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Griinwald-Letnikov (GL) fractional derivative

The Griinwald-Letnikov (GL) fractional derivative of order « of v
at each point t > 0 is defined by

D, v(t) = lim 12(—1)k<2‘>v(t—kw), (1)

M—sco T
M 1 =o

where Ty = t/M.

The Riemann-Liouville integral operator /7 is defined for each
6 >0 by
1

t
51
—— t—s w(s)ds.
w5 L =2 )
If v e Clel]0, T], then one has Dg, v(t) = Dg, v(t), the

Riemann-Liouville derivative of v, which is defined by
Dg w(t) :== & (I'=w) (¢).

1Pw(t) ==
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GL finite difference operator LY

Let M be a positive integer. Set 7 = T /M and t,, = m for
m=20,1,..., M, so the mesh {t,,: m=0,1,..., M} is uniform.
Then for any mesh function {\/J}J’\i0 set

1 m
L3V =~ S Vg form=1,... M, (2)
k=0

where W/EQ) = (1K) = (_1)ka(a71)--l;§afk+l) _ r(fél;F((;)+1)'




Set
d(a) B Mk — )

k —m fork:l,2,...

(3)

Gautschi's inequality [J. Math. Phys. 1960] applied to (3) yields

r(i{_—aa) < dﬁo‘) < (If<(1—_1);)a for k=1,2,...
di* > d\® fork=1,2,.... 0<a<1
Lemma
One has w\") = d{? — d\) for k =1,2,...
Proof.
dl((i)l B dﬁa) _ Mk+l-—a)  T(k—0)

M1—a)l(k+1) T(1-a)l(k)

(k—a)l(k —a) kl'(k — &)

T —al(—a)(k+1) —al(—a)l(k+1)

__k-a9) @
M(—a)l(k+1) k

(4)

6

21



Another form of GL operator L¢

1 m
LV = T—azwﬁ) Vi form=1,...M, (5)
k=0

w,(f‘) = d,((i)l - d,go‘) and w(()a) = 1 enable us to rewrite the

definition (2) of LY as

m

1 &) a
L&V = — Vi = S (d\™) = diD )WV | form=1,...Mm,

T
k=1

where we remind the reader that d,Ea) — d,gi)l > 0 for each k.
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A stability result for the operator LY

Lemma
For any mesh function {\/J}J’\io with Vo = 0, one has

Vi <T(1—a) max {t "LV} for k=1,..., M.
Jj=

.....

Proof.
Fix k € {1,2,..., M}. Suppose .nrl1axk|\/j| = |V,| for some
J=4yy

ne{l,... k}. Since Vo =0, the formula (6) becomes

LYVl = rvw—Z(d“" di) Vil
1 o
> = rvw—Z(d” a0 Vil
1 (o) 1 n©@
= —d, |V, — V.
T"‘d | ‘>rar(1—a)’ |
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A fractional initial-value problem
Consider the fractional initial-value problem

Dg u(t) + c(t)u(t) =f(t) for0<t<T, (7a)
u(0) =0, (7b)

If c € C2[0, T] and f € C2?[0, T], then its solution

u(t) = D a4 Ya(tia) for0<t< T, (8)
(k)

where (j, k) :=={(j, k) : j, k € No,j + ka < 2}, the coefficients
7j k are some constants, and the function Y5(- ;) € C2[0, T];
furthermore, one has

dYs(t; @)

0=Y2(0;a) = p .
t=0
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Discretization of the IVP

L3Um+ cmUn =1y form=1,... M, (9a)
Up =0, (9b)

Lemma (ZZK17,Lemma 2.1)
Let v(t) = t7 where o > 0 is a constant. Then

ar(U + 1) ta—l—a + 7_2Rm,o¢,a7 (10)

Drov(tm) = L v(tm) o —a)

where |R™°| < Ct2=2~% for some constant C that is
independent of m and T.
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Truncation error of the GL approximation L¢

This result enables us to give a truncation error bound for the
non-smooth terms 3. , 7; /75 in (8).

Lemma .
Set z(t) = > k)a vjktiTke for t € [0, T]. Set v = min{1,2a}.
Then

D&, z(tm)—Lo2(tm)| < m 247" m~(F2) form=1,2,... M.
RL t ~

Lemma
One has

|DgLY2(tm) - L(tXY2(tm)‘ SJ T form=1,2,.... M.
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Global convergence result for the GL scheme

Theorem
Let u and {Um}M_, be the solutions of (7) and (9), respectively.
Then

lu(tm) — Un| S 7% form=1,..., M.
Proof.

Set ey = u(tm) — Up for m=0, ..., M. Subtraction of (9a) from
(7a) gives

LYem + c(tm)em = LY u(tm) — Dy u(tm) =: rm. (11)
we get LY |em| < |rm|. But Lemmas 4 and 5 show that

Irm| S m™2 4+ 777 *m7=2~1 4+ 7, where v = min{1,2a}. From
Lemma 2 it then follows that [en| < maxj=1,. m{t’[r[} S 7% O
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A sequence of stability multipliers
Define a sequence of stability multipliers {0} associated with the
GL scheme by the recurrence relation

o0=1, opi= Y (di —d)on s forn=1,2,... (12)
k=1

Lemma
The stability multipliers o, defined by (12) are given explicitly by

Mn+ )
=Y rn=0,1,2,... 1
o= Fayrinrny =0 (13)
Corollary
One has
(n+ 1)1 o1
VT o< forn=1,2,... 14
10 <o <F(a) or n (14)
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Stability of the scheme

Lemma
Let {Un}M_, be the solution of (9). Then

m
| U STO‘ZUm_J-\lﬂ for  m=1,...M. (15)
=1

Lemma
Let me {1,2,...,M}. Then

m m>1 ifB>1,
Y iPom i Sqm*Hinm+1) iff=1,
j=1 me— if0< < 1.
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Convergence of the scheme

Theorem
Let u and {Un}M_, be the solutions of (7) and (9), respectively.
Then

lu(tm) — Up| S7t871 form=1,..., M.

m

Proof.
Set ey, = u(tm) — Um for m=10,..., M. Subtracting (9a) from
(7a), we get

LYem + c(tm)em = LY u(tm) — Dy u(tm) =: r™.

one has |e,| < ¢ ijzl Om—j|r/|. And
] <72+ @) 4 with y = min{1, 20}

lem| S 7Om Y my Tt tome = et e e < ot

using t,, = mr. O
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Numerical example

We test the GL scheme (9) on an example of (7) whose solution is
composed of the leading terms from (8).

Example

Take c =2and T =1in (7). Choose f such that
u(t) =t + t°@ + 1+ is the solution of (7).

Set E1 := 1§nr1nanM|Um — u(tm)| and E2 := Uy — u(tm)|,
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Numerical results

Predicted rate: E1 O(7%); E2 O(7)

Table: Global errors and convergence rates

a=0.3 a=0.5 a=0.7
T El Rate El Rate El Rate
1/100 1.70e-02 0.20 8.14e-03 0.35 3.51e-03 0.91
1/200 1.49e-02 0.22 6.38e-03  0.40 1.86e-03 0.59
1/400 1.28e-02 0.23 4.84e-03 0.43 1.24e-03 0.64
1/800 1.09e-02 0.24 3.60e-03 0.45 7.96e-04 0.66
1/1600 9.23e-03 0.25 2.63e-03  0.47 5.03e-04 0.68
1/3200 7.76e-03 1.90e-03 3.14e-04
Table: Errors and convergence rates at t =1
a=0.3 a=0.5 a=0.7
T E2 Rate E2 Rate E2 Rate
1/100 6.44e-04 0.96 1.72e-03  0.99 3.51e-03 1.00
1/200 3.30e-04 0.97 8.66e-04  0.99 1.76e-03  1.00
1/400 1.68e-04 0.98 4.35e-04 1.00 8.80e-04 1.00
1/800 8.53e-05 0.98 2.18e-04 1.00 4.40e-04 1.00
1/1600 4.32¢-05 0.99 1.09e-04 1.00 2.20e-04 1.00
1/3200 2.18e-05 5.47e-05 1.10e-04
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Thank you for your attention

Hu Chen, Finbarr Holland & Martin Stynes, An analysis of the
Griinwald-Letnikov scheme for initial-value problems with weakly
singular solutions, Appl. Numer. Math., 139 (2019) 52-61.
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