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Xlntroduction :
:

A parabolic model problem

Where we aim

Let @ = Qr :=Q x (0,T) be the space-time cylinder and
¥ =00 x (0,T), Lo := Q2 x {0} and X7 := Q x {T}.
Then: Given f, f, g, o, v and ug, find u such that
o(x,t)0u — divy(v(x, t, |Vu|)Veu) =f + dive(f) in Q,
u(x,t) =g(z,t), (z,t) € X,
u(z,0) =up(z), T €Q,

where o, v are uniformly positive and bounded coefficients.
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Xlntroduction :
:

A parabolic model problem

Where we are

Let @ = Qr :=Q x (0,T) be the space-time cylinder and
¥ =00 x (0,T), X :=Q x {0} and 7 := Q x {T}.
Then: Given f, g, v and ug, find u such that

Oru — divy (v(z, t)Vyu) =f + divg(f) in Q,
u(z,t) =0, (x,t) € &,
u(z,0) =0, x €,

where v is a uniformly positive and bounded coefficient.

Examples: diffusion, heat-conduction and 2D eddy current.
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EZIntroduction :
: :
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Bank, Vassilevski, Zikatanov ('16): non-localized version
Devaud, Schwab ('18): mesh-grading in time
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E(Space—time Variational Formulations :
:

Space-time Variational Formulations

(1) Line Variational Formulation and Vertical Method of Lines
discretize first in space, then in time

(2) Line Variational Formulation and Horizontal Method of Lines
discretize first in time, then in space

(3) Space-time Variational Formulation

discretize all at once on decompositions of
the space-time cylinder
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EzSpace—time Variational Formulations :
: :

Space-time Variational Formulations

(3) Space-time Variational Formulation

= discretize all at once on unstructured decompositions of
the space-time cylinder
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EzSpace—time Variational Formulations :

Space-time Variational Formulations

(3) Space-time Variational Formulation

= discretize all at once on unstructured decompositions of
the space-time cylinder

Pros? Cons?

| |
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EzSpace—time Variational Formulations :
: :

A (very) weak space-time variational formulation

Find u € Hy°(Q) stt.

a(u,v) = Il(v) Vv € H&%(Q), (V1)
with
a(u,v) = / (x,t) Opv(x,t) +v(x, t)Vau(z,t) - Vyu(z,t) d(z,t),

/fxt o(@, 1) d(a, t)+/Qf(:B,t)-va(:z,t) d(z, 1)

/QUOU (2,0) da.

| |
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XSpace—time Variational Formulations :
:

Regularity of solutions

Using a test function p € C™°(Q;), we obtain from (VI)

_/ uat@+yvzu'vw¢ d(l‘,t) = f‘pd(xat)_‘_/ fVmQO d(x,t),
i Qi i

where @ = [JX, Q,. Integration by parts yields
/ (”Vz“> Ve d(a,t) = / (f = divaf)p d(, 1),

—Uu

i

i.e, the definition of the weak (space-time) divergence
div <VYZU> = f—div,f in Ly(Qy).

Using this on (VI), we obtain for the sum of fluxes

Z/a ( yvmu).< )Uds(“)_z anf iy v d(z,t).
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"1 Space-time Finite Element Methods
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KSpace—time Finite Element Methods :

Space-time FEM with time-upwind stabilization

The main idea:
decompose () into shape-regular finite elements K € Tp,

define conform finite element space

Vo = {v € C(Q) : v(ak (") € Py(K), vls s, = 0}
for each element K, define individual upwind test function

Uh($,t) + eKhKatvh(:C,t), for all (m,t) e K, (*)

with O positive parameter, and h := diam(K),
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EzSpace—time Finite Element Methods :

The generalized space-time FE scheme

Find up, € Vo := {v € C(Q) : v(zk(+)) € Pp(K), vlgus, =0} :

an(un,vn) = lp(vn), Vo € Von, (1)
where
vV uh
uh, vp) Z (’Uh + OKhKatvh) d(.l‘, t)
KeTy
vV up My
—Okhk /aK [( —up ) ' <nt>] v ds(z,1)
lNh Z / f Uh +0KhK8tvh) +f-V, (vh +0KhK8tvh) ({E t)
KeTh
—HKhK/ f -7, Opvp d(z,t)
OK
| A. Schafelner JKU Linz |
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EZSpace—time Finite Element Methods :

Ellipticity = Stability
Definition (Mesh dependent norm).

1
lonllz = > [”Vl/szUhH%z(K) + aKhK“at’UhH%Q(K)] + §||Uh||%2(zT)-
KeTh

Lemma (Coercivity on the FE space [1] ).

There exits a constant . such that

an(Vh, vp) > pellvnllz,  Yon € Von,

. _ : X V0K 1 hi
with . = minge7, {1 — Cldiv\/ “Ahp } > 5 for O < Z K

hk
S5 = .
CldivVK

ie., pe= % for O =

: :
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EZSpace—time Finite Element Methods :

Existence & Uniqueness

For the finite dimensional problem (1):
Coercivity = Uniqueness = Existence

The linear system

usual FEM procedure yields

Khuh = fh

with
= Kj non-symmetric, but positive definite system matrix,
= uy, the coefficient vector wrt the ansatz functions,

= f}, the load vector stemming from the rhs

: :
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EZSpace—time Finite Element Methods :

Boundedness

ol = olli + D [Orhr) M oI, ) + Oxchrclldive (W Va0) 17, 1))
KeTy,

The bilinear form ay,( ., . ) is uniformly bounded on Vop, « x Vo, i.e.,

|an (w, vp)| < pollwl|p g« |vnllA

where Vop . == Vo + HS1(Th).

: :
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EZSpace—time Finite Element Methods :

A Céa-like estimate

Lemma ([1]).

Let u € H(f ’91(7}1) be the exact solution, and uy, € Vi, the solution
of the finite element scheme (1). Then there holds the Ceéa-like
estimate

||u—uh||hg(1+@> inf [lu— vpllp.s.
Me ) vn€Von

:
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EZSpace—time Finite Element Methods :

An a priori error estimate

Theorem ([2]).

Let1 <1<p+1,ucVynH(Q) be the exact solution, and

up, € Von, be the solution of the finite element scheme (1).
Furthermore, let ay(-,-) be coercive and bounded. Then the a priori
error estimate

1/2
2(s—1 .
=l < € 3 1™ (s I (700 )
KeTy,

holds with s = min{l,p + 1}, Sk a neighborhood of K, and some
generic positive constant C'.

: :
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"1 Numerical Experiments
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KNumerical Experiments :
:

Numerical Experiments

Key information

Space-time FEM was implemented with MFEM?,
Linear systems were solved by means of hypre,

Tests were performed on quartz? (uniform) or on my
workstation (adaptive),

http://mfem.org
22604 nodes, 93 744 cores, LLNL
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EZNumerical Experiments :
: :

Linear solvers

W3 boomerAMG and GMRES
boomerAMG

Relaxation (¢1-scaled) hybrid GauB-Seidel
Coarsening Falgout HMIS
Interpolation Standard Extended+i
AMG strength threshold 0.75 0.8

Parallel flexible GMRES

 stopped after initial residual is reduced by 1073

™ no restarts

3https://www.11nl.gov/casc/hypre/
I A. Schafelner JKU Linz 16 / 42
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EZNumerical Experiments :

The variable-step nonlinear AMLI cycle MG [3]

Algorithm (Recursive Definition)

For any fiven v at level k < £ to compute By[v], we perform:

>
>
>

Pre-smooth, i.e., solve My = v and compute residual r = v — Ayy.
Restrict residual, i.e., compute r. = PTr.

If k+ 1 =/, solve exactly, i.e., x. = A;lrc. Otherwise, apply recursion
to solve Ax11yc = re, i.e., use viy1 iterations of flexible GMRES with

By11].] (recursively defined) as a preconditioner, staring with zero initial
iterate y ") = 0. The result, is x. = B,(c:’“fl)[rc] . a

Update fine-level iterate, i.e., compute
y =y + Pixc.

Post-smooth, i.e., solve for z, M,;(z —y)=v—Apy.

This gives By[v] = z.

A. Schafelner

JKU Linz
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KNumerical Experiments : Performance

Example 1 (Smooth solution, constant coefficient).

We consider @ = (0,1)%*!, v = 1, the exact solution

d
u(zx,t) = Zsin(mi ) sin(t 7).
i=1
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KNumerical Experiments : Performance

Example 1: Performance for d = 2.

(a) p=1, 4096 cores (b) p =2, 4096 cores, 2 sweeps
dofs AMLI V-cycle dofs AMLI V-cycle
4013 19 (0.085) 19 (0.43s) 35037 20 (0.32s) 19 (1.51s)
35037 16 (0.185) 17 (0.885s) 274625 22 (1.24s) 24 (1.50s)
274625 13 (0.31s) 16 (1.13s) 2146 689 29 (2.88s) 36 (3.585)
2146 689 14 (0.79s) 23 (2.93s) 16974593 36 (7.54s) 61 (7.58s)
16974593 15 (2.72s) 59 (5.70s) 135005697 47 (27.05s) 279 (41.81s)
135005697 16 (6.70s) 248 (20.61s) 1076890625 63 (153.48s) >300 (386.86s)
1076890625 18 (24.24s) >300 (246.465)
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EZNumerical Experiments : Performance

Example 1: Iteration and time to solution, with p =1 and d = 2.

—@— AMLI —@— AMLI, nested —@— V-cycle —s— V-cycle, nested
T T T T LA T T T TTTTT T T TTTTT T T TTTTT T 17
w07t E IO S E
= & 1= B ]
= B 1= B ]
3 3 43 R i
| B =41 - |
3 3
= 1077 4= 1077 | E
/>\ Ll Ll | \7 T T T T A Y
10° dofe 10 100 0.1 1 10
##lterations Time (s)

: :
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EzNumerical Experiments : Performance
:

Example 1: Iteration and time to solution, with p = 2 and d = 2.

—@— AMLI —@— AMLI, nested —@— V-cycle —s— V-cycle, nested |

T LA T T TTTTr] T 1 T T TTTTI T TTTTI T TTTTI T T 1117
100 - N 100 - *
= =
= 10-2 | 1= 1021 |
3 10 3 10
| |
2 2
1074 |- B 1074 - s
\AHH\ Lol | vl vl el 1
109 dofs 10 100 0.1 1 10 100
F#lterations Time (s)
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EzNumerical Experiments : Performance
: :

Example 1: Weak scaling with ~274 625 dofs per core.

- |0oDAmLI —-

- |00 V-cycle .

w - [ | ] -
£

£ 10} - i

;; i ]

5 i i

2] - |

= |:||:| |:| |

— T T T —

1 8 64 512 4,096

# Cores

|
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KNumerical Experiments : Performance

Example 1: Performance for d = 3.

(a) p=1, 256 cores (b) p =2, 256 cores
dofs AMLI V-cycle dofs AMLI V-cycle
625 10 (0.01s) 10 (0.02s) 6561 32 (0.08s) 27 (0.10s)
6561 16 (0.05s) 16 (0.09s) 83521 51 (0.43s) 44 (0.235)
83521 2 (0.24s) 23 (0.17s) 1185921 83 (276s) 75 (2.06s)
1185921 33 (1_01 s) 35 (2.46 s) 17850625 162 (45.68s) 148 (31.35s)

17850625 58 (13.35s) 58 (9.30s)
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EZNumerical Experiments : Adaptivity
: :

An error indicator

Residual-based error indicator by Steinbach & Yang ("17)
(ni)? = Wi Rp(un) + hic T (un),
where

Rp(up) = ||f + dive(vVzup) — atuh||%2(K),

Jn(un) = ’|[va“h]e“%2(af<)-

: :
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EZNumerical Experiments : Adaptivity
Functional error indicator

Guaranteed error bound, see e.g. Repin ('08)

1 =2
IVa(u=un)liza@+5 lul, T)=un(, Tllzy(9) < Mevi (B, 6,0, ¥1),

where y;, = argminy, ﬁzEVl(ﬁ,é, up,y), with 6 = 1/2, and the
first form of the error majorant

o1 (8,6,0,y) i= / [(1+ By — vVt
Q

+(1+ %)lf — O + divzy]2] d(x,t).

Error indicator

MR)? = llyn — vVaunllZ, i)

:
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EZNumerical Experiments : Adaptivity
Functional error indicator (generalized)

Guaranteed error bound, see e.g. Repin ('08)

1 —9
IVa(u—un)llry @+ 5 lul, T)=un(, Tllrs(9) < Mpyva(B,6,0, 1),

where yj;, = argmin,, ﬁZEVl(ﬂ,d, up,y), with 6 = 1/2, and the
first form of the error majorant

W%m(ﬂ, 6,0,y) = /Q[(l + B8)|y — vVeu+f|?

+(1+ %)lf — O + divyy[?] d(z, ).

Error indicator

m)? = llyn — vVaun+£lI3, k)

:
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EZNumerical Experiments : Adaptivity
: :

Dorfler’'s Marking

Determine set M;, C T, of minimal cardinality s.t.

and MARK all K € M,,

: :
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E(Numerical Experiments : Adaptivity
:

Example 2 (NIST Benchmark “Moving Wavefront”).

Choose space-time cylinder () = Hle(xi,o,xi,l) x (0,7), v=1, and
exact solution

u(z,t) = B(z) arctan(t) (g — arctan(a(r — t)))

with 72 := Zle(mi —2;.)% and

B =[] G ez o)
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7\ Numerical Experiments : Adaptivity
:

Q = (0,10) x (=5,5) x (0,10), a = 20, C' = 10000, z, = (0,0) |
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media resource


media resource


var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton0'){ocgs[i].state=false;}}


EzNumerical Experiments : Adaptivity

llu — up|n

Example 2 Error rates for functional estimator n™* and Dérfler's marking.

10t

10°

1071

—_—

——

uniform, p=1
uniform, p =2

—#— uniform, p =3

Fl-e-==05p=1 N ]
| |—#—E=05p=2 N ]
| |—e-==05p=3 ' |
Coinl Lol Lol Lol Lol Lol Lol TR |
102 103 10* 10° 106 107 108
dofs
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2 Numerical Experiments : Adaptivity
:
t=20 t =0.25

t=0.75

XX PRPKSPRK
\DXIXDLE R e a2 2
NN XPK PRPX X

2
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)

|
X
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|

NN
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KD
4
-
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/]
N
[

NSPRPRPRZRPRPN
ORKPKAEX

<

|
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:"A‘En
XIND
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N
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%
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EzNumerical Experiments : Adaptivity

10 - 5

Ieff

9 | | ——residual, p=1 O'—H—e\e—e\o |

—»— residual, p =2

—+#— residual, p =3
1 —&— functional, p = 1 B
—m— functional, p = 2
—o— functional, p =3

| [ | Lol
102 103 104 10°
dofs

Example 2 Efficiency indices for Dorfler's marking.
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EZNumerical Experiments : Adaptivity
: :

Q = (0,10) x (—5,5)2 x (0,10), a = 20, C = 100000, z. = (0,0,0) J

t=0.00

: :
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EzNumerical Experiments : Adaptivity

[t = |

Example 2 Error rates for functional estimator n™ and Dérfler's marking.

10%

10t

—+— uniform, p =1
—»— uniform, p =2
= ==05p=1
B = =05p=2

103 10*

10°
dofs

106

107
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rical Experiments : Adaptivity
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Numerical Experiments : Adaptivity
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Numerical Experiments : Adaptivity
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Numerical Experiments : Adaptivity
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Numerical Experiments : Adaptivity
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EzNumerical Experiments : Adaptivity

—T —T — ——
—+—residual, p=1
—=—residual, p =2
—&— functional, p =1
100 - —m— functional, p =2 | |
3
~
10 - *
2 [ -
| e |
| | -

10* 10°
dofs

Example 2 Efficiency indices for Dorfler's marking.
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2 Conclusions & Outlook :
:

Conclusions

stability of the FE scheme provided that Ox = O(hk),
a priori estimates for the discretization error,

results can be generalized to a space-time scheme with
distributional rhs = f + div,f

the numerical experiments are in accordance with the theory,
fully parallel space-time FEM

adaptivity simultaneously in space and time for d = 1,2, 3 for
residual and functional error indicators

A. Schafelner
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EZConclusions & Outlook :

Outlook & Future Work

= Analysis
O reliable and efficient a posterior error estimators
= Computational

O application to more complex problems,
O preconditioners for p > 1, and d = 3,
[ parallelization of the AMR (load balancing)

Main future goal

non-linear parabolic problems and eddy-current problems

: :
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EzConclusions & Outlook :
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XConclusions & Outlook :

The constant ¢y giv,

the constant c; gy, comes from the inverse inequality

diva (vwn) | Lo () < eraiva iz vwnll Loy, Yon € Whlx,

with Wh’K =V, (VOh‘K) and v € Wl’oo('ﬁl),
CI div, is independent of g, but depends on polynomial
degree p and the dimension d,
cI div, is computable!
O to be precise, we can compute a sharp lower bound for
crdiv, i

A. Schafelner JKU Linz 38 /42




EZConclusions & Outlook :

Ellipticity = Stability (generalized)

Definition (A different norm).

1
ol i= 3 (192 VaonllEs0] + 3 lonlZa e
KeTs,

Lemma (Coercivity on the FE space?).

There exits a constant [i. such that

an(vn, va) = ficllvnll3z,  Yon € Von,

with fic = 1/2 for O = S

CldivVK

: :
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EZConclusions & Outlook :

Boundedness (generalized)

_ . (vVgu
ol s= Wl + 35 et + Oty (772 I
KeTy

Conjecture.

The bilinear form ay( ., .) is uniformly bounded on Vo, giv X Vop,
ie.,

|an(u, vn)| < o |ulle,T.div V]l
where Vop, giv := Von + HY(Q).

: :
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2 Conclusions & Outlook :
:

Example 3 (Kellogg's problem ('74)).

Consider space-time cylinder @ = (—1,1)% x (0, 1),

(ot) — | 11A4TOS8TOTS885, i (2,1) € Q1 U Qs
), if (,t) € Q2UQy’

and choose
u(r, ¢, t) =r"u(p)t
with
cos(y(§ — o)) cos(v(¢ — 5 +p)), for ¢ €[0, 3],
(@) = cos(yp) cos(y(¢ — 7 + o)), for ¢ € [, 7],
cos(10) cos(1( + 7 — p)), for ¢ € [m, %],
cos(y(§ —p)) cos(v(¢ + § — o)), for ¢ € [-F,0],

and 0 = —197/4, p=n/4 and y = 0.1, i.e., u € H1(Q;).

A. Schafelner JKU Linz
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EzConclusions & Outlook :

1.0

Example 3: Solution at ¢t =1
I A. Schafelner JKU Linz 40 /42 I




EzConclusions & Outlook :

T T T T T T —
1070.4 - .
1070.6 L |
=
E 10—0.8 L N
I
=
1071 : |
_1.9 | |—uniform, p =1 \“ |
10 —»—uniform, p=2|
- ==05p=1 '
14l E=05p=2 ' |
10 ol ol el vl vl vl 11
10° 10t 10° 106 107 108
dofs
Example 3. Error rates for u € H1(Q;).
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EzConclusions & Outlook :

20 |

o] mEETT T e e e aat. |

Ieff

—+—residual, p=1
—»— residual, p = 2

—&— functional, p =1
—m— functional, p = 2

[ [ [
103 10* 10°
dofs

(ZKGTh ’7%() v

Example 3. Efficiency indices I.g = Ta—unllr
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