- N
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Abstract setting
f.. Let —‘

® V., W be two Hilbert spaces;
® a(-,-)be acontinuous sesquilinear formon V- x W' ;
® f be an element of W/, the dual space of V.

Aim: solve the Variational Formulation

(VF) Findu eV s.t.Yw e W, a(u,w) = (f, w).
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Abstract setting

P Let
® V., W be two Hilbert spaces;
® a(-,-)be acontinuous sesquilinear formon V- x W' ;
® f be an element of W/, the dual space of V.

Aim: solve the Variational Formulation
(VF) Findu eV s.t.Yw e W, a(u,w) = (f, w).

> Recall the inf-sup condition

(isc) Ja >0, Vv eV, sup la(v, w)] > a|v]|v-
wew\{0} [lwllw

® Theforma(-,-) is T-coercive if

3T € L£(V, W) bijective, 3a > 0, Vv € V, |a(v, Tv)| > a||v||3 .
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Let

Abstract setting

® V., W be two Hilbert spaces;
® a(-,-)be acontinuous sesquilinear formon V- x W' ;

® f be an element of W/, the dual space of V.

Aim: solve the Variational Formulation

(VF) Findu eV s.t.Yw e W, a(u,w) = (f, w).

Theorem (Well-posedness)
The three assertions below are equivalent:

(1)
(ii)
(iii)

the Problem (V F') is well-posed;

the form a(-, -) satisfies (isc) and {w € W |Vv € V, a(v,w) = 0} = {0};

the form a(-, -) is T-coercive.

The operator T realizes the inf-sup condition (isc) explicitly.
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Abstract setting — hermitian case

P Let
® V be a Hilbert space;
® a(-,-) be acontinuous sesquilinear, hermitianformon V- x V' ;
® f be anelement of V’, the dual space of V.

Aim: solve the Variational Formulation
(VF) Findu eV s.t. YVw € V, a(u,w) = (f,w).

9o The inf-sup condition writes

(isc) Ja>0,VYv eV, sup M

> a|v]|v.
wev\{oy |lw|v

® Theforma(-,-) is T-coercive if

IT € L(V), Ja >0, Vv €V, |a(v, Tv)| > a3
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Abstract setting — hermitian case

o, N

Let

® V be a Hilbert space;

® a(-,-) be acontinuous sesquilinear, hermitianformon V- x V' ;
® f be anelement of V’, the dual space of V.

Aim: solve the Variational Formulation
(VF) Findu eV s.t. YVw € V, a(u,w) = (f,w).

® Theorem (Well-posedness, hermitian case)
The three assertions below are equivalent:

(i) the Problem (V F) is well-posed;
(i) the form a(-, ) satisfies (isc);
(iii) the form a(-, ) is T-coercive.

The operator T realizes the inf-sup condition (isc) explicitly.
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Abstract setting — hermitian case

o, N

Let

® V be a Hilbert space;

® a(-,-) be acontinuous sesquilinear, hermitianformon V- x V' ;
® f be anelement of V’, the dual space of V.

Aim: solve the Variational Formulation
(VF) Findu eV s.t. YVw € V, a(u,w) = (f,w).

® Introduce the weak inf-sup condition

(wisc) e K(V), a, >0, Vv €V, sup M

> aljv|lv—=8|cv||v.
wev\{oy |lw|v

® The forma(-,-) is weakly T-coercive if

3¢ € K(V), T € L(V) bijective, Ta, 8> 0, Vv € V, |a(v, Tv)| > a |v]|Z—B ||Icv]|2.
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Abstract setting — hermitian case

o, N

Let

® V be a Hilbert space;

® a(-,-) be acontinuous sesquilinear, hermitianformon V- x V' ;
® f be anelement of V’, the dual space of V.

Aim: solve the Variational Formulation

(VF) Findu eV s.t. YVw € V, a(u,w) = (f,w).

® Theorem (Well-posedness 1n Fredholm sense, hermitilian case)
The three assertions below are equivalent:

(i) the Problem (V F) is well-posed in the Fredholm sense;;
(i) the form a(-,-) satisfies (wisc) ;
(iii)  the form a(-, -) is weakly T-coercive.
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Application: neutron diffusion problem

o, N

® Goal: given f € L?(Q), solve the diffusion problem
Find v € H} (92) such that:

Let Q be a domain of R4, d = 1, 2, 3.

—div (AVu) +bu = fin Q.

® “Physical” assumptions on the set of parameters:

(Hyp) AelLy, (9),3Amim >0, Vz € R, Az -2 > Aninlz|? ae.inQ;
yp .
b€ L>®°(0),3bmin >0, b> byipn a.e.in .
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Application: neutron diffusion problem

o, N

® Goal: given f € L?(Q), solve the diffusion problem
Find v € H} (92) such that:

Let Q be a domain of R4, d = 1, 2, 3.

—div (AVu) +bu = fin Q.

® “Physical” assumptions on the set of parameters:

sym

Hyo) A€ELX (Q),3Amin >0, Vz €RY, Az -z > Apinlz|? ae.in Q;
yp .
b € L%(Q), Ibmin > 0, b > bpin a.e.in .

®» Primal form:
Find v € H}(92) such that:

VYo € H3 (), (AVu,Vv)g+ (bu,v)o = (f,v)o.
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Application: neutron diffusion problem

o, N

® Goal: given f € L?(Q), solve the diffusion problem
Find v € H} (92) such that:

Let Q be a domain of R4, d = 1, 2, 3.

—div (AVu) +bu = fin Q.

® “Physical” assumptions on the set of parameters:

sym

Hyo) A€ELX (Q),3Amin >0, Vz €RY, Az -z > Apinlz|? ae.in Q;
y
b € L%(Q), Ibmin > 0, b > bpin a.e.in .

® Mixed form: introduce the auxiliary unknown p = —A V.
Find (p,u) € H(div,Q) x L?(Q) such that:

V(q,v) € H(div,Q)xL*(Q), —(A7'p,q)o+(divq, u)o+(divp,v)o+(bu,v)o = (f,v)o.
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Application: neutron diffusion problem
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RTy FE ; DDM+L2-jumps on non-nested grids (h1 = hs = 2/3 h, ha = hq = h):

Tmaz = 0.45 (§ =~ 7.35)

Tmaz = 0.20 (§ =~ 39.9)
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Application: Helmholtz problem
- -

Let Q be a domain of R4, d = 1, 2, 3.

Goal: given f € L?(2), solve the Helmholtz problem
Find v € H} (92) such that:

L I

—div (AVu) +bu = fin Q.

® Assumptions on the set of parameters:

sym

(Hyp) AcL® (Q),IAnmin >0, VzERY, Az -z > A,inlz|? a..in Q;
y
b < 0 s.t. |b] is not an eigenvalue of corresponding eigenproblem.
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Application: Helmholtz problem
-

Let Q be a domain of R4, d = 1, 2, 3.

°

Goal: given f € L?(2), solve the Helmholtz problem
Find v € H} (92) such that:

—div (AVu) +bu = fin Q.

® Assumptions on the set of parameters:

sym

(Hyp) AcL® (Q),IAnmin >0, VzERY, Az -z > A,inlz|? a..in Q;
y
b < 0 s.t. |b] is not an eigenvalue of corresponding eigenproblem.

®» Primal form:
Find v € H}(92) such that:

Yo € H} (), (AVu,Vo)g — |b| (u,v)0 = (f,v)o.
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Application: Helmholtz problem
- -

Let ©2 be a domain of R3, and w > 0.

L I

Goal: given J € L?(Q), solve the Helmholtz Maxwell problem

Find E € Hy(curl, 2) such that:
VF € Ho(curl,Q), (u ! curlE,curl F)y — w?(eE,F)y = w (J, F)o.

® Assumptions on the set of parameters:

e>0;
(Hyp) {
p > 0.
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Application: sign-changing interface pb

o, N

® Goal: given f € L?(Q), solve the transmission problem
Find v € H} (92) such that:

Let Q be a domain of R4, d = 1, 2, 3.

—div (AVu) +bu = fin Q.

® “Physical” assumption on the parameters:

(Hyp) A piecewise constant: A; := Ajg, >0, Az := Ajg, <O0;
b piecewise constant.

dielectric

metal, metamaterial NB. The case of an inclusion with

XN o = P is also possible.

Q o,
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Application: sign-changing interface pb

o, N

® Goal: given f € L?(Q), solve the transmission problem
Find v € H} (92) such that:

Let Q be a domain of R4, d = 1, 2, 3.

—div (AVu) +bu = fin Q.

® “Physical” assumption on the parameters:

(Hyp) A piecewise constant: A; := Ajg, >0, Az := Ajg, <O0;
b piecewise constant.

®» Primal form:
Find v € H}(92) such that:

Yo € Hy(Q), A1 (Vui,Vvi)oa, — |A2| (Vuz, Vv2)o.a, + (bu,v)o = (f,v)o.
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Application: sign-changing interface pb

-

Case of a symmetric domain: 21 =| — 1,0[x]0, 1], 22 =]0, 1[x]0, 1].

® Contrast Az/A; = —1.001, and b = 0.

® Discretization using P; Lagrange finite elements.

® Influence of the meshes? (relative errors in L?-norm; O(h?) is expected).

Contrast =—1.001
17

* Non symmetric mesh
o e Locally symmetric mesh
o Symmetric mesh
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Application: sign-changing interface pb

® Contrast As/A; = —5.2 (critical interval I, = [—5,—1/5]), and b = 0.

® Discretization using P3 Lagrange finite elements.
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Application: sign-changing interface pb

| N

® Contrast Ay/A; = —5.2 (critical interval I, = [-5,—1/5]), and b = 0.
® Discretization using P3 Lagrange finite elements.

® Comparison of the computed solutions (~ 10° dof).

standard mesh T-conform mesh

Meshes must/should be carefully designed: T-conform meshes \
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To go further...
- -

® Neutron diffusion problems:

» Journal of Computational Physics, 241 (2013) ;
> Computers and Mathematics with Applications, 74 (2017) ;
» ESAIM: M2AN, 52 (2018);

® PhD of Léandre Giret, Paris-Saclay University (2018).

9 Helmholtz—-type problems:
9 Acta Numerica (2002) ;
9 Computers and Mathematics with Applications, 64 (2012).

9 Sign—-changing interface problems:

» ESAIM: M2AN, 46 (2012) ;
> Numerische Mathematik, 124 (2013) ;
> C. R. Acad. Sci. Paris,Ser. I, 355 (2017) ;
I Numerische Mathematik, 138 (2018) ;
® PhD of Lucas Chesnel, Ecole Polytechnique (2012).
\— ® PhD of Camille Carvalho, Ecole Polytechnique (2015). J
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