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The Differential Equations

Let Ω ⊂ Rd , d = 2,3, be a bounded Lipschitz domain, T > 0
and Q := Ω× (0,T ). Let ε, µ ∈ [L∞(Ω)]3 be symmetric and
positive definite. Consider

ε∂ttE +∇× (µ−1∇× E) = −∂tJ in Q,
n × E = 0 on Σ,

ε∂tE(0, x) = −J(0, x) +∇× H0(x) for x ∈ Ω,

E(0, x) = E0(x) for x ∈ Ω.

J.I.M. Hauser, Institute for Applied Mathematics
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Sobolev Spaces

We define

Hcurl;1
0; (Q) := L2(0,T ; H0(curl ; Ω)) ∩ H1(0,T ; [L2(Ω)]3),

Hcurl;1
0;,0 (Q) := L2(0,T ; H0(curl ; Ω)) ∩ H1

.,0(0,T ; [L2(Ω)]3).

J.I.M. Hauser, Institute for Applied Mathematics
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Sobolev Spaces - Properties

One can show that the embedding

H1(0,T ; [L2(Ω)]3) ⊂ C([0,T ], [L2(Ω)]3)

is continuous, see e.g. [Zeidler, 1990].

The space

C∞(0,T )⊗̂[C∞(Ω))]3

is dense in

H1(0,T )⊗̂[L2(Ω)]3 and L2(0,T )⊗̂H(curl ; Ω)

and
C∞([0,T ])⊗̂[C∞0 (Ω))]3

is dense in

L2(0,T )⊗̂H0(curl ; Ω) ' L2(0,T ; H(curl ; Ω)).

See [Weidmann, 2000], Ch 1.6, and [Aubin, 2000], Ch 12.7, 12.6.
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The Differential Equation

Consider the Maxwell’s equations as the equation

ε∂ttE +∇× (µ−1∇× E) = −∂tJ in Q,
ε∂tE(0, x) = −J(0, x) +∇× H0(x) for x ∈ Ω,

E(0, x) = E0(x) for x ∈ Ω,

n × E = 0 on Σ.
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The Differential Equation

Consider

ε∂ttu +∇× (µ−1∇× u) = −∂tJ in Q,
∂tu(0, x) = ψ(x) for x ∈ Ω,

u(0, x) = φ(x) for x ∈ Ω,

n × u = 0 on Σ = ∂Ω× (0,T )

for φ ∈ H0(curl ; Ω), ψ ∈ [L2(Ω)]3.

J.I.M. Hauser, Institute for Applied Mathematics
2019-06-1812
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Definition

We define

‖u‖2
L2(Ω,ε) := (εu,u)L2(Ω),

‖u‖2
H(curl;Ω,ε,µ) := (εu,u)L2(Ω) + (µ−1∇× u,∇× u)L2(Ω),

|u|2Hcurl;1(Q) := (ε∂tu, ∂tu)L2(Q) + (µ−1∇× u,∇× u)L2(Q).

J.I.M. Hauser, Institute for Applied Mathematics
2019-06-1813
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Existence and Uniqueness

Theorem
Let ∂tJ ∈ L1(0,T ; [L2(Ω)]3), φ ∈ H0(curl ; Ω) and ψ ∈ [L2(Ω)]3.

Then there exists a unique solution to the variational formulation:

Find u ∈ Hcurl;1
0; (Q), with u(x ,0) = φ, such that

− (ε∂tu, ∂tv)Q +
(
µ−1∇× u,∇× v

)
Q
= − (∂tJ, v)Q − (εψ, v(0, .))Ω

for all v ∈ Hcurl;1
0;,0 (Q). If additionally ∂tJ ∈ [L2(Q)]3 then the following

inequality holds true

|u|2Hcurl;1(Q) ≤ 3T‖ψ‖2
L2(Ω,ε) + 3T‖φ‖2

H(curl;Ω,ε,µ) + 3T 2‖∂tJ‖2
[L2(Q)]3 .

J.I.M. Hauser, Institute for Applied Mathematics
2019-06-1814
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The ODE corresponding to Maxwell’s Equations

Consider

ε∂ttu +∇× (µ−1∇× u) = f in Q.

and the Ansatzfunction

u(t , x) =
∑

i

Ui(t)ei(x),

where {ei}i∈N is a fundamental system in H0(curl ; Ω) which
has the following property: For every i either a κi > 0, such that

(µ−1∇× ei ,∇× φ)L2(Ω) = κi(εei , φ)L2(Ω)

or it holds true that
(µ−1∇× ei ,∇× φ)L2(Ω) = 0

for all φ ∈ H0(curl ; Ω). [Monk, 2003]

J.I.M. Hauser, Institute for Applied Mathematics
2019-06-1815
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The ODE corresponding to Maxwell’s Equations

By rewriting the variational formulation

Find u ∈ Hcurl;1
0; (Q), with u(x ,0) = φ, such that

− (ε∂tu, ∂tv)Q +
(
µ−1∇× u,∇× v

)
Q
= F (v)

for all v ∈ Hcurl;1
0;,0 (Q).

we get

Find Uj ∈ H1(0,T ), with Uj (0) = φ, such that either

− (∂tUj , ∂tV )(0,T ) + κj (Uj ,V )(0,T ) = F (Vej)

or

− (∂tUj , ∂tV )(0,T ) = F (Vej)

for all V ∈ H1
,0(0,T ).

J.I.M. Hauser, Institute for Applied Mathematics
2019-06-1816
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Dependencies in the Right Hand Side

Consider

J = σE + Ja.

Then we get the following variational formulation:

Find u ∈ Hcurl;1
0; (Q), with u(x ,0) = φ, such that

−(ε∂tu, ∂tv)Q + (σ∂tu, v)Q + (µ−1∇× u,∇× v)Q = F (v),

where
F (v) := −(∂tJa, v)Q − (εψ, v(0, .))Ω

for all v ∈ Hcurl;1
0;,0 (Q).

J.I.M. Hauser, Institute for Applied Mathematics
2019-06-1817
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Existence and Uniqueness

Theorem
Let ∂tJa ∈ L1(0,T ; [L2(Ω)]3), φ ∈ H0(curl ; Ω), ψ ∈ [L2(Ω)]3 and
σ ∈ L∞(Ω) strictly positive a.e.

or σ ∈ [L∞(Ω)]3×3 positive definite.
Then there exists a unique solution to the variational formulation:

Find u ∈ Hcurl;1
0; (Q), with u(x ,0) = φ, such that

− (ε∂tu, ∂tv)Q + (σ∂tu, v)Q +
(
µ−1∇× u,∇× v

)
Q
= F (v)

for all v ∈ Hcurl;1
0;,0 (Q), where

F (v) := − (∂tJa, v)Q − (εψ, v(0, .))Ω .

J.I.M. Hauser, Institute for Applied Mathematics
2019-06-1818
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The Differential Equation

Consider

ε∂ttu +∇× (µ−1∇× u) = −∂tJ in Q,
∂tu(0, x) = 0 for x ∈ Ω,

u(0, x) = 0 for x ∈ Ω,

n × u = 0 on Σ = ∂Ω× (0,T ).
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Sobolev Spaces

We defined

Hcurl;1
0;0, (Q) := L2(0,T ; H0(curl ; Ω)) ∩ H1

0,.(0,T ; [L2(Ω)]3),

Hcurl;1
0;,0 (Q) := L2(0,T ; H0(curl ; Ω)) ∩ H1

.,0(0,T ; [L2(Ω)]3).
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Definitions

Define

DQ−
tt,ccu := ε∂ttu +∇× (µ−1∇× u)

as an operator in the distributional sense for distributions, i.e.
DQ−

tt,cc : D′(Q−)→ D′(Q−) and

DQ−
tt,ccT (φ) = T (DQ−

tt,ccφ).

Consider

Hcurl,1(Q) := {u|Q | u ∈ L2(Q−),u|(−∞,0)×Ω = 0,DQ−
tt,ccTu ∈ [Hcurl;1

0;,0 (Q)]′}
with

Q− := (−∞,T )× Ω,

Tu(φ) :=

∫
Q

uφ dx dt ∀φ ∈ D(Q),

‖u‖2
Hcurl,1(Q) := ‖u‖2

L2(Q) + ‖DQ−
tt,ccTu‖2

[Hcurl;1
0;,0 (Q)]′

.

J.I.M. Hauser, Institute for Applied Mathematics
2019-06-1822
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0;,0 (Q) , then〈
DQ−
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Further Generalization

Theorem

Let f ∈ [Hcurl;1
0;,0 (Q)]′ then there exists a unique u ∈ Hcurl,1

0, (Q)
such that〈

DQ−
tt ,ccTu, v

〉
Q

= 〈f , v〉Q ∀v ∈ Hcurl;1
0;,0 (Q)

and

L : Hcurl,1
0, (Q)→ [Hcurl;1

0;,0 (Q)]′

with Lu := f is an isomorphism.
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Example

We take a look at the following example over Q = (0,1)2 × (0,1) with
ε, µ ≡ 1

u(x , t) = t2(x − x2)(y − y2)

(
y
−x

)
.

Consider uh(t , x) =
N∑

i=1

M∑
j=1

ui,jφi (t)ψj (x), where {φi}i ⊂ S1
ht

(T t
N) and

{~ψj}j ⊂ N I
α(T x

M ). Then we get the following L2-error

hx\ht 1/8 1/16 1/32 1/64 1/128 1/256
1/4 188.10 4897.40 18.3346 3.4329 0.01086 0.011
1/8 1148.722 31.69 10.2872 4.2366 0.01082 0.011

1/16 2.271 0.0099 0.0105 0.01088 0.011 0.011

J.I.M. Hauser, Institute for Applied Mathematics
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CFL-Condition

For a form regular triangulation with isosceles rectangular triangles
and N I

0 elements in space the CFL-condition is given by

ht <

√
12π
18c2

F
hx ≈ 0,299725 hx .

J.I.M. Hauser, Institute for Applied Mathematics
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Summary

A variational formulation for the 2nd order PDE and
∂tJ ∈ L1(0,T ; [L2(Ω)]3)

A variational formulation for linear dependencies in the
right hand side

A variational formulation for the 2nd order PDE and
∂tJ ∈ [H1;curl

,0;0 (Q)]′

One numerical example

J.I.M. Hauser, Institute for Applied Mathematics
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Number of Dofs

hx\ ht 0.125000 0.062500 0.031250
0.250000 909 1717 3333
0.125000 3393 6409 12441
0.062500 12897 24361 47289

hx\ ht 0.015625 0.007812 0.003906
0.250000 6565 13029 25957
0.125000 24505 48633 96889
0.062500 93145 184857 368281
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The Variational Formulation for the System

Consider the operator L : Hcurl;1
0;0, × Hcurl;1

;0, → [L2(Q)]3 × [L2(Q)]3 with

L
(

E
H

)
=

(
ε 0
0 µ

)
∂

∂t

(
E
H

)
+

(
0 −∇×
∇× 0

)(
E
H

)
.

Define

V := Hcurl;1
;0, × Hcurl;1

;0,

‖.‖V

with

‖v‖2
V := ‖v‖2

[L2(Q)]3×[L2(Q)]3 + ‖Lv‖2
[L2(Q)]3×[L2(Q)]3 .
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The Variational Formulation for the System

Theorem

Let (f ,g) ∈ [L2(Q)]3 × [L2(Q)]3, then there exists a unique pair
(E ,H) ∈ V, s.t.

(L(E ,H), (φ, ν))W = ((f ,g), (φ, ν))W ,

for all (φ, ν) ∈ [L2(Q)]3 × [L2(Q)]3.

Furthermore

‖(E ,H)‖V ≤ (1 + T 2c(ε, µ)2)1/2‖(f ,g)‖W .
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Generalization-Definitions

Define

DQ−
tt,t,ccu := ε∂ttu − σ∂tu +∇× (µ−1∇× u)

as an operator in the distributional sense for distributions, i.e.
DQ−

tt,t,cc : D′(Q−)→ D′(Q−) and

DQ−
tt,t,ccT (φ) = T (DQ−

tt,t,ccφ).

Consider

Ĥcurl,1(Q) := {u|Q | u ∈ L2(Q−),u|(−∞,0)×Ω = 0,DQ−
tt,t,ccTu ∈ [Hcurl;1

0;,0 (Q)]′}
with

Q− := (−∞,T )× Ω,

‖u‖2
Ĥcurl,1(Q)

:= ‖u‖2
L2(Q) + ‖DQ−

tt,t,ccTu‖2
[Hcurl;1

0;,0 (Q)]′

and
Ĥcurl,1

0, (Q) = Hcurl;1
0;0, (Q)

‖.‖Ĥcurl,1(Q)
.

J.I.M. Hauser, Institute for Applied Mathematics
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Properties

It holds true that
The space (Ĥcurl,1(Q), (., .)Ĥcurl,1(Q)) is a Hilbert space.

Hcurl;1
0;0, (Q) ⊂ Ĥcurl,1(Q) and Ĥcurl,1

0, (Q) ⊂ Ĥcurl,1(Q).

(Ĥcurl,1
0, (Q), (., .)Ĥcurl,1(Q)) is a Hilbert space.

|.|Ĥcurl,1(Q) := ‖DQ−
tt,t,cc .‖[Hcurl;1

0;,0 (Q)]′ is equivalent to ‖.‖Ĥcurl,1(Q) in

Ĥcurl,1
0, (Q).

If u, v ∈ Hcurl;1(Q), then(
DQ−

tt,t,ccu, v
)

Q
= − (ε∂tu, ∂tv)L2(Q) + (σ∂tu, v)L2(Q) +

(
µ−1∇× u,∇× v

)
L2(Q)

.
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0, (Q) ⊂ Ĥcurl,1(Q).
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Further Generalization

Theorem

Let f ∈ [Hcurl;1
0;,0 (Q)]′ then there exists a unique u ∈ Ĥcurl,1

0, (Q)
such that(

DQ−
tt ,t ,ccu, v

)
Q

= (f , v)Q ∀v ∈ Hcurl;1
0;,0 (Q)

and

L : Ĥ0,(Q)→ [Hcurl;1
0;,0 (Q)]′

with Lu := f is an isomorphism.
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Remark 2D curl

There are two different curl in 2D:

∇× ~E = ∂xE2 − ∂y E1

~∇× E =

(
∂y E
−∂xE

)
Hence we look at the differential equation:

ε∂tt
~E + ~∇× µ−1(∇× ~E) = ~f

and the variational formulation

− (ε∂t~u, ∂t~v)Q +
(
µ−1∇× ~u,∇× ~v

)
Q =

(
~f , ~v
)

Q
.
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