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PURPOSE OF HOMOGENISATION

@ Analysis of heterogeneous (composite) materials (HeM).
@ Homogeneously describe HeM constitutive behavior.

@ Materials with periodic microstructure.
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FIGURE 1: Representative volume elements of periodic heterogeneous
microstructure in 3D.
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A MODEL PROBLEM IN HOMOGENIZATION

@ Input: Heterogeneous material property

dxd 11\7
A(X)y-)R n y: —575 s d:2,3
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@ Input: Heterogeneous material property

dxd 11\7
A(X)y-)R n y: —575 s d:2,3

@ Output: Homogenized (constant) material property
AH c Rdxd

@ Integral over domain

1
AHEa:/A(X)(Ea+VUa)dX, a=1,...,d.
RAWAY
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A MODEL PROBLEM IN HOMOGENIZATION
@ Input: Heterogeneous material property
dxd 1 1)\¢
A(X)y-)R n y: —5,5 s d:2,3

@ Output: Homogenized (constant) material property
AH c Rdxd

@ Integral over domain
1
AgE, = D)/ A(x)(Ey+ Vu,)dx, a=1,...,d.
y

o Elliptic PDE with periodic b.c. on rectangular domain

V- (A(x)Vuy) =—-V-Ax)E, in Y, a=1,...,d.
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FOURIER-GALERKIN METHOD

o Elliptic PDE with periodic boundary conditions

V- (A(x)Vuy,) =—-V-Ax)E, in Y, a=1,...,d.
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FOURIER-GALERKIN METHOD

o Elliptic PDE with periodic boundary conditions

V- (A(x)Vuy,) =—-V-Ax)E, in Y, a=1,...,d.

o A uniform grid discretization N = [Ny, ..., N,] € RY.
@ Approximation with trigonometric polynomials?,

u(x) = Y ulxn)en(x) = ) Tkl (x),

keZy keZn
where K (x) = exp(2rik - x) and
Fyu=u

where Fpy is Fourier transform.

1Jan Zeman, Jaroslav Vondfejc, Jan Novak, Ivo Marek, 2010, Accelerating a FFT-based solver for numerical
homogenization of periodic media by conjugate gradients.
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DIFFERENTIAL OPERATOR

@ Applied in Fourier space:
@ The gradient: Vn : CN — XN

Vu(x)= ) Glk]Ve*(x) = ) 2nmikilk]o*(x),

keZp keZn
which corresponds to (V nti)[a, k] = 2mikau[k].

@ The divergence: %7\, : CIXN N

d
(Vaw)[k] = > 2miko W[, k].
a=1
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LINEAR SYSTEM

e PDE
V- (A(x)Vu) = -V -A(x)E in Y.
@ The linear system

FNVNFNAF N VnFnu = —F ' VyFNAE,  ue RN xNo,
c d
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LINEAR SYSTEM

e PDE
V- (A(x)Vu)=—-V-A(x)E in ).
@ The linear system

FNVNFNAF N VnFnu = —F ' VyFNAE,  ue RN xNo,

Cc d

e The system Cu = d, solved with Richardson iteration

Ugit+1) = [U(,-) + w(d — CU(,-))].
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OUTLINE

© Low-RANK TENSOR APPROXIMATIONS
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IDEA OF LOW-RANK TENSOR APPROXIMATION
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FIGURE 2: Low-rank decomposition of a second-order tensor (matrix) (top), and
a third-order tensor (bottom).

2Zhang, Zheng and Batselier, Kim and Liu, Haotian and Daniel, Luca and Wong, Ngai, Tensor Computation: A New
Framework for High-Dimensional Problems in EDA,IEEE Transactions on Computer-Aided Design of Integrated Circuits and
Systems
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IDEA OF LOW-RANK TENSOR APPROXIMATION

(CN><N

@ In 2D we can express tensor(matrix) v € in the form

N
v= Z c[i]b,(-l) ® bgz),
i=1

where b® € CV is i-th basis vectors in spatial direction a.
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@ In 2D we can express tensor(matrix) v € in the form

N
v= Z c[i]b,(-l) ® bgz),
i=1
where b® € CV is i-th basis vectors in spatial direction a.
@ Strongly decreasing sequence of coefficients c[i].
@ Approximation with r "significant” vectors
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IDEA OF LOW-RANK TENSOR APPROXIMATION

o In 2D we can express tensor(matrix) v € CV*N in the form

N
v= Z c[i]b,(-l) ® bgz),
i=1
where b® € CV is i-th basis vectors in spatial direction a.
@ Strongly decreasing sequence of coefficients c[i].
@ Approximation with r "significant” vectors

vev =Y i o b,

i=1

e Memory requirement of full format is N9 and low-rank is dNr.
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CANONICAL FORMAT?

@ The representation has the form:
)
v 3 @bl
i=1 j=1

)

where item b\(,j € C™N; stores the basis vectors.
@ obtained by Singular Value Decomposition (SVD).
© Memory requirements: dNr

@ Pros: The lowest memory requirements.

@ Cons: only in 2D.

3Hackbusch,Wolfgang: Tensor Spaces and Numerical Tensor Calculus, Springer
Verlag Berlin Heidelberg New York, 2012.
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TUCKER FORMAT?

Generalisation of the canonical format to higher dimensions.

The representation has the form:

d .
mz Zc[ll,...,id](gbsﬂ[;j].
=1 j=1

Idl

where c[i, ..., 4] is element of core c € C > *"d,

obtained by Higher Order Singular Value Decomposition (HOSVD).
Memory requirements: dNr + r¢.

Pros: higher dimensions.

Cons: core size depends exponentially on dimension.

*Hackbusch,Wolfgang: Tensor Spaces and Numerical Tensor Calculus, Springer
Verlag Berlin Heidelberg New York, 2012.
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TENSOR TRAIN (T'T) FORMAT®

@ The representation has the form:

rd—1

VNZ Z@bj[lj 155 fi]s

Id 1—1] 1

where bl, € C7-1*Ni*%j are the carriages.
e Memory requirements: 2Nr + (d — 2)Nr?
@ Pros: size depends linearly on d.

@ Cons: Truncation is more expensive.

®Oseledets, Ivan and Tyrtyshnikov, Eugene: Linear Algebra Appl.,North-Holland,
TT-cross approximation for multidimensional arrays, 2010, pp 0-88.



LINEAR SYSTEM WITH LOW-RANK TENSORS

@ The linear system

FAVNFNAF N VNFnu = —F Vi FnAE,

C d
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10° 10" 5
108 o
g 107 e
) = 10°4
Z 10° 5
z 10° é 1074
B ? _
= S 1074
10°
10°4
10%

10! 10? 10°

. 10! 10% 10*
Number of points in one direction

Number of points in one direction

AANMPDE 12 Juix 15, 2019 15727



MEMORY CONSUMPTION OF u
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FIGURE 3: Memory consumption of canonical in 2D (left), Tucker (middle) and
TT (right) in 3D.
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FFT REQUIREMENTS

@ The linear system
FAVNFNAF I VNFnu = —F Vi FnAE,

C d
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FIGURE 4: FFT complexity of canonical in 2D (left), Tucker (middle) and
TT (right) in 3D.
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OPERATIONS WITH LOW-RANK TENSOR

@ Mathematical operations are performed in low rank format.
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OPERATIONS WITH LOW-RANK TENSOR

@ Mathematical operations are performed in low rank format.

@ Rank grows during some operations (see Table 1).

Operation Rank r
Differentiation (gradient) | remain unchanged
d-dimensional FFT remain unchanged
Evaluation of material law increased
Divergence increased

TABLE 1: Effect of operations in low-rank formats on rank r.
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OPERATIONS WITH LOW-RANK TENSOR

@ Mathematical operations are performed in low rank format.

@ Rank grows during some operations (see Table 1).

Operation Rank r
Differentiation (gradient) | remain unchanged
d-dimensional FFT remain unchanged
Evaluation of material law increased
Divergence increased

TABLE 1: Effect of operations in low-rank formats on rank r.

@ Rank truncation (rounding) 7 - keep rank on efficient level.
e require additional operations
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LINEAR SYSTEM WITH LOW RANK TENSORS
RANK TRUNCATION

@ The linear system in full tensor format

FAVNFNAF P VNFnu = —F R Vi FNAE,
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LINEAR SYSTEM WITH LOW RANK TENSORS
RANK TRUNCATION

@ The linear system in full tensor format

FAVNFNAF P VNFnu = —F R Vi FNAE,

@ The linear system in fun low rank tensor format

FATVNFNTAF R VnFnu = —F L TV FNAE.
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OUTLINE

© NUMERICAL EXPERIMENTS AND RESULTS
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MATERIALS

@ Canonical in 2D:

0
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ERROR OF LOW-RANK APPROXIMATION

@ As an criterion the relative algebraic error between the low-rank
solution and the full solution has been used, i.e.

. Au,n — Au,n
relative error = ——————

Au,Nn
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F1GURE 5: Dependency of approximation error on solution rank.

AANMPDE 12 Juix 15, 2019 22/%7



MEMORY EFFICIENCY

@ memory effectiveness

memory efficiency

memory for sparse solution

memory for full solution
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FIGURE 6: Dependency of memory efficiency on solution rank for discretizations
with N9 points.
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COMPUTATIONAL EFFICIENCIES

@ Computational effectiveness

time for sparse solution

time for full solution
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FIGURE 7: Time consumption with respect to rank-r
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@ CoNCLUSION
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CONCLUSION

o Elliptic PDE with periodic boundary conditions

V- (A(x)Vu,) =V -Ax)E, in Y, a=1...,d.
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CONCLUSION

Elliptic PDE with periodic boundary conditions

V- (A(x)Vu,) =V -Ax)E, in Y, a=1...,d.

Solved by FFT-based Fourier-Galerkin method.
Linear system expressed in low-rank tensor formats.

Tested formats: canonical, Tucker, and tensor train (TT).

Low-rank approximations lead to a significant memory and
computational reduction.
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Thank you for your attention!
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