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The mapping F +— Vu is a Calderén-Zygmund operator, i.e.
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—div(A(Vu)) = —div(|[Vu|P°Vu) = —divF, 1<p<oc

Similarities to non-Newtonian fluids.

AV u)llx < ClIFllx

or [[A(Vu)llxg) < ClIFlix(p) + lower order term of A(Vu).

X =1Lr p>p Iwaniec 1986
X=BMO p>2 DiBenedetto, Manfredi 1993
p>1 Diening, Kaplicky, Schwarzacher 2012

X =C* a > 0 small Diening, Kaplicky, Schwarzacher 2012
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p-Poisson equation

—div(A(Vu)) = —div(|Vu[P?Vu) = —divF = f, 1<p<oo

IVEA(VU)|l; SIIfll; SIIVF]l;  Avelin, Kuusi, Mingione 2018
local result, any s € (0, 1)

IVA(VU)ll, Sl S ITVF, Cianchi, Mazya 2018
local + global result
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almost X = Wbl
X = W2

Our main result:
. S
X = Bp,q

T , T 1
% LP 1 5
Avelin, Kuusi, Mingione 2018
Cianchi, Mazya 2018

Diening, Kh. Balci, Weimar, 2019, ArXiv

p>2,QCR? p,g>05€(0,1) By, LF
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e WH32A W2l but  u¢ W22

Uniform mesh: IVu =Vl < N5 flull iz
Adaptive methods:  ||[Vu — Vu|, < ¢ N lull 2
N is number of degrees of freedom.

_2
cN™s HUH W1+%,z

Uniform mesh: llu— upl|, <
<

Adaptive methods: |u—unll, < c N~ Y ul| s
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Want to show:
|A(V“)|B; \ S |F|B; T lower order term of A(Vu)

B’ , with differentiability s € (0,1), integrability p and fine index g

1 floscgl Ol \ a3
‘é?liszyq ~ A — = ) )

for 0 < s < 1 with BS ;< LP".

, 1/p'
with  oscy g(x, ) :=( £ 180) - @)snl dy)
X, t

)
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oscy A(Vu)(x,0t) S 6° oscy A(Vu)(x, t) + cposcy F(x,t).

1 floscpgl Oll, N e
|é?’£;;7q ~ ; T

|A(V“)|B; A(B) S |F|B; ,(2B) 1 lower order term of A(Vu).

if0<s<1pq>0andB5 — L.

We use linear and non-linear comparison problem.
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p-Laplace
—div(A(Vh)) =0

Only he G% forsome a >0 = Vhe Q% A(Vh) € G

loc loc

Ural'seva 1968, Uhlenbeck 1977, Tolksdorf 1984 ...

Best a only known for 2D (— next slide).

In 2D use complex analysis

Complex gradient f = h, = %(hx — ihy,) is a quasiregular mapping:
81‘_(1 1)(7?(%‘ ff)_f)

oz \p 2/\Faz " 7oz

Bojarski, lwaniec, Manfredi, Aronsson, Dobrowolski, Lindqvist
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Holder exponent

W=

p =0 p= p=1
Reciprocal exponent
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—div(A(Vh)) =0

Almost linear A-decay for p-harmonic, i.e. for g € (0,1)

][ AV R)— (A(V ))os] dx < c36° ]l AV H)— (A(Vh)) 5] dx
0B B

Non-degenerate: Like linear equation with constant coefficients:
Use linear V-decay of
Diening, Lengeler, Stroffolini, Verde '12

Degenerate: Use qualitative regularity result from
Araujo, Teixeira, Miguel Urbano 2017
based on quasi-conformal gradient estimates of
Baernstein 11, Kovalev 2005
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Method inspired by pointwise estimates of
Breit, Cianchi, Diening, Kuusi, Schwarzacher 2017.

FeB,,

= A(Vu) € B, , fails for p < 2 even for F = 0.
Indeed, in the plane A(Vh) € C%* with v — 3 for p — 1.

Problem if s — % > a.
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—div(|Vul[P~?Vu) = —divF

<
|A(V”)|B;,q(8) S |F|Bf,,q(2B) + lower order term of A(Vu).

if0<s<1 pg>0andB5 — L.

Applications in Adaptive Finite Element Method (AFEM).

In progress: Up to the boundary.
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