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Some Complexes

Overview

Investigate compact embeddings and related topics in various Hilbert space complexes:

o the classical de Rham complex for vector fields

o the classical de Rham complex for differential forms

the elasticity complex

and the biharmonic complex

Main tools and related topics:
o Helmholtz (type) decompositions
o regular potentials
o regular decompositions
@ Rellich's selection theorem

We consider bounded strong Lipschitz domains and mixed boundary conditions.
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classical de Rham complex in 3D (V-rot-div-complex)

Q c R3 bounded weak Lipschitz domain, 0Q =T =T.Ul,

(electro-magnetics, Maxwell's equations)

40} v ot div e
0y =2 L2 =2 L2 =2 L2 =2 L = R
{0} div rot -V LR

mixed boundary conditions and inhomogeneous and anisotropic media

-1 .
Vr W rotp divr, p
L t t t s
{0}orR = L2 2 2 2 2 = L2 2 Ror{0}
7" —divr, € et rotr,, -Vr, t
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classical de Rham complex in 3D (V-rot-div-complex)

Q c R3 bounded weak Lipschitz domain, 8Q =T =0,

(electro-magneto dynamics, Maxwell's equations with mixed boundary conditions)

vr rotr divp
L t t t KA
{0}orR = L? 2 L2 2 L2 =2 L2 2 Ror{0}
™ —divr, € e Lrotr, -Vr, ¢
related fos
Vr,u=A inQ | rotr, E=J  inQ | divr, H=k inQ | v =>b in Q
mu=a inQ | —divr,eE=]j inQ | et rotr, H=K inQ | -Vr,v=B inQ
related sos
—divr, eVr,u=j in Q | et rotr, rotr, E =K inQ | -Vr,divr, H=8 in Q
Tu=a in Q | —divr, eE =] inQ | et rotr, H=K inQ
corresponding compact embeddings:
D(Vr,)nD(w) =D(Vr,) = H|1—t o2 (Rellich’s selection theorem)
D(rotr,) n D(~divr, €) = Hr, (rot, Q) nHp (div, Q) - Li (Weck's selection theorem, '74)
D(divr,) n D(E_l rotr, ) = Hl't (div, Q) n Hr, (rot, Q) — L2 (Weck's selection theorem, '74)
D(Vr,)nD(w) =D(Vr,) = H}" o2 (Rellich’s selection theorem)

Weck's selection theorem for weak Lip. dom. and mixed bc: Bauer/Pauly/Schomburg ('16)

Weck's selection theorem (Weck '74, (Habil. '72) stimulated by Rolf Leis)
(Weber 80, Picard '84, Costabel '90, Witsch '93, Jochmann '97, Fernandes/Gilardi '97,
Kuhn '99, Picard/Weck/Witsch '01, Pauly '96, '03, '06, '07, '08)
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de Rham complex in ND or on Riemannian manifolds (d-complex)

Q c RN bd w. Lip. dom. or Q Riemannian manifold with cpt cl. and Lip. boundary I'

(generalized Maxwell equations | the mother of all complexes ‘)
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de Rham complex in ND or on Riemannian manifolds (d-complex)

Q c RN bd w. Lip. dom. or Q Riemannian manifold with cpt cl. and Lip. boundary I'

(generalized Maxwell equations)

0 1 q N-1
o 20 T 2,1 Tt 2 o 2ae1  2n-1 Tt 2N T
{0}orR =2 L= = Lo 2 L9 E L&t hLs 2 LY 2 Ror{0}
™ _sl _82 _5q+1 _sN 3
Tn Tn Tn Tn
related fos
dl E=F in Q
t
-5l E=G in Q
n
related sos
g+l g .
—6|_n dI'tE_F in Q
-5l E=G in Q
n
includes: EMS rot / div, Laplacian, rotrot, and more. ..
corresponding compact embeddings:
2, , . f
D(d?t) n D(é?") =Hr, W, Q)n Hl—n(Sq, Q) - L9 (Weck's selection theorems, '74)

Weck's selection theorem for Lip. manifolds and mixed bc: Bauer/Pauly/Schomburg ('17)
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elasticity complex in 3D (sym V-Rot Ro

Divs-complex)

Q c R3 bounded strong Lipschitz domain, full boundary condition

L © ° T °
{0} symvV Rot Rotg Divg TRM
{00 =2 L2 2 1B =2 13 =2_ L =2 RM
{0} - Divg Rot Rot —symV LRM
. and with mixed boundary conditions
. 2 symVr, ) R°tR°t§,rt ) Divg,r, ) -
{0}orRM =2 L 2 2 S 2 L =2 {0} orRM
7" = Divs,r, RotRot{ —symVr, v
5,Tn
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elasticity complex in 3D (sym V-Rot Rotg-Divs-complex)

Q c R3 bounded strong Lipschitz domain

t{o} symV RotnRot-Sr Divg TRM
o) =2 L "2 L =2 1§ =_ > =2 RM
{0} —Divg Rot Rot{ —symV LRM
related fos (RotERotg, Rot Rot-Sr first order operators!)
symVv=M inQ | RotwRot-ng:F inQ | DivgN=g inQ | v =r in Q
v=0 inQ | -DivgM=f inQ | RotRoth:G inQ | -symVYv=M inQ
related sos (Rot Rotg RotﬁRotg second order operator!)
~DivgsymVv=f inQ | RotRotfRotRotiM=G inQ | -symVDigN=M inQ
av=0 inQ | —DivsM=f inQ | RotRoty N=G  inQ
corresponding compact embeddings:
D(symV)nD(xw) =D(V) = At o2 (Rellich’s selection theorem and Korn ineq.)
D(RotcRot;:) N D(Divg) — Lé (new selection theorem)
D(Divg) n D(Rot Rot;) - Li (new selection theorem)

D(mw)nD(symV) =D(V) = HY o 12 (Rellich’s selection theorem and Korn ineq.)

two new selection theorems for strong Lip. dom.: Pauly/Schomburg/Zulehner ('18)
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main tool: regular potentials in 3D

Let (2,T;) be topologically trivial and strong Lipschitz, m € Ny. Then
HE, () n Hp, (roto, Q) = VHE (),
HE, (Q) n Hr, (divo, Q) = rot Hf ™ (Q),
HE,(Q) = divHE (Q), HE(Q) nL2(Q) =divHf " (Q) resp.

t

hold with linear and continuous potential operators. Furthermore
H™ (roto, Q) = VL*(Q) = VL2(Q)
H™1(divo, Q) = rot L2(Q)
H1(Q) = divL3(Q)

with linear and continuous potential operator.
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Realization of the operators

Realize operators as linear, densely defined, closed unbounded operators. Define
operators on smooth test vector/tensor fields

symVr, : G2 (Q) c L2(Q) > L3(9Q), E — symVE,
RotRotg r, : C°(Q) nL3(Q) c L3(2) - L3(R), M~ RotRot™ M,
Divs,r, : CF(Q) NL3(Q) € L3(Q) - L*(Q), H + Div H,
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Some Complexes

Realization of the operators

Realize operators as linear, densely defined, closed unbounded operators. Define

operators on smooth test vector/tensor fields
symVr, : €7 (Q) € L2(Q) — LE(Q),
RotRotg r, : CF5 (Q) nL3(Q) < L3(Q) ~ L3(9),
Bive.r, : G2 (Q) n L3(Q) < L3(Q) ~ L(Q),
and close them
sym Vr, : Hf, € L2(Q) > LE(9),
RotRot] r : Hg r,(RotRot", Q) c L3(Q) - LE(Q),

Divs r, : Hg r, (Div, Q) c L3(Q) - L*(Q),

Michael Schomburg
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M — RotRot" M,
H — DivH,

E — symVE,
M — RotRot" M,
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adjoints

The adjoints are
(symVr,)* = = Divs : Hg r, (Div,Q) c L3(Q) > L*(Q), H~ -DivH,
RotRot! - )* = RotRot! : Hs - (RotRot™, Q) c L2(Q) — L2(Q), M  RotRot™ M,
S,Mt S S,Tn S S
Divs.r,)* = —symVr :HE () c L2(Q) > L2(Q), E~ —symVE.
e n I S
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adjoints

The adjoints are
(symVr,)* = = Divs : Hg r, (Div,Q) c L3(Q) > L*(Q), H~ -DivH,
(RotRot{ - )* = RotRot{ : H  (RotRot,Q) c L3(Q) - L3(Q), M — RotRot™ M,
(Divg,r,)* =-symVr, :’H|1—N(Q) cL3(Q) - LA(Q), E — —symVE.
Here
Hs r, (Div, Q) = {H € Hg(Div, Q) : (H,sym VE) 2 (q) = ~(Div H, E)2 ().
for all E e HL },
Hs,r, (Rot Rot",Q) = {E e Hg(RotRot", ) : (E, Rot Rot" M)Lé(Q) = (RotRot" E, M)Lé(n)’
for all M e Hg , (RotRot",Q)},
Hr, () = {E e H'(Q) : (E,DivH)i2(q) = ~(sym VE, )2

for all H € Hg r, (Div,Q)}.
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weak and strong boundary conditions

Clearly
HE, (Q) € H7,(9),
Hs r, (RotRot", Q) c Hgr (RotRot',Q),
HS,rn(Div,Q) c Hg r,(Div, Q).
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weak and strong boundary conditions

Clearly
HE, () < Hr, (),
Hs r, (RotRot", Q) c Hgr (RotRot',Q),
Hg r, (Div,Q) ¢ Hg r, (Div, Q).
but one can proof
HF, (@) = #1,(Q),
Hg r, (RotRot", Q) = Hg r, (RotRot', ),
Hg r, (Div,Q) = Hg r (Div, Q).
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Theorem (regular potentials)

Let Q c R3 and let (,T+) be a bounded, topologically trivial strong Lipschitz pair and
I+l +@. Then

Hs,rt(ROt Rotg7 Q) = N(Rot Rotgrt) = R(sym Vr,) = sym VH}t(Q),
Hg r,(Divg, Q) = N(Divs ) = R(RotRot] [ ) = RotRot™ H , (),
L?(Q) = N(0) = R(Divs r,) = DivH} -, (Q).

with linear and continuous potential operators. Especially, all ranges are closed.
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Theorem (regular potentials)

Let Q c R3 and let (,T+) be a bounded, topologically trivial strong Lipschitz pair and
I+l +@. Then

Hs,rt(ROt Rotg7 Q) = N(Rot Rotgrt) = R(sym Vr,) = sym VH}t(Q),
Hg r,(Divg, Q) = N(Divs ) = R(RotRot] [ ) = RotRot™ H , (),
L?(Q) = N(0) = R(Divs r,) = DivH} -, (Q).

with linear and continuous potential operators. Especially, all ranges are closed.

In case of full boundary conditions (i.e. '+ =T) it holds

RM*2® = N(mgym) = R(Divs,r) = DivH} ().
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Theorem (higher order regular potentials)

Let Q c R3 and let (,T+) be a bounded, topologically trivial strong Lipschitz pair and
[+l #@. Then

HY 1, (Q) N Hg r, (Rot Rotg, ) = sym VHEY (Q),
HIS(,FI Q)n HS,FI(DiV57Q) = Rot Rot" H,S(}%(Q),
HE, (Q) = DivHE™ ().

with linear and continuous potential operators. Especially, all ranges are closed.
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Theorem (higher order regular potentials)

Let Q c R3 and let (,T+) be a bounded, topologically trivial strong Lipschitz pair and
[+l #@. Then

HY 1, (Q) N Hg r, (Rot Rotg, ) = sym VHEY (Q),
HIS(,FI Q)n HS,FI(DiV57Q) = Rot Rot" H,S(}%(Q),
HE, (Q) = DivHE™ ().

with linear and continuous potential operators. Especially, all ranges are closed.

In case of full boundary conditions (i.e. '+ =T) it holds

HE,(2) nRM2@ = Div HEH (Q).

Michael Schomburg Compact embeddings in various Hilbert complexes Universitat Duisburg-Essen



AANMPDE12 Strobl, July 5, 2019
0000000000000 e0000000000
Some Complexes

construction of the potentials

look at E ¢ N(RotRot{), i.e. E€L3(Q)ARotRot" E =0.

= Rot™ E ¢ H™!(Rotg, Q)
= Rot” E = Vo, del?(Q)
= Rot E = V' ¢ = (div¢)! — Rot(spne)

as trRot E =0 it holds
0=trv'¢=dive
and hence Rot(E +spn¢) =0, so
E +spng = Vi), e HY(Q)
and as E is symmetric

E =symVy

Michael Schomburg Compact embeddings in various Hilbert complexes
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cohomology groups

caretriviall T#T: #
N(symVr,) n N(0) = {0} nL*(Q) = {0},
N(RotRot{ [ ) n N(=Divs r,) = Hg r, (Rot Rotj, Q) n Hg r (Divo, Q)
= Hg r, (RotRot], Q) nRotRot” H 1 (Q)
= N(Rot Rot r,) N R(Rot Rotg r,) =10},
N(Divg,r,) n N(RotRot{ - ) = Hg  (Divo, Q) nHg - (Rot Rotf)
= Hg r, (Divo, Q) nsym VH] (Q)
= N(Divgr,) n R(symVr,) = {0},
N(0) n N(-sym Vr,) = L>(2) n {0}.
I

Il
a

N(7rm) N N(=sym V) = RM'2@ n RM = {0}.
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reduced operators

F¢Ft¢®:

Ag =sym Vr, : HE, (Q) c L*(Q) — Hg r, (Rot Rot§ Q),

Aj = RotRot] 1 :Hg r, (RotRot", Q) nHg r (Divo,Q) c H -, (Divo, ) — Hg r, (Divo, ),

Az =Divg r, : Hg r,(Div, Q) n Hg - (Rot Rotf,Q) c Hs r, (Rot Rot{, Q) — L2(Q),
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reduced operators

Fr+ry+@:
Ag =sym Vr, : HE, (Q) c L*(Q) — Hg r, (Rot Rot§ Q),
A1 = RotRotg - : Hg r, (RotRot", Q) N Hg r (Divo, ) c Hg r, (Divo, ) - Hg r, (Divo, ),
Az =Divg r, : Hg r,(Div, Q) n Hg - (Rot Rotf,Q) c Hs r, (Rot Rot{, Q) — L2(Q),
A} = -Divg r, : Hg r, (Div, Q) nHg , (RotRot], 2) ¢ Hg ., (Rot Rot], 2) — L3(Q),
A} =RotRot] [ :Hg ., (RotRot", Q) nHg -, (Divo, Q) ¢ Hg r, (Divo, Q) — Hg r (Divo, ),
A; =—symVr, : H}"(Q) cL?(Q) - Hs,r, (Rot Rotj ).
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reduced operators

Fr+ry+@:
Ag =sym Vr, : HE, (Q) c L*(Q) — Hg r, (Rot Rot§ Q),
A1 = RotRotg - : Hg r, (RotRot", Q) N Hg r (Divo, ) c Hg r, (Divo, ) - Hg r, (Divo, ),
Az =Divg r, : Hg r,(Div, Q) n Hg - (Rot Rotf,Q) c Hs r, (Rot Rot{, Q) — L2(Q),
Aj = -Divgr, : Hg r, (Div,2) n Hg r, (Rot Rot§, Q) ¢ Hg -, (Rot Rotf, ) — L3(Q),
A} =RotRot] [ :Hg ., (RotRot", Q) nHg -, (Divo, Q) ¢ Hg r, (Divo, Q) — Hg r (Divo, ),
A; =—symVr, : H}"(Q) cL?(Q) - Hs,r, (Rot Rotj ).
Me=r:
Az = Divg r : Hg r(Div, Q) n Hg(Rot Rot, ) c Hg(Rot Rotj, Q) — RM*“2@)
Aj = —symV : H}(Q) n RM*2® ¢ RM"2@ - Hg (Rot Rot] £2).
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Helmholtz type decompositions

L2(Q) = Hg r, (Rot Rotg, Q) ®12(q) Hs r, (Divo, Q)
= Hg r, (Divo, ) ®12(0) Hs r, (RotRotg).
represent kernels as
Hs.r, (Rot Rotg, Q) = sym VH (Q),

Hs(Rot Rot], Q) = sym VH(Q) = sym V(H' nRM2(®)
Hg.r, (Divo, Q) = Rot Rot” H3 [ ()

= RotRot" Hg r (RotRot™, Q)

= Rot RotT(Hsyrn (RotRot™, Q) n Hs,r, (Divo,2))

Furthermore

L?(Q) = DivH§ -, (Q) = Div Hg -, (Div, Q) = Div(Hg , (Div,Q) n Hg , (RotRot],Q)),
RM*2@ = Div H} () = N(mgu) = Div Hg (Div, Q) = Div(Hg (Div, 2) n Hg(Rot Rot] ).
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Friedrichs/Poincaré-type estimates

VEeH:(Q)  |El2(q) < &vlsym VE|2(qy,

VM € Hg r (Div,Q) nHg r, (Rot Rotg, Q) [Mi2(q) < csv|Div M| 2(qy,

VM € Hg r,(Div,Q) nHg r (RotRotg, Q) [Mi2(q) < cp| Div Mli2(qy,

VE e Hf (Q) |Eli2(qy < cp|sym VE|2(q),

VM € Hg r,(RotRot™,Q) nHg r (Div,Q) [M|i2(q) < cr|Rot Rot" M2y
VM € Hg . (RotRot", Q) nHg -, (Div, Q) [M| 2(q) < cr|Rot Rot" M2y,
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compact embedding on topological trivial domains

want to show
D(RotRotg r,) N D(Divsr,) = Hg r, (Rot Rot™,Q) n Hs r, (Div, Q)"-»Lé(Q).

pick (Mn) bounded in Hg - (Rot Rot",Q) n Hs r (Div, Q).
using the decomposition

L3(Q) = Hg r, (Rot Rot], Q) @ Hg -, (Divo, Q)
we get
Hg r, (Rot Rot™, Q) n Hg r,(Div, Q)
= (Hg r, (RotRotf, Q) nHg , (Div,Q)) @ (Hg , (RotRot™, Q) nHg - (Divg,Q)).
use kernel representations
Hg r, (Rot Rot], Q) = sym VHE (Q),
Hs.r, (Divo, Q) = Rot Rot” H3 - (Divo, Q).
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compact embedding on topological trivial domains

decompose

Mp = Mn,r+Mp 4 € (Hg , (Rot Rotg,Q)ﬁHg!rn(Div,Q))@(HS’FI(ROt RotT,Q)ﬁHg!rn(DiVO,Q))

we have
Mp,r € sym VHE, 0 Hg - (Div,Q),
Mp,q € Hg r, (Rot Rot™) nRot Rot” HZ - (Q)
and it holds
Rot Rot" M, 4 = Rot Rot” M, My,r =symVE,, En e Hf (Q),
Div M, = Div M, Mp,g = RotRot™ Hy, Hy e H r (Q).
and

|Enlii(q) < €lMn,rli2¢q) < cIMhl2¢q),

IHaly2 gy < €IMn,ali2(q) < clMali2(q)-
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compact embedding on topological trivial domains

. L2(Q) H(Q)
Rellich = E, — E, H, — H

define
Mn,m =My — Mp, Mn,m,r = Mn,r - Mm,ry
Mn,m,d = Mn,d - Mm,d7 Enm = En— Em, Hnm=Hp— Hn.

remember
Mp = Mn,r + Mp 4,
Mp,r =symVE,, Epe¢ H%t(Q)7
Mp,g = RotRot™ Hy, Hp e H3 1 (Q).
compute

|M"7m7f|ﬁ2(n) = (M"J",fv sym VE"H'")LZ(Q) = <DiV M",m,” E"»’")LZ(Q)
S
= (DIV Mn,m; En,m)LZ(Q) < C|En,m||_2(Q).
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compact embedding on topological trivial domains

do the same for M,, p, 4
\Mn7m7d|f2(ﬂ) = (M, m,4, Rot Rot” Hn,m)i2 () = (Rot Rot™ My, m.ds Hn,m)Lé(Q)
= (Rot Rot" M, m, Hn,m) 2 (q) < €lHn,mli2()-
alltogether (M,) is a Cauchy series and hence
Hg r, (Rot Rot™, Q) nHg r (Div, Q)= L3(Q)

is compact.
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regular decompositions

The regular decompositions
Hg r, (RotRot™, Q) = H3 r (Q) + Hg r, (Rot Rot], Q),
Hg.r, (Div,Q) = Hi r, + Hg r, (Divo, Q),

hold with linear and continuous (regular) decomposition and potential operators. The
kernels can be represented by

Hg r, (Rot Rotg, Q) = sym VH{ (Q)

Hs r, (Divo, Q) = RotRot™ H3  (Q)
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biharmonic / general relativity complex in 3D (VV-Rotgs-Divr-complex)

Q c R3 bounded strong Lipschitz domain

R:)ts Dﬂiv'ﬂ- TRT
{0y =2 L2 = L2 pes 2 = L2 =2 RT
{0} div Divg sym Rotp —devV LRT
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