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Multiple-network poroelastic theory (MPET)

@ Muiltiple-network poroelastic theory (MPET)
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The equations of multiple network poroelasticity

For homogeneous isotropic linear elastic porous media, the MPET model in an
open domain Q C RY, d=2,3,i=1,...,n, reads:

—dive + Zaini =f in Qx(0,7),

=1

v; = —Klel in Qx (07T),

—aydivie — divo; — ¢p,p; — Zﬂij(pi —pj)=g¢; in Qx(0,T),
i=1
=

o =2ue(u) + Adiv(u)I, e(u)= %(Vu + (Vu)T).
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The equations of multiple network poroelasticity

For homogeneous isotropic linear elastic porous media, the MPET model in an
open domain Q C RY, d =2,3,i=1,...,n, reads:

—dive + zn:aini =f in Qx(0,7),
21: _KiVp; in Qx(0,T),
—aydivie — divo; — ¢p, p; — Xn:/@ij(pi —pj) =g in Qx(0,7),
=
o =2ue(u) + Mdiv(u)I, e(u) = %(Vu + (Vu)T).

u displacement, w; fluxes, p; pressures
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The equations of multiple network poroelasticity

For homogeneous isotropic linear elastic porous media, the MPET model in an
open domain Q C RY, d =2,3,i=1,...,n, reads:

—dive + Zaini =f in Qx(0,7),
i=1

v; = —K1sz in € x (O,T),

—OéidiV'l:L = diV’l}i = Cpipi = Z’BU(p'L _pj) = g; in Q X (O,T),
j=1
=

o =2ue(u) + Mdiv(u)I, e(u) = %(Vu + (Vu)T).

Equilibrium equation
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The equations of multiple network poroelasticity

For homogeneous isotropic linear elastic porous media, the MPET model in an
open domain Q C RY, d =2,3,i=1,...,n, reads:

—dive + Zaini =f in Qx(0,7),
i=1

v; = —Klez in € x (O,T),

—OéidiV'l:L = diV’l}i = Cpipi = Z,Bw(pz —pj) = g; in Q X (O,T),
j=1
=

o =2ue(u) + Mdiv(u)I, e(u) = %(Vu + (Vu)T).

Darcy's law
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The equations of multiple network poroelasticity

For homogeneous isotropic linear elastic porous media, the MPET model in an
open domain Q C RY, d =2,3,i=1,...,n, reads:

—dive + Zaini =f in Qx(0,7),
i=1
v; = —Kini in Q x (O,T),

n

—()éidiV'iL — diV’Ui — Cplpl — E ﬁij(pi —pj) = g; in Q x (O,T),
1
i

o =2pe(u) + Adiv(u)I, e(u) = %(Vu + (Vu)T).

Mass Conservation (continuity equation)
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The equations of multiple network poroelasticity

For homogeneous isotropic linear elastic porous media, the MPET model in an
open domain Q C RY, d =2,3,i=1,...,n, reads:

—dive + Zaini =f in Qx(0,7),
i=1
v; = —K¢Vpi in Q x (O,T),

n

—ozidivu — diV’Ui — Cpipi — Z,Bl](pl —pj) = g; in Q x (O,T),
j=1
=

o =2pe(u) + Adiv(u)I, e(u) = %(Vu + (Vu)T).

o Effective stress tensor (Hooke's law), € Strain tensor
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The equations of multiple network poroelasticity

For homogeneous isotropic linear elastic porous media, the MPET model in an
open domain Q C RY, d =2,3,i=1,...,n, reads:

—dive + Zaini =f in Qx(0,7),
i=1
v; = —Kini in Q x (O,T),

n

—Oéidivu — diV’Ui — Cpipi — Z,Bl](pl —pj) = g; in Q x (O,T),
j=1
=

o =2pe(u) + Adiv(u)I, e(u) = %(Vu + (Vu)T).

Biot-Willis parameter(couple n pore pressures p with the displacement )

10/60



The equations of multiple network poroelasticity

For homogeneous isotropic linear elastic porous media, the MPET model in an
open domain Q C RY, d =2,3,i=1,...,n, reads:

—dive + Zaini =f in Qx(0,7),

i=1

v; = —K1sz in Q x (O,T),

—Oéidiv'l:l/ — diV’U,L' — Cpi,pi — Z’B”(p’ —pj) = g; in Q x (O,T),
j=1
i

o =2ue(u) + Mdiv(u)I, e(u) = %(Vu + (Vu)T).

The hydraulic conductivities,which give an indication of the general permeability
of a porous medium.
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The equations of multiple network poroelasticity

For homogeneous isotropic linear elastic porous media, the MPET model in an
open domain Q C RY, d =2,3,i=1,...,n, reads:

—dive + Zaini =f in Qx(0,7),
i=1

v; = —K1sz in € x (O,T),

—OéidiV'l:L = diV’l}i — C[npz — Z’BU(p'L _pj) = g; in Q x (O,T),
j=1
=

o =2ue(u) + Mdiv(u)I, e(u) = %(Vu + (Vu)T).

Storage coefficients are connected to compressibility of each fluid
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The equations of multiple network poroelasticity

For homogeneous isotropic linear elastic porous media, the MPET model in an
open domain Q C RY, d =2,3,i=1,...,n, reads:

—dive + Zaini =f in Qx(0,7),
i=1

v; = —K1sz in € x (O,T),

—OéidiV'l:L = diV’l}i — Cpipi — Zﬂu(pz _pj) = g; in Q x (O,T),
j=1
=

o =2ue(u) + Mdiv(u)I, e(u) = %(Vu + (Vu)T).

The network transfer coefficients couple the network pressures
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The equations of multiple network poroelasticity

For homogeneous isotropic linear elastic porous media, the MPET model in an
open domain Q C RY, d =2,3,i=1,...,n, reads:

—dive + Zaini =f in Qx(0,7),
i=1

v; = —K1sz in € x (O,T),

—OéidiV'l:L = diV’l}i = Cpipi = Z,Bw(pz —pj) = g; in Q X (O,T),
j=1
=

o =2ue(u) + Mdiv(u)I, e(u) = %(Vu + (Vu)T).

Body force density
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The equations of multiple network poroelasticity

For homogeneous isotropic linear elastic porous media, the MPET model in an
open domain Q C RY, d =2,3,i=1,...,n, reads:

—dive + Zaini =f in Qx(0,7),
i=1

v; = —K1sz in € x (O,T),

—OéidiV'l:L — diV’l}i — Cpipi — Z’BU(p'L _pj) =g; in Q x (O,T),
j=1
=

o =2ue(u) + Mdiv(u)I, e(u) = %(Vu + (Vu)T).

Forced fluid extractions or injections into the medium
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The equations of multiple network poroelasticity

For homogeneous isotropic linear elastic porous media, the MPET model in an
open domain Q C RY, d =2,3,i=1,...,n, reads:

—dive + Y o, Vpi = f in Qx(0,T),
=1

v; = —KZVpZ in Qx (07T),

—aydivie — divo; — ¢p,p; — E Bij(pi —p;) =gi in Qx(0,T),
—
=

o = 2ue(u) + Miv(u)I, e(u) = %(Vu + (Va)T).

The Lamé parameters related to the modulus of elasticity (Young's modulus)

.f VE . _E 1
A= Ty 0 W= aay 0 V€ [0, 3)
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Multiple-network poroelastic theory (MPET)

Boundary and initial conditions

Boundary conditions:

pi(x,t) = pip(x,t) forz el p, t>0,

vi(z,t) -n(x) = qnr(x,t) forxecl'y, n, t>0,

u(x,t) = wup(x,t) forxel'yp, t>0,

(O’(.’B,t) - Zazsz) ’I’l(.’B) = gN(mvt) for x S Fu,N, t> 07
i=1

1= 1, 000 gl Whereil"pi)D rll—‘pi’N = (Z), fpi,D Ufpi,N =T =09 and
Fu,D ﬂFu’N =0, Fu,D UFuJV =T.

Initial conditions:

pi(x,0) = pio(x) forxef, i=1,...,n,
u(z,0) = wuo(x) for x € Q.
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Boundary and initial conditions

Boundary conditions:

pi(x,t) = pip(x,t) forx el p, t>0,

vi(x,t) -n(x) = g n(xt) forxel, n, t>0,

u(xz,t) = wup(x,t) forx ey p, t>0,

(o(x,t) — ZaipiI) n(x) = gy(z,t) forxely,n, t>0,
i=1

i=1,...,n, where '), pN Ty, N = 0, Tp, pUT,, n =T =09 and
FupNlyn = 0, IFupUlyn=T.

Initial conditions:
pi(x,0) = pio(x) forxec), i=1,...,n,
u(x,0) = wug(x) for x € Q.

po is equal to the hydrostatic pressure and wg is the solution of the uncoupled

elasticity equation with the corresponding boundary conditions.
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The backward Euler method

After implicit time discretization one has to solve a static problem in each time
step:

—2pdive(u®) — AVdivu® + > o, Vpf = £*,
1=1
K*v’?Wzoé“ =0, i=1,...,mn

—adiva® —levv cpJJz TZBU — —gf, 1=1,...,n,
J;ﬁz
where u¥, ’UZ , pZ for i =1,...,n yield approximations of u, v;, p; at a given

time t, = tp_1 + 7

u(z,ty) ~ vweU ={ucH (Q)?:u=uponTypl,
vi(z,ty) ~ vieV, ={v;€ Hdiv,Q):v; - n=q nonTy n}
pi(z,tx) =~ pfeP =L%0N).
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The backward Euler method

After implicit time discretization one has to solve a static problem in each time
step:

—2pdive(u) — AVdivu + Z a;Vp;, = f,
i=1
K;'v; +Vp; =0, i=1,...,n,

n
—oydivu — 7divo; — ¢p,pi — TZBij(pi —pj) = G, i=1,....,n,
j=1
J#i
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Parameter-robust stability of the continuous model

© Parameter-robust stability of the continuous model
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Recasting the model

We make the rather general and reasonable assumptions that A > 0, R; ! > 0,
op, >0, 055 >0for1 <i,j <

—dive(u) — AVdivu + Z Vpi = f, (1a)
i=1
R 'vi+Vp;, = 0, (1b)
—dive — divo; — (o, + ii)pi + Z Qi;p; = Gi (1c)
i=1
i

Substitutions: Ri_1 = TflKi_la?, ap, = cpi/a?, Bii = Z;::él Bij.
JF1

aij = 7B/ (ciay)
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Parameter-robust stability of the continuous model

Matrix form

r —dive — AVdiv 0 0 \Y% AVAR
0 RT'T 0 0 v 0 0
0 0
) : 0
0 0 0 RR'IT| o0 v
—div —div 0 0 a1l ool ainl
: 0o an I ol
: ; 0 : ;
L —div 0 0 —div | apn1l apal annl |
where &; = —ap, — oy, i =1,--- ,n.

Un

p1

Pn |

g1

L9n |
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Parameter-robust stability of the continuous model

Weak formulation

Find (u;v;p) € U x V x P, such that for any (w; z;q) € U x V' x P there
holds

(e(u), e(w)) + A(divu, divw) Z(pz,dlvw w) (2a)

(Rz‘ Vi, zi)—(pi,dlvzi) =0, (2b)

—(divu, ¢;) — (divei, ¢;) 4+ @i(pi, ¢i) + Z aij(pj, @) = (9, ), (2c)
=

where (2b) and (2¢) are fori =1,...,n
We define

Rt =max{R",...,R;'}, Ao =max{l,\}. (3)
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Parameter-robust stability of the continuous model

Parameter-matrix-dependent norms

We further introduce the n X n parameter matrices

aq1
—Q2]
A= .
| —Qn1
(R 0
0 R
Az = )
0 0

—Q12
Q22

—Qp2

—U1n

—0op

ann

Ay

a, 0
0 Qp,
0 0

1
Ao
1
Ao

Ay is symmetric positive semidefinite (SPSD). Az is SPSD.

A3 is symmetric positive definite (SPD). A4 is SPSD with eigenvalues
Ai=0,7i=1,...,n—1and A\,

_n

=
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Parameter-robust stability of the continuous model

Parameter-matrix dependent norms

Now we introduce the SPD matrix

4
A=) A
i=1
and the parameter-matrix-dependent norms || - |7, || - [|[v, || - || induced by the
following inner products:
(u,w)u = (e(u), e(w)) + A(divu, divw), (4a)
n
(v,2)v = > _(R;'vi, ;) + (A~ 'Divw, Divz), (4b)
i=1
(pa q)P = AP; q)7 (4C)
where pT=(p1,...,pn), vT=(v],...,vL), (Divo)T=(divvy,...,divo,).
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The bilinear form

Related to the problem (2) we introduce

A((u; v;p), (w; z;q)) = (e(u), e(w)) + A(div u, divw) — Z(p“ divw) + Z(R Vi, Zi)
i=1

— > (pi, dives) — > (divu, ¢;) — Y (divei, q;) + Z & (pir i) + Y D ij(pj, ai)-
i=1 i=1 i=1 i=1 i=1j=1
J#u
n n
A(u; v; p), (w3 2;.9)) = (e(u), e(w)) + A(diva, divw) — D (pi, divw) + ) (R; 'vi, z;)
=1 =1
— (p,Dive) — Y (divu,¢;) — (Dive, ) + (A1 + A2)p, ).
i=1
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The uniform inf-sup condition for the MPET equations

Theorem 1 [Hong & Kraus & Lymbery & P. 2019]

There exists a constant Cj, independent of the parameters )\,Ri_l,ozpi,ozij,
1,7 =1,...,n and the network scale n, such that for any (u;v;p) cU xV x P,
(w;2;9) €U XV x P

|A((w;v;p), (w; 2;9))| < Co([lullu + [vllv + lIpllp)([wlu + [1zllv + llallp)-

Theorem 2 [Hong & Kraus & Lymbery & P. 2019]

There exists a constant w > 0 independent of the parameters ), R;17api,aij for
all i,5 € {1,...,n}, and independent of the number of networks n, such that
inf sup A((u; v;p), (w; 2;9)) >
(w;v;p) EUXVXP (;zq)eUxvx P ([[ullu + [[vllv + [pllp)(lwlu + 1zlv +lallp)
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Sketch of the proof

Lemma 1 : There exists a constant 3; > 0 such that

N
inf sup V0.0)

4€P; wev, |[v]aivlgl ’ Y

Lemma 2 : There exists a constant 85 > 0 such that

n
(dive, 37 ¢i)
=1

inf sup ———— > fs.
(an ) P XP wl g S5 g
i=1
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Sketch of the proof

Lemma 1 : There exists a constant 35 > 0 such that

(divw, q)

inf |25d7 i=1,...,n.

su
4€P; yev,; ||v||div||q|

Lemma 2 : There exists a constant 85 > 0 such that

(diva, Z ai)

inf sup —— > fs.
(a1, "7(1n)€P1>< ‘X Pn ucU HuH H Z ¢ H
i

Sketch of the proof :
For any (u;v;p) = (w;v1,...,Vn;P1,...,pn) EUX V1 X -+ XV X Py X X Py,

¥ € V such that Divep) = VRp and |9|av < B VR|pl|,
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Sketch of the proof

Lemma 1 : There exists a constant 35 > 0 such that

(divw, q)

inf |25d7 i=1,...,n.

su
4€P; yev,; ||v||div||q|

Lemma 2 : There exists a constant 85 > 0 such that

(diva, Z ai)

inf sup —— > fs.
(a1, "7Qn)€P1>< ‘X Pn ucU HuH H Z ¢ H
i

Sketch of the proof :
For any (u;v;p) = (w;v1,...,Vn;P1,...,pn) EUX V1 X -+ XV X Py X X Py,

¥ € V such that Divep) = VRp and |9|av < B VR|pl|,

, 1 = L=
uo € U such that divug = ﬁ(Zpi), ol < B; 1ﬁ” > pill.
i=1 =1
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Sketch of the proof

1- Choose: w = du — ﬁuo, z=0v—VRY, q=—6p— A"'Divw.

where ¢ is a positive constant to be determined later.
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Sketch of the proof

1- Choose: w = du — ﬁuo, z=0v—VRY, q=—6p— A"'Divw.

where ¢ is a positive constant to be determined later.

2- Verify the boundedness of (w; z; q) by (u;v;p) in the combined norm. Then
we obtain the boundedness estimate

lwllo +llzllv +llgle < 0 +1+ 85" + 871 (lully + llvllv + i)
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Sketch of the proof

1- Choose: w = du — ﬁuo, z=0v—VRY, q=—6p— A"'Divw.

where ¢ is a positive constant to be determined later.

2- Verify the boundedness of (w; z; q) by (u;v;p) in the combined norm. Then
we obtain the boundedness estimate

lwllo + zllv + lallp < (6 +1+ 87" + 8.1 (lullo + llvllv + [I2]le)-

3- Verify the coercivity of A((u;v;p), (w;z; q)).
A((uiv; p), (w; 2;.9)) > (6 — B2 — 1)(e(u), e(u)) + (5 — 2)A(diva, divu) + %(Aw, P)

n

3 1 . -
6 Bd Z i 'Uu vz Z(A3p» p) + §(A_1DIV’U, DIV’U) + (6 - 1)((A1 + AQ)pa p)

=1
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Sketch of the proof

1- Choose: w = du — ﬁuo, z=0v—VRY, q=—6p— A"'Divw.

where ¢ is a positive constant to be determined later.

2- Verify the boundedness of (w; z; q) by (u;v;p) in the combined norm. Then
we obtain the boundedness estimate

lwllo + zllv + lallp < (6 +1+ 87" + 8.1 (lullo + llvllv + [I2]le)-

3- Verify the coercivity of A((u;v;p), (w;z; q)).
A((uiv; p), (w; 2;.9)) > (6 — B2 — 1)(e(u), e(u)) + (5 — 2)A(diva, divu) + %(Aw, P)

n

3 1 . -
6 Bd Z i 'Uu vz Z(A3p» p) + §(A_1DIV’U, DIV’U) + (6 - 1)((A1 + AQ)pa p)

=1

4- Choosed::max{ﬁ’ I+ & +1 [3; %,2+2}
A((u;v;p), (w3 23q)) 2 Q(IIUI|U+ lvll3, + llpll%).0
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Parameter-robust stability of the continuous model

Stability result

Corollary 1

Let (u;v;p) € U x V' X P be the solution of (2). Then there holds the estimate

[ullu + llvllv + llplle < Ci(l fllu- +llglle-),

for some positive constant C that is independent of the parameters

A’R;17api)aij,i,j =1,...,n and the network scale n, where
I£llo- = sup i, llglle- = sup {52 =4~ Hg].
welU e
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Stability result

Corollary 1
Let (u;v;p) € U x V' x P be the solution of (2). Then there holds the estimate

|ullo + lvllv + [lplle < Ci(l[fllo~ + llgllp+),

for some positive constant C; that is independent of the parameters
A,R;l,api,aij,z’ j=1,...,n and the network scale n, where

£l = sup L lglle- = sup 20 — |A-zg].
qc

llwllo? lalle —

Hong, Q, Kraus, J, Lymbery, M, Philo, F. Conservative discretizations and parameter-robust
preconditioners for Biot and multiple-network flux-based poroelasticity models. Numer Linear
Algebra Appl. 2019; e2242. https://doi.org/10.1002/nla.2242
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Stable parameter-robust preconditioners for the discrete problem

e Stable parameter-robust preconditioners for the discrete problem
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Stable parameter-robust preconditioners for the discrete problem

Uniform norm-equivalent block-diagonal preconditioner

A= Z?:l A= (f}/ij)nxnaAil = (’yij)nm and define

where

and

RI'T 0
0 Ry
0 0

then

B =

By

0 %'

0

Y12l
yool

'YnQI

F12Vdiv
22 Vdiv

An2Vdiv

’YlnI
Yan I

Ynnl

F1n Vdiv
;5/277, Vdiv

Ann Vdiv
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Uniform norm-equivalent block-diagonal preconditioner

A=301A = (Yij)nxns A1 = (Fij)nxn and define

=il
(%’MW ) = ('7 ')U %’u 0 1 0
(PBy,) = (- )v then B = 0 %, 0 nE
(Bp,) = (-, )p 0 0 %p
where
y11I  vi2d ... mnd
Y21l yeol ... yand
By, = —dive — AV div, Bp=| . ) ] o,
Ynil 2l ... Ynnl
and
RT'T 0 0 F11Vdiv - §12Vdiv ... 1, Vdiv
0  Ry'I .. 0 Fo1Vdiv  F2oVdiv ... 2, Vdiv
Py = - . . .
0 0 ... Ry AniVdiv - Ap2Vdiv ... Ap, Vdiv

K.-A. Mardal and R. Winther - Preconditioning discretizations of systems of partial differential

equations. Numer. Linear Algebra Appl., 18(1):1-40, 2011.
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Stable parameter-robust preconditioners for the discrete problem

Discretization

Let 7} be a shape-regular triangulation of mesh-size h. Define the set of all

interior edges (or faces) by £/ and the set of all boundary edges (or faces) by £F.
Let &, :5,{U5;?
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Stable parameter-robust preconditioners for the discrete problem

Discretization

Let 7} be a shape-regular triangulation of mesh-size h. Define the set of all
interior edges (or faces) by £/ and the set of all boundary edges (or faces) by £F.
Let &, :5,{U5;?

Denote by e = 971 N 9T, the common boundary (interface) , and by 1 and no
the unit normal vectors to e that point to the exterior of 77 and T5.
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Discretization

Let 7} be a shape-regular triangulation of mesh-size h. Define the set of all
interior edges (or faces) by £/ and the set of all boundary edges (or faces) by £F.
Let &, :(SZUE}?

Denote by e = 971 N 9T, the common boundary (interface) , and by 1 and no
the unit normal vectors to e that point to the exterior of 77 and T5.

Trace operators:
Let g € HY(Ty), v € HY(Tp)? and 7 € H'(T,)?*4, for any e € &/ the averages
are defined as
1 1
{v}= §(U|6Tme ‘n1 —V|omyne - m2), {7} = 5(7\0%%”1 — Tlomynen2)

and the jumps are given by

[Q] = Q‘aTlﬁe - Q|8T2ﬂev [’U] = v|8T1ﬁe — V|oTrNe-
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Discretization

Let 7} be a shape-regular triangulation of mesh-size h. Define the set of all
interior edges (or faces) by £/ and the set of all boundary edges (or faces) by £F.
Let &, :(SZUE}?

Denote by e = 971 N 9T, the common boundary (interface) , and by 1 and no
the unit normal vectors to e that point to the exterior of 77 and T5.

Trace operators:
Let g € HY(Ty), v € HY(Tp)? and 7 € H'(T,)?*4, for any e € &/ the averages
are defined as

1 1
= 5 \UloTine " M1 — V|9Tne " N2), Ty = 5\TloTineM1 — T|0T2neT2
{v} =5 (v] ny — vl na), AT} = 5(Tloninen — Tlomnemns)
and the jumps are given by
[Q] = Q‘aTlﬁe - Q|8T2ﬂev [’U] = v|8T1ﬁe — V|oTene-
When e € £ then the above quantities are defined as

{v}=vlc-n, {r}=7ln, [d=4ql, []=1v.
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Stable parameter-robust preconditioners for the discrete problem

FEM spaces
The finite element spaces that we consider here are given by
U, = {ueH(iv;Q):u|lg €cU(K), K €Tp; u-n=0on 00},
Vin = {veH(div;Q):v|x € Vi(K), K €Ty v-n=0on 00},

P = {0€ L) :qlk € Qi(K), K € Th; / gdz = 0},
Q

forizl,...,n, Vhivl,hX"'Xth, Ph:Pl,hX"'XPn,h-
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Stable parameter-robust preconditioners for the discrete problem

FEM spaces
The finite element spaces that we consider here are given by
U, = {ueH(iv;Q):u|lg €cU(K), K €Tp; u-n=0on 00},
Vin = {veH(div;Q):v|x € Vi(K), K €Ty v-n=0on 00},
Pu = {4€ L9 dli € QuK), K€ Thi [ ado =0},
Q

forizl,...,n, Vhivl,hX"'Xth, Ph:Pl,hX"'XPn,h-

The local spaces U(K)/V;(K)/Q:(K) are defined by
 BDM(K)/RT,-1(K)/Pi-1(K),
® BDFM(K)/RT—1(K)/Pi-1(K).
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Stable parameter-robust preconditioners for the discrete problem

FEM spaces
The finite element spaces that we consider here are given by
U, = {ueH(iv;Q):u|lg €cU(K), K €Tp; u-n=0on 00},
Vin = {veH(iv;Q):v|x € Vi(K), K € Tp; v-n =0 on 00},
Pip = {qeLl*(Q) :qk €Qi(K), K €Ty / qdz = 0},
Q

forizl,...,n, Vhivl,hX"'Xth, Ph:Pl,hX"'XPn,h-

The local spaces U(K)/V;(K)/Q:(K) are defined by
 BDM(K)/RT,-1(K)/Pi-1(K),
® BDFM(K)/RT—1(K)/Pi-1(K).
To ensure the existence and uniqueness of the approximation and to preserve the
divergence condition pointwise which gives a conservation of mass. Note that for

all these choices the important condition:
divU(K) = div V;(K) = Q;(K) is satisfied for i = 1,...,n.
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______ Siable parameter-robust preconditioners for the discrte problem |
DG discretization
The DG discretization of the variational Problem (2) is given by: Find

(un; vn; Py, ) EURXV X Py, such that for any (wp;zn;q,) EUnXV X Py

n

ap(wp, wp) + A(div up, divwy) — Z(pi'h’ divwy) = (f,wp), (5a)
i=1
(R 'vin, zin)—(in, divzin) = 0, (5b)
— (divaen, qin) — (divoin, gin)
+ @is(Pons i) + Y s(PinsGin) = (96 Gin), (5¢)
=1
J#i

where (5b) and (5¢c) are for i = 1,...,n and

www) = ¥ [ ew m—zﬂe (6)

KeTy e€ly
— Z / e(w)} - [ut]ds + Z / hetwe) - [wi]ds,
ecEp V€ e€Ey
Gis = —ap; — @43, and 7 is a stabilization parameter independent of the parameters

A\ R ap,, auj, 4,5 =1,...,n, the network scale n and h.
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Mesh-dependent norms

For any u € H'(T;,)%, we introduce the mesh dependent norms:

lulls = > le@lfx + > hotllwdlfe

KeTh ec&y,
lullin = D IVelgx+ D ko wdll.
KeTh e€ly,

Next, for u € H?(T,)¢, we define the “DG"-norm

lullbe = Y IVulgx+ D htlludlfe + Y hiluli

KeTh e€&p KeTh

and, finally, the mesh dependent norm

lullz, = lullbe + Al div e,
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Discrete bilinear form

Related to the discrete problem (5) we introduce

n
An((wh; vas pp), (Whs 205 ap)) = an(wn, wp) + A(divug, divw,) = > (pi,n, divewy,)
=1
n
+> (R 'win, zin) — (Ph, Divap)
i=1

— (diveen, Y i,n) — (Divun, @) — (A1 + A2)py, ay)-
=il
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Discrete parameter-robust continuity and stability

Theorem 3 [Hong & Kraus & Lymbery & P. 2019]

There exists a constant Cp, independent of the parameters A, Ri_l, o,y for all
i,j € {1,...,n}, the network scale n and the mesh size h such that the inequality

| AR ((wn; vr; L), (Wi 23 a))| < Coalllun; v prlls, ) (lwk; zns aplls,,)

is fulfilled for any (up;vp;pp) € Up X Vi, X Pp, (wh; 2n;qp) € Up X Vi X Py

Theorem 4 [Hong & Kraus & Lymbery & P. 2019]

There exits a positive constant 3, independent of the parameters \, R; ', a,,, i;
for all 4,5 € {1,...,n}, the network scale n and the mesh size h, such that

i An((wn; vn; Pr)s (Wh; 205 qp)) > 4o
(VPR ESK (whizn;an)€Sy (1UnivriPrlls, ) (lwns znianllsy,)

where S, :=U}p, x Vi, X Py, and |lup;vp;pylls, =: |unlo, Hlvnllv+pn e

This result shows the full parameter-robust stability of the discrete MPET

problem in its flux-based formulation.
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Sketch of the proof

The proof uses similar arguments of theorem 2 by taking the following results and
properties:

1- the discrete version of Korn’s inequality yields:
lullpa = |lulln = ||w|li,h, for all w € Uy,
2- the bilinear form ay(-, ) from (6) is continuous and coercive:
lan(u, w)| $ |ullpellwlpe, forall wu, we H*(T,)%
an(up, up) > aallupllz, forall  u, € Up,
3- the LBB conditions:

(divup, gi,n)
L > Bsdy

: (div v p,qin)
in sup ——— 2 > f
2, €Pi b up ey, l|unllnllgnll

in sup @ ——— 2= > fB,i=1,...,n,
@,n€P;n v, eV 10k llaivilgsn

where aq, Bsq and Bgq are positive constants independent of the parameters A, R%._I7 Qap,,

a;j,1,5 = 1,...,n, the network scale n and the mesh size h.
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Stability result

Corollary 1

Let (up;vp;py) € Up X Vi, X P), be the solution of (5a)-(5c), then the estimate

lunllo, + llonllv + lpalle < Co(lFllws + lgle-) @)
holds where
fiw g.q
1flo: = sip L0 e = sup (9:90)
o Tl S0 Nanle

and Cs is a constant independent of A, Ri_l, ap,, a;; forall 4,5 € {1,...,n}, the
network scale n and the mesh size h.
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Uniform norm-equivalent block-diagonal preconditioner

=il
By, 0 0

=1
=] 0 Fy 0| (8)
0 0 =
where
‘@hﬂt = = dth €p — /\Vh dth,
RT'I, 0 0 F11Vpdivy,  F12Vpdive ... F1aVadivy
0 R;lfh 000 0 ’~Y21Vhdivh izzvhdivh coo S’anhdth
%h,v = o . . . - o o 5
0 0 ... Ry, Yn1Vrdivy  An2Vidivy ... AnpVipdivy
and
yiln  m2lp oo vindn
Youlp  ve2ln .. y2ndn
Brp=| . . .
Yn1dn  m2ln oo nnlp
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The diagonal preconditioner
Denote D' = diag(R; ', R;',..., Ry ") and 25" = DR' ® I, we have
_1 _1
(B, wvn, zn) = (Vn, 2n)v = (P 2vi, g 2 23) + (A~ Divoy,, Divzy,).

1
Let D! = Qu(DEA~ 1Dz)QT = dlag(,ul,...,,un) be d|agona||ze (DQA 1D2)

Now, by the change of variables v, = Q% R vh,zh = Qu92 R zh, where Q. = Qo ® I, we
get :

1 1
(Qv2E BrwP3 QL B, 21) = (On, Zn) + (Dy ' Divoy, Divzy).

We denote
Iy, 0 0 1V pdivy 0 0
0 I, ... 0 0 n2Vpdivy, ... 0
B o= - :
0 0 I, 0 0 ... pnVpydivy

which means that we only need to solve n decoupled elliptic H(div) problems
discretized by RT elements to get v, and we obtain the original v, from back

1
substitution. vj, = 22 Q7 v,,.
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The diagonal preconditioner
Denote D' = diag(R; ', R;',..., Ry ") and 25" = DR' ® I, we have
_1 _1
(B, wvn, zn) = (Vn, 2n)v = (P 2vi, g 2 23) + (A~ Divoy,, Divzy,).

1
Let D! = Qu(DEA~ 1Dz)QT = dlag(,ul,...,,un) be d|agona||ze (DQA 1D2)

Now, by the change of variables v}, = Q% R 'uh,zh = Q9 R zh, where Q. = Qo ® I, we
get :

1 1
(Qv2E BrwP3 QL B, 21) = (On, Zn) + (Dy ' Divoy, Divzy).

We denote
Iy, 0 0 1V pdivy 0 0
0 I, ... 0 0 n2Vpdivy, ... 0
B o= - :
0 0 I, 0 0 ... pnVpydivy

which means that we only need to solve n decoupled elliptic H(div) problems
discretized by RT elements to get v, and we obtain the original v, from back

1
substitution. vj, = 22 Q7 v,,.
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The diagonal preconditioner
Denote D' = diag(R; ', R;',..., Ry ") and 25" = DR' ® I, we have
_1 _1
(B, wvn, zn) = (Vn, 2n)v = (P 2vi, g 2 23) + (A~ Divoy,, Divzy,).

1
Let D! = Qu(DEA~ 1Dz)QT = dlag(,ul,...,,un) be d|agona||ze (DQA 1D2)

Now, by the change of variables v, = Q% R vh,zh = Qu92 R zh, where Q. = Qo ® I, we
get :

1 1
(Qv2E BrwP3 QL B, 21) = (On, Zn) + (Dy ' Divoy, Divzy).

We denote
Iy, 0 0 1V pdivy 0 0
0 I, ... 0 0 n2Vpdivy, ... 0
B o= - :
0 0 I, 0 0 ... pnVpydivy

which means that we only need to solve n decoupled elliptic H(div) problems
discretized by RT elements to get v, and we obtain the original vy from back
1

substitution. vy, = 22 Q7 v,.
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Stable parameter-robust preconditioners for the discrete problem

The diagonal preconditioner

we have
(Zh.pPr: 1) = (Pr: 1) P = (AP, qp).
Let Dp, = QPAQIT, = diag(u1, - . -, tn) be diagonalize A and by the change of

variables p, = Qpp},, q), = 9Qpq;, We get :

(Qpﬁh,pggf’hv q,) = (QPAQZ@” qp)-

We denote
w1l 0 - 0
b 0 .. un-Ih

we obtain the original p; from back substitution. p; = Qgi)h.
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Numerical experiments can be found in the following preprint/paper:

1- Fixed stress split algorithm:
Q. Hong, J. Kraus, M. Lymbery, M.F. Wheeler. Parameter-robust convergence
analysis of fixed-stress split iterative method for multiple-permeability
poroelasticity systems. arXiv:1812.11809

2- MINRES algorithm:
Q. Hong, J. Kraus, M. Lymbery, F. Philo. Conservative discretizations and
parameter-robust preconditioners for Biot and multiple-network flux-based
poroelasticity models. Numer Linear Algebra Appl. 2019; e2242.
https://doi.org/10.1002/nla.2242.
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Thank you for your attention!
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