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Time-harmonic electro-magnetic scattering in exterior weak Lipschitz domains with mixed boundary conditions

Interested in weak solutions for the time-harmonic Maxwell equations/ scattering
problem/ radiation problem:

—rot H +iweE=F on nxE=0 on Iy,
rot B +iwpH =G on € nXxH=0 on TIs.

where:
e 0 C R? an exterior weak Lipschitz domain,
e 1,15 relatively open subsets of I := 9Q with I =T U Ts.
e g, € L=(Q,R**3) are symmetric and uniformly positive definite,
e F, G given data, w € C.
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Interested in weak solutions for the time-harmonic Maxwell equations/ scattering
problem/ radiation problem:

—rot H +iweE=F on nxE=0 on Iy,
rot B +iwpH =G on € nXxH=0 on TIs.
where:
e 0 C R? an exterior weak Lipschitz domain,
e 1,15 relatively open subsets of I := 9Q with I =T U Ts.
e, 1 € L°°(Q, R¥*3) are symmetric and uniformly positive definite,
F, G given data, w € C.

Rewrite:

—rot H +iweE = F
rot £ +iwpH =G
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Preliminaries

Polynomial weighted Sobolev Spaces

Polynomial weighted Sobolev Spaces
With p = p(z) == (1 + [2[2)'/?, 2 € R3 we define for s € R:
L2(Q) = {u €LZ.(Q) | puc LQ(Q)},
HT (Q) = {u €L2(Q) | 0%u € L2(Q) V]a| < m}
H™(Q) = {u eL2(Q) | 0%ue L2, (Q) V]| < m}
Ri() = {u e L2(@) | rotu e L2®)}, Ro(@) = {u e L2(@) | rotu e L2, ()},

D.(Q) := {u €L2(Q) | divue Lg(n)}, D.(Q) = {u €L2(Q) | divu e L§+1(Q)},

and to formulate boundary conditions: (V IS {H, H,R,R,D, D})

Vor (@)= CE@) VW i
where

CR(Y) = {um | u € C*°(R3) ,suppu cpt., dist (suppu, ;) > O}.
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Polynomial weighted Sobolev Spaces

Moreover, kernels are denoted by 0 in the lower left corner, e.g.

oRs(Q) := {u € Ry(Q) | rotu =0},
()Ds,r1 (Q) = {’u S Ds,r1 (Q) | divu = 0}, .

and if V; is any of the spaces above, we write:

Vesr=(Ve and  Vso:=JW

t<s t>s

Further notations:

o we call v k-admissible, iff
Yy=9  14+%, 70 € Ry and 4 = O(r™") for r — oo.
o L2(Q) = (LQ(Q) X L2(Q),< ., . >a ) where
< A=< e Sz < L B Sz -

e Ct:={weC|Imw)>0}.
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Weck's local selection theorem

Definition
Let v € {e, 1} be x-admissible with x > 0. A domain Q C R? satisfies
* ,Weck's selection theorem™ (WST), iff the imbedding

Rr, () Ny 'Dr, () —— L%*(Q) is compact.
x ,,Weck's local selection theorem* (WLST), iff the imbedding
Rr, (©2) ﬂ’y_lDrZ(Q) —— L% (Q) is compact.

loc
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Weck's local selection theorem

Weck's local selection theorem

Definition
Let v € {e, 1} be x-admissible with x > 0. A domain Q C R? satisfies
* ,Weck's selection theorem™ (WST), iff the imbedding
Rr, () Ny 'Dr, () —— L%*(Q) is compact.
x ,,Weck's local selection theorem* (WLST), iff the imbedding
Rr, (©2) ﬂ’y_lDrZ(Q) —— L2 _(Q) is compact.

loc

Remarks:
(1) (cf. Bauer, Pauly, Schomburg 2016) :

Q bounded, weak Lipschitz =>  satisfies (WST).
direct consequence:

Q ext. domain, weak Lipschitz = (2 satisfies (WLST).
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Weck's local selection theorem

Weck's local selection theorem

Definition
Let v € {e, 1} be x-admissible with x > 0. A domain Q C R? satisfies
* ,Weck's selection theorem™ (WST), iff the imbedding

Rr, () Ny 'Dr, () —— L%*(Q) is compact.
x ,,Weck's local selection theorem* (WLST), iff the imbedding
Rr, (©2) ﬂ'y_lDrZ(Q) —— L2 _(Q) is compact.

loc

Remarks:
(1) (cf. Bauer, Pauly, Schomburg 2016) :

Q bounded, weak Lipschitz =>  satisfies (WST).
direct consequence:
Q ext. domain, weak Lipschitz = (2 satisfies (WLST).
(2) An ext. domain Q satisfies (WLST), iff for all s,¢ € R with ¢ < s the imbedding
Ry, () Ny 1D, (Q) —— LZ(Q) is compact.
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Solution in the case w € C \ R
|—Solving M —w)u = f7?

JFor f € L2(Q) x L2(Q) find u € Rioe,r; X Rioe,ry Such that (M — w)u = f. |

Observe:
M i Rr(Q)xRn,(Q)CL3(Q) — L2 ()

u — Mu=1 U
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Solution in the case w € C \ R
LSolving M —w)u = f7?

JFor f € L2(Q) x L2(Q) find u € Rioe,r; X Rioe,ry Such that (M — w)u = f. |

Observe:
M Rr(Q) xRp,(Q2) C L%(Q) — L?\(Q)
0 —e~Lrot
u — Mu=1 u
u~ 1 rot 0

is unbounded, linear and selfadjoint.

— [r0cn]
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Solution in the case w € C \ R
LSolving M —w)u = f7?

JFor f € L2(Q) x L2(Q) find u € Rioe,r; X Rioe,ry Such that (M — w)u = f. |

Observe:
M Rr(Q) xRp,(Q2) C L%(Q) — L?\(Q)
0 —e~Lrot
u — Mu=1 u
u~ 1 rot 0

is unbounded, linear and selfadjoint.
= |ocM)CR

weC\R = (M —w)"!is bounded

. u:i=Lyf =M —g,.;)—lf| is L2 - solution.
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L Solving (M — w)u = f?

JFor f € L2(Q) x L2(Q) find u € Rioe,r; X Rioe,ry Such that (M — w)u = f. |

Observe:
M Rr(Q) xRp,(Q2) C L?\(Q) — L?\(Q)
0 —e~Lrot
u — Mu=1 u
u~ 1 rot 0

is unbounded, linear and selfadjoint.

— [r0cn]

weC\R = (M —w)"!is bounded

= |u =Luf =M —w)_1f| is L2 - solution.

w€€R\ {0} = Using ‘limiting absorption principle’ (Eidus 1962)
Idea: approximating w by a sequence (wp)n C CT.

Convergence? In which sense? |
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Solution in the case w € C \ R
L Solving (M — w) u = f?

JFor f € L2(Q) x L2(Q) find u € Rioe,r; X Rioe,ry Such that (M — w)u = f. |

Observe:
M Rr(Q) xRp,(Q2) C L?\(Q) — L?\(Q)
0 —e~Lrot
u — Mu=1 u
u~ 1 rot 0

is unbounded, linear and selfadjoint.

— [r0cn]

weC\R = (M —w)"!is bounded

= |u =Luf =M —w)_1f| is L2 - solution.

w€€R\ {0} = Using ‘limiting absorption principle’ (Eidus 1962)
Idea: approximating w by a sequence (wp)n C CT.

Convergence? In which sense? |

w=20 —>  static problem, equations decouple
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Definition (Time-harmonic solutions)

Letw € R\ {0}, (g, ) = (0, p0) - 1+ (¢, i) k-admissible, k> 0 and f € L2 _(Q) x LE ().
We say u solves Max(f, A,w), iff

(S1) weR__y (xR _1 ()
(52) (M -wu={,

(83) (Ao + Eopo E)u € Liié(ﬂ) x L2>7%(Q),

0 —£x z eo O
== , =—, Ao =
<£x 0> T <0 m)

where
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L—Solution in the case w e R\ {0}

Definition (Time-harmonic solutions)

Letw € R\ {0}, (g, ) = (0, p0) - 1+ (¢, i) k-admissible, k> 0 and f € L2 _(Q) x LE ().
We say u solves Max(f, A,w), iff

(S1) weR__y (xR _1 ()
(52) (M -wu={,

(83) (Ao + Eopo E)u € Liié(ﬂ) x Liié(ﬂ),

where
0 —£x eg O
== , &= i, Ao =
&Ex 0 || 0 o

Remark:
Because of

(Ao + v/Eoro E) u = Ag (E-i— ‘Z—sng,H—\/%ng),

(S3) is just the classical Silver-Miiller-radiation condition.
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Generalized Fredholm alternative

Theorem (Generalized Fredholm alternative)

Let w € R\ {0}, Q C R3 an exterior weak Lipschitz domain and e, i k-admissible
with k > 1. Then we have:

(1) For Ngen(M — w) := {u | u is sol. to Max(0,A,w) } we have

Ngen(M =) € [ (Rer, () N7 0Du, (9)) % (Rer, (@) N oDy, ()
teR
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Generalized Fredholm alternative

Theorem (Generalized Fredholm alternative)
Let w € R\ {0}, Q C R3 an exterior weak Lipschitz domain and e, i k-admissible
with k > 1. Then we have:

(1) Ngen(M =) € [ (Rery () Ne™ 0D, () x (Riyrs (@) N oDy, ()
teR

(2) dim (Ngen(./\/l — w)) < 0.
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L—Solution in the case w e R\ {0}

Generalized Fredholm alternative

Theorem (Generalized Fredholm alternative)
Let w € R\ {0}, Q C R3 an exterior weak Lipschitz domain and e, i k-admissible
with k > 1. Then we have:

(1) Ngen(M =) € [ (Rery () Ne™ 0D, () x (Riyrs (@) N oDy, ()
teR

(2) dim (Ngen(./\/l - w)) < oo.
(3) For ogen(M) := { w | Max(0, A,w) has non-trivial sol. } we have:
Ogen(M) C R\ {0} has no accumulation point in R\ {0}.
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Generalized Fredholm alternative

Theorem (Generalized Fredholm alternative)

Let w € R\ {0}, Q C R3 an exterior weak Lipschitz domain and e, i k-admissible
with k > 1. Then we have:

(1) Ngen(M =) € [ (Rery () Ne™ 0D, () x (Riyrs (@) N oDy, ()
teR

(2) dim (Ngen(./\/l - w)) < oo.
(3) ogen(M) C R\ {0} has no accumulation point in R\ {0}.
(4) Vfe L2>% (Q) x Li% (2) there exists a solution u of Max(f, A,w), iff
Vv € Ngen(M —w): < f,v >3 (0)= 0. (C1)
Moreover we can choose u such that
Vv € Ngen(M —w) : < u,v >3 ()= 0 (C2)

Then wu is uniquely determined.



Time-harmonic electro-magnetic scattering in exterior weak Lipschitz domains with mixed boundary conditions
L—Solution in the case w e R\ {0}

Generalized Fredholm alternative

Theorem (Generalized Fredholm alternative)
Let w € R\ {0}, Q C R3 an exterior weak Lipschitz domain and e, i k-admissible
with k > 1. Then we have:

(1) Ngen(M =) € [ (Rery () Ne™ 0D, () x (Riyrs (@) N oDy, ()
teR

(2) dim (Ngen(./\/l - w)) < oo.
(3) ogen(M) C R\ {0} has no accumulation point in R\ {0}.
(4) Vfe L2>% (Q) x Li% (2) there exists a solution u of Max(f, A,w), iff
Vv € Ngen(M —w): < f,v >3 (0)= 0. (C1)
Moreover we can choose u such that
Vv € Ngen(M —w) : < u,v >3 ()= 0 (C2)
Then wu is uniquely determined.
(5) Vt< —% the solution operator
Lot (L9 x LA(®)) NNM —w)*s — (Rer, (9) x Ripy (2)) NN(M —w)a

defined by (4) is continuous.
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Generalized Fredholm alternative

Theorem (Generalized Fredholm alternative)
Let w € R\ {0}, Q C R3 an exterior weak Lipschitz domain and e, i k-admissible
with k > 1. Then we have:

(1) Ngen(M =) € [ (Rery () Ne™ 0D, () x (Riyrs (@) N oDy, ()
teR

(2) dim (Ngen(./\/l — w)) < 0.
(3) ogen(M) C R\ {0} has no accumulation point in R\ {0}.

(4) |Vfe L2>; (2) x L2>l (2) there exists a solution u of Max(f, A,w), iff
2 2

Vv € Ngen(M —w): < f,v >12 (@)= 0. (C1)
Moreover we can choose u such that

Vv € Ngen(M —w): <u,v >z (@)= 0. (C2)

Then w is uniquely determined.

(5) Vi< —% the solution operator

Lo (Lg(Q) x Lg(Q)) ANM — w)ta — (thl(ﬂ) x Rt,rz(Q)) ANM — w)ta

defined by (4) is continuous.
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LSqution inthecase w € R\ {0}

Generalized Fredholm alternative

Polynomial weighted Sobolev Spaces
With p = p(z) == (1 + [2[2)'/?, 2 € R3 we define for s € R:
L2(Q) = {u €LZ.(Q) | puc LQ(Q)},
HT (Q) = {u €L2(Q) | 0%u € L2(Q) V]a| < m}
H™(Q) = {u eL2(Q) | 0%ue L2, (Q) V]| < m}
Ri() = {u e L2(@) | rotu e L2®)}, Ro(@) = {u e L2(@) | rotu e L2, ()},

D.(Q) := {u €L2(Q) | divue Lg(n)}, D.(Q) = {u €L2(Q) | divu e L§+1(Q)},

and to formulate boundary conditions: (V IS {H, H,R,R,D, D})

Vor (@)= CE@) VW i
where

CR(Y) = {um | u € C*°(R3) ,suppu cpt., dist (suppu, ;) > O}.
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Generalized Fredholm alternative

Weck's local selection theorem

Definition
Let v € {e, 1} be x-admissible with x > 0. A domain Q C R? satisfies
x ,,Weck's selection theorem" (WST), iff the imbedding
Rr, () Ny 'Dr, () —— L%*(Q) is compact.
x ,,Weck's local selection theorem* (WLST), iff the imbedding
Rr, (©2) ﬂ'y_lDrZ(Q) —— L2 _(Q) is compact.

loc

Remarks:
(1) (cf. Bauer, Pauly, Schomburg 2016) :

Q bounded, weak Lipschitz =>  satisfies (WST).
direct consequence:

Q ext. domain, weak Lipschitz = (2 satisfies (WLST).

(2) | An ext. domain  satisfies (WLST), iff for all s,t € R with ¢ < s the imbedding
R, () Ny Dsr, (Q) —— LZ(Q) is compact.
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Generalized Fredholm alternative

Definition (Time-harmonic solutions)

Letw € R\ {0}, (g, ) = (0, p0) - 1+ (¢, i) k-admissible, k> 0 and f € L2 _(Q) x LE ().
We say u solves Max(f, A,w), iff

(S1) weR__y (xR _1 ()
(52) (M -wu={,

(83) (Ao + Eopo E)u € Liié(ﬂ) x Liié(ﬂ),

where
0 —£x eg O
== , &= i, Ao =
&Ex 0 || 0 o

Remark:
Because of

(Ao + v/Eoro E) u = Ag (E-i— ‘Z—sng,H—\/%ng),

(S3) is just the classical Silver-Miiller-radiation condition.
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Generalized Fredholm alternative

Lemma (A-priori estimate for Maxwell, Pauly 2007)

Lett < —1/2, s € (1/2,1), J € R\ {0} an interval and ¢, i k-admissible, k > 1.
Then there exist c,6 > 0 andt > —1/2 s.t. for all w € C* with w? = \? +io),
A€ J, o€ (0,(/Eommo) "] and for all f € L2(Q) x LZ(Q) we have

[ Lo f llro(2) + [ (Ao + v/Eoro E) Lo f 20
<c: { Il fllz) + | Luf ||L2(Q(5))}
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LSqution inthecase w € R\ {0}
Generalized Fredholm alternative

Lemma (A-priori estimate for Maxwell, Pauly 2007)

Lett < —1/2, s € (1/2,1), J @ R\ {0} an interval and ¢, u k-admissible, k > 1.
Then there exist c,6 > 0 andt > —1/2 s.t. for all w € C* with w? = \? +io),
A€ J, o€ (0,(\/Eommo) "] and for all f € L2(Q) x L2(Q) we have

[ Lo f llro(2) + [ (Ao + v/Eoro E) Lo f 20

<c- { Il fllz) + | Luf |||_2(Q(5))}

,direct” consequence of

Theorem (A-priori-estimate for Helmholtz, Vogelsang 1975)

Lett < —1/2, s € (1/2,1) and J € R\ {0} an interval. Then there exists ¢ > 0, s. t.
for all v € C* with v* = k* +iko, K € J, 0 € (0,1] and for all g € L2(R®) we have:

(A +v") " g ll2 sy + llexp(—inr) (A +v°) g i, sy < Nl g llizces)-
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Generalized Fredholm alternative

Theorem (Generalized Fredholm alternative)
Let w € R\ {0}, Q C R3 an exterior weak Lipschitz domain and e, i k-admissible
with k > 1. Then we have:

(1)

(2)
®3)
(4)

Ngen(M =) € [ (Riry (@) Ne 0Dy, (2)) x (Reyry (@) N~ 0Dy ()
teR

dim (Ngen(M - w)) < co.
ogen(M) C R\ {0} has no accumulation point in R\ {0}.
Vfe L2>% () x Li% (2) there exists a solution u of Max(f, A,w), iff
Vo € Ngen(M —w): < f,v>12(q)= 0.
Moreover we can choose u such that
Vv € Ngen(M —w): <u,v >3~ 0.

Then wu is uniquely determined.

(5) Vi< —% the solution operator

(€1)

(€2)

Lo (Lg(ﬂ) x Lg(n)) ANM —w)tr — (Rt,rl Q) x Rt,rz(n)) AN(M — w)+a

defined by (4) is continuous.
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I—Solution inthecase w € R\ {0}

Generalized Fredholm alternative

Lemma (Polynomial decay for Maxwell, Pauly 2007)
Let1/2 < s € R\L, we J &R\ {0} an interval and e, u k-admissible, k > 1. If

u€eR,_1(Q) xR, _1(Q) satisfies
(M —w)u € L2(Q) x L2(Q),

then u € Rs_1(2) and 3 ¢, > 0 (independent of u, f,w) s. t.

lulle, s < e { 1M = w)u ey + 1l sy }-
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LSqution inthecase w € R\ {0}

Generalized Fredholm alternative

Lemma (Polynomial decay for Maxwell, Pauly 2007)
Let1/2 < s € R\L, we J &R\ {0} an interval and e, u k-admissible, k > 1. If

CAS R>—%(Q) X R>_%(Q) satisfies
(M —w)u € L2(Q) x L2(Q),

then u € Rs_1(2) and 3 ¢, > 0 (independent of u, f,w) s. t.

lulle, s < e { 1M = w)u ey + 1l sy }-

,direct” consequence of

Theorem (Polynomial decay for Helmholtz, Weck & Witsch 1997)
Lett> —1/2, s >t, J € R\ {0} an interval and v € J. If u € L}(R®) and
(A +v?)u € L2 (R?), then u € H2(R?) and 3 c=c(s,J) > 0, s. t.

2
il < e { 1A+ 07l oy + 1wz e )
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L—Solution in the case w e R\ {0}

Generalized Fredholm alternative

Lemma (Polynomial decay for Maxwell, Pauly 2007)

Let1/2 < s € R\, we J &R\ {0} an interval and e, u k-admissible with k > 1.
Ifu € Ry _1(Q2) x Ry _1(Q) satisfies

1 1
2 2
(M —w)u € LI(Q) x L3(%),
then u € Rs_1(2) and 3 ¢, > 0 (independent of u, f,w) s. t.

el < e { 1M = 0)ullize + Iz }-

Corollary
Let w € R\ {0}, €, u k-admissible with k > 1 and u a solution of Max(0, A, w).

— uwe () (R (@) x Riry(9))

teER
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Solution in the case w = 0

The static case

w = 0 - the static case

For w = 0 the system decouples:

—rot E=F on £, rot H=G on €,
nxE=0 on Iy, nxH=0 on TIs.

—> add two equations

diveE = f, divuH = g.
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Solution in the case w = 0

The static case

w = 0 - the static case

For w = 0 the system decouples:

—rot E=F on £, rot H=G on €,
nxE=0 on Iy, nxH=0 on TIs.

— add two equations
diveFE = f, divuH =g.
= boundary conditions on the other part of the boundary
n-e£E=0 on [, n-puH =0 on TIj.
—> static problem has non trivial kernel

Hs(Q) == oRs,r, () Ne oDy, (Q)

; ) ; o ; (Dirichlet-Neumann-fields)
pHs(2) :=o0Rs,rp () N "0Dsry (2)
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Solution in the case w = 0

The static case

w = 0 - the static case

For w = 0 the system decouples:

—rot E=F on £, rot H=G on €,
nxE=0 on Iy, nxH=0 on TIs.

—> add two equations
diveFE = f, divuH =g.
= boundary conditions on the other part of the boundary
n-eE=0 on [a, n-uH =0 on I.
— static problem has non trivial kernel

Ha(Q) == oRar, () Ne  oDar, (Q)

. (Dirichlet-Neumann-fields)
pHs () := oRory () N 0Ds,ry (Q)
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Solution in the case w = 0

The static case

Results for w = 0 - the static case

Theorem

Let Q C R? be an exterior weak Lipschitz domain, € k-admissible with k. > 0 and
additionally e € C*(X) for an exterior domain ¥ C Q with 9;¢ = O(r~'=%) for

r — oo. Then for any

FerotRo1n(Q), fedivDoirn(Q) =L*Q)
we have a unique
EcR_yn(@Ne 'Doin(Q)NneHo(Q) 1=
with
rot £ = f, diveE =g,

E depends continuously on the data.
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Solution in the case w = 0

The static case

Results for w = 0 - the static case

Theorem

Let Q C R? be an exterior weak Lipschitz domain, ji k-admissible with k > 0 and
additionally u € C*(X) for an exterior domain . C Q with 80 = O(r~'7") for
r — oo. Then for any

GerotRo1,(Q), gedivD i (Q)=L*(Q)
we have a unique
HeR 1 )Nu 'Doin ()N Hog(Q) 1w
with
rot H = G, divpH =g,

H depends continuously on the data.
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Solution in the case w = 0

The static case

Thank you

for your attention!
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