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Design Optimization of a 3D Electric Motor

Quasilinear Model Problem

min J(u) = / |curlu - n — Bg*dx
QEA(D) 0,

st.ueV: / va(x, [curlu|)curlu - curlv + eu - vdx = (F,v) forall v € V.
D

Here,
. . N )
m U magnetIC VeCtOr pOtentIa| =) 2.508e-01 5.608e-01 7.5000-01
(B = curlu)
= vo(x,s) = xa(x)r2(s) +xpya(x)r(s),
m (F,v):=

ch Ji-vdx + meag Vmag M - curlvdx
V := Ho(D, curl)

€ > 0 regularization parameter

vi, va R — R with s — vi(s)s,
i = 1,2 is Lipschitz continuous and
strongly monotone
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D

Here,
Design
domains

® u magnetic vector potential

(B - curlu) u ferromagm
m vo(x,s) := xa(x)r2(s)+xp\a(x)vi(s), material
m (F,v):= permanent
’ magnets
Jo Ji-vdx+ [y VmagM - curlvdx
¢ i M coils
m V := Hy(D, curl) -
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6.678e+08 1.0m2e+81

® u magnetic vector potential e
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A generic (shape) optimization algorithm

Minimization problem
min J ()
QcA
where 7 : A — R, A set of shapes

Differentiability

Descent direction

Optimization step
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A generic (shape) optimization algorithm

Minimization problem
min J ()
QcA
where 7 : A — R, A set of shapes

Differentiability
dJ(Q; X)
Shape derivative at Q € A in direction X

Descent direction
For Q° € A, find X s.t. d.7(Q° X) < 0 by choosing positive definite b(-,-) and
solving

Find X : b(X, W) = —d.J(Q; W) YW

Optimization step
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A generic (shape) optimization algorithm

Minimization problem
min J ()
QcA
where 7 : A — R, A set of shapes

Differentiability
dJ(Q; X)
Shape derivative at Q € A in direction X

Descent direction

For Q° € A, find X s.t. d.7(Q° X) < 0 by choosing positive definite b(-,-) and
solving

Find X : b(X, W) = —d.J(Q; W) YW

Optimization step
Choose a step size t € R such that for update Q° — T7(Q") =: Q" it holds
JQY < J(Q°.
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Shape Derivative

The shape derivative of a shape function J describes the sensitivity of 7 when
the shape Q is perturbed by the action of a vector field X € C3(D, R") into
Q= {x+ tX(x)|x € Q}.
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Shape Derivative

The shape derivative of a shape function J describes the sensitivity of 7 when
the shape Q is perturbed by the action of a vector field X € Cj(D,R") into
Q= {x+ tX(x)|x € Q}.

Shape derivative in direction X € C3(D,RY) is
defined by

J(82:) - T(Q)

dT(Q X) = %j(Qt)\tzo = lim, -

if X — dJ(£; X) exists and is linear and
continuous on C3(D,RY).
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Shape Derivative (Example 1)

Let QC D, f € C*(D) and
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Shape Derivative (Example 1)

Let QC D, f € C*(D) and

7(Q) = /Q F(x) dx.

Using the transformation y = T;(x) = x + tX(x), we get

47(%:X) = £ T(Q)]eco

= it (/Qt f(y) d}/) =0

d
-4 ( /Q f(Tt(x))det(DTt(x))dx> oo

t
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Shape Derivative (Example 1)

Let QC D, f € C*(D) and

7(Q) = /Q F(x) dx.

Using the transformation y = T;(x) = x + tX(x), we get

d.7( X) = %j(ﬂt)h:o

=2 ([ re)ie
-4 ( /Q f(Tt(x))det(DTt(x))dx> oo

t

Noting that Zdet(DT(x))|:=0 = div(X) and % Ty(x)|e=0 = X, we get further

dJ(; X) = / f(x)div(X) + V- Xdx
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Shape Derivative (Example 2)

We consider the PDE-constrained shape optimization problem
man / lu — ug|* dx

st. u€ Hy(Q): / Vu-Vvdx = / fvdx Vv € Hy(Q)
JQ JQ
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Shape Derivative (Example 2)

We consider the PDE-constrained shape optimization problem
mmJ /\ufud\ dx
st u e Hy(Q): / Vu - Vvdx = / fvdx Vv € Hy(Q)
Ja Ja

Defining uq as the unique solution to the PDE constraint, we define the
reduced functional J(Q) := J(uq).
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Shape Derivative (Example 2)

We consider the PDE-constrained shape optimization problem
mmJ /\ufud\ dx
st u e Hy(Q): / Vu - Vvdx = / fvdx Vv € Hy(Q)
Ja Ja

Defining uq as the unique solution to the PDE constraint, we define the
reduced functional J(Q) := J(uq).
For the shape derivative, we introduce the perturbed Lagrangian

G(t, 0. 0) = / £(8)|o—ut Pdxt / (DT, TV)-(DT, TV)e(t) dx— / £(t)F') dx

where we used the notation £(t) := det(DT¢(x)), uj = ugo Ty and f* = fo T,.
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Shape Derivative (Example 2)

We consider the PDE-constrained shape optimization problem
mmJ /\ufud\ dx
st u e Hy(Q): / Vu-Vvdx = / fvdx Vv € Hy(Q)
Ja Ja

Defining uq as the unique solution to the PDE constraint, we define the
reduced functional J(Q) := J(uq).
For the shape derivative, we introduce the perturbed Lagrangian

G(t, 0. 0) = / £(8)|o—ut Pdxt / (DT, TV)-(DT, TV)e(t) dx— / £(t)F') dx

where we used the notation £(t) := det(DT¢(x)), uj = ugo Ty and f* = fo T,.
For u' the pull-back of the solution of the perturbed problem, it obviously holds
that

T(Q) = 6(t,u",9)

for all 4, thus d.7(Q; X) = Z.7(Q)|e=0 = £ G(t, u*,1)|e=0.
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Shape Derivative (Example 2)

Moreover, it can be shown that' < G(t, u’,)|e—0 = 2 G(0, u, p) where u and
p are the unperturbed state and adjoint state, thus:

QG(O, u, p).

dJ(; X) = T

K. Sturm, SIAM J. Control Optim., 2015
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Shape Derivative (Example 2)

Moreover, it can be shown that' < G(t, u’,)|e—0 = 2 G(0, u, p) where u and
p are the unperturbed state and adjoint state, thus:

d.7(0 X) = %G(O, u, p).

Si St o =gt ( [ elolle - vifax

+ [OTT90) (0TI b~ [ (v ) |
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Shape Derivative (Example 2)

Moreover, it can be shown that' < G(t, u’,)|e—0 = 2 G(0, u, p) where u and
p are the unperturbed state and adjoint state, thus:

47(9:X) = 2-6(0,u,p).

F6t e Dleo = ([ c(olo - uifox
+ /’(DTT TVe) - (DT, TV)E(t) dx—/ £(t)ftep dx> |t=0
JQ Q
= / div(X)|e — ug]® — 2(¢ — ug)Vug - X dx
Q
+ /‘(div(X)l — DX — DX ")V - Vip dx
Ja

- /(Vf - X + fdiv(X))vy dx.
Q

K. Sturm, SIAM J. Control Optim., 2015
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Automatic Shape Differentiation in NGSolve
I —

700 xy = 9 (cup
dJ (@ X) = (677(t)) fe=o
where
G"P(t) ;:/g(t)|u—u;|2dx+/(F:Tvu).(F:TVp)g(t) dx—/,g(t)f*pdx,
Q Q Q
=:Gy(t) =:Gy(t) =:G(t)

Te(x) = x4+ tX(x), Fe = DTe =1 + tDX, uf = ugo Ty, f = fo T,
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Automatic Shape Differentiation in NGSolve
I —

d
dT (2 X) = (677(t)) |e=o
where
G"P(t) ;:/g(t)|u—u§|2dx+/(F:Tvu).(F:TVp)g(t) dx—/g(t)f*pdx,
Q Q Q
=:Gy(t) =:Gy(t) =:G(t)

Te(x) = x4+ tX(x), Fe = DTe =1 + tDX, uf = ugo Ty, f = fo T,

Procedure:
dGl(t) dG; d§ dG: dug dT; dG; . dG;
-5 It = div(X)+ 2 . x
dt  dé dt | dug dy dt ag VX))
~—~ \ N~

div(X) dGi/dy X
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Automatic Shape Differentiation in NGSolve

d u,
dT (2 X) = (677(t)) |e=o
where
G"P(t) ;:/g(t)|u—u§|2dx+/(F:Tvu).(F:TVp)g(t) dx—/f(t)f*pdx,
Q Q Q
=:Gy(t) =:Gy(t) =:G(t)

Te(x) = x4+ tX(x), Fe = DTe = | + tDX, ufy = ugo Ty, fi =fo Ty

Procedure:
dGl(t) dG; d§ dG: dug dT; dG; . dG;
=4S, Codd = div(X) + 2. x
dt dé dt ' dug dy dt de dy
div(X) dGyjdy X
dGy(t) dG, d¢ dG, dF; dG, . dGy
_ dG d¢ dF: = =24iv(x) + £2px
dt d€ dt T dF, dt e VX + oE
~— ~
div(X) DX
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Automatic Shape Differentiation in NGSolve
I —

d7(; X) :% (G™P(1)) lt=o0

where

GP (1) ::/Qg(t)|u—u;|2dx+/Q(F;Tvu).(F;Tv,a)g(t) dx—/Qf(t)ftpdx,

=:Gy(t)

Te(x) = x4+ tX(x), Fe = DTe = | + tDX, ufy = ugo Ty, fi =fo Ty

Procedure:

dGi() _ dG: de
dt ~ d¢ dt
~~

div(X)

dGy(t) _ dGy d§
dt ~ df dt
~~

div(X)

dGs(t) _ dG; d¢
dt ~ df dt
~~

div(X)

P. Gangl (TU Graz)

=:G(t) =:G3(t)
uqg ay y
dGy/dy X
dG, dF, dG, .. dG,
dFe = 224X + 222 px
dF. dt e VX + oE
~
DX
dGs df dT. dG; . dGs
dhs dF ATt — I8 divix) = 28 . x
df dy dt e WX+
——
dGs/dy X
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Automatic Shape Differentiation in NGSolve
I —

700 xy = 9 (cup
dJ (@ X) = (677(t)) fe=o
where
G"P(t) ;:/g(t)|u—u;|2dx+/(F:Tvu).(F:TVp)g(t) dx—/,g(t)f*pdx,
Q Q Q
=:Gy(t) =:Gy(t) =:G(t)

Te(x) = x4+ tX(x), Fe = DTe =1 + tDX, uf = ugo Ty, f = fo T,

d u,p dG"P . dG"P dGvP
— (G "(t))\t,o:d—édlv(X)+ DX + :

X
dt dF dy
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Automatic Shape Differentiation in NGSolve

G (1) = / £(t) | — utPdx + / (FE TV - (FTVp)E(t) dx — / £(t)F*p dx

d " dG"P . dG"P dGg“*
a (G P(t_))t70 - d{ dIV(X) + DX + :

d7 (S5 X) = dF dy

X

Code in NGSolve:
def Cost(u):

return (u-gfud)*(u-gfud) * xi * dx

def Equation(u,v):
return (alpha*(Finv.trans*grad(u))*(Finv.trans*grad(v))-f*v) * xi * dx

a = BilinearForm(fes, symmetric=True)
a += Equation(u,v)

G = Cost(gfu) + Equation(gfu,gfp) #gfu/gfp solutions to state/adjoint eqn
dJOmega = LinearForm(VEC)

dJOmega += G.Derive(xi, div(X))

dJOmega += G.Derive(F, Grad(X))

dJOmega += G.Derive(x, X[0]) + G.Derive(y, X[1])
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Numerical Example: Nonlinear Transmission

Model Problem 1
min J(u) := / lu — ug|® dx
Q D
st. u€ Hy(D) :/ ag(|Vu)Vu - Vvdx = / fvdx Vv € Hy (D)
D D

where aq(|Vu|) = xa(x)ao(|Vul) + xp\a(x)oa, 2 C D and given
uq, fe Cl(Rz).

iteration 0 iteration 50 iteration 200
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Automatic Shape Differentiation in NGSolve: H(curl) setting (nonlinear)
Covariant transformation:
uo Tt = (DTt)iTﬁ

1
(curl(u))o T = det(DT)

47 (@5 X) = 5 (6°(1)) o

DT: curl(d)

2

where
Fecurlu - n— (B)f| dx

GP(t) = / €0 |75
/ £(t)n (‘ Ftcur/(u)> ( ey Feeurl(s )) : <%Ftcur/(v)) dx

/mg E(t)Vimag M* (g( )Ftcurl( )) dx,

Tt(X) =x++ tX(X) DTt = l =+ tDX (Bd) = Bd [¢] Tt M M [e] Tt
d  _up _dG"P L dG*"* dG"P
E(G () = div(X) + iF DX + dy - X
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First Results Electric Motor (proof of concept)
Quasilinear Model Problem

in J(u) = lu-n— Bj*d
le{?z)) (v) /Qg |curlu - n — Bj|“dx

st.ueV: / va(x, |curlu|)curlu - curlvdx = (F,v) forall v € V.
D

I | _
0.000e+00 s 5.008e-01 7.500e-01 1.000e+00
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First Results Electric Motor (proof of concept)
Quasilinear Model Problem

in J(u) = lu-n— Bj*d
le{?D) (v) /Qg |curlu - n — Bj|“dx

st.ueV: / va(x, |curlu|)curlu - curlvdx = (F,v) forall v € V.
D

I I I
0.000e+00 | 1.874e+00 2.811e+00 3.748e+00
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Outline

Topology Optimization using NGSXFEM
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Topological Derivative: Definition

Sensitivity of J = J(2) = J(2, u(Q)) w.r.t. insertion of hole w. = xo +ew
(w e.g. dots unit disk)

Let d denote the space dimension. The topological
derivative of a domain-dependent functional 7 at a
spatial point xo is defined as the quantity 7 (xo)
satisfying the topological asymptotic expansion

T(Q) — T(Q) =T (x0) + o(e?).
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Topological Derivative: Definition

Sensitivity of J = J(2) = J(2, u(Q)) w.r.t. insertion of hole w. = xo +ew
(w e.g. dots unit disk)

Let d denote the space dimension. The topological
derivative of a domain-dependent functional 7 at a
spatial point xo is defined as the quantity 7 (xo)
satisfying the topological asymptotic expansion

TJ(Q) — T(Q) = /T (x0) + o(e9).
B T(x)<0= J(Q:) < J(Q) for € small enough
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Model Problem
min J(u) ::/ lu — ug|?dx
D

st. u€e Hy(D) :/aQVu-VvdX:/fvdevE Hg (D)
D D

ag X €N

—, with ag, a3 > 0.
a1 xeD\Q oo

where ag(x) = {

Here, we have
- TQHD\Q(X) = 200212 7V u(x) - Vp(x) for all x € Q

aj+aog

m TP\ () = 20, 202 17 y(x) - Vp(x) for all x € D\ Q

aptag
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Solving an interface problem using XFEM

Interface problem

-V (awVu)=Ff in Q,
—V - (auVu)=f in D\Q,
[u] =0 on 09,
[-aVu-n] =0 on 09,

u=up on OD.

©.0802+00 0.8802+00 0.8082+00 0.808e+00 a8

where ag, a1 > 0, f € C'(D).
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Solving an interface problem using XFEM

4

©.0802+00 0.8802+00 0.8082+00 0.808e+00 a8

Standard and cut-off basis function
(C. Lehrenfeld)
Vi = Vit+ Vi
where

m V), standard finite element space on background mesh

m V' cut-off basis functions
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Solving an interface problem using XFEM

Nitsche formulation: Find uj, € V}:

D> (aiVuVi)g + ({—aVus - n}, [vil)r

ie{+,—}
+ ([ur], £ —aVvi - n}) + (%ﬂuh]l, |Iv;,]]>r = (f, vh)q

for all v, € V|

Here: average {-}, jump [-]
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Solving an interface problem using XFEM

Nitsche formulation: Find uj, € V}:

D> (aiVuVi)g + ({—aVus - n}, [vil)r

ie{+,—}
+ ([un], §=aVve- n}), + (%ﬂuh]l, [[v,,]]>r — (Fvi)q

for all v, € V|

Here: average {-}, jump [-]

Solution by ngsxfem
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Algorithm (Amstutz, Andra 2006)

Represent design by level set function 1: Generalized topological derivative:
P(x) >0 xe (x) T'72(x) x€e
x) =
b(x) <0& x €D & ST(x) xeQ

Lemma

Sufficient local optimality condition: ¢ = gy,

Proof:

Let X € Qi. Then 0 < 9(R) = gy(R) = T*73(), thus, introducing material 2
at X will yield an increase of 7.

Analogous for X € Q,. O

Idea: Fixed point iteration
Y1 = (1 — )k + sgu
where s € [0, 1] as large as possible such that J(1x+1) < J(¢).

P. Gangl (TU Graz) Shape and Topology Optimization Il - Numerics 17 /19



Example Topology Optimization

T
o 00000100 0.0000400 0.0062+00 o0 0.0000:90 0.0062+00 00002100

Initial Design Desired Design
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Example Topology Optimization

T
o 00000100 0.0000400 0.0062+00 o0 0.0000:90 0.0062+00 00002100

Initial Design Desired Design

w0 0.000cr00 0.0000400 0.0002400 ) o.000e400 0.000400 0.000er00

Design at iteration 2 Final Design
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Conclusion and Outlook

Conclusion
m Automatic shape differentiation in NGSolve
m Application to 3D electric motor (nonlinear H(curl) setting)

m Topology optimization in NGSolve using ngsxfem

Outlook
m Numerical evaluation of topological derivative in nonlinear H(curl) setting

m Topology optimization of 3D electric motor
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Conclusion and Outlook

Conclusion
m Automatic shape differentiation in NGSolve
m Application to 3D electric motor (nonlinear H(curl) setting)

m Topology optimization in NGSolve using ngsxfem

Outlook
m Numerical evaluation of topological derivative in nonlinear H(curl) setting

m Topology optimization of 3D electric motor

Thank you for your attention!
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