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The situation for the elliptic problem

—Au=f inQ2
u=0 ondf2
Schatz/Wahlbin 1977 (interior error estimates)
For 21 € 2, € 2, dist(£21,02) > d, dist(£2,,0) > d, then

lu = vl < Co(Hlin Al Ul + 1 = tnllizgey )
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» Optimal control

P Sparse optimal control
» Control constrained pointwise tracking
» Optimal control with state constraints

» [ error estimates on graded meshes

> (Local) L error estimates for the
parabolic problem (e.g. heat equation)
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Problem statement

Let £2 C R3 be a convex polyhedral domain and Vj, and M, suitable finite
element spaces for the Stokes problem (e.g. Taylor-Hood FEs).

Stokes equation and discretization

(T, p) € H3(£2)® x L3(£2) solve (Tn, pn) € Vi X My, satisfy
—Ali+Vp=Ff inQ (VUn, V)= (pn, V- Vh)+ (V- Un, Gn)
V.UZ(_)' in £2 :(F,Vh) V(Vh,qh)EVhXMh
=0 onodf2
Discretization error estimate: global
G~ Gl < inf Clinhl(JinblIE = Tl + AP = Gl )
(Vh,qh)EVhXMh
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Problem statement

Let 2 C R3 be a convex polyhedral domain and Vj, and M, suitable finite
element spaces for the Stokes problem (e.g. Taylor-Hood FEs).

Stokes equation and discretization

(T, p) € H3(£2)® x L3(£2) solve (Tp, pn) € Viy x My, satisfy
—Ai+Vp=1 in0 (Vin, V)= (pn, V- V) +(V - U, qn)
V.= in 2

= (F, Vh) V(Vh, qh) S \7[, X Mh

Discretization error estimate: local

21 C 2, C 2 with dist(2;,002,) > d

n— Blimoy < inf [ Clinl(1n AG — Gl w4+ Al — anll v ) +
(Vh,qh)e Vi X My,

Cylln h|<h||U— Vnll () + 1T — Vil 2() + hllp — QhHLQ(Q)H
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Our results: Global results in three dimensions (L>°((2)), local results in two and
three dimensions (L>(£2), W1 >(£2))
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Selected ingredients for the proof
For the Ritz projection RyZ of Z € H&(Q)3 into the finite element space given by
(VRwZ, V) = (VZ, V) Vi, € V4
that for Z € H}(2)3 N L°°(£2)3 the solution of the Laplace equation, it holds that
|RaZl| () < ClInhl[|Z]| ()
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Selected ingredients for the proof

For the Ritz projection RyZ of Z € H&(Q)3 into the finite element space given by
(VRwZ, V) = (VZ, V) Vi, € V4
that for Z € H}(2)3 N L°°(£2)3 the solution of the Laplace equation, it holds that
| RhZ][ o (2) < ClIn A[[|Z]] Loo(52)-

A space fulfilling this assumption holds would be e.g. the space of Taylor-Hood
finite elements of order greater or equal three.
To start off the proof, we define a regularized Green's function

—AG+VA=08,8 in (2,
V-g=0 in (2,
Gg=0 onadn.

Here 6, € C3(Tx,), Tx, the cell where the maximum of |dp| is attained, which
satisfies for every vV, € V:

Vh,i(X0) = (Vh, 6n€i) 75, -
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L*> estimate
|Gn,i(%0)| = (Th, 6n€)) 7, | = [(VTn, VGn) = (Pn. V - Gn) + (V- T, An)|
= (V@ Vgn) = (p. V - Gn)|
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L> estimate
|Tn,i(%0)| = (Tn, 6n€)) 7, | = [(VUn, VGn) = (Pn, V- Gn) + (V - T, An)|
= (Vi V) = (p. V - Gn)|

=|(VRyI,Vgn) = (p. V- (Gn — 9))l
For the first term we get

(VR V)| = |(VRu., V(Gh — 9)) — (R, A7)
=[(VRy, V(g — 9)) — (Rall, —0n& + V)|
< YRl (| V (@ — Dllixge) + | Rudll iy (€ + 193 )
< ChHin a1 IV (Gn — ) l12()
+ Clin Al 2y (1 + IV A2 )
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|Tn,i(X0)| = |(tn, 6n€) 75, | = 1(VUn, VGh) — (P, V- Gn) + (V ~ T, An)
=|(VT,Vgn) = (P, V - Gn)|

=|(VRyI,Vgn) = (p. V- (Gn — 9))l
For the first term we get

(VR Vgn)| = [(VRnU, V(Gn — §)) — (Rnti, Ag)]
=[(VRy, V(g — 9)) — (Rall, —0n& + V)|
< YRl (| V (@ — Dllixge) + | Rudll iy (€ + 193 )
< ChHin a1 IV (Gn — ) l12()
+ Clin Al 2y (1 + IV A2 )
and for the second term

I(p, V- (Gn — )| < ClIpll o) IV (Gn — )l (2)
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|Tn,i(X0)| = |(tn, 6n€) 75, | = 1(VUn, VGh) — (P, V- Gn) + (V ~ T, An)
=|(VT,Vgn) = (P, V - Gn)|

=|(VRyI,Vgn) = (p. V- (Gn — 9))l
For the first term we get

(VR Vgn)| = [(VRnU, V(Gn — §)) — (Rnti, Ag)]
=[(VRy, V(g — 9)) — (Rall, —0n& + V)|
< YRl (| V (@ — Dllixge) + | Rudll iy (€ + 193 )
< ChHin a1 IV (Gn — ) l12()
+ Clin Al 2y (1 + IV A2 )
and for the second term

I(p, V- (Gn — )| < ClIpll o) IV (Gn — )l (2)
Then, estimates

IV(gn — ﬁ)”u(g) < Chllnh| and ||V>\||L1(_Q) < C|lnh| give the result.

Niklas Behringer Localized pointwise error estimates for the Stokes problem AANMPDE 12, Strobl 2019



A/
ﬁ International Research Training Group IGDK 1754 TI-I."

Localization

Let xp be where ||z || ~(g,) is maximal and consider the weight

g =/ |)?—)?o‘2 + K2h2.

Note that 0= ~ d~! for |[X — Xy| > d and h small.
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Localization

Let xp be where ||z || ~(g,) is maximal and consider the weight

o= |X = %2+ K2h2.

Note that 0= ~ d~! for |[X — Xy| > d and h small. Then, as before
n1(50)| = (Y Ry, V(6 — 9)) — (RaTl,~64& + VA) — (p. ¥ - (3 — )|
We consider only the first term (the others follow similarly)

[(VRWt, V(G — 9))| < [IVRT| 1o(2)[IV(Gh — )l 12(2)
+ 0732V Ryt 20 [10°/ 2V (G — G)ll12(02)
< ChHin A|[| T o (2,) IV (Gh — Dl 1)
+ Cah™HIn hll|G] 22 ll0* 2V (Gn — §)lli2(0)-
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Let xp be where ||z || ~(g,) is maximal and consider the weight

g =/ |)?—)?0‘2 + K2h2.

Note that 0= ~ d~! for |[X — Xy| > d and h small. Then, as before

|Gn,i(X0)| = [(VRnT, V(Jn = §)) = (Rall, =0n€i + VA) = (p, V- (G — 9))|.

We consider only the first term (the others follow similarly)
[(VRWt, V(G — 9))| < [IVRT| 1o(2)[IV(Gh — )l 12(2)
+ lo™32V Ry 12\ 2) 1%/ 2V (G — G) 1 12(c2)
< ChHin A|[| T o (2,) IV (Gh — Dl 1)
+ Cah™HIn hll|G] 22 ll0* 2V (Gn — §)lli2(0)-
The result follows by the respective estimates for

IV(Gh — 92y and  [|0*2V(Gh — G)ll1i2(0).
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A word on the L! estimate of G, — G

To prove the convergence result we use the well-known dyadic decomposition
technique, where we split the domain in the following way. Put d; =27/ and
consider the decomposition

J
Q:muUQ,
j=0

where

Q. ={XeQ:|X—X| < Kn},
Q= {Z€Q2:d <[F-%| < d},

K is a sufficiently large constant to be chosen later and J is an integer such that
2=+ < kh <277,

The convergence of [|0*2V(Gh — §)|l12() follows then directly from the L
estimate.
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Thank you very much for your attention and (potential) questions!

Preprint available on http://www.igdk.eu/IGDK1754/Preprints

niklas.behringer®@ma.tum.de
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