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What is the quantity of interest ?

M Y, U,V Banach spaces
m/J:YXxU—R
BAYXxU—V*

The Goal

Find /(y, u) € R such that (y,u) € Y x U is a minimizer of

[ J ) b
(y,ur)nGIQXU (y U)
A(y,u) =0.
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Example for A: regularized p-Laplace

B The PDE (in strong form)

—div ((1 + |Vy|2)%’2vy) —ftu  in L3(Q),
y=0 on 0f).

B The corresponding operator A is given by the form

Aly.u)(v) = [

[(f + u)v — (e? + |Vy|2)p7_2Vy -Vv| dx,
Q

forally € Yand v e V.
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Example for J

d d
Iy, u) = *Ily yax+5 HU_UHY
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Examples for /

W /(y,u)= fﬂlcﬂ y(x) dx

B (y,u) = Jg,cqu(x) dx

W i(y,u) = 3ly - y7l%
Wiy, u):=5llu -y

W (y,u) =3 [oy(x)%u(x)? dx
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Solution operator

Let us assume there exists a unique bijective operator S : U — Y,
such that

A(S(u), u) =0, Yue U.

www.ricam.oeaw.ac.at Endtmayer et al., Multigoal-oriented error control for optimal control problems



AW RICAN

Reformulation of the Goal in Reduced Form

The Goal
Find /(y, u) € R such that (y,u) € Y x U is a minimizer of

[ J yU),
(y,ur)nel\rlx U (y U)

A(y,u) =0.

The Goal in Reduced Form
Find i(u) := I(S(u), u) € R such that u € U is a minimizer of

umeilr}j(u) = J(5(u), u).

www.ricam.oeaw.ac.at
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Discrete Solution operator

WY, CY,V,c V,U, C U finite dimensional subspaces

Assumption

Let us assume there exists a unique bijective operator
Sy Up — Y}, such that

A(Sh(uh), Uh) = 0, Vuh € Uh.

The finite dimensional problem

Find in(up) := I(Sh(un), up) € R such that up € U, minimizes

min ju(up) == J(Sh(un), un)-

upe Uy

www.ricam.oeaw.ac.at
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We wish that

M the error i(u) — ip(lp) is small,
M low computational cost.
Our Solution:
M adaptive refinement for our goal functional /.

This means
solve — estimate — mark — refine.
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We employ the dual weighted residual method
[Becker & Rannacher (2001)]:

Adjoint problem for the reduced Problem

Find v € U such that

J(W)(u,v) =i"(u)(w)  VueU,

for u € U minimizing j(u).
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Error Representation

M split in discretization and linearization error

Theorem (error representation); see [Rannacher & Vihharev 2013]

Let i € U, 7 € U and j € C*. Then it holds:

() - i(3) = [=/"(@)(v =) = i"(@)(u — &) + " (B)(u — &, )]

+'(@)(7) + O(%),

l\)

where
e .= max(||lu — @l|y, v — ¥||v)-
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Error Estimates

For approximations @i, v, of u, v, it holds:

i(u) — i(Tn) ~ % (5" (@n)(v — ) — i (Gn)(u — Tn) + j" (@) (v — Tn, )]

’l]'s7

-+ () ().
————

7

It turns out that
B 17 is related to the discretization error |i(u) — i(up)|.
M /)7 is related to the linearization error|i(up) — i(ii)|.

M ;| < 7|n7| with v € (0,1] can be used as stopping rule for
the nonlinear solver.
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solve — estimate — mark — refine.
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solve — estimate — mark — refine.
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Localization

M j(u) and i(v) depend on S.
B in general S is not localizeable (practically).
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solve — estimate — mark — refine.
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solve — estimate== mark — refine.
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solve — estimate — mark — refine.
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The Goal

Find /(y, u) € R such that (y,u) € Y x U is a minimizer of

(y,ur)nel\r}XUJ(y’ U),
A(y,u) =0.

We define the Lagrangian as

E(Y? u, )‘) = J(y7 U) o A(Y? U)()\)

Abbreviation for some operator B:
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We employ the dual weighted residual method
[Becker & Rannacher (2001)]:

Adjoint problem

Find (z,v2,7) € Y x U x V such that

" " " /

ol AN Y
_ /

Euy ‘Cuu U\ 2] == Iu )

1" I

Ay Au 0 g 0

for (y,u,\) € Y x U x V solving L'(y, u,\) = 0.

It turn out that v = v».

www.ricam.oeaw.ac.at Endtmayer et al., Multigoal-oriented error control for optimal control problems



AW RICAN

We employ the dual weighted residual method
[Becker & Rannacher (2001)]:

Adjoint problem

Find (z,v2,7) € Y x U x V such that

" " " /
E%y E%u v z l}//
ﬁuy Euu uX Vi = — /u b

1 "

Ay Au 0 Y 0

for (y,u,A\) € Y x U x V solving £'(y, u, \) = 0.
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We employ the dual weighted residual method
[Becker & Rannacher (2001)]:

Adjoint problem

Find (z,v2,7) € Y x U x V such that

4 " " /
L%y Ll};u %/\ V4 I}I/
ﬁuy Euu uX Vi = — /u b

1 "

Ay Au 0 Y 0

for (y,u,A\) € Y x U x V solving £'(y, u, \) = 0.
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We employ the dual weighted residual method
[Becker & Rannacher (2001)]:

Adjoint problem

Find (z,v2,7) € Y x U x V such that

4 " " /
L%y Ll};u %/\ V4 I}I/
ﬁuy Euu uX Vi = — /u b

1" " .

Ay Au 0 ! 0

for (y,u,A\) € Y x U x V solving £'(y, u, \) = 0.
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Theorem (Error Representation (see [Vexler,Wollner 2008]))
Let us assume that £ € C* and | € C>. Then it holds for arbitrary fixed &), == (7, iy, Xp), EF = (2h, U, 7n)

Iy, u) = 1(7h, Up) = %[Py(éhvé;)("/ — 3n) + oA (Eny E1)(z = 21) + pul(€ny E5)(v — )

+02(Ens €5 )X — Xp) + oy (€ny €5 — 70) + pp(Eny» €5 )u — )] — L7 (€4)(€ny &)

+RO),
where

Py (Ens ER)C) =LA ER)(),

pu(Ens E4)() =LL(ER)();

paEn ER)C) =Ly (ER)(),

p2(Ens E)C) =L, ER)(5 20) + L5, (ER)C W),

pu(Eny ER)C) =1y Tn) () + Lo (En)Ehy ) + Lo (ER) (s +) + LK, (ER)(Fns ),
Py Ens E)C) =10 Tny Tn) () + L1y (ER)Eny -) + Loy (En)(Thy ) + LK, (En)(Fny ),

with £, = (¥h, Tp, Ap), &5 = (Zns Th, Th)-
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Error Estimates

For approximations Eh,fz of (y,u,\),(z,v,v), it holds:

Iy, u) = 1(§n, Tn) = %[py(fh,fii)(v — ) + px(En &n)(z — 2) + pu(En. En) (v — Tn)
+ p2(Eny €1 )N — An) + v (En, €)Y — Tn) + pu(€hy &) (u — Tn) |

Mh,a

W ENE Ex 3
— L' (&) (én &) +R®
————
Mk
It turns out that
[ | b= 2 (npp + o) is related to the discretization error [ y,u) — I(yp, up).
n 2 Tlh,p T Th,
[ | 1k is related to the iteration error I(yp, up) — I(Vp, Up).

[ | [7k| < ~|na| with v € (0, 1] can be used as stopping rule for the nonlinear sol zer.
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Error Estimates

Since

Iy, u) = 1(n, Tn) = % [y (En. &0 ) (v — An) + pa(€ny €8) (2 — 2n) + puln, Er) (v — Th)
+ (€ En) A = Xp) + pw(éh,s”;)(y — )+ po(En &) (U — Tn) ]

Mh,a

=L (€n)(éh, &) +RP,
| R
Mk

holds for all approximations &5, f,’j, it also holds for ¥, = S, ().

ih(ah) = I(Sh(ﬂh), ah)

Jn(@n) := J(Sp(Tn), Un)
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Error Estimates

Since

i) = in(m) ~ = [y En €0y — ) + o2 Enr E0)(z — 20) + pulEns E0)(v — )

2
Nh,p
+ p2(En €)X = An) + 94 (Ens €)Y — ) + pu(En, &) (u — Tin) ]
Mh,a
— ju’ (@) () +R®),
———

holds for all approximations &5, f,’j, it also holds for ¥, = S, ().

ih(ah) = I(Sh(ﬂh), ah)

Jn(@n) := J(Sp(Tn), Un)
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Error Estimates

For approximations Eh,f,’; of (y,u,\),(z,v,v), it holds:

i(u) — in(ln) =~ %[Py(gha E(y = An) + pa(€n )z — 2n) + pul€n, € ) (v — )
+Pz(£h7£;)(>\ - 5‘/7) + Pv(gmg;:)(y - }717) + pv(§h7§;)(u - ah)]

— ' (@) () +RL
——
Mk
It turns out that
[ | = 1 Nh.p + Nh.a) is related to the discretization error i(u) — ip(up).
2 Tlh,p T Tlh,
[ | 7k is related to the iteration error iy (up) — in(Tp).

[ | [nk| < v|na| with v € (0, 1] can be used as stopping rule for the nonlinear solver.
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Error Estimates

For approximations éh,fjj of (y,u,\),(z,v,v), it holds:

i(u) — in(in) ~ %[Py(fh, E) (v = An) + pa(€n, &) (2 — 20) + pulEn, En) (v — T)
+ pz(Eny €)X = Xn) + py (Eny &) (Y — Tn) + po(Eny En) (u — Tin) |

— jn' (1) (¥n)
—_——

It turns out that
[ | np = %(nh,p + nh,a) is related to the discretization error i(u) — in(up).
[ | 71 is related to the iteration error in(up) — in(Tp).

[ | [k < ~v|nn| with v € (0,1] can be used as stopping rule for the nonlinear solver.
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Error Estimates using Higher Order Approximation

For approximations éh,f,f of (y,u,\),(z,v,~), it holds:

Loy En DO — ) + o 0 — 20) + pulEns E5)() — 1)

2
e

. PN 1
i(u) — ip(iip) ~ 5

+02(En EDO = Xp) + 09 (Eny EDOL = 1) + pu(En ENU) — in) ]

2
"

— Jn’ () ()
-
nk
It turns out that

[ | n;}z) = %(7)5]227 + 7722!) is related to the discretization error i(u) — i(up).

[ | 7k is related to the iteration error ip(up) — in(Tp).

[ | [k < ~v|nn| with v € (0,1] can be used as stopping rule for the nonlinear solver.
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Strengthened Saturation Assumption

Strengthened Saturation Assumption for the Goal Functional

Let u,(72) be a minimizer on an enriched discrete space, and let i,
be some approximation. Then we assume that the inequality

liu) = i )+ IR = RO 4| + [RO] < by [i(u) — in(Tn)|

holds true for some by, ., < by, with some fixed by, € (0, 1).
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Efficency and Reliability

Theorem (see [Endtmayer, Langer & Wick 2018])

Let the Strengthened Saturation Assumption be fulfilled, then 1722)
satisfies the efficiency and reliability estimates

e, 1nP) < li(u) — in(@m)] < &0,

with the positive constants ¢, :=1/(1+ bo), T, :=1/(1 — bo ).
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solve — estimate — mark — refine.
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solve — estimate — mark — refine.
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Localization and Marking

B localizeable using integration per parts as in residual type
error estimates

B localizeable using partition of unity

M use an arbitrary marking strategy (like Dorfler marking)
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solve — estimate — mark — refine.
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Multiple Goal Approach

M up to now we considered only one functional /(.)
B now we consider N functionals Iy, b, ..., Iy

B refine until [/y(y, u) — l¢(Vn, Up)| < TOL,

— but that means we have to solve N linear systems !

— try to combine the functionals

www.ricam.oeaw.ac.at Endtmayer et al., Multigoal-oriented error control for optimal control problems
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Multiple Goal Approach

M up to now we considered only one functional /(.)
B now we consider N functionals Iy, b, ..., Iy
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— try to combine the functionals
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Example: A simple Combination

le=h+h+15h
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Definition (error-weighting function [Endtmayer, Langer & Wick 2018])

We say that ¢ : (Ry)" x M C R" s R{ is an error-weighting function if
W e(,m) e C((R)Y,RY)
B (., m) strictly monotonically increasing in each component
B ¢(0,m) =0 forall me M.

u T(Uvu) = (/1(1),11), /2(1),11), IR I’V(Uvu))
B x|y = (bl el )

This allows us to define the error functional as follows

7@(0711) = @(|7(y, U) - T(Uvu)‘N7 7(}7;,7 ah)) V(U,u) € ﬂ D(IZ)

B This generalizes the approach of [Hartmann & Housten (2003) ].
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Definition (error-weighting function)
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Definition (error-weighting function)

We say that ¢ : (Ry)" x M C R" s R{ is an error-weighting function if
W e(,m) e C((R)Y,RY)
B (., m) strictly monotonically increasing in each component
B ¢(0,m) =0 forall me M.

u T(Uvu) = (/1(1),11), /2(1),11), IR I’V(Uvu))
B x|y = (bl el )

This allows us to define the error functional as follows

le(v,u) := (1", uf?) = T, w) w13, B)) - V(o,u) € () D).

(=1

B This generalizes the approach of [Hartmann & Housten (2003) ].
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Numerical Results
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The Model Problem

Find (v, u) € W, P() x L[%(%) such that it minimizes

. 1 «
( )eWml(r;l)xB(Q) Jy.u):=3Slly = 12 + 5”“”%2(9)7
y,U 0

under the constraints
—div ((1 + |Vy\2)p2;2Vy) —ftu  inQ
y=20 on 012,

with p =10, a = 107°, f = 0.
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Functionals of interest

W A(y,u):=3ly—y ||L2(Q
2()/, U) = 2”“”/_2

W 5y, u) = Jq, y(x )dx,

W ly(y,u) = ||U||L1(Q)

o /5(y, ) HyUHLz(Q)

We used
2 ~ ~

le(Vh, Up) = : \/(y,s )7“/(1 )) — 1o(Vn, Tin)|
e\Yh,Un) : ‘Ie(yh’ah)‘ :

(=1

following the idea in [Hartmann & Housten (2003) ].
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(0.5,1)
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Resulting Mesh
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Resulting Mesh
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Solution: State
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Solution: Con

6.7e+01 —I

S °

-50 ]
-8.20+01
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Functionals of interest

W (y,u) =3 [o(y — y9)? dx ~ 1.15760
) =3 Jo(u—u)? dx ~ 21.3305
B h(y,u) = f([4,5]><R)mQy dx ~ —0.236288
)
)

W 5(y,u)=3 Qy2u2 dx ~ 0.231615
We used
5 2 (2 Ty
- e(yn s up ) = 1e(9n, )|
I =
&(yhvuh) ; |I£(Yhauh)‘ ’

following the idea in [Hartmann & Housten (2003) ].
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o

u,y) — 1(@n, 7n)

2
Thep

lefr 1= i

leftp = —
P Wu,y) — I(Tn, 7)
2
| ey
lefra ==

I(u,y) — 1(@n, 7n)
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Errors in the Different Goal Functionals
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Errors in h(y,u) = 3 [o(y — y9)? dx
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Errors in h(y,u) = 3 [o(u— u?)? dx
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Errors in B3(y, u) = (4 5)xr)nq Y 9%
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Errors in ls(y, u) = 3 [, y>u? dx
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Real and Estimated Error
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! NIF [ NIA | [Thlr | [Thla | lerin | leran | lerrieen | lefrvie.an Je Fn Je AN
0 7 3 116 116 0.852 0.882 0.882 0.882 | 5.08E+00 | 5.98E+00
1 5 3 137 137 0.829 0.830 0.829 0.830 2.93E+4+02 2.75E+02
2 5 1 158 158 0.942 0.933 0.942 0.941 2.92E+00 2.98E+00
3 6 2 215 215 0.018 0.012 0.918 0.018 | 1.23E4+00 | 1.04E+00
7 6 2 347 347 1023 1019 1023 1022 | 4.70E-01 7.73E-01
5 6 2 494 494 1.078 1.068 1.078 1.076 2.93E-01 2.96E-01
6 7 2 800 800 1.069 1.067 1.069 1.069 2.40E-01 2.40E-01
7 2 2 1283 1283 1.001 1.087 1.001 1,000 1.35E-01 1.36E-01
8 17 2 1898 1895 1.089 1.093 1.089 1.090 8.13E-02 8.09E-02
9 6 2 2966 2957 1.089 1.090 1.090 1.090 6.00E-02 6.00E-02
10 9 2 4802 4790 1.085 1.088 1.085 1.083 3.77E-02 3.77E-02
11 5 2 7007 7001 1.089 1077 1,089 1.003 2.07E-02 2.11E-02
12 7 2 | 11153 | 11099 1.096 1.088 1.097 1.005 157E-02 1.58E-02
13 2 2 | 18206 | 18140 1128 1.129 1122 1123 9.41E-03 9.45E-03
4 2 2 | 27341 | 27260 1151 1152 1136 1137 5.00E-03 511E-03
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