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Thin obstacle problem

Figure: The thin obstacle problem
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Thin obstacle problem

Thin obstacle problem

J(v) = ;/\vw? s min
Q

veK:={ve H(Q), v=vyonM, v=gyondQ},
QcR" 09c¢Lip,
0: 00 =R, ¢eHY?6Q),

M is a smooth (n — 1) — dimensional manifold in R",
which separates € into two Lipschitz subdomains Q_,

Yv: M —R, 1 —smooth,

Remark.
1) is called "thin obstacle".
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Thin obstacle problem

Applications:

o Elastic membranes
o Continuum mechanics

o Financial mathematics (if the random variations of an underlying
asset changes discontinuously)
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Thin obstacle problem

Historical Review:

@ Thin obstacle problems have been actively studied from the early
1970s.

@ Regularity of minimizers: (Frehse’75, Frehse’77, Richardson’78,
Caffarelli’79, Uraltseva’85, Athanasopoulos & Caffarelli'04,
Guillen’09).

o Properties of the free boundaries: ( Lewy’72, Athanasopoulos,

Caffarelli & Salsa’08, Caffarelli, Salsa & Silvestre’08, Garofalo &
Petrosyan’09, Koch, Petrosyan & Shi'15, De Silva & Savin'16 ).
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Thin obstacle problem

Known results:

@
Au=0 in Qi,

@ u, in general, is not a harmonic in €,

@ On M, we have the so-called complementarity conditions

ou ou
U_¢>Oa |:an:|>o) (U_,Ivb)|:8n:|:03

@ M,y -smooth = ueC"(Qy), ac(0,1/2]
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Thin obstacle problem

Our goal:

Let u be a minimizer of (P).

For any v € K,

V(U= v)|20 < M(v, data of (P), free functions) (1)

o M is fully computable

@ u and the coincidence set {u = v} do not enter in M
o It depends continuously on its arguments

oM=0 & v=u

o If {fu=1} c {v =1} then estimate (1) is sharp.
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%HV(V —U)[Bg < J(v) - J(u),

Vv e K
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Estimates of the distance to the exact solution First form of the majorant

Perturbed problem:

(V) =Jdv)— [ A(v—1) — min

/
veEp+HI(Q) ={w=9p+v:veH(Q)]
AeN:={re [3((M) : A(x) >0 a.e. on M}

Remark.

o (P,) is uniquely solvable for any X € A since ¢ + H}(R) is the
affine subspace of H'(Q).

Let uy be the minimizer of (P,). Then

J(u) = inf J(v) = inf J = inf J
() V'QK (v) VEcpTVO(Q)iZR (V) izRVESOTVo(Q) (V)

> J)\(U,\) VA eA.
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Estimates of the distance to the exact solution First form of the majorant

Dual perturbed problem

K= [ (v Ve gl ac- [a-w)smex (7
Q M
)

y* e L3(Q,R"
AeN:={Ae[3(M) : A(x)>0a.e. onM}

Consider

QG ={y eP(QR"): divy*=0 in Qu, [y n]=\}

Remark.
Y EQu = K=o J
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Estimates of the distance to the exact solution First form of the majorant

Dual perturbed problem

K= [ (v Ve gl ax- [ao-u)omex ()
Q M

yeu={ye L2(Q,R"): /y*-Vde = //\Wdu Yw € H} (Q) }
Q M

AeN:={Ae[3(M) : A(x)>0a.e. onM}

Remark.
o (P3) is uniquely solvable for any A € A.
)
Ah(un) = inf  (v)= sup KLy =Jd(yx
Ny Vet o(@) (V) y*eO?,M ) = Jxi(n)
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Estimates of the distance to the exact solution First form of the majorant

Summary 1.

For any A € A we have

J(u) = () = JZ(13)-

Therefore,
J(v) = J(u) < J(v) = () = J(v) = sup  J3(¥)
y*eQK’M
=J(v)+ inf (=L(y))= _inf [J(v)— (V)]
y*eQA’M y*EOA’M

and, consequently,

J(v) —J(u) < J(v) = (¥ WekK, AeA ye Qi m
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Estimates of the distance to the exact solution First form of the majorant

Since y* € @\, and v — ¢ € Hj(Q) for any v € K, we find that

/y*-Vgodx:/y*-Vvdx—/y*-V(v—cp)dx
Q Q Q
—/y*-VVdX—/)\(V—ga)d,u.

Q M

Then

s = 50) = [ (GI9vR+ Gy -y Ve ) der [ A — v
M

Q

zz/yVV_y*|2dx+/)\(v—w)dp,.
Q

M
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Estimates of the distance to the exact solution First form of the majorant

First form of the majorant

For any v € K we have

IV = 0)lBa < TV =y [Ba+2 [ A(v—v) .
M

where A and y* are arbitrary functions in A and Q3 ,,, respectively.

A:={\e B(M) : \(x)>0a.e. on M}

Qi = {y*eLz(Q,R”):/y*-Vde:/)\Wdu Yw e H} (Q) }
Q M
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Estimates of the distance to the exact solution First form of the majorant

Remark:

Assume that
{xeM:ulx)=1v(x)} C{xeM:v(x)=1y(x)}
In this case, the estimate

VW= < IV -y Ba+2 [Av-v)dn  (2)
M

is sharp in the sense that 3 y* = Vu and A = [Vu - n] such that the
inequality holds in (2) as the equality.
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Estimates of the distance to the exact solution Advanced forms of the majorant

Extension of the set of functions

H(Qx,div) == {g" € L3(Q,R") : div(q*|o, ) € L*(Qx), [g*-n] € LE(M)}

Let " € H(Q4,div) and A € A. Forany v € Kand y* € Q5 ,, we have

VvV —y*l2q <|[VV—-q°

2o+ 19" =¥ ll20
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Estimates of the distance to the exact solution Advanced forms of the majorant

Advanced form of the majorant - 1

Let g* € H(Q24,div) and A € A. Forany y* Q;M we have

19" = ¥'lla < Cry [1div@Tll2,0, + Cr,_lldivg2,0
+ Cry A =g - n]ll2,m-

Darya Apushkinskaya (UdS) Error estimates for solutions AANMPDE12, Strobl, 01.07.2019

17/28



Estimates of the distance to the exact solution Advanced forms of the majorant

Advanced form of the majorant - 2

Let g* € H(Q4,div) and X\ € A satisfy the additional restrictions
/divq*dx: /divq*dx:o and /()\— [@" -n])du =0.
Qy Q- M

Then, for any « € [0, 1], we have

19" = y*lZq < (D-(q") + am_(g"))* + (D+(q") + (1 — a)m(q"))%,

where
9:(q") == Cp,_ [|divg*(l20. and m+(q*) = Cp,,(Q2+)[|A — [g" - n]

2,M-

Remark
« can be defined in the optimal way.
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Estimates of the distance to the exact solution Advanced forms of the majorant

Advanced form of the majorant - 3

Let g* € H(24,div) and X € A satisfy only the restriction

/ (A~ [q" - n)du = 0. 3)

M

Then, for any « € [0, 1], we have
lg* = y*13.0 < (®(q") + am_(g%))? + (DF(q") + (1 — a)m(q"))?,

where
D5(q") == Cry, lldivq*[2.0. and m+(q*) = Cp,,(22)IIX = [q" - n]|l2,m-
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Example

Example: Q. and Q_

Let Q. be the triangles in R? defined as in figure below, let
M :={x2 =0}, and let ¢ = 0.

x2

coincidence set
x1

1 vw a
[ inf Uggggglkafzé, — C:Fh = (;Fb = —
CFQj: we Vi (Q1) w20, ’ -7
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Example

Example: exact solution u
u(xq, x2) = Re ((x1 + i\xz\)3/2> is the explicit solution in R?

Setting the boundary condition ¢ on 99 as the trace of

Re ((x1 + i|x2])®/2), we see that u is the exact solution in the bounded
domain Q as well.

Figure: The exact solution uin Q
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I,
Example: properties of u

Au=0 in Q,

0, if X1 < 0,
u(xy,0) =

oL

ERS
on

0,

if xy >0

if xy <0,
if x; = 0.

«O» «F»r « < > a

it
v
it



S Bl
Example.

vi(X1, X2) = U(xq, X2) +

X5 (X — xy — a)(% + X1 — a),
2

if xo >0,
X5(X2 —x1+a)(xe + x4 +a), ifxx<DO.
A1
\
T

12N G4
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Example

Example.

HV(V1 - U)HQ,Q < im1(V1aq*7)\,¢)7

20+ V2 Q)\(W —)du

+ Cry, divaTllzo, + Cr,_[ldivqTllz,o_ + Cmy lIA = [9" - N]l|2,04,

1/2
9:Tt'l(‘/'l7q>k))‘aq/)) = va1 - q*

Choose

|.9)
N

) My (vq, Vg, %

q =V, /\::[an
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Example

Example.

Observe also that for g* = Vvy and A = [a‘“] the assumption (3) is
satisfied. Thus, for any « € [0, 1] we can compute

ov:
904 = Ulen < Malvs, Tur.a. | 5] 0)

ov .
Ma(vr, Ti.ax | Gt 0) = VW1 - @'l + V2 (Jw -

1/2
2 . 2 2 : 2
+[CR, lava 30, + CF, lliva'lEq |

1/2

gﬁg, (V1,VV1,04, [%] ,0>
e e et
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Example

Conclusions:

o In the above examples, rather simple functions g* and A provide
quite realistic bounds of the error.

o In more complicated examples, so defined g* and A\ may be
considered as a starting points for the iteration process of
majorant minimization that generates a monotonically decreasing
sequence of numbers, which are guaranteed upper bounds of the
error.
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Example
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