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Introduction

EXAMPLE: linear elasticity

—Dive=f and oc=Ce(u) inQcR
u=0 onl =00

stress tensor o, displacement u, force density f.

E

Ce=aEna—a) a

—2v)e+ (1 —v) tr(e) ]

Young’s modulus E, Poisson ratio v

e(U) =symGradu = %(Grad u+ (Grad u)T)

strain tensor ¢(u)
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Introduction

primal variational formulation (principle of virtual work):
Find u € H}(Q) such that
(Ce(u),e(u)) gy = (F.V) 21 ( =F(V)) Vve H)(Q)
stress as a new variable
o = Ce(u) € L%(Q,S)
equivalent mixed formulation (Hellinger-Reissner principle):

Find o € £2(Q,S) and u € H}(Q) such that

(C o, 7)oy — (E(U).7) p2q) =0 V1 e L£3(Q,S),

9

— (0:6(V)) 22 = —F(v) YveH\(Q).
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Introduction

original mixed formulation:

Find o € £2(Q,S) and u € H}(Q) such that
((C_107T)£2(Q) — (Grad u, 7_)[:2
— (Grad v, 0) 22 (g, = —F(v) YveH\(Q).

new mixed formulation:

Find o € #(Div,Q,S) and u € L3(Q) such that

((an, T)EQ(Q) + (Div , U)LQ(Q) =0 V1 € H(Div,Q,S),
(Divo, V) 2 = —F(v) Yvel?Q).
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Introduction

transition from the first to the second mixed problem:
—(Grad v,7) r2q) = (DIVT, V) 2, forall 7 € H(Div,Q), v € H)(Q).
The associated linear operators

<B V7T> = —(Grad v, T)ﬁg(Q) and <B*T, V> = (Div T, V)LZ(Q)'

B is considered as a densely defined linear operators:
B: H{(Q) = dom(B) c L3(Q) — [£3(Q,S)]".
Then B* is its adjoint

B*: dom(B*) = H(Div,Q,S) C £3(Q,S) — [L2(Q)]*

Note that B and B* are unbounded operators.
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The abstract framework

Let X and Y be two Hilbert spaces and let
T: dom(T)c X — Y~
be a linear operator, whose domain of definition
dom(T) isdensein X.

T is called a densely defined linear operator.
The domain of definition dom(7*) of the adjoint operator

T": dom(T*)C Y — X*
is the maximal subspace of Y, where the identity
(T*y,x) = (Tx,y) forall x € dom(T), y € dom(T").
makes sense. More directly,
dom(T*)={y e Y: (Tx,y)| < ||x|lx forall x € dom(T)}.
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The abstract framework

@ The adjoint T* of a densely defined linear operator is
well-defined.
@ The adjoint operator T* is closed, i.e.,

o the graph of T* is a closed subset of Y x X*,
or, equivalently,
e dom(T*) is a Hilbert space w.r.t. the graph norm |.|| -, given by

yliF = Iyl + 1T y%--
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The abstract framework

Saddle point problem: Find u € V and p € dom(B) such that
a(u,v) + (Bp,v) = (f,v) forallveV
(Bg,u) —c(p,q) = (9,q) forall g€ dom(B),

with a densely defined linear operator

B: dom(B) c Q — V*
Assumptions:
Q@ (V. |.llv), (dom(B), |l.llaom(s)), (Q.l.lq) are Hilbert spaces with
l9lla < cBllqllaoms) for all g € dom(B)

for some constant cg;
Q eV geQ
© the bilinear form a is symmetric, non-negative, and bounded on V;
© the bilinear form ¢ is symmetric, non-negative, and bounded on Q.
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The abstract framework

first saddle point problem:
Find u € V and p € dom(B) such that
a(u,v) +(Bp,v) = (f,v) forallveV
(Bg,u) — c(p,q) = (9,q) forall g€ dom(B),
with a densely defined linear operator
B: dom(B) c Q — V¥
second saddle point problem:
Find u € dom(B*) and p € Q such that
a(u,v) +(B*v,p) = (f,v) forall v edom(B*)
(B'u,q) —c(p,q) =(g,q) forallgeQ,

with the adjoint
B*: dom(B*) c V — Q"
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The abstract framework

associated linear operators:

.A12X1—>X1*, X1:V><dom(B)

with
ul [v
<A1 M : M> = a(u,v) + (Bp,v) + (Bqg,u) — c(p,q)
and
.AQZ X2 — X2*, X2 = dom(B*) x Q
with

<A2 H : LVID = a(u,v) + (B*v,p) + (B‘u,q) — ¢(p, q)
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The abstract framework

Lemma

Let (u,p) € V x dom(B) be a solution to the first saddle point
problem. Then u € dom(B*) and (u, p) is also a solution to the
second saddle point problem.

Theorem

If the linear operator A4 is an isomorphism from X; = V x dom(B) to
its dual, then the linear operator A, is an isomorphism from
Xo = dom(B*) x V to its dual and

& =

_ 1
[A2llLoex) <€ 145 g xe) <

with constants c, ¢ that depend only on || Ai||.(x, x:)s A7 lLexz X1y
CB;, and ”CHQ

v
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The abstract framework

EXAMPLE: Hellinger-Reissner principle (revisited):
Find o € £2(Q,S) and u € H}(Q) such that

(CoT) ey — (Gradu,7) o) =0 V7 e L3(Q,S),

— (Grad v,0) z2(q, = —F(v) YveH\(Q.

associated linear operator B:

<BV,T> = —(Grad Vv, T)Ez(Q)

as a densely defined linear operator
B: Hi(Q) c L3(Q) —[L3(Q,S)]" v
B: H{(Q) C Hy(curl, Q) —[£3(Q,S)]"
B: H{(Q) € Ho(div,Q) —[£3(Q,S)]"
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The abstract framework

second option
B: Hy(Q) C Ho(curl, Q) — [£3(Q,S)]", (Bv,7)= —(Gradv,7)
Then

£2(Q)

dom(B") = {7 € £(2,5): |(r,Grad ¥) 1z | S IVlImgeun), ¥ v € HY(Q)}
= {7 e £2Q9): |(n V29) ooy | S Iollingey ¥ 0 € (@)}
= {T € L2(Q,S): divDiv T € H—1(Q)} —¥, B*=Divs

new mixed formulation:

Find o € ¥ and u € Hy(curl, Q) such that
((C*10-77')£2(Q)+<DN2T,U>:0 VTex,
(Divs o, V) =—F(v) VY veHoy(crl Q)

¥ = H(divdiv): Pechstein/Schéberl (2011,2018).
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The abstract framework

third option
B: H{(Q) C Ho(div, Q) — [£3(Q)]", (Bv.r)=—(Gradv,T)
Then

L£2(Q)

dom(B*) = {T e L2(Q,S): ‘(T Grad v \ < (| Vllaivaay ¥ v € HO(Q)}
- {T € L2(Q,S): ](T Grad(curl ) . ( < [l ¥ & € Hi(curl, Q)}
= {T € L£3(Q,S): curlDivr e H™ (Q)} =y, B'= Divs

new mixed formulation:
Find o € ¥ and u € Ho(div, Q) such that

(C"0,7) o) + (Divg T u) = 0 V7ex,
(Divg o, v) = —F(v) Vv eHy(div,Q).

Y = H(curldiv): Gopalakrishan/Lederer/Schéberl (2018,2019)
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The Reissner-Mindlin plate bending model

We consider a plate with mid-surface Q c R? and thickness t.
The Reissner-Mindlin model for a clamped plate:
Find (u,) € H)(Q) x H{(Q) such that

(De(8), s(n))ﬁg(m + 172 (G(gradu —6),grad v —n) L2(Q) = F(v,n)
for all (v,n) € H(Q) x H)(Q).
u deflection, ¢ rotation of normals to the mid-surface, F(v,n) load,

D‘f:m(f_ye)[“ “)etvu()l], G= oot

Kirchhoff’s model for a clamped plate: § = grad u.
Find u € H3(Q2) such that

2(1+v) I

(D V2 u, v? V)L:Z(Q) = F(v,gradv) Vv eH3Q)

A unified approach for mixed formulations AANMPDE 12 17 /25



The Reissner-Mindlin plate bending model

Standard finite element methods suffer from locking effects.
One possible remedy: replace 0 by the shear strain vector
v =t"(gradu — ).

or, equivalently,
0 =gradu—t~.

Problem: appropriate function space for v resp. (u,~)
Beirdo da Veiga et.al. (2015): (u,v) € X with

H2(Q) x H)(Q) € & Cc H)(Q) x L3(Q)
We present here a different approach with

6 € Hyp(rot,Q2), then -~ € Hp(rot, Q),

where
rot¢ = 0192 — 0204.
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The Reissner-Mindlin plate bending model

bending moment tensor (scaled by t2) as a new variable
M= -De(0),
equivalent mixed formulation:
Find (M, 0, u) € £3(Q,S) x H§(Q) x H}(Q) such that
(DM, K) 2y + (2(0), K) 2 =0,
(M.e(1) oy —t 2 (Ggradu—6),grad v —n) 2o = — F(v.7)
for all (K, n,v) € £3(Q,S) x H}(Q) x H(Q).

this first mixed formulation is well-posed with respect to the norm

1/2
H(M-,G»U)H:[HMHiz(Q)JrIIUHw + (1015 ) + 2116 — grad ul|z g

with uniform bounds independent of t.
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The Reissner-Mindlin plate bending model

associated linear operator B:
B: Hy(Q) € Ho(rot, Q) — [£3(2.5)]",  (By, K) = (Grad 1, K) g
adjoint operator:
B*: dom(B*) € £3(R,S) — [Ho(rot,Q)]"
with
dom(B*) = {K € £2(Q,S): divDiva K € H”(Q)} =M, B*=—Divu

second mixed formulation:
Find (M, 0, u) € M x Ho(rot, ) x H(Q2) such that

(DM, K) 2, — ( Divat K, 0) =0

— < Diva M, V> —t2 (G(grad u—=0),gradv — 71>|_2(Q) =—F(v,n)
for all (K, n,v) € M x Ho(rot, Q) x H{(Q). Pechstein/Schéberl (2017).
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The Reissner-Mindlin plate bending model

change of variables:

0 =gradu—ty with ueHi(Q), ~ecHy(rot,Q)
decomposition of the bending moment:

M=pl+M, with peH\(Q), divDivyMy=0

Q is simply connected:

- Do —31¢1}
My = symCurl H'(Q th Curlgp= |72
b =symCurl¢, dcH'(Q) wi url ¢ {8%252 916
Hence
M =pl+symCurl¢ with peH}Q), ¢cH'(Q)
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The Reissner-Mindlin plate bending model

Find (M, 0, u) € M x Ho(rot, Q) x H}(Q) such that
1 .
(ID) M,K)CQ(Q)—<D|VMK,9> =0 ,
— (Divae M,m) — t2 (G(gradu —0), (grad v — 7;))L2(Q) = —F(v,n)

for all (K, n,v) € M x Ho(rot, Q) x H}(Q).

Find (p, ¢, v, u) € H)() x H'(Q) x Ho(rot, Q) x H}(Q) such that

(D7 (p1 + symCurl ), (q1)) 12 ~ (grad g, (grad U — 7)) o ) = 0 :
_ t, .
(D "(p 1+ symCurl ¢), (symCurl w))ﬁz(ﬂ) +3 (divey, roty)Lz(Q) =0
t, .
l‘(gradp, C)LZ(Q) + é (dlv¢7r0tg)|_2(ﬁ) - (GF\/'/C)LZ(Q) = tF(O,Q)
— (grad p, grad V)Lz(ﬂ) = —F(v,gradv)

for all (g, 7, ¢, v) € H)(Q) x H'(Q) x Ho(rot, Q) x Hi ().
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The Reissner-Mindlin plate bending model

three (consecutively to solve) second-order problems:
Find p € H(Q) such that

(grad p, grad V)L2(Q) = F(v,gradv) Vv e H}(Q).

Find (¢,7) € H'(Q) x Ho(rot, Q) such that

_ t, .. _
(D ! symCurl ¢, symCurlw)LQ(Q) + é(dlvw, rot*y)l_z(m = —(p,tr(D ! symCurIz/;))Lz(Q)7
t, .
é(le¢,FOtC)L2(Q) - (G’YC)LZ(Q) = tF(OaC) - t(gradp7 C)LZ(Q)
for all (4, ¢) € H'(Q) x Ho(rot, Q).
Find u € H}() such that

(grad u, grad q)LZ(Q) = / {tr (D*1(pl + symCurl d))) g+ ty-grad q] dx Vqe HS(Q).
Q

Amara et.al. (2002), Gallistl (2017), Krendl/Rafetseder/Z. (2016), Rafetseder/Z. (2018)
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The Reissner-Mindlin plate bending model

Find (¢,7) € H'(Q) x Ho(rot, Q) such that

1 t, . 1
(]D) symCurl ¢, symCurlw)Ez(Q) + é(dlv 1, rot "/)LZ(Q) = f(p, tr(D symCurlw))Lz(Q),
t, .
5 (dive,rot() o g, ~ (67,020 = tF(0,¢) — t(gradp,¢) 2 (g,
for all (4, ¢) € H'(R) x Ho(rot, Q).
locking-free finite element spaces:

én C Ph C HY(Q), vn C Ih C Ho(rot, Q)

with
rot I'y, C div®y,
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