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Preliminaries
@00

Motivation

Q C R3 exterior domain, M := 90 =T Ul

time-harmonic Maxwell equations:

—rot H4+iweE=F on nxE=0 on Iy,

rot E +iwpH =G on €, nxH=0 on I
. 0 —ie~Lrot
— rewrite: (M —w)uy =f , M:= (iu71 rot 0 )

— polynomially weighted Sobolev spaces ~~ sol. op. uw = Lo f

low frequency asymptotics, i.e., lim £, =7
w—0

long time goal:

< form suggests "Neumann-series”: (Lo static solution operator)

(M=—w)uw =f ~ (1 —wlo)uw =Lo(M—w)u, =Lof

=y = (1—wlo) " Lof =Y W/ LiLof
j=0

— | iteration of static solution operator!
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Motivation

time-harmonic Maxwell equations: (M —w)u, =f ~ solop. uw = Lo f

long time goal: low frequency asymptotics, i.e., limO Lo=7
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< form suggests "Neumann-series”: ~ uy, = 372, wiLILo f

—> | iteration of static solution operator!

Problem:

< static solution has to be in the "same” space as the data
(divergence free and no Dirichlet-Neumann-field)
~~ first idea: orthogonality constraints w.r.t. these fields

< (static) solution theory only in weighted Sobolev spaces!

~ iterated static solutions "loose” integrability! (e.g., L2(€2) ~ L2,(9))

TODAYS QUESTION:

Is there a "suitable” substitution for Dirichlet-Neumann-fields?




Preliminaries

R(Q) ::{u€L2(Q) | rotuELQ(Q)} (H(curl;ﬂ))
D(Q) ::{uGLQ(Q) \ diquLQ(Q)} (H(div;Q))
weighted: ¢t €R and p=p(z) = (1+ |m\2)%, z € R3
L2(9) = {we 3@ | plu e L2(@) } Hi(©) = {ue L3(Q) | VueLlZa (@) }

R, (Q) == {u €L2(Q) | rotu e L§+1(Q)} D,(Q) := {u eL2(Q) | divue L§+1(Q)}

Ilv ()
boundary conditions:  Vr, () := CF7(R) , Ve {HYR,D, H{, R, D},

C?lO(Q) = { olg ‘cp € C°°(R?) and dist(supp ¢, ;) > 0}

kernels: "zero in the lower left”, e.g.,

0R(Q), 0Dr, (), 0R,(), 0D, (), ..



Known
o

Known Results

oDr(22) = { u € Dr(R2) | divu = U} oRr(22) = { u € Rp(Q2) | rotu = l)}

N(Q) = Hy () = oR(Q) N e 1 oDr(Q) D(Q) := Hr 4(Q) = oRr(Q) N HoD(Q)

— full boundary conditions: Dirichlet-fields (¢ =T,Ih =0)

Theorem (Picard 82', 85', 86")

There exists a finite set Be C oRr(R2) of compactly supported functions, such that their
projections along VHL(Q) form a basis of Dirichlet-fields D(2) := Hr ¢(Q2) and

Be(Q) N D(Q) = {0}.

— full boundary conditions: Neumann-fields (Tt =0,n=1T)

Theorem (Picard 82', 85', 86')

There exists a finite set Bm C oR(2) of compactly supported functions, such that their
projections along VH(Q) form a basis of Neumann-fields N(Q) := Hp r(Q) and

Bm(Q)T NN(Q) = {0}.




Main Result

1
H“

(Q) C,T ()

oRr, () { u € Rr, (Q) | rotu u}

nDr”(fSZ\) = { u € Dr'y(:SZi) divu = ()} D(Q2) := Hy ¢(2) = oRr(2) M;*H,D(&l)

TODAYS QUESTION:

Is there a "suitable” substitution Br(€2) for Hr, r, (£2)?

suitable: finite, compactly supported, Bgr(Q2) C oR,(Q2) and

Br()* N9, r, () = {0}

— mixed boundary conditions: 7777
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HE () = CFP ()

oRr, () {u €Rp, (Q) | rotu u}

nDr”('SZ) = { u € Dr'y(:SZi) divu = ()} D(Q2) := Hy ¢(2) = oRr(2) N ‘fflL.D[&l)

TODAYS QUESTION:

Is there a "suitable” substitution Br(€2) for Hr, r, (£2)?

suitable: finite, compactly supported, Bgr(Q2) C oR,(Q2) and

Br()* N9, r, () = {0}

— mixed boundary conditions:

There exists a finite set Br(2) C oRp, (€2) of compactly supported functions, such that

their projections along VHllt (Q) form a basis of Hr, . () and

Br(Q) N Hr, r, (?) = {0}.
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L7 (Q) | Vu e

H(Q) = { u €

D, (2)
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2 ‘ON
Li1()
1200 . 2 )
u € Ly () ‘ divu € Ly 4 (2)

U(r) =R*\ U

. 2, >
R (2) 7{11 €L () | rotu € Lf\ 1(Ez)}
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* [ dim Hr, r, (Q) < o0

VHE (Q) = VHL, [ (2) = VHL, - (Q)

rot Rri(Q) =rotR_, (Q2) = rot R—Lr;(ﬂ)

— ()Rr-t (Q',-) N Drn (Q»,») g L2(Qr)

* dimﬂ‘fft,l—n (Qr) = dimg’frtu E,I’,,(QT) < oo

+ VHE () = VHE (), rotR. () = R (Qr)



Notations and Assumptions

R(Q) = { u € L*(Q) | rotu € Lz(sz)} D(Q) = { ue L*(Q) | divu € L-’vsz)}

R_,(Q) = { ueL?(Q) | rotu € LZ(SZ)} D_,(Q)= { wel? (@) | divu e L'-’[;sz‘)}

Assumptions: € C R3 exterior Lipschitz domain, [ :=9Q =Ty Uy
r > 0 such that Q2 N U, contains "essential topology”

Notations:
< special domains:  U:=B,(0) , Q.:=QnU , U=R3\T
— "artificial boundary”: X :=0U , f‘t =TyuUX

< extensions and restrictions
—

g{ft,rn(ﬂr) :="extend h € C}{ft,rn(QT) by zero to Q"
Hr, r, (Q) :="restrict h € Hr,,r (2) to Q"

—

— Helmholtz-decompositions: ( A: D(A) C Hy — Hz lddc ~ Ha = R(A) @ N(A*))

L*(Q) = VHE () @ oDr (Q) , L*(92) = rotRy_(2) ® Rz, ()
= VHL, r, (2) ® oD, (2) =rot Rr, () @ oRr, ()






—

The projection of H r, (Qr) CoRp, () along VH}t (Q) on Hr, r, () is injective.
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The projection of Jz  (Q) C oD (Q) along rot Rz () on 3¢ - (Qr) is injective.
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2) = { u € L{(Q) | Vu € LY, Hm}

. N 2, . ~
L(Q) = { u € L{(Q) | divu €

Q. =QnU(r), U(r) =R3

easy choice:  take a basis B of 3  (Qr)

= Br(%) C Ry, ()

= Bgr(Q) is finite.

R, (Q) = { e L2(Q) | rotu € L l(m}
o PO P 1 PO
‘HM |”(S2):(,Rr'(£1) Ve (,Dr“{;iz)

¥ = 8B,(0), 0= us (i=1,2)

(zero extension!)

= elements in BR(Q2) are compactly supported.
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D, () = { w €L (Q) | divu € L] NQ)} Hryr (2) = oRr, () N e~ oDr ()

Q. =QnU(r), U(r) =R3\ U(r), 2 = 8B,(0), 0= us (i=1,2)

easy choice: take a basis B of Hp (@) — |Br(Q) B (zero extension!)

= Bgr(2) C oth(Q)
= Bgr(Q) is finite.
= elements in BR(Q2) are compactly supported.

= projections along VHl—l,rt (Q) form a basis of Hr, r, ().

It holds:

Br(Q) N Hr, r, (2) = {0}.
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