D(A) x D(A*) yields an isometry. This motivates the usage of the
combined norm also for error estimates. As it turns out, we even obtain error equalities. First we show that

an error equality follows directly from the isometry property of Remark 2.3 if the approximation of the primal
variable x is regular enough.

Theorem 2.4. Let (x, y) € D(A) x D(A*) be the exact solution of (2.3). Let X € D(A) have additional regularity
so that y = ayAx € D(A*). Then, for the mixed approximation (X, y) we have

106, y) = & PI? = 9%, 7) (2.5)

and the normalized counterpart
I(x, y) - (X, P2 _ J(x, )
e, I |f|ﬁl’vql

) (2.6)

where
T ) e— |F _ S _ A*T2
IG9) =1f -k = AJIy -
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Proof. Since X is very regular, especially y = a,Ax € D(A*), the pair (X, y) is the exact solution of the problem

AV +a1x=:f, aAx=7,
i.e., we have L(f) = (X, 7). Then (2.5) is given directly by Remark 2.3:
166, y) = G2 = ILGF = DI? = If = FIF, 41
»&y
since L is linear. The estimate (2.6) follows by Remark 2.3 as well. O

Satisfying the high regularity property required in Theorem 2.4 may not be convenient for practical calcula-
tions. The next result, the first main result of the paper, holds for less regular approximations.

Theorem 2.5. Let (x,y), (X, y) € D(A) x D(A*) be the exact solution of (2.3) and any conforming approxima-
tion, respectively. Then

106, ) = G DI = MK, 7) (2.7)

and the normalized counterpart
I, y) = G P2 MK, 7)

= (2.8)
[T
hold, where
M P) = If - a1k = AFly o +17 - @AKo
Proof. Using (2.2) and inserting 0 = a>Ax — y, we get by (2.1)
MK, J) = lagx — a1 X + A*y - A*ﬂﬁl,a{l +y-y+ahAx - leA)?lf,M;l
= X=X, g, TGP oo+ 2RE@1 (=0, A = P
1Y = VIR, oot T VA =D, g, + 2R(T =, AKX = X))y, o7
= X = Xy agas + 1 = Ty gt gt *+ 2ROC- X A = D), = 2R(AGC=R), Y = D),
=06 y) - &I
Equation (2.8) follows by the isometry property in Remark 2.3, completing the proof. O

We note that the isometry property, i.e., [[(x, y)|l = |f] Hy,a; ! Can be seen by inserting (X, y) = (0, 0) into (2.7)
as well. The result of Theorem 2.4 can also be seen from Theorem 2.5.

Remark 2.6. In the purely real case, where the Hilbert spaces are over R and all objects are real valued,
Theorem 2.5 can also be deduced as a special case of [8, (7.2.14)]. The equality for the purely real reaction-
diffusion equation (A = V, A* = —div), was found also by Cai and Zhang in [4, Remark 6.12].

Corollary 2.7. Theorem 2.5 provides the well-known a posteriori error estimates for the primal and dual
problems.
(i) Forany x € D(A) it holds

b= X000, = 100 M ) = M(E ).

(ii) For any y € D(A*) it holds
52 _ . 5y — ~
|y le(A*)’azl’a;l (pIEnDI&) M((p’ )’) M(X5 Y)-
Proof. We just have to estimate
X = X3 a).00.0, < 106 Y) = G DI = M(X, 7)
and note that the left-hand side does not depend on y € D(A*). Setting i := y € D(A*), we get

~12 . ~
X = XIpa),a0,a, < lpean(g*)M(x, ).
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But for ) = y € D(A*) we see M(X, y) = |x — iclf,( N which proves (i). Analogously, we estimate
Y = Vparyact ot < 1067 = % DIP = M(%, )
and note that the left-hand side does not depend on x € D(A). Setting ¢ := X € D(A), we get

512 . ~
Y = V1pae), et < rpég(fA) M@, y).

But for ¢ = x € D(A) we see M(x,y) = |y — )7|12) . .1 1, which shows (ii). O
(A"),a;",a,
Remark 2.8. (i) Sincey L ! N(A*) by (2.4), we immediately get y € a; R(A) by the Helmholtz decomposition
H, = N(A*) GBa;l azR(A).
(ii) If a;'f € D(A), we have z := a;'A*y € D(A), and the strong and mixed formulations of (2.4) read
Aa;*A*y + a5ty = Aajlf,
Az + a3ty = Aaj'f, aj'A*y=1z.
Then for all ¢ € D(A) we have

(Az, AP)ty,c0 + (2, OV Hyar = —Vs AP, +(Z, Pty ay + (AT f, AQYH, a0
= (Aa]'f, APy, a0

and hence z € (D(A) N oqu(A*)) c D(A) is the unique solution of this variational problem. Furthermore,
ay(Az - Aa;'f) € D(A*) and A*ay(Az — Aa;'f) = —ayz. If ey Aa; ' f belongs to D(A*), this yields ay Az € D(A*)
and the strong equation

A*arAz + a1z = A*arAay'f.

2.2 Case ll: Two-Sided Error Estimate for Coefficients iwa; and a,

In the following we assume w € R\ {0}. Using the sub-index notation, we define for ¢ € D(A) and 1) € D(A*)
new weighted norms on D(A), D(A*) as well as on the product space D(A) x D(A*) by

91Dy wian,a = 1Pl wia + APIE, o
1D Gwlan ezt = WPt * A B Guian
1@, I = 19150 jwiar,a + 1P Da) lar) ot
By the Lax—Milgram lemma we get immediately:

Lemma 2.9. The (primal) variational problem
(AX, APty a, + 10X @Ity ,way = (f, @In,  forall g € D(A) (2.9)

admits a unique solution x € D(A) satisfying |X|pa),|wlay,a; < \/ilﬂHl,qwml)fl. Moreover, yy := a;Ax belongs to
D(A*) and A*yy = f — iwa1x. Hence, the strong and mixed formulations

Ao AX + iwarx = f, (2.10)
A*yy +iwaix = f,  aAx = yy (2.11)
hold with (x, yx) € D(A) x (D(A*) N a2 R(A)).

To get the dual problem, we multiply the first equation of (2.11) by A*y with ) € D(A*) taking the right
weighted scalar product and use y, = a2 Ax € D(A*). We obtain

A%y, A", way)t + (Gwanx, A" Py, war)t = A P, (war)t -
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Since x € D(A), it holds

(lwarx, A"Y)ny (way)t = 106 A" P)n, = IAX, You, = IYxo Yy, .ot
and we get again by the Lax—Milgram lemma (see Lemma 2.2) the following result.

Lemma 2.10. The (dual) variational problem
(A", APy et + 1V Phuyagt = A Yy, eyt for all i € D(A™) (2.12)

admits a unique solution y € D(A*) satisfying |Y|D(A*),(|w|a1)-1,a;1 < \/§|le1,(|0)|“1)71. Moreover, y = yx holds and
thus y belongs to D(A*) n ayR(A) with x and y, from Lemma 2.9. Furthermore, (wa1)"*(A*y — f) € D(A) with
A(war) A%y - f) = —ia3'y.

Remark 2.11. We know that

IxIpay,wlas,a < V24, (wlay  and VIpa®), (wla) a5t < V21, (wlan - (2.13)
It is indeed notable that
* 12 2
M oia = A VR wtan * P jala, (2.14)
and
by, (wtan)t < 106 VIS V214, ola) (2.15)

hold. The identity (2.14) follows immediately by y = a, Ax and

= |[A*arAx + iwalxlﬁ 1

|ﬂH1 (lwlay)™?

1, (lwla)”

|A*y| olant T |iwa1x|ﬁ1,(|w|al)fl + 2R (A" axAX, iwa X)H, ,(wlay)t
=—isign w(A*a Ax,x)u,
IA*y| (olan |x|Hl wia, — 2 R(isign w(aaAx, AxX)n,) -

=0

The lower bound in (2.15) follows from (2.14). The upper bound in (2.15) is seen as follows: First we take
(2.9) with ¢ = x and (2.12) with = y, and obtain

2 . 2
|AX||-|2,9(2 + 1w|X|H1,a1 = {f, u,»

1A %.,12 112 _ *
OIAYL o H IV = B AN (wa)

Taking the norm of both sides, we obtain

2
IAXI, o, + @ IXT, g = 1 x0m, 1%,

2 4 4 2
|w]| |A*)’|H1 ot T |)’|H2 o' = [{f, A"V, a1
] ,

showing

1.5
T'XlD(A),lwIal,az < mHl,(Ia)qu)*1 XlH,, wlar »

\/_lle(A* (olay gt < W Gwlan 1A VI, (wla)-

From these inequalities we can derive the estimates (2.13) for x and y separately. Moreover, by summing up
and (2.14), we get

1 .
ﬁlll(x, P < Any, qwlany (Xl wla + A"Vl qwlan )

< |f|H1, lwlag)™ \/—\/|X|H1 |wlay + A ylHl (lwlag)™t \/_lﬂH1 (Jwlap)™?
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and we have the upper bound in (2.15). Thus the norm of the solution operator
Li:Hy - D(A)xD(A"), fw(x,y)

(equipped with the proper weighted norms) satisfies 1 < |L;| < V2. Hence L; is ‘almost’ an isometry.
We also note that the upper bound in (2.15) is sharp: LetH; = Hy, A := A* :=id, w := 1and a; := a; := 1.
Then x =y, (1 +i)x = fand [|(x, )II* = 41xI3, = 2If1, -

The latter remark motivates the usage of the combined norm also for error estimates. First we show that a
two-sided error estimate follows directly from Remark 2.11, if the approximation of the primal variable x is
regular enough.

Theorem 2.12. Let (x,y) € D(A) x D(A*) be the exact solution of (2.11). Let X € D(A) have additional regular-
ity so that y = a; AX € D(A™*). Then, for the mixed approximation (X, y) we have

Ji%, §) < 106, y) = &, DI < 293(%, 7) (2.16)
and the normalized counterpart
~ ~ _ ~ ~ 2 Nz ~
1 3%y &y (X,zy)lll <5 Ji%y) ’ 2.17)
A wlany e, y)I A wlany

where
Ji(x, y) = If - iwaz x - A*V|H1 (lwlag)™*

Proof. Since X is very regular, especially y = a, Ax € D(A*), the pair (X, y) is the exact solution of the problem

Ay +iwaix =: f, aAx =7,
i.e., we have L;(f) = (X, 7). Then (2.16) is given directly by Remark 2.11:
|f_f|ﬁ1y(|w|a1)fl <l y) = G PP = ILi(f - HIP < 21f - le1 (wlay)
Estimate (2.17) follows by Remark 2.11 as well. O

The square root of the ratio of the bounds in (2.16) is always V2 < 1.42. The square root of the ratio of the
bounds in (2.17) is always 2. However, satisfying the high regularity property required in Theorem 2.12 may
not be convenient for practical calculations. The next result, the second main result of the paper, holds for
less regular approximations.

Theorem 2.13. Let (x,y), (X, y) € D(A) x D(A*) be the exact solution of (2.11) and any conforming approxi-
mation, respectively. Then

\/5\/31%()?,5/) <l y) - &I < \/_\/: Mi(x, y) (2.18)
and the normalized counterpart
V2 Mi(x, y) < ll(x, y) - (%, )II* < V2 - Mix, y) (2.19)
2(V2+1) |ﬂH (ol e y)li2 V2-1 I} e

hold, where

Mi(%, §) := If - iwa X - A*J; N Y. S
2,43

Hy,(lwlay)

Proof. Using (2.10) and inserting 0 = a, Ax — y, we get

Mi(%, ) = liwarx — iwar X + A*y - A*y|? i+ 7y @AY - AR
2

Hi,(lwlay
= X=X, oty + AT =D (gt + 2RU@AOC=R), ATV = Dby (wlar)
+y- y|§ ot IAG = R)IF, o, + 2R(T — Y, aaA(x - )iy a5t
= 1x = XIBa), jwlar.a + 1V = y|D(A ) (wla) a5
+ 2 signw R{i(x — x), A" (y - y))H1 —2R(A(X=X), Y — PH, . (2.20)
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The last two terms in (2.20) can be written as (for brevity we use the notation e := x —Xxand h := y - )

2signw R(i{e, A*h)n,) — 2R(Ae, h)n,
= -2signw J(e, A*h)y, - 2R(Ae, h)y,
> -2|3(e, A"h)y,| - 2|R(Ae, h)y,|
= —(|3¢e, A*hyy, | + |R(e, A"hyy, | + |I(Ae, h)p,| + |R(Ae, h)n,|)
<V2[(e,A*hyy, | <V2[(Ae,h)n, |
> -V2(I(e, A" Ry, | + (A, h)w, )
> ~V2(lelhy ol A" Rl wlat + A€l a ik, a50)

1 5
> -V2( 516l e, + 5IATHI,

Hi,lwla; (lwlay

1 2 6.2
yit 5glACl, 0, + SR ), (2.21)
for all § > 0. One can repeat these calculations by estimating from above, and arrive at

2sign w R(i(e, A*h)y,) — 2R(Ae, h)n,

1.p 8 a2 1 2 6.0
< V2( 356l uie * 5IA R qujant * 551 AClR a0 * 511G, 1)- (2.22)
Together (2.20)-(2.22) give
1 2 5\ o o
(1 - ﬁ%)lx - XlD(A),|a}|a1,tX2 + (1 - ﬁz)ly - le(A*),(lwIal)‘l,agl < M,’(X, Y)a (2-23)

1 . 1} . L.
(1 + ﬁ%)lx - X|12)(A),|(u|a1,az + (1 + \/fi)ly - ylé(A*),(IwIal)‘l,agl > M;i(%, 7). (2.24)
Estimate (2.18) follows by setting 6 = 1 in (2.23) and (2.24). Estimate (2.19) follows by property (2.15) in
Remark 2.11, completing the proof. O

The square root of the ratio of the upper and lower bound in (2.18) is always 1 + V2 < 2.42. The square root
of the ratio of the bounds of the normalized counterpart (2.19) is always 2 + V2 < 3.42. We can conclude that
the bounds are close to each other and give reliable information of the error of a mixed approximation.

Theorem 2.14. From the proof of Theorem 2.13 we can deduce the following a posteriori error estimates for the
primal and dual problems.
(i) Forany x € D(A) it holds

X = X3 wlar.a, < 2Mi(X, ¥)  forall i € D(A®).

(ii) Foranyy € D(A*) it holds

Y =T Dae) Golay 1.act < 2Mi(@7) forall € DA).
Proof. Estimate (i) follows from (2.23) by setting § = V2, and (ii) from (2.23) by setting 6 = 1/V/2. O

Remark 2.15. (i) Since yLlg N(A*) by (2.12), we immediately get y € a;R(A) by the Helmholtz decom-
position
H, = N(A*) G)a;l (XzR(A).

(i) If (wa1)™'f € D(A), wehave z := (wa;) " 'A*y € D(A), and the strong and mixed formulations of (2.12)
read

A(way) 'A%y +iayty = A(way)"Hf,
Az +iayty = Alwar) Y, (way) 'A%y =z

Then for all ¢ € D(A) we have

(Az, AP, a, + 142, Oy 000 = —1(Ys AW, +1(Z, Py way + (Alwar) f, APIH, a0
= (A(wa1) " f, AQ)n, a0
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and hence z € (D(A) N aIlR(A*)) c D(A) is the unique solution of this variational problem. Furthermore,
az(Az - A(war)'f) € D(A*) and A*ay(Az - Aaj'f) = —iwa;z. If axA(way)"!f belongs to D(A*), this yields
arAz € D(A*) and the strong equation

A*ayAz +iwaiz = A*arA(war) " Lf.

2.3 Error Indication Properties for PDEs

In this section we assume that the underlying problem is a PDE such that A and A* are differential operators
and the Hilbert spaces are scalar-, vector-, or tensor-valued L2-spaces, i.e., H; = L2(Q) and H, = L2(Q). Here
Q c R4, d > 1,is a domain.

Let T denote a discretization of the domain Q into a mesh of non-overlapping elements T. Note that
we assume UTE(IT = Q, i.e., in particular that the boundary of Q is exactly represented by the mesh. This
is necessary in order to have conforming approximations in the first place: They must satisfy exactly the
imposed boundary conditions.

Aside from global error values we are also interested in estimating the error distribution in the mesh 7.
In the following we use the previously derived error equality and error estimate to define error indicators and
study their properties.

Case |. We define the following error indicator based on the equality of Theorem 2.5:

N7 9) =\~ @F = AT gy o+ 17 - AT gy

The error indicator nr will indicate the exact error distribution

eT(jZ9 5/) = \/lx _ile(T)’al + |A(X _2)|52(T),a2 + |)’ _ylfz(n’agl + |A*(J/ _j/)|fz(T),a11'

In the following we use

nzz\jz n% and ezz\jz el.
TeT TeT

The error indicator n should satisfy the following properties:

(i) The indicator n must satisfy the global relation ¢ n < e < ¢n with some constants ¢ > 0 and ¢ > 0. The
constant c is often called the global efficiency constant, and ¢ the global reliability constant. If ¢ or an
upper bound of it is known, the indicator can be used to provide a stopping criterion for adaptive com-
putations.

(ii) Thelocalindicator ny mustsatisfy crnr < erinall elements T in T with some constants ¢y > 0, which are
often called the local efficiency constants. If ct are of the same magnitude, the indicator is then appropri-
ate for estimating the error distribution in the mesh, and can then be used for adaptive mesh-refinement.
It is desirable that the constants ¢, ¢ and cr are not dependent on the problem data or the mesh. If the

constants ¢ and ¢ are known, they give a good idea of the quality of the indicator n in a global context. It

is also desirable that the local constants ct are known for all elements T. The closer the values are to c, the
better.

Note that n(x, y) = M(x, 7)1/2 = e(x, §), so according to Theorem 2.5 the first property is satisfied with
constants ¢ = ¢ = 1. This is the best case possible.

We show the second property of local efficiency by using (2.2) and inserting O = a;Ax — y into n7:

2
L2(T),a;

< 2(|X ~ X gy g, + ATV - j’)lfz(T)’aIl +1y- )/Ifzm’a;l +]Ax - )?)IfZ(T),az),

2

Ly -y + aAx - azA)"(le(T) =

nr(x, )% = a1 x — a1 X + A*y — A* |

= (;(’ ) < e] (‘.(! )'
‘lT y y
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The indicator 1 then satisfies the second property with the constant ¢t = 1/v2 > 0.7 for all elements T ¢ 7.
This constant is rather sharp, since ¢ = ¢ = 1. This means that n provides a good error indicator for guiding
mesh-adaptive methods for mixed approximations.

Case Il. We define the following error indicator based on the estimate of Theorem 2.13:

s o . = ~12 = =12
’Ti,T(X, )’) = \j'f —lwax - A*)/||_2(T)’(|w|al)fl + |y - aZAX'LZ(T),agl'

The error indicator 7;,  will indicate the exact error distribution

ei,T(;(’ 37) = \/lX - ilEZ(T),lwlal + |A(X - ;()lfz(T),az + |)’ - ylfz(T)’agl + |A*()’ - y)'EZ(T)’(lwml)—l-

In the following we use

Note that 1;(%, 7) = M;(X, 7)/?, so according to Theorem 2.13 the first property is satisfied with constants

V2 _ \/ V2
c=\——>0.76 and ¢=1\—— <1.85,
- \/\/5+1 V2 -1

with ratio 1 + V2 < 2.42.
We show the second property of local efficiency by using (2.10) and inserting 0 = a;Ax — y into n;,r:

2

1,73, 9)? = liwarx — iwa X + Ay = AVIE gy (ojan + 17—V + QAX - AKX

L2(D),a;"
< 2(x - & +IATY =PI LT Y g g+ 1A= DIy 4, )
= L2(D), lwlas L2(D), (lwlay)™ L2(T),a5" (D), )?

which gives us

1 L .
—ni,r(X, y) < eir(X,y).

V2

The indicator n; then satisfies the second property with the constant cr = 1/ V2 > 0.7 forallelements T € 7.
This constant is again rather sharp, since 0.76 < ¢ < ¢ < 1.85. This means that r; provides a good error indi-
cator for guiding mesh-adaptive methods for mixed approximations.

2.4 Motivation: Error Control for Time-Dependent PDEs

As mentioned in the introduction, a motivation to study a posteriori error estimation for the two classes of
problems considered in this paper comes from time-dependent partial differential equations, more precisely
from their time discretizations or from assuming that they are time-harmonic.

Case I. A main application of our error equality of Theorem 2.5 might be that equations of the type
A" Ax+a1x = f (2.25)

naturally occur in many types of time discretizations, e.g., for linear parabolic heat type equations or linear
hyperbolic wave propagation type equations.
Let us consider the linear parabolic heat type equation

(0t +A"A)x = f, (2.26)
generalizing the most prominent example of the heat equation
(0¢=MNu=(0¢-divViu=g
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with appropriate boundary and initial conditions. A standard implicit time discretization for (2.26) is, e.g.,
the backward Euler scheme, yielding

6;1(Xn—xn—1)+A*AXn =fn, On:i=tn—tn1,
and hence (2.25) is recovered by
A*Axp + 8, %0 = f 1= fr — 67 Xno1.

We note that our arguments extend to ‘all’ practically used time discretizations. Functional a posteriori error
estimates for parabolic equations can be found, e.g., in [8, 12].
A large class of linear wave propagation models, like electromagnetics or acoustics, have the structure

_ X g 0 -A* A1 O
B 1 M — , M= , A= 2.27
R B e B aar)
or more explicit
I 'x-A*y =g, 0OA'y+Ax=h (2.28)

completed by appropriate initial conditions. Often the material is assumed to be time-independent, i.e., A
does not depend on time. In this case iAM is self-adjoint in the proper Hilbert spaces and the solution theory
follows immediately by the spectral theorem (variation in constant formula) or by semigroup theory. We note
that formally the second-order wave equation

2 H{X|_ 18] ._ B g 2 _
(at—(AM))[y]—[h] = (0 AM)A[h], (AM) [

-A1A* ;A 0
0 - AN AT

holds, i.e., component-wise
(2 + MA* LA =8, (32 + AaANA")y = .
Hence the linear hyperbolic wave type equation
(07 +A*A)x =f (2.29)
pops up, generalizing the most prominent example of the wave equation
(07 = Nu = (07 -divV)u =j

with appropriate boundary and initial conditions. A standard implicit time discretization for (2.28) is, e.g.,
the backward Euler scheme, i.e.,

5;,1A11(Xn —Xn-1) = A*yn = gn, 5;1(}’n —¥Yn-1) + MoAxn = Ao hy.
Hence, we obtain, e.g., for x,,
A aAxy + 6,207 %0 = fn 1= A*(Aahy + 83 Yn1) + 6,247 X1 + 8,2 8n

provided that A, h, € D(A*). Therefore (2.25) holds for x,, with, e.g., a; = 6;%{1 and a, = A,. Of course, a
similar equation holds for y, as well. We note that our arguments extend to ‘all’ practically used time dis-
cretizations. Functional a posteriori error estimates for wave equations can be found in [11, 13].

Case Il. A main application of our two-sided error estimate of Theorem 2.13 might be that equations of the

type
A*arAx +iwax = f (2.30)

naturally occur for time-harmonic problems, e.g., for time-harmonic Maxwell equations. Maxwell’s equations
are hyperbolic and read

oD-rotH=]=j+0E, divD=p, D=¢E,
0tB +10tE =0, divB=0, B=uH
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with appropriate boundary and initial conditions. These equations can be written in the style of (2.27) as

e O 0 -—rot o O E j
at + - = .
0 u rot O 0 O H 0
Let us assume that €, y and o are independent of time. Then, formally, we have
0?€E = 1ot u"10(B + 0¢j + 0:0F = —rot u L rot E + 9/,
0?uH = —rote 190D = —rote ' rot H —rot '],
i.e., we get the wave equations
(07 + et rotu rot)E = 0re7], (97 + u'rote ' rot)H = —u~ rote!J

as another example of (2.29). The eddy current model neglects time variations of the electric field, i.e., as-
sumes 0¢D = 90:€E = 0, and hence leads to the parabolic equation

00E=-rotu 'o;B—F =rotu rotE-F, F :=0yj,

i.e.,
—-00E +rotu ' rotE = F.

A time-harmonic ansatz leads to
rotu~trotE + iwoE = F

as a prominent example of (2.30) for which our results are stated in Section 3.2.

3 Applications

In this section we will discuss some standard applications. Let Q ¢ R9, d > 1, be a bounded Lipschitz domain
with boundary I'. Moreover, let I'y be an open subset of 'and I'y := T\ Tp its complement. We will denote by
n the outward unit normal of the boundary I'. We note that our results extend to unbounded domains without
any changes.

We denoteby (-, - )12 and | - |2 the inner product and the norm in L? for scalar-, vector- and matrix-valued
functions. Throughout this section we will not indicate the dependence on Q in our notations of the functional
spaces.

For the first application, the reaction-diffusion problem, we repeat all the results of Section 2. For the rest
of the applications we will repeat only the main results of Theorems 2.5 and 2.13 for the sake of brevity.

3.1 Reaction-Diffusion

We define the usual Sobolev spaces
Hl:={pel?|Vpel?, D:={cl?®|divyel?},
and the spaces
1 ._ oot =P
Hr,=Cp » Dr =G,
were C?D’ resp. C‘f‘]: is the space of smooth test functions resp. vector fields having supports bounded away
from I'p resp. I'y. These are Hilbert spaces equipped with the graph norms denoted by | - |y1, | - |p, respectively.

Table 1 shows the relation to the notation of Section 2. We note that indeed D(A*) = DrN holds for Lipschitz
domains, see, e.g., [2, 5]. Relation (2.1) reads now

(Vo, )2 = —(p,divip)> forallp e Hf , e D .
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a; oy A A* Hi H, D(A) D(AY)

p a VvV -div L2 L2 H D

Table 1. Relation to the notation of Section 2.

Case I. Find the scalar potential u € H! such that

—divaVu+pu=f inQ,
u=0 onTp, (3.1

n-aVu=0 only.

The quadratic diffusion matrix a € L* is symmetric, real valued, and uniformly positive definite. The real-
valued reaction coefficient p > po > 0 belongs to L* and the source f to L2. The dual variable for this problem
is the flux p = aVu € D. The mixed formulation of (3.1) reads: Find (u, p) € H%D x Dy, such that

—divp+pu=f, aVu=p inQ. (3.2)
The primal and dual variational problems are: Find (u, p) € H%D x Dr, such that
(Vu, V)20 + (U, P12 = (f, @)1 forall ¢ € Hf,,
(divp, div)i2 51 + (P, P)i2,01 = —(f, divip}i2 o+ forally € Dy .
Considering the norms, we have
|u|ﬁ1,p,a = |ulfz,p + |VU|Ez,a’
|p|%’p—1’a—1 = |plfz’a—1 + |din|lep—1’
1, PP = [l o + 113yt g

Now Remark 2.3, Theorem 2.4, Theorem 2.5, and Corollary 2.7 read:

Remark 3.1. We note |u|y1 p q < Ifli2,p-+ @nd |plp,p-1,4-1 < |fl12,p-+ and indeed

I, D) = 1flL2,p1
The solution operator L : L> — H%D x Dy, f — (u, p) is an isometry, i.e. || = 1.

Theorem 3.2. Let (u,p) € H%D xDr, be the exact solution of (3.2). Letii € H%D andp = aVit € D, . Then, for the
mixed approximation (i1, p) we have

I, p) - @, DI _ Tra(it, B)
I, p)I? Az,

I(u, p) - (@, P)I* = Ja(@t, p),

>

where Jra(i, p) = |f ~ p @t + divD[f, 1.

Theorem 3.3. Let (u, p), (ii, p) € H%D xDp be the exact solution of (3.2) and any approximation, respectively.
Then o o
1w, p) = (@, P)I* _ Mra(it, )

I, I? A%

I, p) = (@, PI* = Mea(@, ),

2
L2,p-

2
12,q°1"

hold, where My (i1, p) = |f — p it + div p| L+ P - aVil|

Corollary 3.4. Theorem 3.3 provides the well-known a posteriori error estimates for the primal and dual
problems.
(i) Foranyii e H%D it holds
~12 . ~ ~
lu—aly , . = 1/526? Mua(@t, ) = Mia(@, p).
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(ii) Foranyp € Dy, it holds
|p _i)%p—l al = min Mrd((Py 15) = Mrd(u,ﬁ)-
e tpeH%D

Error indication properties of Section 2.3 hold as well:

Remark 3.5. Let T denote a discretization of the domain Q into a mesh of non-overlapping elements T such
as described in Section 2.3. We define the following error indicator using the functional of Theorem 3.3:

M1 B) 1= [ —p i+ AV PRy o + P -Vl o1 M= JZ .
TeT

The error indicator n will indicate the exact error distribution

er(%,7) 1= \lu= Uy o 1P~ Bl gae €5 JZ e2.
TeT

As shown in Section 2.3, the global reliability constant, global efficiency constant, and the local efficiency
constants are 1
c=1, c¢c=1, cr=—>0.7 forallTe7T,
- V2
respectively.
Related results and numerical tests for exterior domains can be found in, e.g., [6, 9].
Case Il. Find the scalar potential u € H! such that
—divaVu +iwpu=f inQ,
u=0 onlp, (3.3)

n-aVu=0 onTy,

where a, p, and f are as before, and w € R\ {0}. The dual variable for this problem is the flux p = aVu € D.
The mixed formulation of (3.3) reads: Find (u, p) € H%D X DFJJ such that

—divp+iwpu=f, aVu=p inQ. (3.4)
Considering the norms, we have
Ul e = WG g + 1VUIE g
P15 iy 10t = 1PIE2 g1 + 1AV DI (110
G, DI = 112 e 112 ottt
The primal and dual variational problems are: Find (u, p) € H%D x Dr, such that
(YU, VQ) 12 o + 1U, 9)12,0p = (fs )12 forall ¢ € Hp |,
(div p, div )12 (wpy1 + 1D, P)12,a1 = —{f, divi) 2 py1  forall P e Dr, -
Now Remark 2.11, Theorem 2.12, Theorem 2.13, and Theorem 2.14 read:
Remark 3.6. We note [ulu:,jyjp,a < V2Ifli2,(wip) and [Plp,wip)1,at < V2Ifliz,wip) and indeed
ez quipr < M@, DI < V2Iflz, ojp)-
The norm of the solution operator L; : L> — H%D X DrN’f — (u, p) then satisfies 1 < |L;| < V2.

Theorem 3.7. Let (u,p) € H%D xDr, be the exact solution of (3.2). Let i1 € H%D andp = avVii € Dy, . Then, for the
mixed approximation (i1, p) we have

Jiwa (i, p) < Nl (u, p) - (@, PII* < 20;5a(i, p)
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and o o o
1 Jin@P) _lIw,p) =@ P _, Jiralt, P)

2 Moqu WP UG

>

where J; (i, p) = |f — iwp @t + div I”'ﬁz,wprl-
Theorem 3.8. Let (u, p), (i, p) € H%D xDp be the exact solution of (3.4) and any approximation, respectively.

Then s ;s
2 2

—Mir ~,~ = ’ - ~;~ 2——Mi1’ ~y~

il ad(i, p) < ll(u, p) - (@, Pl <\/§—1 xd (L, p)

and

V2 Miw@@p) _Nwp) - @AW V2 Miw(@, D)
2 - 2 - 2
20V2+ 1) % i) G, P V21 1% gyt

hold, where M; (i, p) = |f — iwp &t + div[)lfz’( s aVﬁlfz,a_l.

lwlp
Theorem 3.9. We have the following a posteriori error estimates for the primal and dual problems.
(i) Foranyii e H%D it holds

lu—alf, 2Mia(@t, ) forally e Dy, .

<
|lwlp,a
(ii) Forany p € Dy, it holds

P = D13 i) 1.t < 2Mira(p, P) forall g e Hy .
The error indication properties of Section 2.3 hold as well:

Remark 3.10. Let T denote a discretization of the domain Q into a mesh of non-overlapping elements T such
as described in Section 2.3. We define the following error indicator using the functional of Theorem 3.8:

Mi,1G, B) = \If — 10p i+ AV Bl 1 oy + 1B~ AVED gy n M1 2= \]z 2y
TeT

The error indicator n; will indicate the exact error distribution

oy -2 =12 e 2
i1 (% 9) = U= W1y popp 0 * 1P = Pl ugpr s €= JZ eir
TeT

As shown in Section 2.3, the global reliability constant, global efficiency constant, and the local efficiency
constants are

_ NG J V2 1
Cc= <1.85, c= >0.76, cr=—>0.7 forallT €T,
\/\/5—1 = V21 NG

respectively.

3.2 Maxwell Type Problems (3D)

Let d = 3. We need the Sobolev spaces
Ri={®el?|rotdel?), Ry :=CP, Rp i=Co.

Table 2 shows the relation to the notation of Section 2. We note that indeed D(A*) = RrN holds for Lipschitz
domains, see, e.g., [2, 5]. Relation (2.1) reads now

(rot®, V)2 = (D, rot V)2 foralld ¢ RFD, Ye RrN-
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o 7} A  A* Hy H D@A) DAY

€0 p' rot rot L2 L R Rp,

Table 2. Relation to the notation of Section 2.

Case I: A Maxwell Type Problem. The problem reads: Find the electric field E € R such that

roty 'rotE+eE=] inQ,
nxE=0 onTp, (3.5)

nxu lrotE=0 onTy.

We assume that the magnetic permeability u and the electric permittivity € are symmetric, real-valued, and
uniformly positive definite matrices from L®. The electric current J belongs to L2. The dual variable for
this problem is the magnetic field H = p~! rot E € R. The mixed formulation of (3.5) reads as follows: Find
(E,H) € Ry xRy, such that

rotH+eE=], p'rotE=H inQ. (3.6)

Considering the norms, we have

2 2 2
IEIR ¢yt = |El2 ¢ + [FOLE|D )i,

2 2 2
|HIR ¢-1,, = [HI{2 , + [TOtHI{, 1

ICE, D)I? = EIg (1 + 1HIg 1 e
Now Theorem 2.5 reads:

Theorem 3.11. Let(E, H), (E, H) € Rr, % Ry, bethe exact solution of (3.6) and any approximation, respectively.

Then o .
I(E, H) - (E, H)|I? _ Mec(E, H)

IEDIZ U

hold, where Moo (E, H) = |J — €E - rotH|fZ’€_1 +|H-pu?t rotElfz’y.

"(E’ H) - (E’ H)"Z = MEC(E’ I:I)’

Earlier results for eddy current and static Maxwell problems can be found in [1, 10].

Case ll: Eddy-Current. The problem reads: Find the electric field E € R such that

rotu 'rotE +iwoE=] inQ,
nxE=0 onTp, (3.7)

nxutrotE=0 onTy,

where u and J are as before, the conductivity o is a symmetric, real-valued, and uniformly positive definite
matrix from L®, and w € R\ {0}. The dual variable for this problem is the magnetic field H = u~' rot E € R.
The mixed formulation of (3.7) reads: Find (E, H) ¢ Rp, xRy, such that

rotH +iwoE=], u'rotE=H inQ. (3.8)
Considering the norms, we have

2 _ 2 )
|E|R,|a}|g,y71 - |E|L2,|a)|0 + |1‘0tE|L2

,yfl’
2 _ 2 2
HIR (i)t = HIG, ), + IOLHIE (1416015
ICE, DI = 1ERZ 0+ IR ooy

Now Theorem 2.13 reads:
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Theorem 3.12. Let (E, H), (E, H) € Rp, xRy, be the exact solution of (3.8) and any approximation, respectively.

Then 73 V3
2 = - i 2 2
ﬁ+1Mz,ec(E,H)SIII(E,H) (E, I < A1

Mi,ec(E, H)

and o o o
V2 Mi,ec(E,H)<|||(EyH)—(E,H)"|2< V2 Miec(E, H)

202+1) Uy MEBDIE " V2-1 U2,

hold, where M ec(E, H) = |J - iwoE - rot HI,

lw|o)~?

L+ H-pt rotElfz’y.

lwlo)~

3.3 Maxwell Type Problems (2D)

Let d = 2. In the following we simply indicate the changes compared to the previous section. First, we have
to understand the double rot as V+* rot, where

. 0-H 0 1
tE:=d FE=0,E;-0,E;, V'H:=QVH-= , = s
1o ivQ 1E2 — 02E Q [—61H] Q [_1 O]

and E ¢ R is a vector field and H € H! a scalar function. In the literature, the operator V+ is often called co-
gradient or vector rotation rot as well. Also u is scalar. Table 3 shows the relation to the notation of Section 2.
Relation (2.1) reads now

(rot @, )2 = (D, V)2 forall® e Ry, 1 € H .

o1 o2 A A* H, H, D(A) D(A*)

-1

€,0 U rot vt L2 L2 Ry H,

Table 3. Relation to the notation of Section 2.

Case I: A Maxwell Type Problem. Now (3.5) reads: Find the electric field E € R such that

ViplrotE+€eE=] inQ,
nxE=0 onlp,

ulrotE=0 onTy.
The mixed formulation of the problem is: Find (E, H) € Ry x H%N such that
ViIH+eE=], ulrotE=H inQ. (3.9)

The norm for H is

2 2 2
|H|H1 n |H||_z’y + |VJ‘H|L2,€71-

€71,

Now Theorem 3.11 (and thus Theorem 2.5) reads:

Theorem 3.13. Let (E, H), (E, H) € Rp, X H%N be the exact solution of (3.9) and any approximation, respec-

tively. Then
P P I(E, H) - (E, H)|*>  Mec(E, H)
I(E, H) - (E, H)||* = Mec(E, H), =
“ I(E, H)|I? I e

hold, where Moo (E, H) = |J — €E — VLI:IIfz,e,1 +|H-pt rotEIfz’y.
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Case II: Eddy-Current. Now (3.7) reads: Find the electric field E € R such that

ViulrotE+iwoE=] inQ,
nxE=0 onlp,

ulrotE=0 onTy.
The mixed formulation of the problem is: Find (E, H) € R, x H%N such that
V*H+iwoE=], pl'rotE=H inQ. (3.10)

The norm for H is

> _ 2 L1712
[Hlj = 1HIG y, + IVEHIG 10y

S(lwlo),u
Now Theorem 3.12 (and thus Theorem 2.13) reads:

Theorem 3.14. Let (E, H), (E, H) € Rp, x H%N be the exact solution of (3.10) and any approximation, respec-
tively. Then

V2 . - o - V2 -
Miec(E, H) < I(E, H) - (E, D)|I? < Miec(E, H
75 41 el IE, H) = (E, D" < —=— Miec(E, H)
and . L L
V2 MieclE H) _NEH) - EDI? V2 Miec(E, H)
2V2+ 1) o MEDIZ 7 V2-1 I 40
hold, where Mi,ec(E, H) = |] ~ iw0E =V HIZ, 1501 + [H—-p ' 1ot EIF, .

3.4 Linear Elasticity Type Problems
We will need Vg, which is the symmetric part of the gradient
Vsu := symVu = %(Vu +(Vu)"),

where Vu is understood as the Jacobian of the vector field u and T denotes the transpose. Vsu, often denoted
by €(u), is also called the infinitesimal strain tensor. For a tensor o the notation ¢ € D and the application of
Div to o are to be understood row-wise as the usual divergence div. Moreover, we define

Divg 0 := Divsym 0.

Table 4 shows the relation to the notation of Section 2. The notation ¢ € sym™! Dy, means symo € D, . More
precisely, i € D(A*) if and only if

(Vs@, P12 = (@, A*p)> forall p € D(A) = H] .

Since (Vs@, P)12 = (Vg, sym )2, we see that this holds if and only if sym i € Dr, and A*y = — Divsym .
Equation (2.1) turns into

(Vs@, P12 = —(¢, Divs p)> forall ¢ ¢ HlD, P e sym™! Dr, -

a3 0 A A* Hi H, D(A) D(A*)

p A Vs -Divs L2 L2 HL  sym D

Table 4. Relation to the notation of Section 2.
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Case I. Find the displacement vector field u € H! such that

-DivAVsu+pu=f inQ,
u=0 onTp, (3.11)
AVsu-n=0 onTy.
The fourth-order stiffness tensor of elastic moduli A € L, mapping symmetric matrices to symmetric matri-
ces point-wise, and the second-order tensor (quadratic matrix) of reaction p are assumed to be symmetric,
real valued, and uniformly positive definite. The vector field f (body force) belongs to L? and the dual variable

for this problem is the Cauchy stress tensor = AVsu € D. Note that ¢ is indeed symmetric. We note that the
first equation in (3.11) can also be written as

-Divs AVsu +pu =f.
The mixed formulation of (3.11) reads: Find (u, o) € H%D xDp. such that
-Divo+pu=f, AVsu=0 inQ. (3.12)
For the norms we have

2 2 2
|u|H1,p,A = |u||_2’p + |Vsu||_2’A;

o2

2 : 2
sym-1D,p-1,A°1 = |0|L2,A‘1 + |Divg Ule

’p—ly
2

2 2
I, o) = Tuly , o + 101510 p1 g

Now Theorem 2.5 reads:
Theorem 3.15. Let (u, 0), (i1, 0) € H%D x sym™! Dy, be the exact solution of (3.12) and any approximation, re-
spectively. Then

I(u, 0) - (@, &)I* _ Mie(, 5)

— 1] A 2— 1 O
I(u, 0) = (&1, )= = Mye(it, 0), TRE = Iﬂfz,p_l

hold, where Mie(it, 6) = |f - p &t + Divs 617, pr H10 - AVs|?, ;e

Moreover, since the tensor o is symmetric, the above results hold for all pairs (it, 6) € H%D X DrN with sym-
metric tensor G, and the functional simplifies to Mie (i, 6) = |f - p it + Div 61}, i 10~ AVl .

Case Il. Find the displacement vector field u € H! such that
-DivAVsu +iwpu =f inQ,
u=0 onTp, (3.13)
AVsu-n=0 onTy,

where A, p, and f are as before, and w € R \ {0}. The dual variable for this problem is the Cauchy stress tensor
0 = AVsu € D. We note again that o is symmetric, and that the first equation of (3.13) can also be written as

—Divs AVsu + iwp u = f.
The mixed formulation of (3.13) reads: Find (u, 0) € H%D x Dy, such that
-Divo+iwpu=f, AVsu=0 inQ. (3.14)
For the norms we have
Ul . = 1UIE2 o + 195U 5
1013yt 0, g1t = 10122t + 1DV O 14191
llu, o)l = Iulﬁl,wm,A + |0|§Ym_1 D,(jwlp) 1, A1"

Now Theorem 2.13 reads:
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Theorem 3.16. Let (u, 0), (ii, 6) € H%D x sym™! Dr, be the exact solution of (3.14) and any approximation, re-

spectively. Then
V2

V2+1

V2
V2-1

Mie(it, 6) < ll(u, o) - (&, §)|I* <

M 1e(1, 0)

and
V2 .Mi,le(a,6)< ll(u, 0) - (&, &)l - V2  Mi,le(#t, 0)
2 = 2 = 2
20240 Moy M@0 V-1 1% gy

hold, where M; 1e(it, &) = |f — iwp @t + Divs 6lfz,(lwlp)'1 +6- AVsﬂlfz’A_l.

Moreover, since the tensor o is symmetric, the above results hold for all pairs (it, 6) € H%D x Dy, with sym-

metric &, and the functional simplifies to M; 1e(&, 6) = |f - iwp @ + Div 5|7, (wlpyr T 10— Aval?, .

3.5 Different Boundary Conditions and Other Problems

We note that the (non-normalized) error equalities and error estimates hold without change with non-
homogeneous boundary conditions. Also Robin boundary conditions can be treated (see Appendix A).

It is clear that the list of applications of our theory is much longer. For example:

generalized reaction-diffusion, linear acoustics and electromagnetics on Riemannian manifolds

-6d+1, -6d+i1,

were d and § denote the exterior and co-derivative, respectively;
o the fourth-order problem
divDivvV +1, divDivVV +i;

o the biharmonic problem
AN+1, AA+i;

o certain generalized Stokes and Oseen type problems.

A Inhomogeneous and More Boundary Conditions

We will demonstrate that our results also hold for Robin type boundary conditions, which means that our
results are true for many commonly used boundary conditions. Moreover, we emphasize that we can also
handle inhomogeneous boundary conditions. Since it is clear that this method works in the general setting
for both Cases I and II, we will demonstrate it here just for a simple reaction-diffusion type model problem
belonging to the class of Case 1. Let Q be as in the latter section and now the boundary I be decomposed into
three disjoint parts I'p, 'y and T'g.

The model problem is: Find the scalar potential u € H! such that

—-divVu+u=f inQ,
u=g; onlp,
n-Vu=g, only,
n-Vu+yu=g3 only

hold. Hence, on I'p, I'y and I'y we impose Dirichlet, Neumann and Robin type boundary conditions, respec-
tively. In the Robin boundary condition, we assume that the coefficient y > yo > 0 belongs to L*°. The dual
variable for this problem is the flux p := Vu € D. Furthermore, as long as I'y # § and to avoid tricky discus-
sions about traces and the corresponding H-/2-spaces of T, I'p, I'y, and T'y, which can be quite complicated,
we assume for simplicity that u € H2. Then, p € H! and all g; belong to L2 even to H'/2 of T'. For the norms we
simply have

I, DI = Julf: + Ipl3-
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Theorem A.1. For any approximation pair (ii, p) € H2 x H with u—1ii € H%D and p - p € Dy as well as
n-(p-p)+y(u-u)=0onTyitholds

I(u, p) = (@, P)I* + 2Ju - &IEZ(FR),Y = M(a, p)
with M(it, p) := |f — i + div p|2, + |p - Vi|},. Moreover, [u — @il 2(ry),y = [0 (P = D)2y, yt-

Proof. Following the proof of Theorem 2.5, we have

M(it, p) = lu— a3y +1p - PIp + 2R(u — 1, div(p — p))12 + 2R(V(u — ), p - p)2.

=ll(u,p)-(@t,p)I1?
Moreover, since 11 - (p — p) and u — it belong to L%(T'), we have
(Vu-u),p-pe+u-u,div(p -p) =(n- (P -p),u-u)m
=(n-(p-p)u-i)mr,
=(y(u—-1u),u-u)r,-
As (y(u—u), u - i)2r, = (y‘ln -(p-p),n-(p-DPNi2r,), we get the assertion. O
Remark A.2. Ifall g; = 0, we can set (it, p) = (0, 0) and get
I, pI? + 20l r,, = 2,
which follows also by
A% = 1divpl% + lull - 2R(div Vu, u),2
= div pIg, + [ulf, +2|Vuliz - 2R(n - Vu, w)i2(r)
= |divpl + lulh +2|Vulz - 2R (n- Vu, wiar,) -

2
L2(I'R),y

=—ul
Thus, in this case the assertion of Theorem A.1 has a normalized counterpart as well.
If T = 0, we have a pure mixed Dirichlet and Neumann boundary.

Theorem A.3. Let I'y = 0. For any approximation (it, p) € H' x D withu — 11 € H%D andp -p € Dy, we have

I(w, p) - (@, PI* = M(&, p).

Corollary A.4. Let Ty = 0. Theorem A.3 provides the well-known a posteriori error estimates for the primal and
dual problems.
(i) Foranyii e H' withu—1ii e H%D it holds

lu-alf, = rl?euol M@, ) = M(@, p).

p—¢eDW
(ii) Foranyp e Dwithp —p € Dy, it holds

lp-plg = min Mg, p) = M(u, p).
@eH
u-peHp,
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