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The Differential Equations

Let Q c RY, d = 2,3, be a bounded Lipschitz domain, T > 0
and Q :=Q x (0, T). Let ¢, u € [L=(Q)]® be symmetric and
positive definite. Consider

€ME +V x (17 'V x E) = —9J in Q,
nxE=0 onx,

e0tE(0,x) = —J(0,X) + V x Ho(x) forx € Q,

E(0, x) = Eo(x) for x € Q.

4 J.I.M. Hauser, Institute for Applied Mathematics
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Sobolev Spaces

We define

HZU"(Q) = L3(0, T; Ho(curl; 2)) N H' (0, T; [LA(Q)]%),
HE'6 (@) := L2(0, T; Ho(curl; 2)) N H'y(0, T; [L2(Q)]®).

5 J.I.M. Hauser, Institute for Applied Mathematics
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Sobolev Spaces - Properties

One can show that the embedding
H'(0, T; [L3(Q)F°)  C([0, T], [L2()I°)
is continuous, see e.g. [Zeidler, 1990].
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2019-06-18



www.applied.math.tugraz.at m

Sobolev Spaces - Properties

One can show that the embedding
H'(0, T; [LX(Q)F°)  C([0, T1 [LA(Q)I°)

is continuous, see e.g. [Zeidler, 1990].
The space

C>(0, T)&[C*(Q)))°
is dense in
H'(0, T)®[L3(Q)]® and L2(0, T)&H(curl; Q)

J.I.M. Hauser, Institute for Applied Mathematics
2019-06-18



Sobolev Spaces - Properties

One can show that the embedding
H'(0, T; [LX(Q)F°)  C([0, T1 [LA(Q)I°)

is continuous, see e.g. [Zeidler, 1990].
The space

C>(0, T)&[C*(Q)))°
is dense in
H'(0, T)®[L3(Q)]® and L2(0, T)&H(curl; Q)

and
C>([0, THR[C~ ()P

is dense in
L2(0, T)&Ho(curl; Q) ~ L3(0, T; H(curl; Q)).

J.I.M. Hauser, Institute for Applied Mathematics
2019-06-18

www.applied.math.tugraz.at m



www.applied.math.tugraz.at m

Sobolev Spaces - Properties

One can show that the embedding
H'(0, T; [LX(Q)F°)  C([0, T1 [LA(Q)I°)

is continuous, see e.g. [Zeidler, 1990].
The space

C>(0, T)&[C*(Q)))°
is dense in
H'(0, T)®[L3(Q)]® and L2(0, T)&H(curl; Q)

and
C>([0, THR[C~ ()P

is dense in
L2(0, T)&Ho(curl; Q) ~ L3(0, T; H(curl; Q)).
See [Weidmann, 2000], Ch 1.6, and [Aubin, 2000], Ch 12.7, 12.6.
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Sobolev Spaces
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Sobolev Spaces

We define
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Sobolev Spaces

We define

HZU"(Q) = L3(0, T; Ho(curl; 2)) N H' (0, T; [LA(Q)]%),
HEY " (Q) == L(0, T; Ho(curl; Q)) N H'y (0, T; [LA(Q)]°).
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The Differential Equation

Consider the Maxwell’s equations as the equation

€ME +V x (1 'V x E) = —yJ in Q,
e0tE(0,x) = —J(0,x) + V x Hyp(x) for x € Q,
E(0, x) = Ep(x) for x € Q,

nxE=0 on .

11 J.I.M. Hauser, Institute for Applied Mathematics
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The Differential Equation

Consider

€O+ V x (1~ 'V x u) = -9 in Q,
oru(0, x) = ¥(x) for x € Q,
u(0,x)=¢(x)  forxeg,
nxu=0 onYX =002x(0,T)

for ¢ € Ho(curl; Q), ¢ € [L2(Q)]°.

12 J.I.M. Hauser, Institute for Applied Mathematics
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Definition

We define

||UH52(Q,6) 1= (U, U)r2(),
”u”il(curl;ﬂ,e,u) = (EU, U)Lz(Q) + (N71v XU,V x U)LZ(Q)v

U () = (€0rt, 01U 12(q) + (1™'V % U,V X U)2(q).

13 J.I.M. Hauser, Institute for Applied Mathematics
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Existence and Uniqueness

Letoyd € L0, T; [L2(Q)]?), ¢ € Ho(curl; Q) and ) € [L2(Q)]3.

14 J.I.M. Hauser, Institute for Applied Mathematics
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Existence and Uniqueness

Let9J € LY(0, T; [L2(Q)]3), ¢ € Ho(curl; Q) and v € [L2(Q)]3.
Then there exists a unique solution to the variational formulation:
Find u € H"™"'(Q), with u(x,0) = ¢, such that

— (0, 0uV)g + (1Y x U,V % v)o = — (8, V)g — (1, v(0,.))q

for all v € H5'g'(Q).
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Existence and Uniqueness

Theorem
Let9J € LY(0, T; [L2(Q)]3), ¢ € Ho(curl; Q) and v € [L2(Q)]3.
Then there exists a unique solution to the variational formulation:
Find u € H"™"'(Q), with u(x,0) = ¢, such that

— (0, 0uV)g + (1Y x U,V % v)Q = — (8, V)g — (1, v(0,.))q

for all v € H§'y' (Q). If additionally 9:J € [L?(Q)]® then the following
inequality holds true

|UlEans (@) < 3T I¥l1Ee(@,e) + 3TN0l Eicun.em + 3T IOy

J.I.M. Hauser, Institute for Applied Mathematics
2019-06-18



www.applied.math.tugraz.at m

The ODE corresponding to Maxwell’s Equations

Consider

€Opu+V x (W 'Vxu)=f in Q.

15 J.I.M. Hauser, Institute for Applied Mathematics
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The ODE corresponding to Maxwell’s Equations

Consider
€u+V x (u 'Vxu)=f in Q.
and the Ansatzfunction

u(t,x) =>_ U(t)ei(x),

where {e;}icn is a fundamental system in Hy(curl; 2) which
has the following property:
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(17 'V x €,V x ¢)12(0) = Ki(€6i, 8)12(q)

or it holds true that
('V x €,V X ¢)12q) =0
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The ODE corresponding to Maxwell’s Equations

By rewriting the variational formulation
Find u € H"'(Q), with u(x, 0) = ¢, such that

— (€Dil, V) g + (,u”V X U,V x V)o = F(v)

for all v e H§"0"' (Q).
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The ODE corresponding to Maxwell’s Equations

By rewriting the variational formulation
Find u € H"'(Q), with u(x, 0) = ¢, such that
— (€Dil, V) g + (;f‘v X U,V X V>o = F(v)
forall v e H{;"’{J’?1 (Q).
we get
Find U; € H'(0, T), with U;(0) = ¢, such that either
- (anjaatV)(o,T) + 5 (U, V)(o,r) = F(Ve)
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Dependencies in the Right Hand Side

Consider
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Dependencies in the Right Hand Side

Consider

Then we get the following variational formulation:
Find u € H$"""(Q), with u(x,0) = ¢, such that

— (€D, v)q + (00U, vV)g + (1 'V x U,V x v)q = F(v),
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Dependencies in the Right Hand Side

Consider

Then we get the following variational formulation:
Find u € H$"""(Q), with u(x,0) = ¢, such that

— (€D, v)q + (00U, vV)g + (1 'V x U,V x v)q = F(v),

where
F(v) := —(8tJa, v)a — (e, v(0, ))a

forall v e H§'0"'(Q).
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Existence and Uniqueness

Theorem

Letdrda € L(0, T; [L2(Q)]3), ¢ € Ho(curl; Q), ¥ € [L2(Q)]® and
o € L>=(Q) strictly positive a.e.
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The Differential Equation

Consider

€Oyl + V X ( 1V x U) *81;/
8,u(0 X)

()0
nxu=20
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in Q,

for x € Q,
for x € Q,

onX =0Qx(0,T).
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Sobolev Spaces

We defined

HE" 1 (Q) == L2(0, T; Ho(curl; Q)) N Hy (0, T; [LA(Q)]?),
H5 6 (Q) == L(0, T; Ho(curl; Q)) N H'y(0, T; [LA(Q)]).
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Definitions

Define

Dg;cu ‘= edpUu + V x (1~ 'V x )
as an operator in the distributional sense for distributions, i.e.
D¢, : D'(Q.) - D'(Q-) and

tt,cc
DE s T(¢) = T(D§s0)-

20 J.I.M. Hauser, Institute for Applied Mathematics
2019-06-18



www.applied.math.tugraz.at m

Definitions

Define
D07

t.ccU i= €0l + V X (= 'V x u)

as an operator in the distributional sense for distributions, i.e.
D¢, : D'(Q.) - D'(Q-) and

tt,cc
Dg 3. T(9) = T(D§s9).
Consider
HUL(Q) = {ulg | u € LA(Q-), Ul(—ac.0yxa = 0, Do Tu € [HEG(Q)]'}
with

Q- :=(—00,T) x Q,
Tu(¢) = /uqﬁ dx dt V¢ eDQ),

Q

2 . 2 Q_ 2
elfpgemn1(@y = 1Ullizqa) + 1 Ptt.ce Tullipgon -

20 J.I.M. Hauser, Institute for Applied Mathematics
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Definitions

Consider

HO(Q) = {ulg | u € L(QL), Ul(—s0)xa = 0, D s Tu € [HE“S (Q)]'}.
We define

w1
Hgflr/,'l (O) _ Hg;lér,/,‘] (Q) Hou1(Q) )

23 J.I.M. Hauser, Institute for Applied Mathematics
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Definitions
Consider
HU(Q) = {ula | U € L(Q-), Ul 0)x = 0, Do Ty € [HEG(Q)]'}.
We define
Hgi]r/ﬂ (O) _ WH'HHCUHJ(O).

If u e H§"(Q), with 9u(0,.) = 0, and v € H§g"(Q) , then

Q- —
<th CCTU? V>Q = — (Eatu, atV)Lz(Q) + (N 1V X U,V x V) 12(Q) .

J.I.M. Hauser, Institute for Applied Mathematics
2019-06-18



www.applied.math.tugraz.at m

Further Generalization

Theorem

Let f € [HS"" (Q)]' then there exists a unique u € H3"™'(Q)
such that

(DgecTu v>Q = (Vg  YveHM(Q)

and
P ,chrl 1( ) [chr/ 1 (Q)]

with Lu := f is an isomorphism.

J.I.M. Hauser, Institute for Applied Mathematics
2019-06-18
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Example

We take a look at the following example over Q = (0,1)2 x (0, 1) with
e =1

u(x. 1) = 2(x — x2)(y — ¥?) ( y ) |

—X
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Example

We take a look at the following example over Q = (0,1)2 x (0, 1) with
e =1

) = A- v (1,).

Consider up(t, x) = f: fj Ui jdi(t)yi(x), where {¢;}; C S}, (T\) and

) i=1 j=1
{3 € N(Tih).
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Example

We take a look at the following example over Q = (0,1)2 x (0, 1) with
e =1

) = A- v (1,).

Consider up(t, x) = f: fj Ui jdi(t)yi(x), where {¢;}; C S}, (T\) and

i=1j=1
{4;}; € NL(TF5). Then we get the following L2-error

hx\ht ‘ 1/8 1/16 1/32 1/64 1/128 ‘ 1/256
1/4 188.10 | 4897.40 | 18.3346 | 3.4329 | 0.01086 | 0.011
1/8 | 1148.722 | 31.69 10.2872 | 4.2366 | 0.01082 | 0.011

1/16 2.271 0.0099 0.0105 | 0.01088 0.011 0.011

J.I.M. Hauser, Institute for Applied Mathematics
2019-06-18
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CFL-Condition

For a form regular triangulation with isosceles rectangular triangles
and A\ elements in space the CFL-condition is given by

12n
h ——h, =~ 0,299725 h,.
t< 18¢c2 * X

J.I.M. Hauser, Institute for Applied Mathematics
2019-06-18
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Summary

= A variational formulation for the 2nd order PDE and
od € L (0, T; [LZ(Q)]?’)

28 J.I.M. Hauser, Institute for Applied Mathematics
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Summary

= A variational formulation for the 2nd order PDE and
od € L (0, T; [LZ(Q)]?’)

= A variational formulation for linear dependencies in the
right hand side
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Summary

= A variational formulation for the 2nd order PDE and
od € L (0, T; [LZ(Q)]?’)

= A variational formulation for linear dependencies in the
right hand side

= A variational formulation for the 2nd order PDE and
o € [H’1O;;%url(o)]/

= One numerical example
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Number of Dofs

hx\ ht | 0.125000 | 0.062500 | 0.031250

0.250000 909 1717 3333
0.125000 3393 6409 12441
0.062500 12897 24361 47289

hx\ ht | 0.015625 | 0.007812 | 0.003906
0.250000 6565 13029 25957
0.125000 24505 48633 96889
0.062500 93145 184857 368281
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The Variational Formulation for the System

Consider the operator L : H§g"' x HZ"™" — [L2(Q)® x [L3(Q)]® with

(5)-G D5+ )6
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The Variational Formulation for the System

Consider the operator L : H§g"' x HZ"™" — [L2(Q)® x [L3(Q)]® with
L(E\_(c 0) O (E\, (0 -Vx\(E
H)=\o u)at\H) T\vx o J\H)

lI-lv

Define
V= H((:)url;1 % H%urlﬂ
with

vl = HVH[ZLZ(Q)PX[L?(O)P + ||LVH[2L2(O)]3><[L2(O)]3'

31 J.I.M. Hauser, Institute for Applied Mathematics
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The Variational Formulation for the System

Theorem

Let (f,g) € [L2(Q)]® x [L3(Q)]3, then there exists a unique pair
(E,H) e V, st

(L(E, H), (¢, v))w = ((, 9), (&, V) w,
for all (¢,v) € [L2(Q)]® x [L2(Q)]°.

32 J.I.M. Hauser, Institute for Applied Mathematics
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The Variational Formulation for the System

Theorem

Let (f,g) € [L2(Q)]® x [L3(Q)]3, then there exists a unique pair
(E,H)e V, st

(L(E, H), (¢,v))w = ((f.9), (¢ V))w,
for all (¢, v) € [L2(Q)]® x [L2(Q)]®. Furthermore

ICE, H)llv < (1 + T2c(e, w)?) 2 11(, 9)llw-
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Generalization-Definitions

Define
Dt?,?,ccu = eyl — o+ V x (W 'V x u)

as an operator in the distributional sense for distributions, i.e.
Dgio: D'(Q-) = D'(Q_) and

DY e T(9) = T(DF 6c0)-
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Generalization-Definitions

Define
Dt%ccu 1= €Oyl — o0+ V x (17 'V x U)
as an operator in the distributional sense for distributions, i.e.
Dgio: D'(Q-) = D'(Q_) and
Q- a
Dtt,t,cc T(¢) = T(Dtt,t,ccd))'
Consider
AU(Q) = {ulg | u € LA(Q-), Ul(—a0yxa = 0, Dt oo Tu € [HS“S (Q)]'}
with
Q- :=(—00,T) x Q,

HU”chrH = ||u||L2 + ”Dtt t,cc UH[ZH&L{gﬂ(Q)]/
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Generalization-Definitions

Define

Dt%cc“ = €dpl — 0O+ V x (u 'V x u)
as an operator in the distributional sense for distributions, i.e.
Dgio: D'(Q-) = D'(Q_) and

DY e T(9) = T(DF 6c0)-

Consider
A N(Q) = {ulg | u € L3(Q-), Ul(—cc0)xa = 0, D g.ec Tu € [HE"S (Q)]'}
with
Q_ = (700 T) X Q
B = 16lE2qay + 1D o Tl oy
and

~ I ll5y0un.1
Hgflr/,1(o) — H(():;L(l)r,lj (Q) Fycurl (O).

a3 J.I.M. Hauser, Institute for Applied Mathematics
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Properties

It holds true that
= The space (H%"'(Q), (., qani(q)) is @ Hilbert space.

34 J.I.M. Hauser, Institute for Applied Mathematics
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Properties
It holds true that

= The space (H%"'(Q), (., qani(q)) is @ Hilbert space.
= HZSRH(Q) € 7ot (@Q) and H(Q) € HON(Q).
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Properties

It holds true that
= The space (H%"'(Q), (., qani(q)) is @ Hilbert space.

= H(Q) € Ae1(Q) and A (Q) € A (Q).
. (7‘287”’1 (@), (-+ ) geunr () I8 @ Hilbert space.
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Properties

It holds true that
= The space (H%"'(Q), (., qani(q)) is @ Hilbert space.

" Hg;té)f”ﬂ(Q) c 7f[curl,1(Q) and chrl1(Q) c Fyeurl Q).
. (7‘287”’1 (@), (-+ ) geunr () I8 @ Hilbert space.

= |lgeni(q) = ||D,”cc ||[chr/1(o)]/ is equivalent to ||. | gaun.i gy I
HCUI‘I 1 (Q)
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Properties

It holds true that
= The space (H%"'(Q), (., qani(q)) is @ Hilbert space.

Hs3 " (Q) € #(Q) and Hg"™ ' (Q) € H1(Q).
(7‘287”’1 (@), (-+ ) geunr () I8 @ Hilbert space.

|- ggeum1 (@) = ||D,”cc ||[chr/1(o)]/ is equivalent to ||. | gaun.i gy I
HCUI‘I 1 (Q)
If u,v € H1(Q), then

(Dtct?;,ccu, V)Q = — (€D, 01V) 12 () + (001U, V) 12y + (17'V X U,V x V)izo)-

34 J.I.M. Hauser, Institute for Applied Mathematics
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Further Generalization

Theorem

Let f € [HS"" (Q)]' then there exists a unique u € HZ"™'(Q)
such that

07 .
(DMCCU, v>o =(f.via  WveHM(Q)

and
L:Fo(Q) — [H5 g (Q

with Lu := f is an isomorphism.
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Remark 2D curl

There are two different curl in 2D:
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Remark 2D curl

There are two different curl in 2D:

= V x E=8yE — 9yE;
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Remark 2D curl

There are two different curl in 2D:
= V x E=8yE — 9yE;

.S _( OE
Vx E= <—8XE>
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Remark 2D curl

There are two different curl in 2D:
= V x E=8yE — 9yE;

- _( OE
Vx E= <—8XE>

Hence we look at the differential equation:

€8[{E+6 ><,u_1(V>< E):?
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Remark 2D curl

There are two different curl in 2D:
= V x E=8yE — 9yE;

- _( OE
Vx E= <—8XE>

Hence we look at the differential equation:
€8[{E+6 X ,u_1(V X E) = ?
and the variational formulation

‘%@@@WQ+W4VX@VXVM=(iﬂd

36 J.I.M. Hauser, Institute for Applied Mathematics
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