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Physical Background — Superconductivity

6> 0.

0 < 0.

Maxwell’s equations

eOlE —curlH+J = f
woyH + curl E =0

Exn=0
E(-,0) = Ey
H(-,0) = Hy

Bean's critical state model:

in Qx (0,7),
in Qx (0,7),
in 002 x (0,7,
in Q,

in Q,

J-E=j.(0)|E| ae. inQsx(0,T),
|J| < j.(6) a.e. in Qg x (0,7),
J=0 ae. in Q\Qye x (0,7).



Variational inequality
|

Combining Maxwell's equations and Bean's model ~» Variational inequality
d . d
/e—E(t) (w—BW) +p " LB(t) - (w - B(t)) de
o dt dt
+/ p teurl E(t) - w — p ' B(t) - curlv dz
Q

+0(0(0)0) = 90, B(1) = | £(2)- (v~
for a.e. t € (0,T) and every (v, w) € Hy(curl) x L*(Q),
(B(0), B(0)) = (Eo, Bo).

(V1)

with p: L%°(2) x L*(Q)) — R defined by ¢(y,v / Je(z,y(z))|v(x)| dx
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Variational inequality

Implicit Euler in time

where

/eaE” (v —E") 4y '6B" - (w — B")dx
Q
—|—/ pleurl E" - w — p B™ - curlwvdz
Q
(0", 0) (0" B = [ (v - B da
forn € {1,...,N} and every (v,w) € Hy(curl) x L*(Q2),

(E", B") = (Eo, Bo),

E" — Enfl B" — anl
OE"=——"—— and B"=———
T T
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Decoupled System
|

Inserting v = E™ ~ discrete Faraday’s law
B"=B"! - rcurl E" (Faray)

Inserting (Faray) into (VIy) yields elliptic curl-curl VI
/ er 'E" . (v— E")dx + / i curl E" - curl(v — E™) dz + ¢(v)
Q Q
— (B > / (0= E"+ (i B 4 er L E™Y) - curl(v — E") da
Q

~~ Fully discrete scheme with convergence analysis yields well-posedness for (VI) with
temperature effects!

M. W. and I. Yousept, Fully discrete scheme for Bean's critical-state model with temperature
effects in superconductivity, minor revision in SIAM J. Numer. Anal., 2019.



Motivation for shape optimization
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Shape optimization problem

The minimization problem for some B C €
2
wmeng 2/ k| E(w) — Ey4|* dx —i—/w dx (P)

Set of admissible shapes O = {w C B | w is open, L-Lipschitz} where E(w) is the
unique solution to

a(B(w),v = B@) + [ Jilolde = [ jelBw)|da
/f v— E(w))dr Yv e Hy(curl) (V)

with
a(v,w) ::/ ycurlv~curlwd:v—|—/sv-'wd:z:,
Q Q



Shape optimization problem
|

The minimization problem for some B C €

2
wmel(rolJ 2/ k| E(w) — Eq4| d:z—i—/wd:c (P)

Set of admissible shapes O = {w C B | w is open, L-Lipschitz} where E(w) is the
unique solution to

a(E,v)—{—//\md:z::/f-vdx Vv € Hy(curl)
w Q

IA(2)] < je(z), forae z€w
Az)  E(x) = j(z)|E(x)] forae z€cw

Problem: Not differentiable! ~+ Regularization technique.



Regularization

Regularized minimization problem

. 1
min J, () i= 5/3/<5|E7(w)—Ed|2d:1:+/w dz (P.)

subject to
W(E", v — E7) + 0y(v) — oo (EY) > / F-(v—E"de Yo e Hycurl)
Q

with ¢, L?(Q) — R given by
1
2| = o— , if 2| =
Y

1
py(v) ==/Qjc¢7(v)da:, Py(x) = 2 5

z|ac|2 , else.
2



Regularization

Regularized minimization problem

1
min J,, (w) := §/B/<L|E7(w) — E4? d:1:+/ dx

weO
subject to
a(EV,v)—i—/AW(EV)-vd:c:/ f-vdz Yo e Hy(curl)
w Q
B
A(EY)(x) = jy B () for a.e. z € w.

max{1,7|E"(z)[}

Problem: Still not differentiable! ~~ Another regularization technique.



Regularization
_

Regularized minimization problem

1
min J,, (w) := §/B/<L|E7(w) — E4? d:1:+/ dx

weO
subject to
a(EV,v)+/A7(E7)-vd:c:/ f-vdz Yo e Hy(curl)
w Q
B
AE) @) = — @ o e

max, {1, v|E7(x)|}



Regularization

Regularized minimization problem

1
. — = v . 2
min /. (w) : Q/BFL|E (w) — E4| d:r—i—/w dax

subject to

a(EV,v)+/A7(E7)-vd:c:/ f-vdz Yo e Hy(curl)
w Q

JevEY ()

AL (E")(z) = max, {1, 7| E"(z)|}

for a.e. z € w.

~> Well-posedness via compactness result for O.



Shape sensitivity analysis
|

O Shape derivative at w € O:

g J(wr) = J(w)
dJ(w)(0) = %1\1}) — 5

where w; = Ti(w) with T; : Q — Q the flow of a vector field 8 € C%!(B,R3)
O Lagrangian approach:

1
L(w,e,v) = 5/ /ﬂ\e—Edew—i—/ dx
Q w

+ a(e,v) —I-/

w

Av(e)-vdx—/Qf-vdx
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Shape sensitivity analysis

O Shape derivative at w € O:

o J(w) = J(w)
dJ(w)(8) := %1\1}) - 4

where w; = Ti(w) with T; : Q — Q the flow of a vector field 8 € C%!(B,R3)
O Lagrangian approach:

1
L(w, e,v) = i/B/s\e—Edex—i-/ dx

+a(e,v) +/

Wt

Av(e)-vda:—/Qf-vda:

O Pull back: [, — [, with x> Ti(x) ~»  terms like e o T} with e € Hy(curl)



Shape-Lagrangian
__
O Reparametrization HJ(Q) = {eo T, ! : e € H}(Q)} ~ Not for Hy(curl)!
O Covariant transformation

V,: H(curl,w) — H(curl,w;), U (e) = (DT, Te) o T, L.
with important identity
(curl ¥y(e)) o Ty = £(t) ' DT; curle,

O Shape-Lagrangian

G(t,e,v) = L(w, Ui(e), Uy (v)) = ;/B K| Ui (e) — By* dx + /wt dx

+a(W(e), Uy(v)) + AW(\I/t(e))-\I/t(v)da:—/ﬂf-\lft('v)dx.

Wi



Averaged adjoint method

Shape-Lagrangian after change of variables = — T}(z):

Gt e,v) = %/ ko T\ DT, e — Eyo Ty?E(1) d:c+/§(t) da
B

w

—I—/QIMl(t)curle-curlv+M2(t)e~vda?
+/IM3(t, e)-vdx—/(fom.(m;—%)g(t) dz.
w Q

with the notations

£(t)"'DT} (v o T,) DT,
(DT (e o T) DT, T,
§(t)DT A, (DT Te).

My (2) :
My(t) :
M;(t,e) :



Averaged adjoint method

Shape-Lagrangian after change of variables = — T}(z):
1
Gt e, v) = 5/ ko T DT Te — By o T?E(1) dx+/§(t) da
B w
+ / M; (t) curle - curlv + Ma(t)e - vdx
0

+ / My (t, €) - v dz — /Q (f oTy) - (DT Tw)é(t) da.

~~ Compute shape derivative as 0,G(t, E],v) via AAM?:3,

2K. Sturm. Minimax Lagrangian approach to the differentiability of nonlinear PDE constrained
shape functions without saddle point assumption. SIAM J. Control Optim., 53(4):2017-2039, 2015.

3A. Laurain and K. Sturm. Distributed shape derivative via averaged adjoint method and
applications. ESAIM Math. Model. Numer. Anal., 50(4):1241-1267, 2016.



Averaged adjoint method
_

Shape-Lagrangian after change of variables = — T}(z):
1
Gt e, v) = 5/ ko T DT Te — By o T?E(1) dx+/§(t) da

B w

+ / M; (t) curle - curlv + Ms(t)e - vdz
Q

+/ M (t, ) - v dz — / (f o T}) - (DT, To)E(t) dar.
w Q

(HO) the mapping [0,1] 3 s — G(t,sE] + (1 — s)E], v) is absolutely continuous;

(H1) the mapping [0,1] 3 s+ 0.G(t,sE] + (1 — s)EJ,v; é) belongs to L'(0,1) for
every é € Hy(curl);



Averaged adjoint method

Shape-Lagrangian after change of variables = — T}(z):
1
Gt e, v) = 5/ ko T DT Te — By o T?E(1) dx+/§(t) da
B w
+ / M; (t) curle - curlv + Ma(t)e - vdx
0

+ / My (t, €) - v dz — /Q (f oTy) - (DT Tw)é(t) da.

(H2) there exists a unique P;’ € Hy(curl) that solves the averaged adjoint equation

1
/ 0eG(t,sE] + (1 —s)E],P,;é)ds =0 Ve € Hy(curl);
0



Averaged adjoint method

Shape-Lagrangian after change of variables = — T}(z):
1
Gt e, v) = 5/ ko T DT Te — By o T?E(1) dx+/§(t) da
B w
+ / M; (t) curle - curlv + Ms(t)e - vdz
0

+ / My (t, €) - v dz — /Q (f oTy) - (DT Tw)é(t) da.

(H3) the sequence { P, };>¢ satisfies

lim G(ta Egv ‘Pt’y) — G(07 EE)Y> -ljtpy)
t\0 t

— 0,G(0, E], P)).



Shape derivative
|

Via averaged adjoint method:
dJ. (w)(8) = 8,G(0, E7, PY) = /Q S7: D6+ S - 0dz,
with
S7 = [g|E’Y — By’ + xo —veurl B - curl PY + cEY - P7 + y, A, (EY) - P
—f-P'|Is— kE" ® (E" — Eq) + veurl E” @ curl P?

+v curlPY ®@curlE' — P'@cE' —E'@c PY+ P @ f
— XAy (E") @ PT — E" @ ¢7(E")P7,

SY = %\E” — E4)* — kDE](E” — E;) + (Dv' curl E7) curl PY
+ (De"ENYPY — DfTPY,



Stability analysis
|

Let w € O. Then, the following stability estimate holds
|dJy(w)(8)] < CBllor(qy VO € COH(Q)

with a constant C = C(j., k, €, v, f,Q, Eq) (given explicitly).

~ Estimate E7, P via calculations with state and adjoint equation.

~~ Then estimate S} and Sj.



Convergence analysis
_

For 4, — 00 as n — oo we have (for a subsequence) that there exists w* € O
W™ — w*
and w* is an optimal solution to (P). Moreover,
lim_{|E™(w™) — E(w") || g (curt) = 0

n—oo

Jim 37 (@7) = @)l eurty- =0



Numerics
|

Algorithm 1 Level set algorithm

1: Set k = 0 and choose an initial level-set function ¢y and wy = {z € B| ¢o(x) < 0}
2: Solve state equation and adjoint equation
3: Compute descent direction 6 by solving

B(0,§) = —dJ, (wr) ()

4: Solve Hamilton-Jacobi equations

Ord(x,t) + 0,(2)Vp(z,t) =0 in BxRT, o(x,0) = ¢p(x)

(S}

. Update ¢p11(2) = ¢(z, Atg) and wir1 = {x € B|dpr1(x) <0}
6: Set kK =k + 1 and go to step 2 unless some stopping criterion is satisfied.




Numerical experiments — lteration 0




Numerical experiments — lteration 10




Numerical experiments — lteration 20




Numerical experiments — lteration 35




Numerical experiments — lteration 45




Numerical experiments — lteration 50




Numerical experiments — lteration 60




Numerical experiments — lteration 75




Numerical experiments — Iteration 100




Numerical experiments — lteration 110




Numerical experiments — lteration 120




Numerical experiments — lteration 135




Numerical experiments — lteration 143




Functional value
|

—
=}
.

Function value

O = N W ks Oty 3 o ©
T S S R R

0 10 20 30 40 50 60 70 80 90 100 110 120 130 140
Iteration



Thank you!



