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Abstract
In this short note we show that Hilbert complexes are strongly related to what we shall
call annihilating sets of skew-selfadjoint operators. This provides for a new perspective
on the classical topic of Hilbert complexes viewed as families of commuting normal
operators.
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1 Introduction

The classical differential geometry topic of “chain complexes” has entered functional
analysis as the topic of so-called “Hilbert complexes”. The purpose of this note is to
inspect Hilbert complexes from another functional analytical perspective linked to a
four decades old construction of the skew-selfadjoint extended Maxwell operator

0 div 0 0
groad 0 —curl O

0 cul 0 grad

0 0 div 0

SDir =

see [21, 22]. For some pre-history and the scope of this construction see [23]. We
merely mention here that the extended Maxwell system provides not only a deeper
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structural insight into the system of Maxwell’s equations but also shows a deep con-
nection to the Dirac equation. Indeed, the extended Maxwell operator has proven to
be useful in important applications such as boundary integral equations in electrody-
namics at low frequencies, see e.g. [13] and [24-27].

As it will turn out Hilbert complexes are intimately related to, indeed generalized
by, an abstract concept, which we shall refer to as annihilating sets of skew-selfadjoint
operators, which in turn is based on observations made in connection with the extended
Maxwell system. This is the subject of the main part in Section 2. Our final section,
Section 3 serves to illustrate the abstract setting by a number of more or less classical
applications.

This paper is close in spirit to the ideas Alain Bossavit is an eminent proponent of,
namely to use a differential geometric approach to the study of Maxwell’s equations,
see e.g. [4-6]. His strong advocacy to use differential forms and their calculational
counterpart, the Whitney forms, in discussing electrodynamics, in particular, in the
context of a mimetic viewpoint for numerical methods, see e.g. [7—11] and the literature
quoted, is a continued effort of his research orientation.

Linking these powerful concepts with an operator theoretical perspective is what
leads to a workable approach to calculational issues in electrodynamics and possibly
other fields such as elasticity. Time will tell, if the perspective on the structure of
complexes presented here will be able to contribute to the further refinement of mimetic
calculational schemes.

2 Annihilating sets of skew-selfadjoint operators and Hilbert
complexes
2.1 Finite sets of annihilating skew-selfadjoint operators

We start with particular finite sets of commuting skew-selfadjoint operators S on a
Hilbert space H, i.e.,

S:dom(S)c H— H, S*=-85,
which we shall refer to as a— pair-wise — annihilating set of skew-selfadjoint operators.
Definition 1 A finite set . of skew-selfadjoint operators satisfying
ran (S) Cker(T), S#T,S,Te”,

is called an annihilating set of skew-selfadjoint operators.
For the rest of this section, let . be an annihilating set of skew-selfadjoint operators.

Remark2 Let S, T € .¥.

1. .7 is a set of commuting operators.
2. Itholds TS = 0 ondom (S) for S # T.

@ Springer



Families of annihilating skew-selfadjoint operators...

Page3of15 95

3. The observation that S = fs(Q) for some suitable complex valued functions
fs : R — Cin the sense of a function calculus associated with a single selfadjoint
operator Q provides for other examples, which are not necessarily tridiagonal, cf

Section 2.2.

As a consequence we have a straight-forward application of the projection theorem
the following generalized (orthogonal) Helmholtz decomposition.

Theorem3 H=K &g @ ran (S) with (generalised cohomology  group)

Se.
K:= () ker ().
Se.s

2.2 A special case: tridiagonal operator matrices

We consider operator matrices of the form

0 0 -vv--- 0
N Cl10
A=Y M=o , Ap=
k=1
.00
0---0ay0

closed and densely defined on a Cartesian product H = H;| X --- x Hy41 of Hilbert

spaces Hj. Then

Oar 0 - 0
N 00"
weSai= | | i
k=1 .
: 0 ay
0cvnnne 0 0
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Now let

N
S:=25kWA=A—A*=ZSk, Sk := 2skw Ay = Ay — AJ.
k=1

Then
00 - 0
0"
0 —af 0 --- 0
. .0
ai 0 . N
S= O O , Sk— 0 O —ak
a 0 O
0 —ay
0 0ay O 0
: .0
O veveeee e .. 00

are skew-selfadjoint and we have the following main result.

Theorem 4 .7 := {8y, ..., Sy} is an annihilating set of skew-selfadjoint operators if
and only if (ay, ..., ay) is a Hilbert complex, i.e., forallk =1,..., N

ay : dom (a) € Hy — Hiy

are closed and densely defined linear operators satisfying ran (axy) < ker (ax+1),
k=1,...,N—1.

Proof The result follows by a straightforward calculation. See Appendix A for more
details.

Remark5 As (S;S¢)* D S7S; = S¢Sk we see that . = {Sy, ..., Sy} is an annihi-
lating set of skew-selfadjoint operators if and only if Sy S¢ =Oforall 1 <k < ¢ <N
(if and only if S; Sy =O0forall 1l <k < £ < N).

Remark 6 Often a Hilbert complex (a) := (ay, ..., ay) is written as

a ag—1 ay aje+1 a
H1—1>'~'—>Hk—>Hk+1—+>~'—N>HN+1.

It is noteworthy that the Hilbert complex (a) is equivalently turned into the property

ran (Ay) C ker (Aj)
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or

ran (S;) C ker (S.j) , J#k,

forall j,k =1,..., N where the sequential character of Hilbert complexes seems to
have disappeared. Theorem 4 suggests to consider annihilating sets of skew-selfadjoint
operators as an appropriate generalization of Hilbert complexes.

Remark 7 Note that, if preferred, the set . may be considered as

1. aset of homomorphisms by restriction of the elements to their respective domains,
1.e.,

yhom = {gl» ey §N} N

where §k = Sktdom(s;) : dom(Sx) — H are now bounded linear operators,

2. a set of bounded isomorphisms by restriction of the elements to their respective
domains and orthogonal complements of their kernels (and projections onto the
ranges), i.e., R R

Fiso 1= {Slv--wSN},

where S := [;kan(sk)Sktdom(Sk)nker(Sk)LH - dom (Sg) Nker (S)# — ran(Sy) are
now bounded and bijective,

3. aset of topological isomorphisms .%s if all ranges ran(Sy) are closed. Note that
in this case we have ran(S) = ker (Sk)J‘H and that ran(Sy) is closed if and only
if ran(ay) is closed.

In the latter remark ¢x denotes the embedding of the subspace X into H. If X is
closed in H the orthonormal projector onto X is given by mx 1= 1x1% : H — H.

Remark 8 For consistency we set ag := 0 and a4 := 0. Note that

N+1
dom(S) = X (dom(ax) Ndom(aj_,))
k=1

= dom(a;) x (dom(ag) N dom(a’f)) x -+ x (dom(ay) N dom(a1’§,71)) x dom(ay)

and that by the complex property

N+1
ker(S) = X (ker(ax) Nker(af_)))
k=1
= ker(aj) x (ker(az) n ker(ai‘)) X oo X (ker(aN) n ker(a,’i,fl)) x ker(ay),
N+1
ran(S) = X (ran(ax—1) ®p, ran(ay))
k=1

=ran(a}) x (ran(a;) Sp, ran(ay)) x - -+ x (ran(ay—1) B uy ran(ay)) x ran(ay).
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In particular, the product of the cohomology groups Ky := ker(ay)Nker(a; _,) equals
the kernel of S.

Definition 9 Recall Remark 6. A Hilbert complex (a) is called

1. closed if all ranges ran(ay) are closed.
2. compact if all embeddings dom(ax) N dom (a,f_l) <> Hj are compact.

Theorem 10 Recall Theorem 4. Let (a) be a Hilbert complex with associated annihi-
lating set of skew-selfadjoint operators .. Then (a) is

1. closed if and only if ran(S) is closed.
2. compact if and only if the embedding dom(S) — H is compact.

Proof Use Remark 8 and orthogonality.

Remark 11 §? = Z,ivz 1 S,% is diagonal and may be considered as generalised Lapla-
cian acting on H. More precisely,

aikal 0 e o e o e o e O
0 ajaf +azax 0
: 0
—Sz— . a * * . .
s ag—1a;_y tagag - : ,
0
0 aN_la}t,_l—i-a?{,aN 0
0 0 ayal,
00 oo v e e 0
0"
0 O
> | o aa 0
82 =
0 akaf 0
0 O
.0
[ P, 00

Remark 12 By replacing the skew-selfadjoint operators with selfadjoint operators the
presented theory works literally as well. The only modifications are

N
S:=2symA=A+A"=> S,  Si:=q2sym A, = A + A}
k=1
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resulting in

00 - 0
0

0ajf 0 ---0

. . 0
a10' . .
s=1o o | S = 0 0 g
a 0 0

. 0 ay . .

0---0ay O : o - -
. o
0 - 00

This is in a sense a matter of taste. We prefer, however, the skew-selfadjoint setting,
since it has the advantage of being closer to various applications, such as Maxwell’s and
Dirac’s equation (written in real form). We note, in particular, that skew-selfadjointness
is at the heart of energy conservation.

Remark 13 By standard arguments of linear functional analysis we note the following
results: Let S : dom(S) C H — H be skew-selfadjoint such that dom(S) «— H is

compact. Then

the range ran(S) = ran(§) is closed, where S= ‘fan(S)S‘ran(S) .

the inverse operator S 1is compact.

. the cohomology group ker(S) has finite dimension.

. the orthogonal Helmholtz-type decomposition H = ran(S) @y ker(S) holds.
there exists ¢ > 0 such that for all x € dom (3) = dom(S) Nran(S) = dom(S) N
ker(S)*# the Friedrichs/Poincaré type inequality ||x||; < c ||Sx||; holds.

6. S and S are Fredholm operators with index zero.

O

3 Applications

In this final section we give several examples of annihilating sets of skew-selfadjoint
operators, i.e., of Hilbert complexes, cf. Theorem 4. All operators will be considered
as closures of unbounded linear operators densely defined on smooth and compactly
supported test fields. For example, gr%d, symOCurlT, and div Divg — where the tiny
circle on top of an operator indicates the full Dirichlet boundary condition associated
to the respective differential operator — are the closures of

grad™ : C®(2)  LA(R2) — L*(2); u > gradu,
smeCurl%o : Co‘%o(.Q) - L%(.Q) — Lé(.Q); M +— sym Curl M,
divDivg : C(2) € LA(2) — L*(2); M s divDiv M,
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where 2 C R? is an open set, C(£2) denotes the space of smooth and compactly
supported fields in §2, and S and T indicate symmetric and deviatoric tensor fields,
respectively. The corresponding adjoints — div, Curls, and Grad grad are then given by

—div: H(div, 2) C L*(2) — L*(2); E+> —divE,
Curls : Hs(Curl, 2) C LA(2) — L3(£2); M + Curl M,
Grad grad : Hz(.Q) C L2(.Q) — Lé(s?); u +— Grad grad u.

3.1 The classical De Rham complexes
3.1.1 De Rham complex of vector fields

Let £2 be an open set in R with boundary I" := 9£2. The most prominent example
is the classical de Rham complex of vector fields involving the classical operators of
vector calculus grad, curl, and div with full Dirichlet or Neumann boundary conditions:

0 div 0 0 0 dv 0 0
grad 0 —curl 0 grad 0 —curl 0

0 curl 0 grad 0 curl 0 grad

0 0 div 0 0 0 div 0

Spir = s SNeu =

Inhomogeneous and anisotropic coefficients and mixed boundary conditions can also
be considered:

0 v ldivpe 0 0
grad 0 —eleurly, 0
Smix = 0 . o 3.1
mx 0 wlcurlp, 0 grad G
0 0 kldivpn 0

Here the boundary I" is decomposed into two parts Iy and I} where the Dirichlet
and Neumann boundary condition is imposed, respectively. Note that the de Rham
off-diagonals are skew-adjoint to each other.

3.1.2 De Rham complex of differential forms

Let £2 be an N-dimensional Riemannian manifold, e.g., an open set in RY. Another
prominent example is the classical de Rham complex of differential forms involving the
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exterior derivative d and its formal skew-adjoint the co-derivative § = —a*, d= —5*

with full Dirichlet or Neumann boundary conditions:

086 0 -0 08 0---0
d d’
Soir=1]0" ~0 | Sneu=1|o- 0

0---0 do 0---0 do

Again, the de Rham off-diagonals are skew-adjoint to each other. Note that Sp;; and
SNeu are unitarily congruent via transposition, permutation, sign change and Hodge-
*-isomorphism.

3.2 Other complexes in three dimensions
There are plenty of extensions and restrictions of the de Rham complex. A nice
overview and list of complexes is given in [1], from which we extract the follow-

ing discussion. Their construction is based on the BGG-resolution using copies of the
de Rham complex. For this section let £2 be an open set in R>.

3.2.1 More De Rham complexes

— Grad curl complex:

0 div 0 0 0
grad 0  curl Divy 0 0
Sor=1 0 Gradcurl 0 —devCurl 0
0 0 Curly 0 Grad
0 0 0 Div 0

— curl Div complex (formal dual of the Grad curl complex):

0 Div 0 0 0

Grad 0 —Curly 0 0

Spir = 0 devCurl 0 Gradcurl O
0 0  curl Divy 0 grad

0 0 0 dv 0
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— grad div complex (formally self-dual):

0 div 0 0 0 0
grad 0 —curl 0 0 0
o _| 0 el 0 —graddiv 0 0
Pr=1 0 0 graddiv 0 —curl 0
0 0 0 curl 0 grad
0 0 0 0 div. 0
3.2.2 Elasticity complexes
— Kroéner complex (formally self-dual):
0 Divg 0 0
¢ _ [ symGrad 0 —Curl TCurls 0
bir = 0  Curl T Curlg 0 sym Grad
0 0 Divg 0
Here T denotes the formal transpose.
— deviatoric Kroner complex (formally self-dual):
0 Divst 0 0
s dev syﬁl Grad 0 —Curl TCurl T Curlst 0
pir = 0 Curl T Curl T Curlgp 0 dev sym Grad
0 0 Divst 0

Here! TM :=MT — %(tr M) id. Note that T Curls = T Curlg as tr Curls = 0.
3.2.3 Biharmonic complexes

— first Hessian complex:

0 — div Divg 0 0

S0 Grad grad O — sym Curlp 0
Dir = 0 Curlg 0 dev Grad

0 0 Divy 0

— second Hessian complex (formal dual of the first Hessian complex):

0 Divp 0 0

S dev Grad 0 — Curlg 0
bir = 0 symCurlp 0  —Gradgrad

0 0  divDivg 0

' InRN wehave TM := M| — ﬁ(trM)id.
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— conformal Hessian complex (formally self-dual):

0 — div Divsgr 0 0
S0 = dev Grad grad 0 — sym Curlg 0
bir = 0 sym Curlg 0 — dev Grad grad
0 0 div Divgr 0
3.3 Some remarks
Remark 14 Theorem 4 shows that all operators S... = Spir/Neu/mix are sums of anni-
hilating skew-selfadjoint operators S, ..., Sy, i.e.,

N
S.=Y S
k=1

In particular, we have for the Dirichlet de Rham complex

0 div 0 0

Soir — gl‘icld 0 —curl 0O
" 0 curl O grad
0 0 dv 0
0 divoo 00 0 0 000 0
_|erad 000 L]0 0 —culOf fO00 0
0 000 Ocurl 0 O 00 O grad |’
0 000 00 0 0 00div 0
— div grad 0 0 0
2 0 —grad div + curl curl 0 0
Dir = 0 0 curlcurl — graddiv.=~ 0
0 0 0 —div grad
—divgrad 0 00 0 0 0 0
_ 0 —graddiv00 | | Ocurl cul 0 0
0 0 00 0 0 curl curl 0
0 0 00 0 0 0 0
00 0 0
00 0 0
+ 00 — grad div 0
00 0  —divgrad

Remark 15 Recalling Theorem 10 it has been shown in [2, 3, 15] that in case of the
de Rham complexes the embeddings

dom(S..) — H
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are compact, provided that (£2, Ip) is a bounded weak Lipschitz pair, see [20, 28—
30] and [12, 14] for the first results about the respective compact embeddings. For
corresponding results in case of elasticity and biharmonic complexes and bounded
strong Lipschitz pairs (£2, Ip) see [16, 17] and [18, 19].

Remark 16 There is no doubt that all the latter complexes may be generalised to
inhomogeneous and anisotropic coefficients and to mixed boundary conditions, cf.
(3.1). Moreover, the techniques of [15-17] (for the de Rham, Kroner, and Hessian
complexes) can be extended to show that all the embeddings dom(S...) < H are
compact for bounded strong Lipschitz pairs (£2, Ip).

3.4 A factorization result

An interesting consequence for annihilating sets of skew-selfadjoint operators (not
necessarily tridiagonal operator matrices as in the special case) is the following fac-
torization result: Let T be a strictly m-accretive operator commuting with . =

{S1,...,Sy}. Then with S = 211(\]:1 Sr we have
N N
(T+5) = TI_NTN_1<T +y Sk> — 7N + 50
k=1 k=1

and conversely,

N N
—1
T+S=T""[] T+s0'T+5=[] (1+T—lsk) (T +5).
C#£k=1 L#k=1

This is, in terms of inverses (solution operators)

N N
T+ =TT +s07". T+ =[] (+77"'s)@+97".
k=1 t#k=1

An example of particular interest is given by T = 9,, the case of evolutionary systems,
which in a suitable setting, see e.g. [23], leads to

N N
@+ 8 =09"N]@ + S0, a+Se= [] a+97's07'@ +9).
k=1 O£k=1
N N
@G+ "' =0 "[Ja+s0™,  @+sot =[] a+o"so@+97"
k=1 C#k=1
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4 Sketch of a Proof of Theorem 4

For simplicity and readability we look at the special case N

(a1 ,an, a3). Then

S181 =

S18 =

S183 =

581 =

$28, =

$283 =

8381 =

$38, =

$383 =

0 —af00
ar 0 00
0 0 00
0 0 00
0 —at 00
ar 0 00
0 0 00
0 0 00
0 —at 00
ar 0 00
0 0 00

(e}
(e
(e
(e

d o
%

(=N e N (=l e N
SO OO OO0 oo o0

|
Q
[SED

SocooSoco of oo
|
)
DO %

SO OO DO OO0 ocoo o
o O

©c cocooco o
cocoo § cooco

0 —af00
a 0 00
0 000
0 000
00 0 0
00 —at0
0Oaz 0 0
00 0 0
000 0
000 0
000 —at
00a; 0
0 —af00
ar 0 00
0 000
0 000
00 0 0
00 —a30
0Oaz 00
00 0 0
000 0
000 0
000 —aZ
00a; 0
0 —af00
a 0 00
0 000
0 000
00 0 0
00 —at0
Oaz 0 0
00 0 0
000 0
000 0
000 —az
00as 0

—afa; 0
0 —d]
0 0
0 0
00aja; 0
00 0 O
00 0 O
00 0 O

0000
0000
0000 |
0000

0 000
0 000
ara; 000
0 000

0 0

0 —ajar

0o 0 -
0 0

000 O
000 aza;
000 O
000 O

0000
0000
0000 |’
0000

0 0 00
0 0 00
0 0 00
0azar, 00

00 O
00 —azas
00 O

00
af 00
00
00

)

0
0

aaj

)0,

SO OO

0
0
—aza;

= 3 and consider
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We read off that (ay, az, a3) is a Hilbert complex if and only if S;.S; = 0 for all k¥ # £.
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