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Abstract: We prove global and local versions of the so-called div-curl-lemma, a crucial result in the homoge-
nization theory of partial differential equations, for mixed boundary conditions on bounded weak Lipschitz
domains in 3D with weak Lipschitz interfaces. We will generalize our results using an abstract Hilbert space
setting, which shows corresponding results to hold in arbitrary dimensions as well as for various differen-
tial operators. The crucial tools and the core of our arguments are Hilbert complexes and related compact
embeddings.
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1 Introduction

The classical div-curl-lemma by Murat [18] and Tartar [33], a famous and crucial result in the homogeniza-
tion theory of partial differential equations and often used for so-called compensated compactness, reads
as follows:

Theorem I (Classical div-curl-lemma). Let Q c R3 be an open set and let (Ey), (Hyn) c L>(Q) be two sequences
bounded in L2(Q) such that both (curl E,) and (div Hy) are relatively compact in H=1(Q). Then there exist
E, H € L%(Q) as well as subsequences, again denoted by (Ey) and (Hy), such that the sequence of scalar products
(Ey - Hy) converges in the sense of distributions, i.e.,

J(p(E,, -H,) — J(p(E-H) forall p € (cjo"(Q).
Q Q

Here, H"1(Q) denotes the dual space of Al (Q) and the distributional extensions
curl : L2(Q) » HY(Q), div: L*(Q) - H'(Q)
of curl and div, respectively, are defined for E € L?(Q) by

curl E(®) := (curl @, E) b ), ® € HY(Q),

diVE(Q) = ~(V@,E) o), @ € HL(Q).
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34 —— D.Pauly, A global div-curl-lemma DE GRUYTER

We will prove a global version of the div-curl-lemma stating that under certain (mixed tangential and
normal) boundary conditions and (very weak) regularity assumptions on a domain Q ¢ R3, see Section 2,
the following holds:

Theorem Il (Global div-curl-lemma). Let Q c R3 be a bounded weak Lipschitz domain with boundary T and
weak Lipschitz boundary parts Ty and T,. Let (E,) and (H,) be two sequences bounded in L?(Q) such that
(curl E,)) and (div Hy) are also bounded in L%(Q) and v x Ep = 0 on Ty and v - H, = 0 on T',. Then there exist
subsequences, again denoted by (E,) and (Hy), such that (Ey), (curl E,) and (Hy), (div H,) converge weakly
to E, curl E and H, div H in L2(Q), respectively, and the inner products converge as well, i.e.,

JE,,-H,[ — JE-H.
Q Q
A local version similar to the classical div-curl-lemma from Theorem I (distributional like convergence for

arbitrary domains and no boundary conditions needed) is then immediately implied.

Corollary Ill (Local div-curl-lemma). Let Q c R> be an open set. Let (E,) and (H,) be two sequences bounded
in L2(Q) such that (curl E,) and (div Hy) are also bounded in L?>(Q). Then there exist subsequences, again
denoted by (Ey) and (Hy), such that (Ey), (curl Ey,) and (H,), (div H,) converge weakly to E, curl E and H, div H
in L?(Q), respectively, and the inner products converge in the distributional sense as well, i.e., for all ¢ € &OO(Q)
it holds

[ otEn - = [ o510,

Q Q

For details see Theorem 3.1, Corollary 3.2, Theorem 5.2, and Theorem 5.6.
We will also generalize these results to a natural Hilbert complex setting. For this, let

Ao : D(Ag) cHop — Hy, Aj:D(A;) cHy —H;

be two (possibly unbounded) densely defined and closed linear operators on three Hilbert spaces Hg, H1, H>
with Hilbert space adjoints

A} : D(AS) c Hy — Hog, A :D(A}) c Hy — Hy.
Moreover, let the complex property A; Ap = O be satisfied, i.e.,
R(Ap) c N(Ay).
In Theorem 4.7 we present our central result of this contribution which reads as follows:

Theorem IV (Generalized div-curl-lemma: Aj-A;-lemma). Let D(A1)ND(A{) <= Hq be compact. If (xn) c D(A1)
and (yn) < D(A{) are two D(A1)-bounded respectively D(Aj)-bounded sequences, then there exist x € D(A1)
andy € D(A() as well as subsequences, again denoted by (x,) and (yy), such that (x,) and (yn) converge weakly
in D(A1) and D(A}) to x and y, respectively, together with the convergence of the inner products

Xns Yndu, = 6 Y, -
Remark V. The compact embedding D(A;) n D(A{) <= H; reads in Theorem II as
{E€L*(Q): curlE € L*(Q),divE € L>(Q), vx Elr, = 0, v- E|r, = 0} = L*(Q),
which is known as Weck’s selection theorem, see Lemma 2.1.
In Theorem 4.14 the latter theorem is even generalized to a distributional version as follows:

Theorem VI (Generalized div-curl-lemma: Generalized Aj-A1-lemma). Let the ranges R(Ao) and R(A1) be
closed and let N(A1) N N(Ag) be finite-dimensional. Moreover, let (x,), (yn) C H1 be two bounded sequences
such that (A1 x,) and (AE yn) are relatively compact in D(A; Y and D(Ay)', respectively. Then there exist x, y € Hy
as well as subsequences, again denoted by (x,) and (yy), such that (x,) and (y,) converge weakly in Hy to x
and y, respectively, together with the convergence of the inner products

(Xn,J’n)Hl - (ny>H1-
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DE GRUYTER D. Pauly, A global div-curl-lemma =— 35

Here, the distributional extensions
Ay :Hy - DY), Aj:Hy — D(Ao)
of A; and A}, respectively, are defined for x € H; by
Kix(¢) := (A1 §, X)n,» ¢ € D(AY),
B3x(@) = (Ao @, )n,, @ € D(Ao).

In Section 5 we apply these results to various differential operators in 3D and ND, appearing, e.g., in clas-
sical and generalized electro-magnetics, for the biharmonic equation, in general relativity, for gravitational
waves, and in the theory of linear elasticity and plasticity. We obtain also an interesting additional version of
the global div-curl-lemma, compare to Theorem 5.9.

Theorem VII (Alternative global div-curl-lemma). Let Q c R3 be a bounded strong Lipschitz domain with triv-
ial topology. Moreover, let (Ey), (Hp) c L>(Q) be two bounded sequences such that either (c’ﬁ?l Ep) and (div Hy)
are relatively compact in I:I‘l(Q) and H™1(Q), respectively, or (curl E,) and (div H,) are relatively compact
in H-1(Q) and I:I‘l(Q), respectively. Then there exist E, H € L>(Q) as well as subsequences, again denoted by
(En) and (Hy), such that E,, and H,, converge weakly in L2 (Q), respectively, together with the convergence of the
inner products

(Ens Hn) 2y = (E: )2

Here, H-1(Q) := H1(Q)' and the distributional extensions
curl : L2(Q) — H1(Q), div: L2(Q) - H1(Q)
of curl and div, respectively, are defined for E € L?(Q) by
cutl E(®) := (curl @, E), ), @ € HY(Q),
divE(@) :==~(V@,E)oq), ¢ € H'(Q).

The div-curl-lemma, which serves as a central result in the theory of compensated compactness, see the
original papers by Murat [18] and Tartar [33] with crucial applications in [9] or [11, 32], and its variants and
extensions have plenty of important applications. For an extensive discussion and a historical overview of
the div-curl-lemma see [34]. More recent discussions can be found, e.g., in [7, 35] as well as in [8] and in
the nice paper [36] of Marcus Waurick. The latter two contributions utilize a Hilbert/Banach space setting as
well, but from different perspectives. In [36] Waurick achieved closely related results using different meth-
ods and proofs, see Section 4.3. Interesting applications to homogenization of partial differential equations
have recently been given in [37]. From our personal® point of view, although the results of [8, 36] are slightly
more general, our methods and proofs are easier and more canonical and hence give deeper insight into the
underlying structure and the core of the main result and thus of all div-curl-type lemmas.

The div-curl-lemma is widely used in the theory of homogenization of (nonlinear) partial differential
equations, see, e.g., [32]. Compensated compactness has many important applications in nonlinear partial
differential equations and calculus of variations, e.g., in the partial regularity theory of stationary harmonic
maps, see, e.g., [12, 13, 29]. Numerical applications can be found, e.g., in [2]. It is further a crucial tool in
the homogenization of stochastic partial differential equations, especially with certain random coefficients,
see, e.g., the survey [1] and the literature cited therein, e.g., [14].

Let us also mention that the div-curl-lemma is particularly useful to treat homogenization of problems
arising in plasticity, see, e.g., a recent contribution on this topic [30], for which [31] provides the important
key div-curl-lemma. As in [30, 31] H!(Q)-potentials are used, these contributions are restricted to smooth,
e.g., C? or convex, domains and to full boundary conditions. This clearly shows that the more general and

1 The idea of this paper came up a few years ago in 2012, when Soren Bartels asked the author about the div-curl-lemma and for
a simpler proof. Moreover, in 2016, the div-curl-lemma in a form similar to the one in this article was subject of lots of discussions
with Marcus Waurick, when he as well as the author were lecturing Special Semester Courses on Maxwell’s equations and related
topics invited by Ulrich Langer at the Johann Radon Institute for Computational and Applied Mathematics (RICAM) in Linz.
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36 —— D.Pauly, Aglobal div-curl-lemma DE GRUYTER

stronger div-curl-lemma results presented in the contribution at hand are of great importance and so far
unknown to the community. The same H!(Q)-detour as in [30, 31] is used in the recent contribution [16]
where div-curl-type lemmas are presented which also allow for inhomogeneous boundary conditions. This
unnecessarily high regularity assumption of H'(Q)-fields excludes results like [16, 30, 31] to be applied to
important applications which are stated, e.g., in Lipschitz domains.

Generally, for problems related to Maxwell’s equations the detour over H!(Q) and using Rellich’s selec-
tion theorem instead of using Weck’s selection theorem, see Lemma 2.1, seems to be the wrong way to deal
with such equations. Most of the arguments simply fail, and if not, the results are usually limited to smooth
domains and trivial topologies. Mixed boundary conditions cannot be treated properly. Since the early 1970s,
see the original paper by Weck [39] for Weck’s selection theorem, it is well-known, that the H'(Q)-detour is
often not helpful and does not lead to satisfying results. Surprisingly, this fact appears to be unknown to
a wider community.

2 Definitions and preliminaries

Let Q c R3 be a bounded weak Lipschitz domain, see [3, Definition 2.3] for details, with boundary I := 0 Q,
which is divided into two relatively open weak Lipschitz subsets Iy and T, := I'\ T} (its complement),
see [3, Definition 2.5] for details. Note that strong Lipschitz (graph of Lipschitz functions) implies weak
Lipschitz (Lipschitz manifolds) for the boundary as well as the interface. Throughout this section we shall
assume the latter regularity on Q and I’;.

Recently, in [3], Weck’s selection theorem, also known as the Maxwell compactness property, has been
shown to hold for such bounded weak Lipschitz domains and mixed boundary conditions. More precisely,
the following holds:

Lemma 2.1 (Weck’s selection theorem). The embedding fir‘(Q) n I°)rn(0) <« L2(Q) is compact.

For a proof see [3, Theorem 4.7]. A short historical overview of Weck’s selection theorem is given in the
introduction of [3], see also the original paper [39] and [10, 15, 17, 28, 38, 40] for simpler proofs and
generalizations.

Here the usual Lebesgue and Sobolev spaces are denoted by L?(Q) and H'(Q) as well as

R(Q) := {E € L>(Q) : 1ot E € L>(Q)}, D(Q):={E € L’(Q) : divE € L’(Q)},

where we prefer to write rot instead of curl. R(Q) and D(Q) are also written as H(rot, Q), H(curl, Q) and
H(div, Q) in the literature. With the help of test functions and test vector fields

&‘ﬁ’(Q) :={pla : @ € C°(R3), dist(supp @, Ty) > 0}

we define the closed subspaces

o1 s HY(Q) o 5 R(Q) o S D(Q)
Hp, (Q) == C(Q) s Rp(Q) ==CP(Q) , Dr,(Q)=CP(Q) (2.1)

as closures of test functions and vector fields, respectively. If I't = T', we skip the index I' and write
C(Q) = CP(Q), HY(Q) =HLQ), R@Q) =Rr(Q), D(Q)=Dr(Q).
In (2.1) homogeneous scalar, tangential and normal traces on I'y and I', are generalized. For the pathological
case I't = 0, we put
Hi(Q) := HY(Q) n R 2@ = {u e HY(Q) : Ju = 0}
Q

in order to still have a Poincaré estimate for u € H; (Q). Let us emphasize that our assumptions also allow for
Rellich’s selection theorem, i.e., the embedding

HL(Q) < L2(Q) (2.2)
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DE GRUYTER D. Pauly, A global div-curl-lemma =— 37

is compact, see, e.g., [3, Theorem 4.8]. By density we have the two rules of integration by parts
(Vu,Hys ) = ~(u, divH) ., forallu e A} (Q)andall H € Dr, (Q), 2.3)
(rotE, H) 2 g, = (E, 10t H),(q,  forall E € Rr,(Q) and all H € Rr, (Q). (2.4)

We emphasize that, besides Weck’s selection theorem, the resulting Maxwell estimates (Friedrichs/Poincaré-
type estimates), Helmholtz decompositions, closed ranges, continuous and compact inverse operators, and
an appropriate electro-magneto static solution theory for bounded weak Lipschitz domains and mixed
boundary conditions, another important result has been shown in [3]. It holds

HL(Q) = fu € HY(Q) : (Vu, D)s g = —(u, div D), g, forall @ e CR(Q)},
Rr,(Q) = {E € R(Q) : (0t E, @), ) = (E, 10t D), o forall @ € CX(Q)}, (2.5)
Dr, (Q) = {H € D(Q) : (divH, )2 ) = ~(H, V 9}, q, forall € CX(Q)},

i.e., strong and weak definitions of boundary conditions coincide, see [3, Theorem 4.5]. Furthermore, we
define the closed subspaces of irrotational and solenoidal vector fields

Ro(Q) := {E € R(Q) : ot E= 0}, Dy(Q):={E e D(Q): divE =0},
respectively, as well as
Rr,,0(Q) = Rr,(Q) NRy(Q),  Dr,,0(Q) := Dr, (Q) N D,(Q).
A direct consequence of Lemma 2.1 is the compactness of the unit ball in
H(Q) = Rr,,0(Q) N Dr, 0(Q),

the space of so-called Dirichlet-Neumann fields. Hence H(Q) is finite-dimensional. Another immediate con-
sequence of Weck’s selection theorem, Lemma 2.1, using a standard indirect argument, is the so-called
Maxwell estimate, i.e., there exists ¢, > 0 such that

|El2q) < cm(IT0t El () + IdiV El 5 o)) forall E € Rr,(Q) n Dr, (Q) n 3 (Q)* 2@ (2.6)
or, equivalently,
|E - | 2qy < Cm(Ir0t El g, + |divEl,.(y)  forall E € Rr, ()  Dr, (), 2.7)

see [3, Theorem 5.1], where 7 : L2(Q) — H(Q) denotes the L?>(Q)-orthonormal projector onto the Dirichlet—
Neumann fields. Recent estimates for the Maxwell constant ¢, can be found in [19-21]. Analogously,
Rellich’s selection theorem (2.2) shows the Friedrichs/Poincaré estimate: there exists cf , > 0 such that

ulioiq < CrplVulpg, forallue H%{(Q), (2.8)

see [3, Theorem 4.8]. By the projection theorem, applied to the densely defined and closed (unbounded)
linear operator
V: HEL(Q) c L*(Q) - L*(Q)

with (Hilbert space) adjoint
V* = —div: Dr,(Q) c L*(Q) — L*(Q),

where we have used (2.5), we get the simple Helmholtz decomposition
L2(Q) = VHL (Q) &2 g, Dr, 0(Q), (2.9)
see [3, Theorem 5.3 or (13)], which immediately implies
Rr,(Q) = VHE (@) @, g, (Rr,(Q) N Dr, 0(Q)) (2.10)

as 'V H1 (Q) ¢ Rr‘ 0(Q). Here &, g, in decomposmons (2.9) and (2.10) denotes the orthogonal sum in the
Hllbert space L%(Q). By (2.8), the range V H1 (Q) is closed in L2(Q), see also [3, Lemma 5.2]. Note that we
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38 —— D. Pauly, A global div-curl-lemma DE GRUYTER

call (2.9) a simple Helmholtz decomposition, since the refined Helmholtz decomposition
L2(Q) = VHE (Q) 82, F(Q) @, ) TOtRr, (Q)

holds as well, see [3, Theorem 5.3], where also rot Iern(Q) is closed in L%(Q) as a consequence of (2.6),
see [3, Lemma 5.2].

3 The div-rot-lemma

From now on we use synonymously the notion div-curl-lemma and div-rot-lemma. Let Q ¢ R> be a bounded
weak Lipschitz domain with weak Lipschitz interfaces as introduced in Section 2.

Theorem 3.1 (Global div-rot-lemma). Let (Ey) C IOQF‘(Q) and (H,) c f)rn(Q) be two sequences bounded in R(Q)
and D(Q), respectively. Then there exist E € I‘irt(Q) and H € Io)rn(Q) as well as subsequences, again denoted by
(En) and (Hy), such that

« E,— EinRp(Q),

« Hy,— HinDr,(Q),

° (En, Hn>|_2(Q) — (E, H>|_2(Q)-

Prooof. We pickcsubsequence§, again denotec{ by (E,) and (Hy), such that (E,) and (H,) converge weakly

in Rr,(Q) and Dr,(Q) to E € Rr,(Q) and H € Dr, (Q), respectively. By the simple Helmholtz decomposition
(2.10), we have the orthogonal decomposition

Rr,(Q) > Ep = Vuy + Ep

with some uy, € I:I%t(Q) and E, € IQQF‘(Q) n IODFH,O(Q). Then (uy) is bounded in H'(Q) by orthogonality and
the Friedrichs/Poincaré estimate (2.8). The sequence (E,) is bounded in R(Q) n D(Q) by orthogonality and
rot E, = rot Ep, divE, = 0. Hence usmg Rellich’s and WecK’s selection theorems, i.e., (2.2) and Lemma 2.1,
there exist u € H1 (Q) and E € th(Q) n Drn 0(Q) and we can extract two subsequences, agaln denoted by (un)
and (E,), such that Up, — uin H1 (Q) and u, — uinL2(Q)aswellas E,, — Ein th(Q) n Drn 0(Q) and En - E
inL2(Q). Wehave E=Vu+E, g1v1r1g the simple Helmholtz decomposition for E, as, e.g., for all ¢ € C°°(Q)

(E, 9120y — (Ens @) 12y = (Vthns @) 120y + (Ens @) 2y = (VU @) 12y + (B, 9D 2
Then by (2.3)
(Ens Hn)z gy = (V tns Hn) 2y + (Ens Hidpag
= —(un, div Hn) 2y + (En, Hn) o) = =W, diVH) 5 ) + (E, H) 2 g
=V, H) g + (B, H) o ) = (B, H) 2 g
completing the proof. O

Corollary 3.2 (Local div-rot-lemma). Let (E,) ¢ R(Q) and (H,) c D(Q) be two sequences bounded in R(Q)
and D(Q), respectively. Then there exist E € R(Q) and H € D(Q) as well as subsequences, again denoted by (Ey,)
and (Hy), such that E, — E in R(Q) and H,, — H in D(Q) together with the distributional convergence

(QEn, Hn) 2q) = (QE, H) 2 (g forall p € é"o(Q).

Proof. Let It :=T and hence I'y = 0. (pEy) is bounded in IQQF(Q) and (H,) is bounded in D(Q). Theorem 3.1
shows the assertion. O

Remark 3.3. We note that the boundedness of (E,,) and (H,) in local spaces is sufficient for Corollary 3.2
to hold. Hence, no regularity or boundedness assumptions on Q are needed, i.e., Corollary 3.2 holds for an
arbitrary open set Q ¢ R?. Moreover, ¢ € COOO(Q) may be replaced by ¢ € E',l(Q) oreven ¢ € OCO’l(Q), the space
of Lipschitz continuous functions vanishing in a neighbourhood of T'.
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DE GRUYTER D. Pauly, A global div-curl-lemma =— 39

4 Generalizations

The idea of the proof of Theorem 3.1 can be generalized.

4.1 Functional analysis toolbox

LetA : D(A) c H; — H, be a (possibly unbounded) closed and densely defined linear operator on two Hilbert
spaces H; and H, with adjoint A" : D(A") c H, — Hy. Note (A*)* = A = A, i.e., (A, A") is a dual pair. By the
projection theorem the Helmholtz-type decompositions

Hi = N(A) @n, R(A"), H, = N(A") @n, R(A) (4.1)

hold, where we introduce the notation N for the kernel (or null space) and R for the range of a linear operator.
We can define the reduced operators

A:=A Im : D(A) c R(A™) — R(A), D(A) := D(A) n N(A)** = D(A) nR(A"),

A" = A Iy : DAY < R(A) —» R(AY),  D(A") := D(A) N N(A)** = D(A) nR(A),

which are also closed and densely defined linear operators. We note that A and A" are indeed adjoint to each
other, i.e., (4, A") is a dual pair as well. Now the inverse operators

A1:RA) - D), (AN T:RA" - DA

exist and are bijective, since A and A" are injective by definition. Furthermore, by (4.1) we have the refined
Helmholtz-type decompositions

D(A) = N(A) @y, D(A), D(A") = N(A") @y, D(A") (4.2)

and thus we obtain for the ranges
R(A) =R(A), R(A")=R(A". (4.3)

By the closed range theorem and the closed graph theorem we get immediately the following.

Lemma 4.1. The following assertions are equivalent:

(i)  There exists ca € (0, 0o) such that for all x € D(A), |x|4, < calAXln,.

(i*) There exists c,- € (0, co) such that forall y € D(A"), [Vln, < CA*|A* Yluy -
(i) R(A) = R(A) is closed in H,.

(ii*) R(A") = R(A")is closed in H;.

(iii) A~':R(A) - D(A) is continuous and bijective.

(iii*) (A" : R(A") > D(A") is continuous and bijective.

In case that one of the latter assertions is true, e.g., (ii), R(A) is closed, we have

Hi = N(A) @y, R(A"), Hy = N(A") &y, R(A),
D(A) = N(A) @y, D(A), D(A") = N(A") @y, D(A"),
D(A)=D(A)NR(A"), DA =DA")NRA),
and
A:D(A) c R(A") —» R(A), A" :D(A") c R(A) — R(A").
Remark 4.2. For the “best” constants cy, c,+ the following holds: The Rayleigh quotients

Axly, 1o ATV,

= in , :
can  0#xeD(A) x|, Cp* o#yeDA") VIH,

coincide, i.e., cp = ¢, € (0, c0].
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Lemma 4.3. The following assertions are equivalent:

(i) D(A) = Hy is compact.

(i*) D(A") <> H, is compact.

(i) A~':R(A) - R(A")is compact.

(ii*) (A")™':R(A") - R(A)is compact.

If one of these assertions holds true, e.g., (i), D(A) < H; is compact, then the assertions of Lemma 4.1 and
Remark 4.2 hold with cy = c,+ € (0, 00). Especially, the Friedrichs/Poincaré-type estimates hold, all ranges are
closed and the inverse operators

A1:R(A) — RA"), A)T:RA") > RA)
are compact with norms |A™" [z raty = (A ga'y.ra) = Ca-

Proof. As the other assertions are easily proved or immediately clear by symmetry, we just show that (i), i.e.,
the compactness of

D(A) = D(A) N R(A") <> Hy,
implies (i*) as well as Lemma 4.1 (i).

(i) = Lemma 4.1 (i): For this we use a standard indirect argument. If Lemma 4.1 (i) were wrong, there
would exist a sequence (x,) ¢ D(A) with x|y, = 1 and Ax, — 0. As (x,) is bounded in D(A) we can extract
a subsequence, again denoted by (x,), with x, — x € H; in H;. Since A is closed, we have x € D(A) and
Ax =0, hence x € N(A) = {0}, in contradiction to 1 = [xn|s, — |x|4, = O.

(i) = (i*): Let (y,) c D(A") be a bounded sequence. Utilizing parts (i) and (ii) of Lemma 4.1, we obtain
D(A™) = D(A") N R(A) and thus Vn = A x, with (x,) ¢ D(A), which is bounded in D(A) by Lemma 4.1 (i).
Hence we may extract a subsequence, again denoted by (x,), converging in H; . Therefore with x,,,, := X4 — X
and yp,m := Yn — Ym We see

|yn,m|ﬁ2 = (Yn,m>» AXn,m)H, = (A*(Yn,m),xn,m>H1 < ClXn,mlH,
and hence (y,) is a Cauchy sequence in H,. O

Now, let Ag : D(Ag) ¢ Hy — Hy and A; : D(A;) ¢ Hy — H, be (possibly unbounded) closed and densely
defined linear operators on three Hilbert spaces Ho, H1, and H, with adjoints Aj : D(Aj;) ¢ Hi — Ho and
A; :D(Ai) c H, — Hy as well as reduced operators Ao, A;, and Aq, A;. Furthermore, we assume the
sequence or complex property of Ag and A;, thatis, A; Ag =0, i.e.,

R(Ag) c N(A). (4.4)

Then also Aj Ai =0, i.e., R(A;) ¢ N(Ap). From the Helmholtz-type decompositions (4.1) for A = Ag and
A = A; we get in particular

Hi = R(Ao) @, N(A), Hi=R(A])@n, N(Aq), (4.5)
and the following result for Helmholtz-type decompositions:

Lemma 4.4. Let No 1 := N(A1) N N(A}). The refined Helmholtz-type decompositions

N(A1) = R(Ao) @4, No,i, D(A1) = R(Ag) @y, (D(A1) N N(AY)), R(Ao) = R(Ao), (4.6)
N(A3) = R(A)) @u, No,1, D(A;) = R(A}) @n, (D(A5) N N(A1)), R(A]) = R(A}), (4.7)

and
Hi = R(Ao) @y, No,1 @y, R(A]) (4.8)

hold, which can be further refined and specialized, e.g., to
D(A1) = R(Ap) @, No,1 ®H, D(A1),

D(A}) = D(Ag) @y, No,1 @n, R(A]), (4.9)
D(A1) N D(Ag) = D(Ag) @, No,1 &, D(A1).
Proof. By (4.5) and the complex properties we see (4.6) and (4.7), yielding directly (4.8) and (4.9). O
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We observe

D(A1) = D(A1) N R(A}) € D(A1) N N(A3) € D(A1) n D(AY),
D(A}) = D(AZ) NR(Bo) € D(AS) N N(A1) € D(A3) N D(A;),

and using the refined Helmholtz-type decompositions of Lemma 4.4 as well as the results of Lemma 4.1,
Lemma 4.3, and Lemma 4.5, we immediately see:

Lemma 4.5. The following assertions are equivalent:

(i) D(Ao) = Ho, D(A1) <> Hy, and Ny 1 <> H; are compact.
(i) D(A1) N D(A{) «> Hyq is compact.

In this case, the cohomology group Ny 1 has finite dimension.

We summarize:

Theorem 4.6. Let D(A1) N D(A{) < H1 be compact. Then D(Ag) < Ho, D(A1) <> Hy, aswell as D(AB) <« Hq,
D(A;) < H, are compact, dim Ny 1 < oo, all ranges R(Ao), R(A{), and R(A1), R(A;) are closed, and the corre-
sponding Friedrichs/Poincaré-type estimates hold, i.e. there exists positive constants ca,, ca, such that

|zl4, < ca,lAozln, forall z € D(Ap), (4.10)
[XIh, < canlAXlH, forallx e D(A;),
[X|n, < ca,lA1xln, forallx € D(Aq),

lyln, < ca,|A] yln, forally e D(A]).
Moreover, all refined Helmholtz-type decompositions of Lemma 4.4 hold with closed ranges, especially
D(A1) = R(Ao) @, (D(A1) N N(Ap)). (4.11)

Proof. Apply the latter lemmas and remarks to A = Ag and A = A;. O

4.2 The Aj-A;-lemma

Let Ag and A, be as introduced before satisfying the complex property (4.4), i.e., A1 Ag = 0 or R(Ap) ¢ N(Ay).
In other words, the primal and dual sequences

D(Ao)  Ho 2% D(Ay) ¢ Hy 25 H,,
(4.12)

Ag A “
Ho — D(A}) € H; — D(A}) c H,

are Hilbert complexes of closed and densely defined linear operators. The additional assumption that the
ranges R(Ao) and R(A1) are closed (and then also the ranges R(Aj;) and R(A;)) is equivalent to the closedness
of the Hilbert complexes. Moreover, the complexes are exact if and only if No 1 = {0}.

As our main result, the following generalized global div-curl-lemma holds.

Theorem 4.7 (Aj-Aq-lemma). Let D(A1)ND(Aj) <= Hy be compact. Moreover, let (xn) ¢ D(A1) and (yn) c D(A)
be two sequences bounded in D(A1) and D(A{), respectively. Then there exist x € D(A1) and y € D(A{) as well
as subsequences, again denoted by (x,) and (yy), such that

e Xxp—xinD(A),

* yn—yinD(Ag),

. (Xn, Yn)H, — X, Y)H,-

Proof. Note that Theorem 4.6 can be applied. We pick subsequences, again denoted by (x,,) and (y,), such
that (x,,) and (y,) converge weakly in D(A;) and D(A{) to x € D(A1) and y € D(A{), respectively. By (4.11) we
get the orthogonal decomposition

D(A1) > xp =Aozn+Xn, 2zn € D(Ao), X € D(A1) N N(AJ).
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The sequence (z,) is bounded in D(Ag) by orthogonality and the Friedrichs/Poincaré-type estimate (4.10).
(Xy) is bounded in D(A1) n D(A{) by orthogonality and A1 X, = A1x,, AjXy = 0. Using the compact embed-
dings D(Ao) <> Hpand D(A;) N D(Ag) <= Hy, there existz € D(Ag) and X € D(A1) N N(A;) and we can extract
two subsequences, again denoted by (z,) and (X,), such that z, — z in D(Ap) and z,, — z in Hp as well as
Xn — Xin D(A1) N D(A]) and X, — X in H;. We have x = Ag z + X, giving the Helmholtz-type decomposition
for x, as, e.g., for all ¢ € Hy,

<X’ (P>H1 — <Xn’ §0>H1 = <A0 Zn, §0>H1 + (kn, (P>H1 i <A0 Z, (P>H1 + (521 §0>H1'
Finally, we see

(Xn, YnoH, = (Ao Zn, YnoH, + (Xn, Yn)H,
={zZn, AGYnHo + Xns Yo, — (2, AGY O, + (6 VK, = (A0 Z, V), + X V)H, = (G V)H,»
completing the proof. O

4.3 Generalizations of the Aj-A;-lemma

In this subsection we present and discuss some variants of Theorem 4.7 using weaker assumptions, which
are taken from the nice paper [36] of Marcus Waurick. We start with the following remarks.

Remark 4.8. By Lemma 4.5 the crucial assumption, i.e., D(A1) N D(A{) = H is compact, holds if and only
if D(Ap) <> Ho, D(A1) <> H; are compact and Ny,; is finite-dimensional. Moreover, as Banach space adjoints
we have

Hp <> D(Ag)' & D(Ag)=> Hy & D(Ag) => Hy &= H<> D(Ap)’
and
H| <> D(A1)' & D(A1)=> H; & D(A]) <> Hy & H)<s D(A])'.

In particular, the assumption on the compactness of D(A;) N D(Aj) < H; is equivalent to the assump-
tions that dim Ny 1 < co and Ho = Hy <> D(Ao)’, Hy = H} < D(A;)’ are compact. Thus we observe that the
assumptions of Theorem 4.7 are stronger but closely related to those of [36, Theorem 2.4]. Recall that by
Theorem 4.6 both ranges R(Ag) and R(A;) are closed and that dim No ; < oo if D(A1) N D(Ag) <= Hy is com-
pact. We emphasize that we have provided a different proof under stronger assumptions, which is from our
personal point of view and taste easier and more canonical.

Let us discuss the relations to [36], in particular to [36, Theorem 2.4], in more detail. First we note that Theo-
rem 4.7 is equivalent to [36, Theorem 2.5] and that the assumptions of Theorem 4.7 are stronger but closely
related to those of [36, Theorem 2.4].

A closer inspection of the proof of Theorem 4.7 shows that we can deal with slightly weaker assumptions.
For this, let R(Ag) and R(A1) be closed (which automatically would be implied by the compact embedding
D(A1) N D(A§) <> Hq, see Theorem 4.6), and let (x,) ¢ D(A1) and (y,) ¢ D(A;) be two sequences bounded

in Hy. By (4.9) we have
D(Al) 3 Xp = Ao Zn + )A(n + A; Wp € R(.A.o) ®H, NO,l DH, D(.Al), (4 13)
D(A}) 3 Yn = Ao Un + Jn + A} vy € D(Ap) @y, No,1 @y, R(A7),

with (z,,) and (v,) bounded in D(Ap) and D(A;) by Lemma 4.1, respectively. Without loss of generality, we can
assume that (z,) and (v,) already converge weakly in D(Aq) and D(A;), respectively. Orthogonality shows

(s Yoy = (B0 Zns Yndhy + K, Fndby + (Xns AT Vi), (514
= (zn, ASYn)Ho + (Xn, j’n)Hl + (A1Xn, Vn)H, -

Hence, we observe that after extracting subsequences, ((x,, yn)u,) converges, provided that Ny ; is finite-

dimensional and (Ajy,) and (A;x,) are relatively compact in D(Aq)" and D(A; )', respectively. This is almost

the statement of [36, Theorem 2.4], still with stronger assumptions.
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4.3.1 More generalizations

The latter idea can be generalized and, indeed, in [36, Theorem 2.4] a more general situation is considered
as (xn) < D(A1) and (y,) ¢ D(A{) are not assumed to hold. In fact, these conditions are replaced by corre-
sponding canonical distributional versions making the respective operators continuous on certain natural
dual spaces. For this we need some preliminaries and new notations.

Dual pairs (A, A"), (A, A") of densely defined and closed (unbounded) linear operators (as discussed
in the latter sections) with domains of definitions D(A), D(A) and D(A"), D(A"), which are Hilbert spaces
equipped with the respective graph norms, and closed ranges R(A) = R(A) and R(A™) = R(A") can also be
considered as bounded linear operators. More precisely,

A : D(A) > H,, A" : D(A™) - Hy,
A:D(A) - R(A) =R(A), A" :D(A") - R(A") =R(A")
are bounded with bounded Banach space adjoints
A’ :H, - DAY, (A" :H] - DAY,
A" :R(A) - DA, (A) :RA") - DAY,
defined as usual by

A'y'(@):=y'(Ap), 1y eH),, @eD®),
AYX'(p):=x"(A"¢), x eH), ¢eDA,
A'Y(p):=y'(Ap), y €RA), ¢ eDA),
(A X' (@) :=x" (A" ¢p), x' €RA"), ¢ e D(A").
Moreover, we introduce the standard Riesz isomorphisms
Ru, : Hn = Hp Rry : R(A) > R(A)',  Rgry s RAAT) > RA)

by x — (-, x)n,. Note that the closed ranges are itself Hilbert spaces with the inner products of Hy,. Using the
latter operators, we define linear extensions of A, A and A, A" by

A= (A" Ry, : Hy - DAY, A" := ARy, : Hy — DA,

A= (A) Ry : RAY) 5 DAY, A" = A' Rpa) : R(A) = D(A)',

with actions given by

AX() = (A") Ry, x(P) = Ry, x(A” ) = (A" d, X)n,, xeH;, ¢ eDA),
Ax() = (A") RperyX(P) = RpearyX(A" P) = (A", x)n,, x € R(A), ¢ € D(A),
Ky(@) = A Ry, y(@) = Re,y(A @) = (AQ, Y, yeHs, ¢ eDA),
AY(@) = A Ry (@) = ReayV(A @) = (A@, Y, y € R(A), @ € D(A).
Introducing the canonical embeddings and their adjoints
tpa) : D(A) — Hy, (pa) : Hy — DAY,
ipea) : D(A) = R(A), 14y : RAA) — D(A),
tpay : DAT) — Ha, ’;J(A*) :Hy — DAY,
TRE D(A") < R(A), l;(A*) : R(A) — DAY,

we emphasize that for all x € D(A) and forall ¢ € D(A*),
Ax(¢) = (A", X, = (¢, Ax)y, = {tpa*y P> Axn, = Ru, Ax(tparyP)

holds and therefore

= l;_)(A*)fRHz Ax(¢)

Alp) := Atpay = li)(A,)fRHz A:D(A) — DA™,
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Thus, in this sense, A is indeed an extension of A. In the same way we see that

*

— o NI, L e
Alpa) = ’D(A*)RR(A)A’ Alpay = o R A Alpasy = thayReay A

are extensions as well.

Lemma 4.9 ([36, Theorem 2.2]). Let R(A) be closed. Then:
Qi A A j are topological isomorphisms,

(i*) A", A', A" are topological isomorphisms,

(ii) N(l:\) = N(A),

(i*) N(A) =N(A),

(iii) A’, A" are surjective if and only if N(A) = 0,

(iii*) (A", A are surjective if and only if N(A") = 0.

Proof. Note that A and A" are a topological isomorphisms by the bounded inverse theorem or the consid-
erations from the previous sections. If A"y’ = 0 for y’ € R(A)', then A’ y'(z) = y'(Az) = 0 for all z € D(A).
Hence y' = 0 on R(A) = R(A), i.e., y' = 0. Thus A'is injective and so is A=A Rrea) as Rp(a) is an isomor-
phism. For f € D(A)" we obtain by Riesz’ representation theorem a unique z € D(A) such that

(Ap,Az)n, =f(p) forall p € D(A).

Note that (A, A )y, is an inner product for D(A) by Lemma 4.1. Thus with y := Az € R(A) we see

flo) =A@, y)n, = :‘Fy((p) forall ¢ € D(A),

ie,f= A y.Hence A issurjectiveand sois A’ = A R;}A) as Rg(a) is an isomorphism. By the bounded inverse
theorem both A’ and A" are topological isomorphisms. Analogously we show the assertions for (A")' and A,
which shows (i) and (i*). For (ii) we observe x € N(A) if and only if

0=Ax(¢) = (A" ¢, x)y, forall ¢ e D(A")

if and only if x € N(A). Similarly we see N(X:); N(A"), proving (ii*). Let N(A) = {0} and f € D(A)'. Then
D(A) = D(A) and following the argument for A" from above, we obtain y € R(A) C Hp with f = Ay. Hence
A’ is surjective and sois A’ = A"R};! as Ry, is an isomorphism. On the other hand, A” is surjective if and only
if A’ is surjective, and in this case for any ¢ € N(A) we can represent f := lb(A>fRH11N(A)(p € D(A)' by A*y =f
with some y € H,. Hence
0=(A@,y)n, = A'y() = fl9) = R, nmy @ (o) @) = {Lp@a) @ INW PIH, = (@5 PIh, s

showing N(A) = {0}, i.e., (iii). Analogously, we show (iii*) for (A")" and A, completing the proof. O
Remark 4.10. Another, even shorter proof using annihilators is possible. It holds

N(A') = R(A)’ = {0}, R(A") = N(A)’ = {0}° = D(A)',

the latter by the closed range theorem. Hence A’ is a topological isomorphism by the bounded inverse theo-
rem. The same applies to (A")'. The Riesz mappings are topological isomorphisms, so are A, A". Moreover,

R(A")=R(A") = N(AY, R(A)=R((A"))=NA"y.
Note that also N(A’) = R(A)" and N((A")") = R(A")* hold.
Using Hilbert space adjoints, we introduce the canonical embeddings and projections
(Ra) : R(A) = Hy, 11§(A) :Hy, — R(A), TTR(A) 1= lR(A)tl’g(A) :Hy — Hy,

()t RA) = Hi, it HE = R(AY), pgyey =ty ey * H = Hi

Remark 4.11. Indeed, mg) and TR(a*y are the corresponding projections. To see this, let us consider,
e.g., MR(a). For x € D(IE(A)) = H, with IE(A)X € R(A) and all ¢ € D(tg(a)) = R(A) it holds

(@, X, = (tR@)YP> XD, = (P, Lpa)X)R(A) = (P, TRA)H, -
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Hence mg(a)x € R(A) and (1 - mga))x € R(A)**2. Moreover, since mga)X € D(lE(A)) = H,, the latter computa-
tion shows for all ¢ € R(A),

(¢, X)H, = (P, TRW)X)H, = (P, TRA)TR(A)X)H, »
i.e., mr(a)TR(A)X = TTR(a)X ON R(A). Finally, rr(a) is self-adjoint.
Furthermore, we need
haylpa : DAY = DAY, (thtpary) : DAY — DAY,
Ly o) 2 D(A) = D(A), (z;(A*)zD(A))’ : D(A)' — D(A)'.

We also emphasize that for x € H; it holds (1 - nR(Ax))x € R(A")*" = N(A) and thus

X = Mgy X + (1= Tgat))x € R(A") @y, N(A)
is the Helmholtz decomposition for x. Analogously for y € H, the Helmholtz decomposition is given by

y = ar@yY + (1 = 71rea))y € R(A) @y, N(A").

Hence for x €e D(A)and y € D(A") we identify

TTRA"X = IZ(A*)ID(A)X € D(A), TR@A)Y = tyylpnyy € D(A"). (4.15)

Lemma 4.12. Let R(A) be closed. Then:
: AN — (% R
(i A= (treaytpa™y) .AIR(A*) and
IAXIpary = Mg XIpearys 1Al Spay = MUrat-peatys

(i) A" = e

(A*)ID(A)),Z;I;(A) and
A" XIp(ay = |F1R(A)X|B(A)u IA -y = M lray-peay -
Proof. For x € Hy and ¢ € D(A") we have rtr(a)¢p = lron by ® € D(A") and
Ax(¢) = (A" ¢, X0, = (M) A" TR s X, = (A" TR D, TR XH,
= (A" Lreayipary Br Gray Ry = Algipny X(Ureaipeaty®)
= (IE(A)lD(A*))IIll;(A*)X((p).

Moreover, by the latter computations for x € Hq,

|Axlpary = sup (A ¢, x)n, = sup (A" mr@)P, Tty X)H,

¢peD(A”) ¢eD(A")
[@lpary <1 [Plpam <1
_ * * A, .
= sup (A ¥, Loy = Mg Xlpeary
WeD(A”)
|¢|D(A*)S1
and thus
[Aly, spa*y = Sup |Ax|ppty = sup |A1;(A,)X|D(A~),
x€H, x€H,
[xln; <1 IXln, <1
= sup |Azlpay = Mlga-pea'y-
zeR(A")
|Z|H1S1
The assertions in (ii) follow analogously. O

The next result from [36] is crucial for the further considerations. We give a slightly modified version.
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Lemma 4.13 ([36, Corollary 2.6]). Let R(A) be closed.
(i) For (x,) c Hy the following statements are equivalent:
(1) (Axy) is relatively compact in D(A”)'.
(ip) (Zl; " Xy) is relatively compact in D(A")'.
(i3) (1; R Xp) is relatively compact in R(AM).
(i4) (Tga*yXn) is relatively compact in H.
(is) (Rg A*)l;(A*)Xn) is relatively compact in R(A")'. )
If x, — x € Hy in Hy, then either of the latter conditions (i1)—(i5) implies 1; ayn = 1; X in R(A") and
TiRa*yXn = TMptyX inHi.
(i) For (Yn) < H; the following statements are equivalent:
(iiq) (A:y,,) is relatively compact in D(A)'.
(ii5) (A*ll*g( Aw)Yn) is relatively compact in D(A)'.
(ii3) (11’3( AYn) is relatively compact in R(A).
(iis) (mr(a)yn) is relatively compact in H,.
(iis) (RRa)LRa)Yn) is relatively compact in R(A).
If yn — x € Hy in H,, then either of the latter conditions (ii;)—(iis) implies II*Q(A)y" — 1;(A)y in R(A) and
TIR(A)Yn — TIR()Y in Ha.

Proof. By Lemma 4.9 (i), A = (A")’ Rpaty s RAT) - D(A")' is a topological isomorphism. Hence (i,)(is) are
equivalent. The equivalence of (i1) and (i) follows by Lemma 4.12 (i). If x,, — x in Hy, then 1; wyXn = 1; X
in R(A") and TR )Xn = TTR("X in Hy. By a subsequence argument we see that, e.g., condition (i3) implies

x in R(A") and hence TTR(a"yXn — TgeaX in Hi. Analogously we show (ii). O

’;(A") I*Q(A')
With this latter key observation we can prove a general (distributional) Aj-A;-lemma. For this, we introduce
two bounded linear operators Ag : D(Ap) — Hy, A1 : D(A1) — H; satisfying the complex property A; Ag =0
and recall the linear extensions of A1, A1 and Ag, AS

Xn — 1

A7 := (A])'Ry, : Hi — D(A]), A} = Ao’ Ry, : Hi — D(Ag),

A1 = (A]DRpaary s RAA]) = DAY, Ag = Ao Rraag) : R(Ao) — D(Ao)'.

Theorem 4.14 (Generalized Aj-Aq-lemma, [36, Theorem 2.4]). Let the ranges R(Ao) and R(A1) be closed and
let No,1 be finite-dimensional. Moreover, let (x,), (yn) € H1 be two bounded sequences such that

«  (Aqxy) is relatively compact in D(A})',

. (Ké yn) is relatively compact in D(Ay)'.

Then there exist x, y € Hi as well as subsequences, again denoted by (x,) and (yy), such that

e Xp—xinHq,

e Yn—YyinHy,

o {Xn,YH, = X, Y)H,-

Remark 4.15. By Lemma 4.13 the assumptions on the relative compactness can be replaced equivalently by

the assumptions that (7[]1; (a:Xn) is relatively compact in D(A}) and that (Agty,,,Vn) is relatively compact
in D(Ao)'. '

Proof of Theorem 4.14. Let (xy), (yn) € H1 be two bounded sequences. Without loss of generality let x, — x
and y, — yin Hy. By Lemma 4.13, TTRA;)Xn = TTR(p")X and 7mr(a)Yn — TR(a,)Y in Hi. By Lemma 4.4, in par-
ticular (4.8) (compare to (4.13)), we have the Helmholtz decompositions

Xn = TTR(Ag)Xn + T[NOJX,‘, + nR(A;)Xn € R(Ao) DH, NO,l DH, R(A;),

. (4.16)
Yn = TTR(A)Yn + TN, Yn + Tr(atyYn € R(Ao) @H, No,1 @, R(A7)
yielding (compare to (4.14))
(Xn, YndH, = (ﬂR(AZ)Xn, VnoH, + <77N0,1Xna VYnoH; + {Xn, TTR(AG)Yn)H; - (4.17)

Similar to the decompositions in (4.16) we can decompose x and y and, without loss of generality, we can
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assume that 7y, , X, — 7y, , x as No,1 has finite dimension. Finally, it follows

(Xns Yndt, = (TRt )Xo VIH, + (TN X0 V)M, + (X, TTR(A)Y I H, = (X3 VH,

completing the proof. O

Now, we make the connection to Theorem 4.7 and show that the assumptions in Theorem 4.7 imply those of
Theorem 4.14.

Lemma 4.16 ([36, Corollary 2.7]). Let either A : D(A) c Hy — H; be a densely defined and closed linear oper-

ator or A : D(A) — H, a continuous linear operator. Moreover, let D(A) < Hi be compact.

(i) Let (xn) c D(A) be bounded in D(A). Then (TTRa"yXn) is relatively compact in Hy. Equivalently, (Axy) is
relatively compact in D(A")'. o

(ii) Let (yn) D(A") be bounded in D(A"). Then(mrea)yn) is relatively compact in H,. Equivalently, (A*yn) is
relatively compact in D(A)'.

Proof. By Lemma 4.3 the compactness of D(A) «» H; yields the closedness of R(A). Hence Lemma 4.13 is
applicable. Let (x,) ¢ D(A) be bounded in D(A). Then by (4.15), see also (4.2), (tparyXn) € D(A) is bounded
in D(A). Hence it contains a subsequence converging in H;. Lemma 4.13 shows the equivalence to the second
relative compactness. Analogously we prove the assertions in (ii). O

For two linear operators Ay and A; as in Lemma 4.16, i.e., bounded or unbounded, densely defined and
closed, satisfying the complex property A; Ag = 0 we obtain the following results.

Lemma 4.17. Let D(A1) N D(A{) <= Hy be compact, and let (x,) ¢ D(A1) and (yn) ¢ D(A;) be two sequences
bounded in D(A1) and D(A{), respectively. Then:

(i) (TRea )xn) is relatively compact in H,. Equivalently, (Alxn) is relatively compact in D(A ).

(ii) (nR(AO)yn) is relatively compact in H1. Equivalently, (AS yn) is relatively compact in D(Ao)'.

(iii) (7N, Xn) and (1, yn) are relatively compact in Hy.

Proof. By Lemma 4.5 D(Ao) <> Ho, D(A1) <> Hy, No,1 <> Hy are compact, in particular, Nop,; is finite-
dimensional, showing (iii). Lemma 4.16 yields (i) and (ii). O

Remark 4.18. By Lemma 4.3 and Lemma 4.5 the compactnessof D(A1) N D(A;) <> H; implies the closedness
of the ranges R(Ap) and R(A;) and the finite-dimensionality of Ny ;. Thus Lemma 4.17 shows that the proof
of Theorem 4.14 provides another and different proof for Theorem 4.7.

The above considerations lead to the following insight, which is interesting on its own right.

Lemma 4.19. Let R(Ag) and R(A1) be closed. For a sequence (x,) C Hy the following assertions are equivalent:
(i) (xy) is relatively compact in H;.

(ii) (nR(A )xn), (TTR(A0)Xn), and (1N, Xy ) are relatively compact in Hy.

(iii) (A xn) (Aixn), and (1n,,, Xn) are relatively compact in D(Ao)’, D(A})', and Hy, respectively.

Moreover, if (x,) ¢ D(A1) N D(Af) is bounded in D(A1) N D(A{) and D(A1) N D(A{) <> Hi is compact, then (i),
(ii), and (iii) hold.

Proof. By the continuity of the projections and the Helmholtz decompositions (4.16), i.e.,
Xn = TTR(Aq)Xn + TNy, Xn + TTp(p*)Xn € R(Ao) @H, No,1 @H, R(A}),

the relative compactness of (x,,) in H; is equivalent to (ii), which is equivalent to (iii) by Lemma 4.13. The last
assertion follows by definition. O

5 Applications

Whenever closed Hilbert complexes like the complexes in (4.12) together with the corresponding compact
embedding D(A1) N D(Aj) < Hy occur, we can apply the general Aj-A;-lemma, i.e., Theorem 4.7. In three
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dimensions we typically have three closed and densely defined linear operators Ay, A;, and A, satisfying
the complex properties R(Ag) ¢ N(A1) and R(A1) c N(A,), i.e.,

D(Ao) < Ho 2% D(A;) € Hy =5 D(A,) € Hy 22 Hs,

. . (5.1)
Ag Al * AZ *
Ho «— D(Aj) c Hy «— D(A;) c Hy «— D(A,) c Hs,
together with the crucial compact embeddings
D(A1) N D(A) <> Hy, D(Az) N D(A]) <> H,. (5.2)

With slightly weaker assumptions we can apply Theorem 4.14.
Recalling our general assumptions on the underlying domain from Section 2, throughout this application
section Q can be a
o weak Lipschitz domain with boundary I,
o weak Lipschitz domain with boundary I' and weak Lipschitz interfaces I't and Ty,
« strong Lipschitz domain with boundary T,
o strong Lipschitz domain with boundary I" and strong Lipschitz interfaces I't and T'y,.
We extend this definition to Q ¢ RY or Riemannian manifolds Q.

5.1 The div-rot-lemma revisited

Let Q c R3. The first example is given by the classical operators from vector analysis

Ao = Vr, : HE(Q) € LP(Q) - LAQ),  um Vu,
Aq = plrotr, s R (Q) € L2(Q) — L2(Q), E v plrotE,
Ay i=dive, p: T DR(Q) € L2(Q) — LA(Q),  H — divuH;

Ao, A1, and A, are unbounded, densely defined, and closed linear operators with adjoints

Ay = Vi = —divr, € : €7 'Dr, (Q) ¢ L2(Q) — L2(Q), H > —diveH,
A} = (utrotr)" = et rotr, : R, (Q)  L2(Q) — L2(Q), Ew e l1otE,

A, = (divr, ) = -V, : BL (@) < L2(Q) - L2(Q), um -Vu.
Here, €, u: Q — R¥3 are symmetric and uniformly positive definite L°(Q)-tensor fields. Moreover, the
Hilbert-Lebesgue space L2(Q) is defined as the standard Lebesgue space L?(Q) but with an equivalent inner
product (-, - >L§(Q) =(€-, )2 Q" Analogously we define Lﬁ(Q). The complex properties hold as

R(Ao) = Vr H[.(Q) c Rr,0(@) = N(A1),  R(A}) = €' rotr, Rr, (Q) ¢ €7'Dr,,0(Q) = N(A]),
R(A1) = u™t rotr, Rr,(Q) € p™Dr, 0(Q) = N(A2), R(A5) = Vr, A} (Q) ¢ Rr, 0(Q) = N(AY).

Hence, sequences (5.1) read

o Ap=V o Ay=p~rot o A,=di
HE(Q) € L2(Q) ——— Rry(Q) ¢ L2(Q) ——5 p D, (Q) ¢ L2(Q) — 5 12(@),

10
=€~ rotr,

1 2 Af
€ Dr,(Q) cLz(Q) e———

o
w2
Aj=—divr, €

. Ai=—V .
L2(Q) Rr, (Q) ¢ L2(Q) ——— fL (Q) c L2(Q).

These are the well-known Hilbert complexes for electro-magnetics, which are also known as de Rham com-
plexes. Typical equations arising from the de Rham complex are systems of electro-magneto statics, e.g.,

AE=p'rotr, E =F,
A} E = —divr, €E = f,
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or simply the Dirichlet-Neumann Laplacians and rot rot systems, e.g.,
AjAou=—divr,eVru=f, AIAE=etrotr, plroty, E=F, A}E=—divr, €E=f.
The crucial embeddings (5.2) are compact by Weck’s selection theorem, compare to Lemma 2.1.

Lemma 5.1 (Weck’s selection theorem). Let Q ¢ R3 be a weak Lipschitz domain with weak Lipschitz inter-
faces. Then the following embeddings are compact:

D(A;) n D(A) = Rr,(Q) n € 'Dr, (Q) <> L2(Q),
D(A;) n D(A}) = u~'Dr,(Q) NRr, (Q) < L2(Q).

Note that by interchanging the boundary conditions and €, u the latter two compact embeddings are equal.
A proof can be found in [3, Theorem 4.7]. Indeed, Weck’s selection theorems are independent of the material
law tensors € or u. Choosing the pair (Ag, A1) we get by Theorem 4.7 the following:

Theorem 5.2 (Global div - u~lrot-lemma). Let th(Q)ne‘lDr (Q) <> L2(Q) be compact, and let (Ey,) C Rr'(Q)
and (Hy) C €*1Drn (Q) be two sequences bounded in R(Q) and e~ 1D (Q), respectively. Then there exist E € th(Q)
and H € e‘lDrn (Q) as well as subsequences, again denoted by (E,) and (Hy), such that

« E,—EinRp(Q),

. H,— Hine'Dr,(Q),

* (EnHudiz) = (B H)pzq)

Remark 5.3. We note:

(i) Considering (E,) and (eH,) shows that Theorem 5.2 is equivalent to the global div-rot-lemma Theo-
rem 3.1.

(ii) Theorem 5.2 has a corresponding local version similar to the local div-rot-lemma Corollary 3.2 and
Remark 3.3, which holds with no regularity or boundedness assumptions on Q.

The generalization given in Theorem 4.14 reads as follows.

Theorem 5.4 (Generallzed/dlstrlbutlonal global div e-u~! rot-lemma). Let V H (Q) and rot th(Q) be closed

and let the Dirichlet-Neumann fields er o(Q)ne 1Drn 0(Q) be finite- dzmenszonal and let (Ep), (Hy) ¢ L2(Q)

be two bounded sequences such that

. (y 1 rotrlEn) is relatively compact in Rr Q)

. (dlvrn €H,) is relatively compact in H1 (Q)’

Then there exist E, H € LZ(Q) as well as subsequences, again denoted by (E,) and (Hy), such that

.« E,— Einl%(Q),

« H,—Hinl2(Q),

* (B Hipg) = (B H)iz o)

Remark 5.5. We emphasize:

(i) ByLemma 5.1 and Lemma 4.18, Theorem 5.2 and Theorem 5.4 hold for weak Lipschitz domains Q ¢ R3
with weak Lipschitz interfaces.

(ii) Choosing the pair (A, A,), we get by Theorem 4 7 a variant of Theorem 5.2, shortly stating, that for
bounded sequences (E,) C U 1Drt(Q) and (Hy) c Rr (Q) it holds (after picking subsequences)

(En, HH>L§(Q) — (E, H)Lﬁ(Q)'

Similarly, we get a variant of Theorem 5.4.

5.1.1 The classical div-rot-lemma

The classical div-rot-lemma (or div-curl-lemma) by Murat [18] and Tartar [33] reads as a slightly weaker
version of Corollary III (local div-curl-lemma) from the introduction and uses only the standard dual space

H Q) := RY(Q)'.
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Theorem 5.6 (Classical div-rot-lemma). Let Q c R? be anopensetand let (Ey), (H,) c L2(Q) be two sequences
bounded in L2(Q) such that both (ot E,) and (div Hy,) are relatively compact in H"Y(Q). Then there exist
E, H ¢ L?(Q) as well as subsequences, again denoted by (E,) and (Hy), such that the sequence of scalar
products (E,, - Hy) converges in the sense of distributions, i.e.,

j(p(En -Hp) — J(p(E -H) forall p € C°°°(Q).
Q Q
Here, we recall the linear extensions of A and A” (tilde-operators) from Section 4.3.1
K=(A")Ry, : Hy — DAY, A =A'Ry, : Hy — DAY
and consider the bounded linear operators and their adjoints
V:RYQ) - 12(Q), -div=V'R:L%Q) - H{(Q) = H1(Q),
rot : R(Q) — L2(Q), 1ot =rot'R : L2(Q) — R(Q)',
div: D(Q) - L2(Q), -V =div'R:L2(Q) — D(Q)’,
ViH(Q) - 12(Q), —div=V'R:L2(Q) - HI(Q) = i (@),
rot : R(Q) — L2(Q), rot = rot’ R : L2(Q) — R(Q)',
div: D(Q) - L2(Q), -V=div'R:L%(Q) - D(Q),
where R := R, ) : L(Q) — L*(Q)" denotes the (scalar or vector valued) Riesz isomorphism of L?(Q). Note
that the embeddings
R(Q),D(Q) ¢ H1(Q)' = H1(Q),
R(Q)', D(Q) < HY(Q)' = H(Q),
H1(Q) = HY(Q)' < HY(Q)' = H(Q)
justify the formulations in Theorem 5.6.

A typical application of Theorem 5.6 in homogenization of partial differential equations is given by the
following problem: Let (u,,) ¢ H1(Q) be the sequence of unique solutions of the Dirichlet-Laplace problems

~dive,Vu, = f e HY(Q),

with some tensor (matrix) fields ©, having appropriate properties. Note that for all ¢ € I:I1(Q) we have the
variational formulation

f(9) = VROV Un(@) = ROZV Un(V @) = (V @, 0 V i) aq -

Setting
En:=Vuy € Ro(Q) = N(A1) c L>(Q), Hy := 0,E, € L2(Q)
we see
10t E, =10tE, =0 € HY(Q), divH, =-f € HY(Q)
and thus both (rot E,;) and ((’fﬁ H,) are trivially relatively compact in H"1(Q) as they are even constant. Hence
Theorem 5.6 yields for all ¢ € C*°(Q) the convergence of

J @(Ey -Hy) = j (P(% Up - Op v Un).
) Q
Let us conclude that in view of Theorem 5.4 (¢ = u = id) the proper assumptions for (Ey,), (H,) ¢ L2(Q) in
Theorem 5.6 are given either by (Dirichlet-Laplace)
. (r6t E,) is relatively compact in R(Q)’,
. (div Hy) is relatively compact in H(Q)' = H"1(Q),
or (Neumann-Laplace)
. (r:E)l E,) is relatively compact in IOQ(Q)' R
. (divH,)is relatively compact in H'(Q)' = H-1(Q),
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additionally to the closedness of the ranges \Y Hl(Q), VHL(Q) and rot R(Q), rot R(Q) as well as the finite
dimension of the Dirichlet fields RO(Q) N Dy (Q) and the Neumann fields R (Q) N DO(Q), which is a topological
property of the underlying domain Q, see [25 27]. Note that Theorem 5.4 implies the stronger convergence

JEn 'Hn = <Erly Hn>|_2(Q) i (Ey H>|_2(Q)-
Q

Remark 5.7. Let Q c R3 be a bounded strong Lipschitz domain with trivial topology. Then
ﬁ(Q)’ =D HQ):={F e H(Q) : divF € H(Q)},
D(Q)' =R 1(Q) := {F € HL(Q) : TotF € H"1(Q)}

hold with equivalent norms, see [23] or for the two-dimensional analog [6]. We conjecture that the duals
of R(Q) and D(Q) are given by

RQ) = D 1(Q) := {F € H-1(Q) : div F € H-1(Q)},
D(Q) =R 1Q) := {Fe H(Q) : rot F € H1(Q)}

—_—

with equivalent norms. Here, div and rot act as operators from H1(Q) to H"2(Q) and div and rot act as
operators from H™1(Q) to H-2(Q).

We observe the following.

Lemma 5.8. Let the assertions in Remark 5.7 hold. Then for E € L2(Q) and (E,,) c L2(Q) it holds:
(i) diviotE = 0.

(i) TotE e R(Q)' if and only if ot E € H™1(Q).

i (rot E,,) relatively compact in R(Q)’ if and only if (rot Ey,) relatively compact in H=1(Q).

(ii) d1v rot E = 0.

(ii”) rotE € R(Q)" if and only zfrotE e H- LQ).

(ii”) (rot E) relatively compact in R(Q)' if and only if (rot E,) relatively compact in A~ LQ).

Proof. For F := 1ot E € R(Q)' ¢ H"1(Q) we have divF = 0 € H1(Q) as for all ¢ € H2(Q)
—diviot E() = rot' RE(V @) = RE(rotV ¢) =
which shows (i), ("), (i”) by Remark 5.7. Analogously we see (ii), (ii’), (ii”). 0

Finally, we obtain a refined version of Theorem 5.4 in the case of full boundary conditions, compare to
Theorem 5.6.

Theorem 5.9 (Improved classical div-rot-lemma). Let Q c R3 be a bounded strong Lipschitz domain with triv-
ial togpjogy. Moreover, let (Ey), (Hy) c L2(Q) be two bounded sequences such that either

. (r6t E,) is relatively compact in I:I‘l(Q),

. ((’ﬁ?z H,) is relatively compact in H"1(Q)

or

« (1ot Ey) is relatively compact in H™1(Q),

. (div Hy) is relatively compact in I:I‘l(Q).

Then there exist E, H € L?(Q) as well as subsequences, again denoted by (E,) and (Hy), such that
« E,—Einl%(Q),

e H,—Hinl*Q),

o (En,Hi)pagq) — (B H)2(g)-

We emphasize that the assumptions on Q in the latter theorem imply that \Y Izll(Q), VHY(Q), rot ﬁ(Q),
rot R(Q) are closed and that the Dirichlet fields IOQO(Q) N Dy (Q) and the Neumann fields R,(Q) N f)o(Q) are
finite-dimensional, even trivial.

A more detailed discussion with nice results on the connections to the classical div-rot-lemma can be
found in [36].
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5.2 Generalized electro-magnetics

Let Q ¢ RY or let Q even be a smooth Riemannian manifold with Lipschitz boundary I' (Lipschitz submani-
fold) having (interface) Lipschitz submanifolds Iy, I'y. Using the calculus of alternating differential g-forms,
q=0,...,N, we define the exterior derivative d and co-derivative § = + = d * in the weak sense by

DY(Q) := {E e L>9(Q) : dE € L>9"1(Q)}, A" (Q) := {H € L»7(Q) : 6 H € L»1(Q)},

where L?9(Q) denotes the standard Lebesgue space of square integrable g-forms. To introduce boundary
conditions, we define

0 o oo —PUQ)
df : DE(Q):=C1(Q) < LP9Q) - L»7*(Q) Ew—dE

as closure of the classical exterior derivative d acting on test g-forms. &?! is an unbounded, densely defined,
and closed linear operator with adjoint

° ° ° —AT(Q)
@) =-601 AN Q) = Q) c12Y(Q) - 129(Q), He -6H.

Let us introduce
Ao:=dl ', Ar:=dl, Aj=-61, Aj=-61"
The complex properties hold as, e.g.,
R(Ao) = dZ 'DE(Q) ¢ BE ((Q) = N(A1), R(A}) = 627 AL Q) c A ((Q) = N(AY)
by the classical properties 6§ 6 = + =+ dd = = 0. Hence, sequences (5.1) read

o0 e
d Ar=df,

o Ap= o
DL (Q) c L2471(Q) RN DL (Q) ¢ L29(Q) —— L271(Q)

and

2+l

Ar=—50 Al=—§T
12971(Q) = A () ¢ 129(Q) ——— AF*H(Q) c 129 (@),

which are the well-known Hilbert complexes for generalized electro-magnetics, i.e., the de Rham complexes.
Typical equations arising from the de Rham complex are systems of generalised electro-magneto statics, e.g.,
ME=dlE=F,
AyE=-81 E=G,
or systems of generalized Dirichlet-Neumann Laplacians, e.g.,
A A E=-61"dlE=F,
(A} Ay +AgAYE = (61 dl +di'61)E=F,
A E=-61E=G.
The crucial embeddings in (5.2) are compact by (a generalization) Weck’s selection theorem, compare
to Lemma 2.1.

Lemma 5.10 (Weck’s selection theorem). Let Q ¢ RN be a weak Lipschitz domain with weak Lipschitz inter-
faces or even a Riemannian manifold with Lipschitz boundary and Lipschitz interfaces. Then for all q the
embeddings

D(A1) N D(A}) = Dl'it(Q) n A?n(Q) « L2(Q)
are compact.
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A proof can be found in [4, 5, Theorem 4.9], see also the fundamental papers of Weck [39] (strong Lipschitz)
and Picard [28] (weak Lipschitz) for full boundary conditions. Again, Weck’s selection theorems are indepen-
dent of possible material law tensors € or p. Theorem 4.7 shows the following result.

Theorem 5.11 (Global §-d-lemma). Let the embedding Dq Qn Aq (Q) = L*(Q) be compact. Moreover, let
(Ep) C Dq (Q) and (Hy,) c Aq (Q) be two sequences bounded in DY (Q) and N1(Q), respectively. Then there exist
E ¢ Dq (Q) and H € Aq (Q) as well as subsequences, again denoted by (Ey) and (H,), such that

« E,—Ein Dq (Q),

. Hy —\HmAqn(Q)

° (En, Hn>|_2.q(Q) — (E, H)Lz,q(g)

Remark 5.12. We note:

(i) For N =3andgq =1 (or g = 2) we obtain by Theorem 5.11 again the global div-rot-lemma Theorem 3.1.

(ii) For g = 0 (or g = N) as well as identifying El?t = Vr, and A?H(Q) =0 (or dN! =0and BIFVH(Q) = Vr,) we get
by Theorem 5.11 the following trivial (by Rellich’s selection theorem) result: For all bounded sequences
(up) C H1 (Q) and (v,) c L2(Q) there exist u € H1 (Q) and v € L2(Q) as well as subsequences, again
denoted by (up) and (vy), such that (u,) and (vn) converge weakly in H1 (Q) (or L2(Q)) to u and v,
respectively, together with the convergence of the inner products (uj,, vn)LZ(Q) U, V)12

(iii) Theorem 5.11 has a corresponding local version similar to the local div-rot-lemma Corollary 3.2 and
Remark 3.3, which holds with no regularity or boundedness assumptions on Q.

(iv) Material law tensors € and y different from the identities can be handled as well.

The generalization given in Theorem 4.14 reads as follows.

Theorem 5.13 (Generallzed/d|str|but|onal global 6-d-lemma). Let d Dq 1(Q) and qu (Q) be closed, let the
generalized Dirichlet-Neumann fields D 0(Q) n A 0(Q) be finite- dzmenszonal and let (En) (H,) c L29(Q) be
two bounded sequences such that

« (AL Ey) is relatively compact in A% (Q)',
T Ty

. (:S?an) is relatively compact in 51‘5;1(0)’.

Then there exist E, H € L>9(Q) as well as subsequences, again denoted by (E,) and (H,,), such that
. E,—Einl%9(Q),

« H,— Hinl>9(Q),

® (Eny Hrl)LZ,q(Q) - (E) H>|_2,q(Q)

Remark 5.14. By Lemma 5.10 and Lemma 4.18, both Theorem 5.11 and Theorem 5.13 hold for weak
Lipschitz domains Q ¢ RN with weak Lipschitz interfaces or even for Riemannian manifolds Q.

5.3 Biharmonic equation, general relativity, and gravitational waves

Let Q c R3. We introduce symmetric and deviatoric (trace-free) square integrable tensor fields in L2(Q; $) and
L2(Q; T) and as closures of the Hessian VV, and Rot, Div (row-wise rot, div), applied to test functions or test
tensor fields, the linear operators
o o 5 H2(Q)
Ap := VV : H3(Q) := C®(Q) cL2(Q) - L2(Q;S), uw~Vvu,
o o —R(Q)
A; :=Rotg : R(Q;$) := C°(Q;8) ¢ L?(Q;$) — L2(Q;T), S~ RotS,

Ay = Divy : DO T) = Co(@T) € L2(Q:T) — L2(Q), T DivT:
Ay, A1, and A; are unbounded, densely defined, and closed linear operators with adjoints
A} = (VV)* = divDivs : DD(Q; ) ¢ L2(Q; ) — L2(Q), S+ divDiv S,
A} = Rot} = sym Roty : Reym(Q; T) ¢ L2(Q; T) — L2(Q;S), T symRotT,
A, =Divi = —devV : HY(Q) c L2(Q) - L2(;T), v —devVy,
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where H1(Q), H2(Q) denote the usual Sobolev spaces and

R(Q) := {S € L*(Q) : Rot S € L*(Q)}, R(Q; S) := R(Q) N L*(Q; S),
D(Q) := {T € L%(Q) : Div T € L*(Q)}, D(Q; T) := D(Q) N L*(Q; T),
DD(Q) :={S € L*(Q) : divDiv S € L*(Q)}, DD(Q;S) := DD(Q) N L2(Q; S),

Rsym(Q) := {T € L>(Q) : symRot T € L*(Q)}, Rsym(Q; T) := Reym(Q) N L3(Q; T),

see [22] for details. Note that u, v, and S, T are scalar, vector, and tensor (matrix) fields, respectively. Moreover,
for S € R(Q; $) it holds Rot S € L2(Q; T). The complex properties hold as
R(Ao) = VVH2(Q) € Ro(Q; $) = N(A1),
R(A}) = sym Roty Reym (Q; T) c DDy (Q; $) = N(A}),
R(A1) = RotsR(Q; $) € Do(Q; T) = N(A2),
R(A)) = dev VHY(Q) ¢ Reym,0(Q; T) = N(A)),
see again [22]. Sequences (5.1) read

A;=Rots A,=Divy

B2(Q) c 12(Q) —2=Y L R(Q; S) € L2(Q; S) D(Q; T) ¢ L2(Q; T) L12(Q)
and
2 Ag=div Divg 2 Aj=symRotr 2 Aj=—devV 1 P
12(Q) DD(Q;S) ¢ L2(Q;S) " Ryym(Q T) € L2(Q T) e————— HY(Q) ¢ L2(Q).

These are the so-called Gradgrad and div Div complexes, appearing, e.g., in biharmonic problems or general
relativity, see [22] for details. Typical equations arising from the Gradgrad complex are systems of general
relativity, e.g.,
A:S =RotgS = F, A>T =DivyT = g,
AjS=divDivgS=f, A]T=symRoty T =G,

or simply biharmonic equations and related second-order systems, e.g.,

Ag Ao u = div Divg VWu = f
A] A; S = symRoty R°c>t§S =G,
Aj S =divDivg S = f.

The crucial embeddings (5.2) are compact, compare to Lemma 2.1.

Lemma 5.15 (Biharmonic selection theorems). Let Q c R® be a strong Lipschitz domain. Then the following
embeddings are compact:

D(A;) N D(AY) = R(Q;S) N DD(Q;'S) > L2(Q; S),
D(Az) N D(A}) = D(Q; T) N Ry (Q; T) < L2(Q; T).

A proof can be found in [22, Lemma 3.22]. Again, the biharmonic selection theorems are independent of
possible material law tensors € or u. Choosing the pair (Ag, A1) we get by Theorem 4.7 the following:

Theorem 5.16 (Global div Div-Rot-S-lemma). Let IQQ(Q;S) NDD(Q;S) < L%(Q;S) be compact. Moreover, let
(Sp) C IOQ(Q; $) and (T,,) c DD(Q; S) be two sequences bounded in R(Q) and DD(Q), respectively. Then there
exist S € IOQ(Q; S)and T € DD(Q; S) as well as subsequences, again denoted by (S,) and (Ty), such that

«  Sp—SinRQ;S),

« T,— TinDD(Q;$),

° (Sn, Tn>|_2(Q,§) - (S, T>|_2(Q’§)-

For the pair (A1, A,) Theorem 4.7 implies the following result.
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Theorem 5.17 (Global sym Rot-Div-T-lemma). Let IOD(Q; T) N Reym(Q; T) <> L2(Q; T) be compact. Moreover,
let (Sy) C Io)(Q; T) and (Ty) € Rsym(Q; T) be two sequences bounded in D(Q) and Rsym(Q), respectively. Then
there exist S € IS(Q; T) and T € Reym(Q; T') as well as subsequences, again denoted by (Sy) and (Ty), such that
. Sp,—SinD(Q;T),

e Ty — TinRgym(Q; T),

° (Sn, Tn>|_2(Q”]I‘) - (S, T>|_z(Q’T)-

Remark 5.18. Material law tensors € and u different from the identities can be handled as well. Theorem 5.16
and Theorem 5.17 have corresponding local versions similar to the local div-rot-lemma Corollary 3.2 and
Remark 3.3, which hold with no regularity or boundedness assumptions on Q. We note that the local version
of Theorem 5.16 is a bit more involved as standard localization techniques (multiplication by test functions)
fail due to the second-order nature of the Sobolev space DD(Q; S). This additional difficulty can be over-
come with the help of a non-standard Helmholtz-type decomposition, see [22, Lemma 3.21] and the proof
of [22, Lemma 3.22].

The generalizations from Theorem 4.14 read as follows.

Theorem 5.19 (Generalized/distributional global div Div-Rot-S-lemma). Let the two ranges Rot IOQ(Q;S) and
\AY I:IZ(Q) be closed and let the generalized Dirichlet—-Neumann fields IOQO(Q; $) N DD, (Q;S) be finite-dimen-
sional. Moreover, let (Sy), (Tn) C L2(Q, S) be two bounded sequences such that

. (RBtSSn) is relatively compact in Rsym (Q; ),

«  (divDivsTy) is relatively compact in H2(Q)' = H-2(Q).

Then there exist S, T € L?(Q, S) as well as subsequences, again denoted by (Sy,) and (T,), such that

e Sp—Sinl%(Q,S),

e T,—Tinl%Q,S),

° (Sn, TH)LZ(Q’S) — (S, T)LZ(Q’S)'

Theorem 5.20 (Generalized/distributional global sym Rot-Div-T-lemma). Let Rot IOQ(Q; $) and Div 5(9; T) be
closed and let the generalized Dirichlet—-Neumann fields IODO(Q; T) N Rsym,0(Q; T) be finite-dimensional. More-
over, let (Sy), (Ty) C L2(Q, T) be two bounded sequences such that

. (DoivTSn) is relatively compact in H1(Q)' = H~1(Q),

. (sy’rﬁgtqr Ty) is relatively compact in ﬁ(Q; S).

Then there exist S, T € L?(Q, T) as well as subsequences, again denoted by (Sy) and (Ty), such that

e S,—Sinl*Q,T),

e Tp,—Tinl%(Q,T),

° <Sna Tn>|_2(Q’T) - <S, T>LZ(Q,T)'

Remark 5.21. By Lemma 5.15 and Lemma 4.18, Theorem 5.16, Theorem 5.17, and Theorem 5.19, Theo-
rem 5.20 hold for strong Lipschitz domains Q ¢ R3.

5.4 Linear elasticity

Let Q c R? and let

Ao :=symV: HY(Q) c L2(Q) — L2(Q;S), v symVy,
A; :=RotRot] : RRT(Q;S) := Co(Q; S)RRT(Q) c L2(Q;8) — L2(Q;S), S+~ RotRot'S,
A, := Divg : D(Q; §) := Coo(Q; S)D(Q) cL2(Q;$) > L2(Q), T~ DivT;
Ao, A1, and A, are unbounded, densely defined, and closed linear operators with adjoints
A} = (symV)* = - Divg : D(Q; ) € L2(Q;$) — L2(Q), S+ -DivS,
A} = (RotRot])* = RotRot{ : RR™(Q;S) ¢ L2(Q;S) — L2(Q;S), T — RotRot™ T,

A, =Divi = —symV : H'(Q) ¢ L2(Q) — L2(Q;S), v —symVyv,
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where D(Q; $) := D(Q) n L2(Q; $) and
RRT(Q) := {S € L>(Q) : RotRot™ S € L?(Q)}, RRT(Q;S) := RRT(Q) N L*(Q;S).

Moreover, for S € RRT(Q; $) it holds RotRot™ S € L2(Q; S). Note that v and S, T are vector and tensor (matrix)
fields, respectively. The complex properties hold as

R(Ao) = sym VH'(Q) ¢ RR(Q; S) = N(A;),
R(A}) = RotRot gRRT(Q;S) € Dy(Q;'S) = N(AZ),
R(A;) = Rot Rot] RRT(Q;'S) € Do(Q;'S) = N(A,),
R(A}) = symVH'(Q) c RR{(Q; ) = N(A)).
Sequences (5.1) read

. Ag=sy . A;=RotRot!
BLQ) ¢ L2(Q) 2V RRT(Q:S) € L2(Q;S) ———%, B(Q; ) c L2(Q; S)

A,=Divg

L*(Q)

and

Al=-Di A*=RotRot { Az=— v
12(Q) " D(;$) € L2(Q;S) "% RRT(Q;'S)  L2(Q; S) " HL(Q) ¢ L2(Q).

These are the so-called Rot Rot complexes, appearing, e.g., in linear elasticity, see [22]. Typical equations
arising from the Rot Rot complex are systems of generalized linear elasticity, e.g.,
A1 S =RotRotgS = F,
Aj S =-Divg S =,
or simply linear elasticity and related fourth-order Rot Rot Rot Rot systems, e.g.,
Aj Ao v = - Divg syﬁl Vv =f,
A% A; S = RotRot {RotRot] S = G,
AjS=-DivgS=f.
The crucial embeddings (5.2) are compact, compare to Lemma 2.1.

Lemma 5.22 (Elasticity selection theorems). Let Q c R3 be a strong Lipschitz domain. Then the embeddings
D(A1) nD(Ap) = RORT(Q;$) ND(Q;S) < L2(Q;$),
D(Ay) nD(A;) =D(Q;$) NRRT(Q; S) <> L2(Q; S)

are compact.

A proof can be done by the same techniques showing [22, Lemma 3.22], see [24]. Again, the elasticity selec-
tion theorems are independent of possible material law tensors € or u. Choosing the pair (Ao, A1), we get by
Theorem 4.7 the following:

Theorem 5.23 (Global Div-Rot Rot™-S-lemma). Let RRT(Q;$) N D(Q;S) <> L2(Q; S) be compact. Moreover, let
(Sp) c RQRT(Q; S) and (T,) c D(Q; $) be two sequences bounded in RRT(Q) and D(Q), respectively. Then there
exist S € RORT(Q; S)and T € D(Q; S) as well as subsequences, again denoted by (S,) and (T,), such that

. Sp— SinRRT(Q;S),

e T,—TinD(Q;S),

o (Sn, Tn>|_2(g,§) - (S, T>|_2(Q’§)-

For the pair (A1, A,) we obtain:

Theorem 5.24 (Global Rot Rot"-Div-S-lemma). Let 5(9; $) NRRT(Q; S) <> L2(Q; S) be compact. Moreover, let
(Sp) c Io)(Q; S) and (T,) c RRT(Q;S) be two sequences bounded in D(Q) and RRT (Q), respectively. Then there
exist S € IS(Q; S) and T € RRT(Q; S) as well as subsequences, again denoted by (Sy) and (Ty), such that

e Sp—SinD;S),

« T,— TinRRT(Q;S),

o (Sn, Tn>|_2(Q,$) - (S, T>Lz(Q’$)-
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Remark 5.25. Let us note:

(i) The Rot Rot complexes of linear elasticity have a strong symmetry.

(ii) Theorems 5.23 and 5.24 are the same results just with interchanged boundary conditions.

(iii) Theorems 5.23 and 5.24 have corresponding local versions similar to the local div-rot-lemma Corol-
lary 3.2 and Remark 3.3, which hold with no regularity or boundedness assumptions on Q. As in Remark
5.18 we note that the local versions of Theorems 5.23 and 5.24 are more involved as well, here due to
the second-order nature of the Sobolev spaces RORT(Q; $) and RRT(Q; S). A corresponding non-standard
Helmholtz-type decomposition similar to [22, Lemma 3.21] is needed to overcome these difficulties.

(iv) Material law tensors € and u different from the identities can be handled as well.

The generalizations in Theorem 4.14 read as follows.

Theorem 5.26 (Generalized/distributional global Div-Rot Rot"-$-lemma). Let the ranges RotRot" RcRT(Q; S)
and symV I:I1(0) be closed and let the generalized Dirichlet-Neumann fields RoRg(Q; $) N Dy(Q; S) be finite-
dimensional. Moreover, let (Sy), (Ty) C L2(Q, S) be two bounded sequences such that

. (RotoRot;Sn) is relatively compact in RRT(Q; §)’,

«  (DivsTy) is relatively compact in H:(Q)' = H™1(Q).

Then there exist S, T € L?(Q, S) as well as subsequences, again denoted by (S,) and (T,), such that

e Sp—Sinl%(Q,s),

e T,—Tinl*Q,$S),

° (Sn, TTI>|_2(Q s) (S, T>|_2(Q $)*

Theorem 5.27 (Generalized/distributional global Rot Rot" -Div-S-lemma). Let the ranges RotRot" RRT(Q S)
and Div D(Q S) be closed and let the generalized Dirichlet-Neumann fields DO(Q $)n RRT(Q S) be finite-
dimensional. Moreover, let (Sy), (Tn) C L2(Q, S) be two bounded sequences such that

. (DivsSy) is relatively compact in H1(Q)' = H~1(Q),

. (ngﬂl) is relatively compact in RDRT(Q; S).

Then there exist S, T € L(Q, S) as well as subsequences, again denoted by (S,) and (T,), such that

« S, —Sinl%(Q,s),

e T,—Tinl%(Q,$),

° (Sn, Tn>|_2(Q’S) - (S, T)LZ(Q’§)-

Remark 5.28. By Lemma 5.22 and Lemma 4.18, Theorem 5.23, Theorem 5.24, and Theorem 5.26, Theo-
rem 5.27 hold for strong Lipschitz domains Q ¢ R3.
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