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Fractional PDE

Fractional-derivative PDE (initial-boundary value problem)

Lu:= Df'u— Au=f(x,t) (1)
for (x,t) € Q :=Q x (0, T], with

u(x,0) = wp(x) for x € Q,

ulpa =0 for0<t< T,

where o € (0,1), the functions f is continuous on @ = Q x [0, T], and up € C(Q).
Here the spatial domain Q C R (where d € {1,2,3}) is bounded, with a Lipschitz
continuous boundary 0Q.

D¢ denotes the Caputo fractional derivative defined by

DE u(x, t) = ﬁ /Ot(t - s)*a% ds.
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The previous works:

@ L1 scheme
e M. Stynes et al., SIAM J. Numer. Anal., 55(2) (2017) 1057-1079.

Hu(-, t)Hq < C for g € Ny,
[|0tu(x, t)], < 1+ t*7") for 1=0,1,2,and g € No,  (2)

||Dtau(-,t)||q§C for g € No.

e N. Kopteva, Math. Comput., D0i:10.1090/mcom /3410, 2018.
o H. L. Liao et al., SIAM J. Numer. Anal., 56(2) (2018) 1112-1133.
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@ L2-1, scheme

e H. L. Liao et al., arXiv:2018.
e H. L. Liao et al., SIAM J. Numer. Anal., 57(1) (2019) 218-237.
o H. Chen and M. Stynes, J. Sci. Comput., 79(1) (2019), 624-647.

C. B. Huang M. Stynes H*-norm analysis for the TFRDE July 2, 2019 7/32



By Poincare inequality, one has

[llu" = up]| < C|[Vu" = V]| (3)

C. B. Huang and M. Stynes, Appl. Numer. Math, 135 (2019) 15-29.
N. Kopteva, Math. Comput, DOI:10.1090/mcom /3410, 2018.

Hvun _ VUI’;H S CTn—u/2(N— min{2—a,ra} + hk+1). (4)

Note: The finite difference method for H* norm
J. C. Ren et al., arXiv:1811.08059.
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Vidar Thomée, Galerkin finite element methods for parabolic problems, 2006.

The idea of analysis:
o Rewrite the fully discrete FEM into the discrete differential formulation.
o Multiply the discrete differential equation D p" — App” = Prg” by —Apu”.(

contrasts with the related classical technique for H*(Q)-norm analysis of the
semidiscrete problem, where the discrete differential equation is multiplied by

(1")e.)

o Applying the definition of the discrete Laplacian Ay yields

(DRVL", V") + | Bwp"||* = (VPrg”, V). (5)
o By [|[VPyv| < K||Vv]|, one has
(DAVu",vu") < K[IVg"[IVu"]]. (6)
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Three operators
Define the L? projector Py, : LQ(Q) — Von by
(PhW, Vh) = (W7 Vh) Y vy € Von.

J. H. Bramble, J. E. Pasciak, and O. Steinbach, Math. Comput., 71(237):147-156,
2002.

[VPyv| < K|[Vv| forall v e H)(Q). (7)

Define the Ritz projector Ry, : H3(S2) — Von by
(VRew,Vvi) = (Vw, Vi) VY vy € Vop.
It is well known that

|lw — Row| + hllw — Rywl|ls < CH Y wlpr ¥V w e HTHQ) N H(Q).  (8)
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Define the discrete Laplacian Ay : Vo — Von by

‘ (Apv,w) = —(Vv,Vw) Y v,w e Vo ‘ )

V. Thomée, Galerkin finite element methods for parabolic problems, 2006.

‘ ApRyv = PAv Y v € H*(Q) ‘ (10)
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FEM discretisation in space

Let M be a positive integer. Partition Q by a quasiuniform mesh of M elements
{Km:m=1,...,M}. Set

hm = diam(Ky,) for each m and h=_max {hn}.

1<m<M
Weak formulation: Find u(-,t) € H3(Q) for each t € (0, T], such that

{ (D2u,v) + (Vu,Vv) = (f,v) Vv e H(Q),
(11)

(u(0,), v(-)) = (uo,v) ¥ v € Hy(Q),
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Define the finite element spaces on spatial mesh by
Vi = {vh € L2(Q):wa|, € P (Knm), m=1,2,--- ,M},
Von = {Vh e Vy: Vh|aQ = 0}7

where Pk(K,,,) denotes the space of polynomials on K, with degree at most k.

The semi-discrete FEM: Find up(-, t) € Vop for each t € (0, T] , such that
{ (D?Uh, Vh) + (Vuh,Vvh) = (f, Vh) Y v, € V()h,
(uh(O, ~)7 Vh(-)) = (Uo7 Vh) Vv, € VOh-
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© H'-norm analysis of the fully discrete FEM
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Graded mesh in time

Let N be positive integer. Set
t,:= T(n/N) forn=0,1,--- | N

with mesh grading r > 1 chosen by user.

L1 discretisation in time

The Caputo fractional derivative is approximated by L1 scheme (graded mesh in
time)

n—1 i1 i
o n 1 u

L m — Um Y o 4 e
Wim = o a) 2T [(tn — 1) (tn—tp1)' %] (12)

The truncation error:

| Df u(x, ta) — DR u(x, ta)||, < Cn™ min{2=anra}
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The fully discrete L1 FEM:
(DR up,vi) + (Vup,Vvy) = (f",vy) forn=1,...,N and all v, € Vo,

{ (UE, vh) = (uo, vi) Y vh € Vo, (13)
where f"(-) := f(-, ta).

Applying (9), the L1 FEM (13) takes the form: find uj, € Vo for n=0,1,..., N
such that

{ (Djupyve) — (Apup,ve) = (Paf",vi) forn=1,...,N and all v, € Vi,

(uf, vh) = (Pnto, vh) ¥ vih € Von,
(14)
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The discrete differential equation:

Dpup — Apup = Ppf" forn=1,... N,
(15)
ug = PhUO.
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Stability and convergence result

Stability result

Theorem 1 (H'(Q)-stability of the L1 FEM)

Let up be the solution of (15). Then

KTT(2 - )

Vsl < [[Vunll + ==

max ||[VF| forn=1,2,...,N.
1<j<n
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Denote
¢":=Rpu" — up and p" := Ryu" — u".

Error equation:
Dy¢" — Ap¢" = (RDyu" — ApRyu™) — (D up, — Apup)
PyA Pyfn
= (Rh — Ph)Dﬁu" + Ph(D,‘Gu" — Au”) — Puf"
= Ph(Rh — I)Dﬁu" + Ph(fn —|— cpn) — thn
= Py(Diip" + ¢"), (16)

where ¢" := Dyu" — Du".
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Convergent result:

Theorem 2 (Error estimate for the L1 FEM)

Let u" and uf be the solutions of (11) and (13), respectively. Then forn=1,2,... N,
there exists a constant C such that

IVu" — Vil < C (N— min{2—ara} 4 h") . (17)

If r > (2 — )/, then one has

u" = Ul < € (N’(Z’D‘) + hk) for n=0,1,...,N.
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Forn=0,....,N—1and 0< o <1, set thio = th + 0Ths1.

L2-1, discretisation in time
The Caputo fractional derivative is approximated by L2-1, scheme at t,;, (graded
mesh in time)
n .
Div(tnio) = 0p, v = gnav" — Z(g,,,j —gnj—1)v for n=0,...,N—1. (18)
j=0

Here go,0 = 7 "a0,0, &n,—1 = 0, and for n > 1 one has

7i71(an0 = bno) if j=0,
&nj = 7}1%(3,1,] + bnj—1— b j) if 1<j<n-1,
7 (@nn + brne1) iF j=n,
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where

1 thto B O_l—a 1
n,n = thto — “dn = n * f =0,
0 =TI a) /t (tre =) "dn = po— 5Tt for n =
LI ~dy for n>1 and 0<j<n—1
nj = /a4 thio — -
an,j I'(l—a)/tj (trro — M) n for n> an <j<n
1 2 fj+1 —t
boj = / T2 gy for n>1 and 0<j<n—1.
FMl—a)tie—t J,  (tore —m)*
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The fully discrete L2-1, FEM :

(60, un,vi) + (Vup?,Vvi) = (F"7, vi) V vh € Von, (19)
where we set u) = Ryup and f™ = f(-, toyo) and u™7 = ouf™ + (1 — o)uf for
n=0,1,...,N—1.

The discrete differential form:
g, up— Dpup® = Ppf"™ for n=0,...,N—1, (20)

with u2 = Ryup.
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Stability result

Theorem 3 (H'(Q)-stability of the L2-1, FEM)

The L2-1, FEM solution up of (20) satisfies

IVurl® < |[Vwol® +T(1 — ) T o max |F*)°> forn=0,1,...,N —1.

<G<N-1
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Error equation:

¢ — AhCn 7= (Rh(s u— Athun’U) — ((5a up — Ahug’o)

fn+o thio thio
= (Rh — Ph)(sg+,,u + Ph(éthra Aun’a) — th-n+o
= Pu(Rn — 1)05,  u+ Pu(55,,u— Au™") — Py(DFu" — Au™7)

= Puoge, . p+ Pu(S5,  u— DEu" ) + Py(AU™7 — Au™7)
N ———

#0
= Py (05,0 + "7 + R™7), (21)
where "7 := 67 u— Dfu" and R™7 := Au"™ — Au"°
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Convergent result:

Theorem 4 (Error estimate for the L2-1, FEM)

Suppose 0 =1 — a/2. Let u" and uj, be the solutions of (11) and (20), respectively.
Assume that u € L°°(0, T; H3(Q) N H*(Q)), Dfu € L*°(0, T; H3 (Q) N H*(Q)), and
|Otulj3 <1+t~ for I =0,1,2,3. Then there exists a constant C such that

max ||[Vu" —Vup|| < C (N_ min{ren2} | hk) . (22)
1<n<N

If r > 2/, then one has

n n -2 k _
1rénneg(NHu —uh||H1(Q)§C(N —|—h) forn=0,1,...,N.
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@ Numerical experiments
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Numerical experiments

Example 1
Consider the following problem with an exact analytical solution:
Dfu — W = f(x, t) for (x, t) € (0,1) x (0,1],
u(0,t) = u(l,t) =0 for t € (0, 1],
u(x,0) = (e* = 1)(x —1) for x € [0,1].
The function f(x, t) in (23) is chosen such that the exact solution of the problem is
u(x, t) = (Ea(—t%) + t*)(e* — 1)(x — 1), where E,(z) = 3. 2/ /T(jo + 1) is the
j=0

Mittag-Leffler function. This solution u displays typical layer behaviour near t = 0.
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Taking r = (2 — @)/« and N = M, the spatial error dominates the result. Predicted
rate: O(N~(~%),

Table 1:  (L>°(H%), N) errors and orders of convergence for L1 FEM

M=N=64 M=N=128 M=N=256 M= N =512

a=04 7.3119E-4 2.5834E-4 8.9420E-5 3.0529E-5
1.5009 1.5306 1.5504

a=0.6 1.0224E-3 3.9823E-4 1.5356E-4 5.8847E-5
1.3603 1.3747 1.3838

a=0.28 1.7345E-3 7.6222E-4 3.3358E-4 1.565E-4
1.1862 1.1921 1.1955
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Taking r = (2 — @)/« and N = M, the spatial error dominates the result. Predicted
rate: O(N~(~%),

Table 1:  (L>°(H%), N) errors and orders of convergence for L1 FEM

M=N=64 M=N=128 M=N=256 M= N =512

a=04 7.3119E-4 2.5834E-4 8.9420E-5 3.0529E-5
1.5009 1.5306 1.5504
a=0.6 1.0224E-3 3.9823E-4 1.5356E-4 5.8847E-5
1.3603 1.3747 1.3838
a=0.28 1.7345E-3 7.6222E-4 3.3358E-4 1.565E-4
1.1862 1.1921 1.1955
I
O(Nf(Qfa))
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Taking r = 2/a and N = M, the spatial error dominates the result. Predicted rate:

O(N™2).

Table 2: (L>°(H%), N) errors and orders of convergence for L2-1, FEM

M=N=64 M=N=128 M=N=256 M= N =512

a=04 1.9215E-3 4 9315E-4 1.2481E-4 3.1382E-5
1.9621 1.9822 1.9917

a=0.6 1.1549E-3 2.9153E-4 7.3179E-5 1.8321E-5
1.9860 1.9942 1.9979

a=0.8 7.6079E-4 1.9064E-4 4.7674E-5 1.1908E-5
1.9966 1.9996 2.0011
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Taking r = 2/a and N = M, the spatial error dominates the result. Predicted rate:
O(N™2).

Table 2: (L>°(H%), N) errors and orders of convergence for L2-1, FEM

M=N=64 M=N=128 M=N=256 M= N =512

a=04  1.9215E-3 4.9315E-4 1.2481E-4 3.1382E-5
1.9621 1.9822 1.9917
a=06  1.1549E-3 2.9153E-4 7.3179E-5 1.8321E-5
1.9860 1.9942 1.9979
a=08  7.6079E-4 1.9064E-4 4.7674E-5 1.1908E-5
1.9966 1.9996 2.0011
A
O(N™?)
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