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> QCRY d=2,3, polygonal boundary I := 99,
» homogeneous Poisson problem
Au=0 inQ,
u=g onl.

Representation formula

Let G(z) = —ﬁ log |z| (d = 2) the fundamental
solution of the Laplacian. Ansatz (make a choice!):

u(x) = f- G(x — y) $ly) dy =: [Vg](x) (indir.)
> u(x) = [Vel(x) - /r By G(x — y) &(y) dy (dir)

> ... =[Kel(x)

For any ¢ € Hfl/z(r) it holds Au = 0.

» Taking the trace of v (indir.) leads to boundary
integral equation

Vé:=~0Vp=g in HY2(I).
> variational formulation: Find ¢ € H=Y/2(T) s.t.

<<¢7 ¢)> = (¢7 V¢>r = <¢7g)r
for all ¢ € H=1/2(I").
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Boundary elements

Let &, = {E1, ..., En} be a regular triangulation of I.
> POEL) == {p € L°(T) :
|g is const. VE € &} C H=1/2(T)
> SY(&) = {¢ceC():
Cle is affine VE € &} C H/2(I)

Discrete equations
Find ¢, € P°(&p) s:t.
(n, Ven)r = (¥n,gn)r  for all Yy € PO(E).
L%-projection of g
Find gj, € SY(Ex) C HY/2(T) s.t.
(gn,Ci)r = (g, ) for all ¢ € S*(Ep).

» oscillation error
lg = &nlliaragry < CI1HY?(g = gn)’llz(r)

Solution of linear system

Interpretation

Interpretation ‘ By means of chosen ansatz (representation formula)

up = Vo
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What to remember...

» compute boundary density ¢, =~ ¢ € Hfl/z(r)
» in a direct ansatz, we obtain the full Cauchy data u|r = g
and d,ulr = ¢y
» in an indirect ansatz, the computed density has no physical
relevance

» Aup =0, in particular A(u — up) =0, in L2(Q).

» boundary datum g is discretized, e.g. by L2-projection

> lowest order discretization: PO(E,) € H™Y/2(T),
SH(&x) C HYZ(T)

» energy error in H_1/2(r):

¢ = éall == V(= n, V(& — dn))r = |16 = Pally-1r2ry

Daniel Sebastian, Strobl am Wolfgangsee, July 1, 2019 4



TECHNISCHE
UNIVERSITAT
WIEN

BEM example

Motivation

Error identity
Majorant

Minorant

Numerical
experiments

Outlook

Motivation

Q: Can functional-type a posteriori error
estimates unite adaptivity and error control
in BEM?

> adaptivity? e =6 — onll = |6 — dnlly1vzry

» error control? ~e=|V(u—un)l2q) un= Vo

» unity? (Which ¢ might enable both?)

Daniel Sebastian, Strobl am Wolfgangsee, July 1, 2019
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Motivation

Q: Can functional-type a posteriori error
estimates unite adaptivity and error control
in BEM?

> adaptivity? ~ e =l — onll = 6 — Snllyv2)

The standard adaptive algorithm:

’ estimate }—" mark }—>

Ceffn <e< Creln

Daniel Sebastian, Strobl am Wolfgangsee, July 1, 2019
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Motivation

Q: Can functional-type a posteriori error
estimates unite adaptivity and error control

in BEM?

» error control? e =|V(u—up)li2q), Un= Vén

The error-controlling algorithm (based on uniform refinement):

— refine

stopping

Daniel Sebastian, Strobl am Wolfgangsee, July 1, 2019
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Motivation

Q: Can functional-type a posteriori error
estimates unite adaptivity and error control
in BEM?

» unity? (Which ¢ might enable both?)

The practical (ideal) adaptive algorithm:

@—>l estimate }—>’ mark }—>

stopping
criterio

Daniel Sebastian, Strobl am Wolfgangsee, July 1, 2019 5
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What to remember...

» In BEM, intuitive error functionals for adaptivity and
error control do generally not coincide

> e=|¢—nll = ¢ — dnllu-12r)
> e =[|V(u—un)llizg

> |l¢ = onll ~ l|¢ — @nllyy-1/2(r) is non-local, i.e. cannot be
written as sum of local contributions
» localization of || - || will involve incomputable constants
> [|V(u— up)li2(q) is local, but (commonly demanded)

properties like Galerkin orthogonality are not available
on Q

Key Message of this talk.

» The "natural” error functional is not the only option
when aiming at adaptivity.

» Functional-type a posteriori error estimates are rather
suitable for BEM. (does not require a priori knowledge
on up, which we do not have, e.g. Galerkin orth.)

Daniel Sebastian, Strobl am Wolfgangsee, July 1, 2019 6
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Error identity

For any approximation v € HY(Q) with Vv € H(div = 0,Q), it holds
that

max IM(7) = ||[V(u— v)||EQ(Q) = min M(w), (1)

TEH(diV,Q)i weHY(Q)
divr=0 wlr=g—v|r
where
M(r) = [2 / (& — Vi) 11— 72y ()
and

M(w) = |Vwlz(q)- (3)

The unique maximizer is 7 = V(u — v), the unique minimizer is
w=u-—v.

Daniel Sebastian, Strobl am Wolfgangsee, July 1, 2019



Proof.

TECHNISCHE The proof is split into two steps.

UNIVERSITAT Step 1 (Upper bound). Let w € H(Q) with w|r = u|r = g. Since
WIEN V(u— v) € H(div =0, Q), integration by parts shows that

BEM example IV(u =) IF2iq) = (Ve = w), V(v =)o+ (V(w—v),V(u—v))g
=(V(w—v),V(u—v))a.

Motivation

Error identity

Majorant With the Cauchy-Schwarz inequality, we are led to

Minorant

Dumerical V(v = Vll2(@) < IV(W = V)lli2()-

experiments

Outlook By substitution, this proves that

V(v =v)ll2@) < weilglf(n) VWil
wlr=g—vlr

and the infimum is clearly attained for w = u — v. O

Daniel Sebastian, Strobl am Wolfgangsee, July 1, 2019 8
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Proof.

Step 2 (Lower bound). In any Hilbert space H, it holds that

llall3 = max [2(a, by — [|b[Z] forall a € H,

where the maximum is attained for b = a. With V(u — v) € H(div=0Q) =: H,
integration by parts shows that

IV (u— V)||I2—|(div,§2)

2 —v) -7 — |||
e 2 [ =)=l
divT=0

f— — . _ 2
en(a.) {2/r(g Vi) -n ”T||L2<Q)] :
divr=0

IV(s = )22y

In particular, the maximum is attained for 7 = V(u — v). This concludes the
proof. O

Daniel Sebastian, Strobl am Wolfgangsee, July 1, 2019 9
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Boundary residual

Inside the error identity (|| - [| :== || - [lL2(q))

max 2/7'~n —v —‘rﬂ:Vu—v 2= min sz,
TEH(M)[ (7en(g = VD)~ 7P| = IV =P = min (9wl

Ghvir=0 w|r=g—vlr

the boundary residual is essential and contains all relevant information.

evaluations of a BEM approximation v might be expensive
at the boundary!

numerical approximations of w, ~ w w.r.t. to the

majorant will never satisfy the boundary condition exactly,
i.e.

TeH(div,Q
divr=0

M(rp) < max M) =||V(u—Vv)]|= min  DM(w) < DM(wp)
) weH(Q)
wlr=g—v|r

will, in general, not hold true.

Daniel Sebastian, Strobl am Wolfgangsee, July 1, 2019 10
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Practical Majorant

Let J, : H/2(T) — HY/2(T). For any v € H(Q) with Vv € H(div = 0,Q), it
then follows that

IV =Vl < _min V@l 2010~ )6 = ViDlhszy @)

W|r=Jn(g—vIr)

Proof.

Idea: Let w = u — v the exact solution to

min ﬁ(w)
weHl(Q)
wlr=g—vir
and w the solution to -
min M(w).
wehl(Q)

wlr=Jy(e—vIr)

Then,

V(4 =)z = IVWlliz@) < IVWllz@) +  [IV(w = W)lli2(g)
| —

SIHA=p) (e=vIDlli/2r)

Daniel Sebastian, Strobl am Wolfgangsee, July 1, 2019 12
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Corollary

Let Jy : H/2(T) — HY/2(T). Let v € HY(Q) with Vv € H(div = 0,). Let
S C Q be a Lipschitz domain with I C 8S and W € H!(S) the solution of the
inhomogeneous Dirichlet problem

. — C
(VW ,V)s =0 for all ¢ € H(S) subject to W|gs = {Jh(g ) e ey

0 on OS\T.
(5)
Then, V(s = )llz@) < IVWIlizgsy +211(1 = Jn)(g = vID) g2y~ (6)

Moreover, let T;, be a conforming triangulation of S and suppose that
range(Jp) C {Vh\l' Dvp € 81(77,)}. Consider the FEM approximation of w, i.e.,
wy, € S1(Tp) satisfies that

Jn(g —vlr) onT C8S,
0 on AS\T.

@)

(VWh, Vipp)s = 0 for all ¢y, € S5(T5) with Wh|as = {

Then, (6) also holds with W being replaced by wp.

Daniel Sebastian, Strobl am Wolfgangsee, July 1, 2019 13
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Proposition

For any approximation v € H'(Q) with Vv € H(div = 0,Q), let
(T, p) € H(div, Q) x L?(R2) be the solution to the mixed problem

(T,0)o+(dive,p)g =(o-n,g —vir)r
(diVT7q>Q =0

for all (o, q) € H(div, Q) x L?(%).
Then, it holds that

2(r-n,g = v — 71y = V(0 = V)Ia(q-
~» Implementation available from C. Bahriawati, C. Carstensen in [6].

Proposition (yet implemented version) only d = 2

For topologically trivial domains Q C R?, we have
H(div = 0,Q) = rot, H(rot;, Q). Hence by T = rot,w = (—(’9yw

0w ),We are led to
X'

. 2 _ _ 2
mn [2trotecr- .8 = vl = [Vl = 1900 = )y

Daniel Sebastian, Strobl am Wolfgangsee, July 1, 2019 15
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Proposition

For any approximation v € H'(Q) with Vv € H(div = 0,Q), let
(T, p) € H(div, Q) x L?(R2) be the solution to the mixed problem

(T,0)a+(dive,p)a=(o-n,g—vir)r
(diVT7q>Q =0

for all (o, q) € H(div, Q) x L?(%).
Then, it holds that

M(r0) < 2(rn,g — vir)r — 17l gy = IV (6 = V)lZq)-
~» Implementation available from C. Bahriawati, C. Carstensen in [6].

Proposition (yet implemented version) only d = 2

For topologically trivial domains Q C R?, we have
H(div = 0,Q) = rot, H(rot;, Q). Hence by T = rot,w = (—(’9yw

O ),We are led to
X'

. 2 _ _ 2
mn [2trotecr- .8 = vl = [Vl = 1900 = )y
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Set £ =1.
1. Extract BEM-mesh &; from given FEM-mesh 7,
2. Compute L?-projection gy € S*(&;) of g € HY(I')
3. Solve boundary integral equation in P°(&;)
4. Solve Majorant / Minorant problems via P1-FEM on second order

patch ¥, i.e. with SY(7F) = SY(Te)lx

compute error estimator on ngi
ne(T) = IVWhll2(ry

for T € 75, and 0in T \ 7%
Determine set M, C T, of minimal cardinality such that

0> m(T)< > ng(T).

TET, TeM,

Refine marked elements M, by newest vertex bisection to obtain 741

Daniel Sebastian, Strobl am Wolfgangsee, July 1, 2019 16
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Unit Square
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» Implementation of P2 AFEM (boundary residual
approximation, oscillation errors)

» Solving the same (maj/min) problems with BEM?
» Implementation of direct method.

» 3D implementation
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QUESTIONS? MEET ME AT THE LAKE! ;-)

N 7 S

N
N
Y N

\

<k / < 2 //
P \ P
//

o

XN

Daniel Sebastian, Strobl am Wolfgangsee, July 1, 2019



	BEM example
	Motivation
	Error identity
	Majorant
	Minorant

	Numerical experiments
	Outlook

