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FOSLS A first order system least squares formulation

First order formulation
For f € L?(Q) and > 0 consider

—Au+~yu=f in{Q,
Opbu=0 onT.
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FOSLS A first order system least squares formulation

First order formulation

For f € L?(Q) and > 0 consider

—Au+~yu=f in{Q,
Opbu=0 onT.

With ¢ = —Vu we have

Vep+yu=f inQ,
Vu+¢e=0 in(Q,
p-n=0 onl.
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FOSLS A first order system least squares formulation

First order least squares approach

V-p+yu=f in Q,
Vu+e¢ =0 in Q,
p-n=20 onT.
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FOSLS A first order system least squares formulation

First order least squares approach

V-p+yu=f in Q,
Vu+e¢ =0 in Q,
p-n=20 onT.

Least squares approach:

Minimize a sum of squares!

IV - @ +7u— fllZ2() + IV +@ll72q) — min

for o € Ho(Q,div) and u € H'(Q).
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FOSLS A first order system least squares formulation

First order least squares formulation

IV - @ +7u — flI72() + [V + @l[72(q) — min
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FOSLS A first order system least squares formulation

First order least squares formulation
V- +yu— f”%Q(Q) +[[Vu+ ‘P||i2(§z) — min

Least squares formulation:
Find (o, u) € Ho(,div) x H'(2) such that

b((p, ), (%, 0)) = F((®,v))  Y(,v) € Ho(Q, div) x H'(Q),

b((¢7u)7 (¢7U)) = (v P+ YU, V- ¢ + ’YU)Q + (VU + ¢, Vv +¢)Q7
F((I([)?U)) = (fav X +'7U)Q-

Unique solvability can be shown!
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FOSLS A first order system least squares formulation

Numerical discretization

Let 75 be a quasi-uniform regular triangulation of 2. For discretization
employ the following spaces:

o V9 (Tr) C Ho(Q, div), either RTY, _,(7,) or BDMJ, (75)
o 5,.(Th) C H'(Q).
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FOSLS A first order system least squares formulation

Numerical discretization

Let 73 be a quasi-uniform regular triangulation of €. For discretization
employ the following spaces:

o V) (Th) C Ho(Q,div), either RT) _(73) or BDM) (T5)
o S,.(Tn) C HY(Q).
The FOSLS method is to find (¢p, up) € VY (Th) x Sy, (Th) such that

b((en,un), (Wn,vn)) = F(@n,vn)) Y(@n,vn) € Vp (Th) X Sp, (Th)-
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FOSLS A first order system least squares formulation

Numerical discretization

Let 73 be a quasi-uniform regular triangulation of €. For discretization
employ the following spaces:

o V) (Th) C Ho(Q,div), either RT) _(73) or BDM) (T5)
o S,.(Tn) C HY(Q).
The FOSLS method is to find (¢p, up) € VY (Th) x Sy, (Th) such that

b((en,un), (Wn,vn)) = F(@n,vn)) Y(@n,vn) € Vp (Th) X Sp, (Th)-

Problem: This method is optimal in ||-||,. This norm is however not
really tractable, how about error estimates in the L? norm?
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FOSLS A first order system least squares formulation

Duality argument

Lemma (B. & Melenk, 2018)

Let T be smooth. For any (¢, w) € Hy(Q,div) x H'(Q) there exists
(¢7U) € HO(Q7d1V) X HI(Q) such that “wH%z(Q) = b((‘p7w)7 (Il)b?U))
Furthermore, ¥ € H?(2), V -4 € H?(Q2) and v € H*(Q), with

[0l g2y + ¥l a2 + IV - Yllp2) S lwllpz) -
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Furthermore, ¥ € H?(2), V -4 € H?(Q2) and v € H*(Q), with
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@ Similar ideas in [Bochev & Gunzburger, 2005].
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FOSLS A first order system least squares formulation

Duality argument

Lemma (B. & Melenk, 2018)

Let T be smooth. For any (¢, w) € Hy(Q,div) x H'(Q) there exists
(¢7U) € HO(Q7d1V) X HI(Q) such that “wH%z(Q) = b((‘p7w)7 (Il)b?U))
Furthermore, ¥ € H?(2), V -4 € H?(Q2) and v € H*(Q), with

[0l g2y + ¥l a2 + IV - Yllp2) S lwllpz) -

@ Similar ideas in [Bochev & Gunzburger, 2005].

@ Application with w = e* and ¢ = e? gives

el 72() = b((e?, ), (%,v)).
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FOSLS A first order system least squares formulation

First L*(S)) estimate

Lemma

Let T' be smooth and (@, up,) be the least squares approximation of
(p,u).
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First L*(S)) estimate

Lemma
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h
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FOSLS A first order system least squares formulation

First L*(S)) estimate

Lemma

Let T' be smooth and (@, up,) be the least squares approximation of
(p,u). Then for " =u — uy and e¥ =@ — @p,:

h
el 2y S ~Ne?, el

S = [llu = @l + 19 = @all ey + IV - (0 = @)ll 2o

’BI?"@

for any uy, € Sy, (Th), @1, € VOU(771)_
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FOSLS A first order system least squares formulation

First L*(S)) estimate

Lemma

Let T' be smooth and (@, up,) be the least squares approximation of
(p,u). Then for " =u — uy and e¥ =@ — @p,:

h
el 2y S ~Ne?, el

S = [l = @l + e = @all ooy + 1V - (@ = @)l 2oy

p
0
p
Sp.(Th), @n € V3, (Th).

for any uy €

@ Well known result for the h-version, see [Bochev & Gunzburger, 2005]
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FOSLS A first order system least squares formulation

First L*(S)) estimate

Lemma

Let T' be smooth and (@, up,) be the least squares approximation of
(p,u). Then for " =u — uy and e¥ =@ — @p,:

h
el 2y S ~Ne?, el

S = [l = @l + e = @all ooy + 1V - (@ = @)l 2oy

p
0
p
Sp.(Th), @n € V3, (Th).

for any uy €

@ Well known result for the h-version, see [Bochev & Gunzburger, 2005]

@ However, suboptimal...
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FOSLS A first order system least squares formulation

Proof of [|e"[| 2y < II(€%, e")lls
Duality argument gives

Heu”%Q(Q) = b((e(pa eu)7 ("pa 1}))
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FOSLS A first order system least squares formulation

Proof of [|e"[| 2y < II(€%, e")lls
Duality argument gives

e[z () = b((e?, "), (%, v))
= b((e?,e"), (% — Py, 0 — )
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FOSLS A first order system least squares formulation
Proof of HéuHL?(Q) S % [(e?,e")lo
Duality argument gives

Heu”%Q(Q) = b((e(pa eu)7 (’(/},1)))
= b((e(pa eu)7 (I(/J - QZ}? v = 'Dh))
< [1(e?, e")lol| (% — g, v — Tn)lo
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FOSLS A first order system least squares formulation
Proof of HGUHL‘Z(Q) ~ % [(e?,e")lo
Duality argument gives

Heu”?ﬁ(ﬂ) = b((e(p: eu)7 (’(/},1)))
= b((e(pa eu)7 (I‘/J - QZIza’U - ’Dh))
< [1(e?, e")lol| (% — g, v — Tn)lo

Since ¢ € H?(2), V-4 € H?(Q2) and v € H%(Q2) we have
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FOSLS A first order system least squares formulation

2) S Ll e, el

Proof of ||e"] ;

Duality argument gives

Heu”?ﬁ(ﬂ) = b((etp, eu)7 (’(/},1)))
= b((e(pa eu)7 (I‘/J - QZIza’U - ’Dh))
< [1(e?, e")lol| (% — g, v — Tn)lo

Since ¢ € H?(2), V-4 € H?(Q2) and v € H%(Q2) we have

(W — v — ) llo S v — Bnll iy + 1% — ¥ullE(0,div)
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FOSLS A first order system least squares formulation

Proof of ||e“| L2(Q) S %H(e(pv ")l

Duality argument gives

Heu”?ﬁ(ﬂ) = b((etp, eu)7 (’(/},1)))
= b((e(pa eu)7 (I‘/J - QZIza’U - ’Dh))
< [1(e?, e")lol| (% — g, v — Tn)lo

Since ¢ € H?(2), V-4 € H?(Q2) and v € H%(Q2) we have

(W — v — ) llo S v — Bnll iy + 1% — ¥ullE(0,div)
S h/p (W) + I8l e )
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Proof of ||e“| L2(Q) S %H(e(pv ")l

Duality argument gives

Heu”?ﬁ(ﬂ) = b((etp, eu)7 (’(/},1)))
= b((e(pa eu)7 (I‘/J - QZIza’U - ’Dh))
< [1(e?, e")lol| (% — g, v — Tn)lo

Since ¢ € H?(2), V-4 € H?(Q2) and v € H%(Q2) we have

(W — v — ) llo S v — Bnll iy + 1% — ¥ullE(0,div)
S h/p (W) + I8l e )
S h/pllel 2y
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FOSLS A first order system least squares formulation

Proof of ||e“| L2(Q) S %H(e(pv ")l

Duality argument gives

Heu”?ﬁ(ﬂ) = b((etp’ eu)7 (’(/},1}))
= b((e(pa eu)7 (,(p - 12’]}77) - ﬁh))
< [1(e?, e")lol| (% — g, v — Tn)lo

Since ¢ € H?(2), V-4 € H?(Q2) and v € H%(Q2) we have
(W — v — ) llo S v — Bnll iy + 1% — ¥ullE(0,div)
S h/p (W) + I8l e )
Sh/pletll ) -

Regularity of ¥ not fully exploited!
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FOSLS A first order system least squares formulation

Heuﬂp(g) S %H(e‘p,e’“)Hb is suboptimal!
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FOSLS A first order system least squares formulation

Hequ(Q) S %H(e‘p,eu)Hb is suboptimal!
Classical FEM achieves h? while,

el ey < R ll(e®5 e,

< k(e — @n,u —an)ll,
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FOSLS A first order system least squares formulation

el p2) S %H(e‘p,eu)Hb is suboptimal!

Classical FEM achieves h2 while,

el 2y < e ll(e?, e,
< k(e —@p,u—un)l,
~ h(llu = nll g0y + I — @nllmo,div)
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FOSLS A first order system least squares formulation

el p2) S %H(e‘p,eu)Hb is suboptimal!

Classical FEM achieves h2 while,

le“ll L2y S P ll(e?, e)ll,,
< k(e —@p,u—un)l,
~ h(llu = nll g0y + I — @nllmo,div)
S P fll 2

fel*(Q)
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FOSLS A first order system least squares formulation

el p2) S %H(e‘p,eu)Hb is suboptimal!

Classical FEM achieves h2 while,

le“ll L2y S P ll(e?, e)ll,,
< k(e —@p,u—un)l,
~ h(llu = nll g0y + I — @nllmo,div)
S P fll 2

feLXQ) - ue HAQ)
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FOSLS A first order system least squares formulation

eIl 20y S Ell(e?. e[l is suboptimall

Classical FEM achieves h2 while,
le“ll L2y S R ll(e?, el

< hl(e = @p,u—an)ll,
~ h(llu = tnl g1 o) + ll — @nlla(0,aiv))
S P fll 2

feL?N) wue H* Q) —»p=-Vuec HY(Q)
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FOSLS A first order system least squares formulation

eIl 20y S Ell(e?. e[l is suboptimall

Classical FEM achieves h2 while,
el 2y < e ll(e?, e,

< hl(e = @p,u—an)ll,
~ h(llu = tnl g1 o) + ll — @nlla(0,aiv))
S P fll 2

fel?) sue H* Q) wp=-Vuec H(Q) - V-9 L}Q)
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FOSLS A first order system least squares formulation

el 20y S L1 (€%, )]l is suboptimal!

Np

Classical FEM achieves h2 while,

el 2y < e ll(e?, e,
< h|l(e —@pn,u—an)ll,
~ h(llv = @nl groy + 1o — @ullm@,aiv)
S P fll 2
fel?) sue H* Q) wp=-Vuec H(Q) - V-9 L}Q)

No further rate...
Suboptimal in terms of data regularity!
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FOSLS A first order system least squares formulation

Towards optimality!

Reminder: ¢ € H?(Q2), V-4 € H*(Q) and v € H?(Q)

)22y = bl(e?, "), (,v))
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FOSLS A first order system least squares formulation

Towards optimality!
Reminder: ¢ € H?(Q2), V-4 € H*(Q) and v € H?(Q)

€22 0 = b((€P,¢%), (6, 0))
= b((etpv eu)’ (¢ - 'th’v - f}h))
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FOSLS A first order system least squares formulation

Towards optimality!

Reminder: ¢ € H?(Q2), V-4 € H*(Q) and v € H?(Q)

le*][72(0y = b((e?, "), (3, v))
= b((etpa eu)’ (¢ - &h)v - f}h))
= (V-e? +7e", V- (¢ — ) +7 (v — p))a+
~~ o ——
® ~h?2 ~h2
<Ve“®+ e, V(v ; ) + 9 — )0
~ ~h2
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FOSLS A first order system least squares formulation

Towards optimality!

Reminder: ¢ € H?(Q2), V-4 € H*(Q) and v € H?(Q)

||€u||%2(Q) = b((etpv eu)’ (1/’7?1))
= b((€®, "), (¥ — y,, v — Tp))
= (V- € +7e", V- (i — ) +7 (v — B))at
~— v ——
@ ~h? . ~h?
(Ve“®+ e?, V(v :L on) + Y —Pp)o
~ ~h?2
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FOSLS A first order system least squares formulation

Towards optimality!
Reminder: ¥ € H?(Q2), V-4 € H*(Q) and v € H?(Q)

el 72(q) = bl(e?, ), (e¥,¢"))
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FOSLS A first order system least squares formulation

Towards optimality!
Reminder: ¥ € H?(Q2), V-4 € H*(Q) and v € H?(Q)

((e?,¢"), (€%, ¢")
(((P - ¢h7 U — ah)? (61/)7 ev))

le|IZ20) = b
b
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FOSLS A first order system least squares formulation

Towards optimality!

Reminder: ¥ € H?(Q2), V-4 € H*(Q) and v € H?(Q)

172y = b((e?, "), (€7, ¢"))
= b(((p —Ppu— ah)? (6 761)))
=(V-lp=@p) +v(u—in) Ve +7e ot

@ Nh2 ~h ~h2
V(u—ap)+¢ — @y, Vel +e¥)q.
(V( - h)+e h‘Ph ~ )
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FOSLS A first order system least squares formulation

Towards optimality!

Reminder: ¥ € H?(Q2), V-4 € H*(Q) and v € H?(Q)

le“(|72(q) = b((e?, ), (e¥, "))
= b(((p — Ph U — ah)? (6 ’ev))
= (V- (p—@n) +7(u—an). V- e’ +7. e ot

® ~h2 ~h ~h?
V(u—ap)+¢ — @y, Vel +e¥)q.
(V( - h)+e h‘Ph ~ )
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FOSLS A first order system least squares formulation

Towards optimality!

Reminder: ¥ € H?(Q2), V-4 € H*(Q) and v € H?(Q)

le“(|72(q) = b((e?, ), (e¥, "))
= b(((p — Ph U — ah)? (6 ’ev))
= (V- (p—@n) +7(u—an). V- e’ +7. e ot

® ~h2 ~h ~h?
V(u—ap)+¢ — @y, Vel +e¥)q.
(V( h) o — @y )

~h ~h ~h

o limiting term (V- (¢ — @), V - €¥)a
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FOSLS A first order system least squares formulation

Towards optimality!

Reminder: ¥ € H?(Q2), V-4 € H*(Q) and v € H?(Q)

le“(|72(q) = b((e?, ), (e¥, "))
= b(((p — Ph U — ah)? (6 761)))
= (V- (p—@n) +7(u—an). V- e’ +7. e ot

® ~h2 ~h ~h?
V(u—ap)+¢ — @y, Vel +e¥)q.
(V( - h)+e h‘Ph ~ )

o limiting term (V- (¢ — @), V - €¥)a
o still can choose special ¢;, = I%(p
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FOSLS A first order system least squares formulation

Towards optimality!

Reminder: ¥ € H?(Q2), V-4 € H*(Q) and v € H?(Q)

le“(|72(q) = b((e?, ), (e¥, "))
= b(((p — Ph U — ah)? (6 761)))
= (V- (p—@n) +7(u—an). V- e’ +7. e ot

@ ~h2 ~h ~h?
V(u—ap)+¢ — @y, Vel +e¥)q.
(V( - h)+e h‘Ph ~ )

o limiting term (V- (¢ — @), V - €¥)a

o still can choose special ¢;, = I%(p such that:
o Orthogonality on V- V9 (7;) and small L*() error

Maximilian Bernkopf (TU Wien) -10 -



FOSLS A first order system least squares formulation

1
I?ch: argmin 2 ||<P_‘Ph||%2(9)
¢hEVgU(771)

Maximilian Bernkopf (TU Wien) -11-



FOSLS A first order system least squares formulation

1
Igcp = argmin 2 llp — ‘PhH%?(Q)
<pheV2U(7'h)

st.  (V-(e—I39),V -Xn)r2@) =0,  Yxn € Vy, (Th).

Maximilian Bernkopf (TU Wien) -11-



FOSLS A first order system least squares formulation

I = argmin §||<p enllZ20)
Pr€VY, (Th)

st.  (V-(e—I39),V -Xxn)r2@) =0,  Vxn € V) (Th).

Lemma (B. & Melenk, 2018)
The operator I 2 satisfies the following estimates for any @;, € ng (Tr)

_ h _
le = Theoll 2y S le = Pullr2) + IV (@ =@l
|V - (¢ — L) 2 SV - (@ —@n)ll2
@

Maximilian Bernkopf (TU Wien) -11-



FOSLS A first order system least squares formulation

1
I = argmin o |lp — @nllzzq)
PneVS, (Th)

st.  (V-(e—I39),V -Xxn)r2@) =0,  Vxn € V) (Th).

Lemma (B. & Melenk, 2018)

The operator I satisfies the following estimates for any @, € ng (Tn)

- h -
||<P - I%‘PHLz(Q) Sl — ‘Ph||L2(Q) + ; [V - (p — ‘Ph)||L2(Q)

IV - (@~ 199) | 2y S 1V - (@~ @0l 200

(V-(p—TI09),V-e)o= (V- (o —I0p), V- —9;))a

Maximilian Bernkopf (TU Wien) -11-



FOSLS A first order system least squares formulation

.1
Ip = argmin 3 I — <Ph||%2(g)
PneVS, (Tr)

st. (V- (@—I39),V-xn)2) =0,  Vxn €V, (Th).
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FOSLS A first order system least squares formulation

1
Ip = argmin 5 lle = enllZ20)
PneVS, (Tr)

s.t. (V-(p—1p),V- Xk)12(0) =0, Yxn € VY (Th).

Withe =¢ — I(})ch we have

lel 2y = (60 — @n) 20 + (€@ — I00) 12()-
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FOSLS A first order system least squares formulation

Ihp = argmin —||<p enllZ20)
‘PhGVp,,(Th)

st. (V- (@—I3),V-xn)2@) =0,  Vxu €V (Th)

Withe =¢ — I?Lgo we have

lel 22y = (e:0 — @1) 20 + (€@, — I00)12()-
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FOSLS A first order system least squares formulation

1
Ihp = argmin 5 lle = enllZ20)
preVY, (Th)

s.t. (V-(p—1p),V- Xk)12(0) =0, Yxn € VY (Th).

With e = ¢ — I we have
lel 22y = (e:0 — @1) 20 + (€@, — I00)12()-
Helmholtz decompose ¢;, — I%cp on discrete and continuous level:
on—Ihp =V xp+r,
@ — I =V x py 414
for p € Ho(Q,curl), r € Ho(Q,div), p, € N (T3) and r, € V9 (Th).
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FOSLS A first order system least squares formulation

1
Ihp = argmin 5 lle = enllZ20)
preVY, (Th)

s.t. (V-(p—1p),V- Xk)12(0) =0, Yxn € VY (Th).

Withe =¢ — I?Lgo we have
HCH%Q(Q) = (e,0 — &n)r2() + (&,01 — I39) 12(q))-
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for p € Ho(Q, curl), r € Hy(Q,div), pp € Ngv (Th) and rp, € ng (Th)-

(e,@n, —I@) 120 = (€,V X ph +Th)12(0)

Maximilian Bernkopf (TU Wien) =12



FOSLS A first order system least squares formulation

1
Ihp = argmin 5 lle = enllZ20)
preVY, (Th)
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FOSLS A first order system least squares formulation

1
Ihp = argmin 5 lle = enllZ20)
preVY, (Th)

s.t. (V-(p—1p),V- Xk)12(0) =0, Yxn € VY (Th).

With e = ¢ — I we have
lell 72y = (6,9 — @n)120) + (6,1 — I09) L2(0)-

Helmholtz decompose ¢;, — I%cp on discrete and continuous level:

@, —Ihp =V xp+r,

@n—Inp =V X + 1
for p € Ho(Q,curl), r € Ho(Q,div), p, € N (T3) and r, € V9 (Th).

(e.@n —I0) 120 = (€, V X ph +Th)r2(0) = (€,7h) 12(0)
= (e,rn —7)r2() + (€,7)12(0)
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FOSLS A first order system least squares formulation

Optimal rate!

Theorem (B. & Melenk, 2018)

Let T' be smooth and (¢, up,) be the least squares approximation of
(p,u). Then for e" =u — up

Heu”m(n) S
h - h? - e -
; [|u — UhHHl(Q) + FH‘P - <PhHL2(Q) —+ FHV “(p — <Ph)HL2(Q)

for any @y, € V3 (Tr), @n € Sp,(Th).
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FOSLS A first order system least squares formulation

Optimal rate!

Theorem (B. & Melenk, 2018)

Let T' be smooth and (¢, up,) be the least squares approximation of
(p,u). Then for e" =u — up

Heu”L2(Q) S
h - h? - e -
; [|u — UhHHl(Q) + p7”<P - ‘PhHL2(Q) —+ ?HV “(p — ‘Ph)“L2(Q)

for any @y, € V3 (Tr), @n € Sp,(Th).

For f € L?() the rate h? is in fact achieved!
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@ A first order system least squares formulation

© Numerical examples and outlook



FOSLS Numerical examples and outlook

2d with f = X(071/2) (T) S H0'57€(Q)
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FOSLS Numerical examples and outlook

2d with f = x(0.12)(r) € HO55(€2)
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FOSLS Numerical examples and outlook

2d with uw smooth
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FOSLS Numerical examples and outlook

Analogous results & extensions

Analogous results hold for:

@ Duality arguments and optimality results for Ve* and e¥
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Analogous results & extensions

Analogous results hold for:

@ Duality arguments and optimality results for Ve* and e¥
@ Inhomogeneous Robin boundary

Main difficulties for Robin:

o Additional boundary term in bilinear form b

@ Nontrivial adaptation of Helmholtz decomposition and I,

Thank you for your attention
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