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Time-harmonic electro-magnetic scattering in exterior weak Lipschitz domains with mixed boundary conditions

Interested in weak solutions for the time-harmonic Maxwell equations/ scattering
problem/ radiation problem:

− rotH + iωεE = F on Ω, n× E = 0 on Γ1,

rotE + iωµH = G on Ω, n×H = 0 on Γ2.

where:

• Ω ⊂ R3 an exterior weak Lipschitz domain,

• Γ1, Γ2 relatively open subsets of Γ := ∂Ω with Γ = Γ1 ∪ Γ2.

• ε, µ ∈ L∞(Ω,R3×3) are symmetric and uniformly positive definite,

• F,G given data, ω ∈ C.

Rewrite:

− rotH + iωεE = F

rotE + iωµH = G
⇐⇒

(
M− ω

)
u = f,

where

M = iΛ−1

(
0 − rot

rot 0

)
, Λ =

(
ε 0
0 µ

)
, u =

(
E
H

)
, f = iΛ−1

(
F
G

)
.
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Polynomial weighted Sobolev Spaces

With ρ = ρ(x) :=
(
1 + |x|2

)1/2
, x ∈ R3 we define for s ∈ R:

L2
s (Ω) :=

{
u ∈ L2

loc(Ω)
∣∣ ρsu ∈ L2(Ω)

}
,

Hms (Ω) :=
{
u ∈ L2

s (Ω)
∣∣ ∂αu ∈ L2

s (Ω) ∀ |α| ≤ m
}
,

Hms (Ω) :=
{
u ∈ L2

s (Ω)
∣∣ ∂αu ∈ L2

s+|α|(Ω) ∀ |α| ≤ m
}
,

Rs(Ω) :=
{
u ∈ L2

s (Ω)
∣∣ rotu ∈ L2

s (Ω)
}
, Rs(Ω) :=

{
u ∈ L2

s (Ω)
∣∣ rotu ∈ L2

s+1(Ω)
}
,

Ds(Ω) :=
{
u ∈ L2

s (Ω)
∣∣ div u ∈ L2

s (Ω)
}
, Ds(Ω) :=

{
u ∈ L2

s (Ω)
∣∣ div u ∈ L2

s+1(Ω)
}
,

and to formulate boundary conditions:
(

V ∈
{

H,H,R,R,D,D
})

Vs,Γi (Ω) := C∞Γi (Ω)
‖·‖Vs(Ω)

, i = 1, 2

where

C∞Γi (Ω) :=
{
u|Ω

∣∣ u ∈ C∞(R3) , suppu cpt., dist
(

suppu, Γi
)
> 0
}
.
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Moreover, kernels are denoted by 0 in the lower left corner, e. g.

0Rs(Ω) :=
{
u ∈ Rs(Ω)

∣∣ rotu = 0
}
,

0Ds,Γ1(Ω) :=
{
u ∈ Ds,Γ1(Ω)

∣∣ div u = 0
}
, . . .

and if Vt is any of the spaces above, we write:

V<s :=
⋂
t<s

Vt and V>s :=
⋃
t>s

Vt

Further notations:

• we call γ κ-admissible, iff

γ = γ0 · I + γ̂, γ0 ∈ R+ and γ̂ = O(r−κ) for r −→∞.

• L2
Λ(Ω) :=

(
L2(Ω)× L2(Ω), < . , . >Λ

)
, where

< . , . >Λ=< . , ε . >L2(Ω) + < . , µ . >L2(Ω) .

• C+ := {ω ∈ C | Im(ω) > 0 }.
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Weck’s local selection theorem

Definition
Let γ ∈ {ε, µ} be κ-admissible with κ ≥ 0. A domain Ω ⊂ R3 satisfies

∗
”
Weck’s selection theorem“ (WST), iff the imbedding

RΓ1
(Ω) ∩ γ−1DΓ2

(Ω) ↪−−−→ L2(Ω) is compact.

∗
”
Weck’s local selection theorem“ (WLST), iff the imbedding

RΓ1
(Ω) ∩ γ−1DΓ2

(Ω) ↪−−−→ L2
loc(Ω) is compact.

Remarks:

(1) (cf. Bauer, Pauly, Schomburg 2016) :

Ω bounded, weak Lipschitz =⇒ Ω satisfies (WST) .

direct consequence:

Ω ext. domain, weak Lipschitz =⇒ Ω satisfies (WLST) .

(2) An ext. domain Ω satisfies (WLST), iff for all s, t ∈ R with t < s the imbedding

Rs,Γ1
(Ω) ∩ γ−1Ds,Γ2

(Ω) ↪−−−→ L2
t (Ω) is compact.
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Solution in the case ω ∈ C \ R
Solving (M − ω)u = f ?

”
For f ∈ L2(Ω)× L2(Ω) find u ∈ Rloc,Γ1

× Rloc,Γ2
such that

(
M− ω

)
u = f.“

Observe:

M : RΓ1
(Ω)× RΓ2

(Ω) ⊂ L2
Λ(Ω) −→ L2

Λ(Ω)

u 7−→ Mu = i

(
0 −ε−1 rot

µ−1 rot 0

)
u

is unbounded, linear and selfadjoint.

=⇒ σ(M) ⊂ R

ω ∈ C \ R =⇒ (M− ω)−1 is bounded

=⇒ u := Lωf = (M− ω)−1f is L2 - solution.

ω ∈ R \ {0} =⇒ Using ‘limiting absorption principle’ (Eidus 1962)

Idea: approximating ω by a sequence (ωn)n ⊂ C+.

Convergence? In which sense?

ω = 0 =⇒ static problem, equations decouple
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Solution in the case ω ∈ R \ {0}

Definition (Time-harmonic solutions)
Let ω ∈ R \ {0}, (ε, µ) = (ε0, µ0) · I+ (ε̂, µ̂) κ-admissible, κ ≥ 0 and f ∈ L2

loc(Ω)× L2
loc(Ω).

We say u solves Max(f,Λ, ω), iff

(S1) u ∈ R<− 1
2
,Γ1

(Ω)× R<− 1
2
,Γ2

(Ω),

(S2) (M − ω)u = f ,

(S3)
(
Λ0 +

√
ε0µ0 Ξ

)
u ∈ L2

>− 1
2

(Ω)× L2
>− 1

2

(Ω),

where

Ξ :=

(
0 −ξ×

ξ× 0

)
, ξ :=

x

|x|
, Λ0 =

(
ε0 0

0 µ0

)

Remark:
Because of (

Λ0 +
√
ε0µ0 Ξ

)
u = Λ0

(
E +

√
µ0

ε0
ξ ×H,H −

√
ε0

µ0
ξ × E

)
,

(S3) is just the classical Silver-Müller-radiation condition.
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Solution in the case ω ∈ R \ {0}
Generalized Fredholm alternative

Theorem (Generalized Fredholm alternative)
Let ω ∈ R \ {0}, Ω ⊂ R3 an exterior weak Lipschitz domain and ε, µ κ-admissible

with κ > 1. Then we have:

(1) For Ngen(M− ω) :=
{
u | u is sol. to Max(0,Λ, ω)

}
we have

Ngen(M− ω) ⊂
⋂
t∈R

(
Rt,Γ1

(Ω) ∩ ε−1
0Dt,Γ2

(Ω)
)
×
(
Rt,Γ2

(Ω) ∩ µ−1
0Dt,Γ1

(Ω)
)
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(2) dim
(

Ngen(M− ω)
)
<∞.
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(Ω) ∩ µ−1
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(2) dim
(

Ngen(M− ω)
)
<∞.

(3) For σgen(M) :=
{
ω | Max(0,Λ, ω) has non-trivial sol.

}
we have:

σgen(M) ⊂ R \ {0} has no accumulation point in R \ {0}.
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(3) σgen(M) ⊂ R \ {0} has no accumulation point in R \ {0}.

(4) ∀ f ∈ L2
> 1

2

(Ω)× L2
> 1

2

(Ω) there exists a solution u of Max(f,Λ, ω), iff

∀ v ∈ Ngen(M− ω) : < f, v >L2
Λ(Ω)= 0. (C1)

Moreover we can choose u such that

∀ v ∈ Ngen(M− ω) : < u, v >L2
Λ(Ω)= 0. (C2)

Then u is uniquely determined.
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(5) ∀ t < − 1
2

the solution operator

Lω :
(

L2
s (Ω)× L2

s (Ω)
)
∩N(M− ω)⊥Λ −→

(
Rt,Γ1

(Ω)× Rt,Γ2
(Ω)
)
∩N(M− ω)⊥Λ

defined by (4) is continuous.
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Weck’s local selection theorem

Definition
Let γ ∈ {ε, µ} be κ-admissible with κ ≥ 0. A domain Ω ⊂ R3 satisfies

∗
”
Weck’s selection theorem“ (WST), iff the imbedding

RΓ1
(Ω) ∩ γ−1DΓ2

(Ω) ↪−−−→ L2(Ω) is compact.

∗
”
Weck’s local selection theorem“ (WLST), iff the imbedding

RΓ1
(Ω) ∩ γ−1DΓ2

(Ω) ↪−−−→ L2
loc(Ω) is compact.

Remarks:

(1) (cf. Bauer, Pauly, Schomburg 2016) :

Ω bounded, weak Lipschitz =⇒ Ω satisfies (WST) .

direct consequence:

Ω ext. domain, weak Lipschitz =⇒ Ω satisfies (WLST) .

(2) An ext. domain Ω satisfies (WLST), iff for all s, t ∈ R with t < s the imbedding

Rs,Γ1
(Ω) ∩ γ−1Ds,Γ2

(Ω) ↪−−−→ L2
t (Ω) is compact.
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Definition (Time-harmonic solutions)
Let ω ∈ R \ {0}, (ε, µ) = (ε0, µ0) · I+ (ε̂, µ̂) κ-admissible, κ ≥ 0 and f ∈ L2

loc(Ω)× L2
loc(Ω).

We say u solves Max(f,Λ, ω), iff

(S1) u ∈ R<− 1
2
,Γ1

(Ω)× R<− 1
2
,Γ2

(Ω),

(S2) (M − ω)u = f ,

(S3)
(
Λ0 +

√
ε0µ0 Ξ

)
u ∈ L2

>− 1
2

(Ω)× L2
>− 1

2

(Ω),

where

Ξ :=

(
0 −ξ×

ξ× 0

)
, ξ :=

x

|x|
, Λ0 =

(
ε0 0

0 µ0

)

Remark:
Because of (

Λ0 +
√
ε0µ0 Ξ

)
u = Λ0

(
E +

√
µ0

ε0
ξ ×H,H −

√
ε0

µ0
ξ × E

)
,

(S3) is just the classical Silver-Müller-radiation condition.
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Lemma (A-priori estimate for Maxwell, Pauly 2007)

Let t < −1/2, s ∈ (1/2, 1), J b R \ {0} an interval and ε, µ κ-admissible, κ > 1.
Then there exist c, δ > 0 and t̂ > −1/2 s. t. for all ω ∈ C+ with ω2 = λ2 + iσλ,
λ ∈ J , σ ∈ (0, (

√
ε0µ0)−1] and for all f ∈ L2

s (Ω)× L2
s (Ω) we have

‖Lωf ‖Rt(Ω) + ‖ (Λ0 +
√
ε0µ0 Ξ)Lωf ‖L2

t̂
(Ω)

≤ c ·
{
‖ f ‖L2

s (Ω) + ‖Lωf ‖L2(Ω(δ))

}

”
direct“ consequence of

Theorem (A-priori-estimate for Helmholtz, Vogelsang 1975)

Let t < −1/2, s ∈ (1/2, 1) and J b R \ {0} an interval. Then there exists c > 0, s. t.
for all ν ∈ C+ with ν2 = κ2 + iκσ, κ ∈ J , σ ∈ (0, 1] and for all g ∈ L2

s(R3) we have:

‖ (∆ + ν2)−1g ‖L2
t (R3) + ‖ exp(−iκr)(∆ + ν2)−1g ‖H1

s−2(R3) ≤ ‖ g ‖L2
s (R3).
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Theorem (Generalized Fredholm alternative)
Let ω ∈ R \ {0}, Ω ⊂ R3 an exterior weak Lipschitz domain and ε, µ κ-admissible

with κ > 1. Then we have:

(1) Ngen(M− ω) ⊂
⋂
t∈R

(
Rt,Γ1

(Ω)∩ ε−1
0Dt,Γ2

(Ω)
)
×
(
Rt,Γ2

(Ω)∩ µ−1
0Dt,Γ1

(Ω)
)

(2) dim
(

Ngen(M− ω)
)
<∞.

(3) σgen(M) ⊂ R \ {0} has no accumulation point in R \ {0}.

(4) ∀ f ∈ L2
> 1

2

(Ω)× L2
> 1

2

(Ω) there exists a solution u of Max(f,Λ, ω), iff

∀ v ∈ Ngen(M− ω) : < f, v >L2
Λ(Ω)= 0. (C1)

Moreover we can choose u such that

∀ v ∈ Ngen(M− ω) : < u, v >L2
Λ(Ω)= 0. (C2)

Then u is uniquely determined.

(5) ∀ t < − 1
2

the solution operator

Lω :
(

L2
s (Ω)× L2

s (Ω)
)
∩N(M− ω)⊥Λ −→

(
Rt,Γ1

(Ω)× Rt,Γ2
(Ω)
)
∩N(M− ω)⊥Λ

defined by (4) is continuous.
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Lemma (Polynomial decay for Maxwell, Pauly 2007)

Let 1/2 < s ∈ R \ I, ω ∈ J b R \ {0} an interval and ε, µ κ-admissible, κ > 1. If
u ∈ R>− 1

2
(Ω)× R>− 1

2
(Ω) satisfies

(M− ω)u ∈ L2
s(Ω)× L2

s(Ω),

then u ∈ Rs−1(Ω) and ∃ c, δ > 0 (independent of u, f, ω) s. t.

‖u ‖Rs−1(Ω) ≤ c ·
{
‖ (M− ω)u ‖L2

s (Ω) + ‖u ‖L2(Ω(δ))

}
.

”
direct“ consequence of

Theorem (Polynomial decay for Helmholtz, Weck & Witsch 1997)

Let t > −1/2, s ≥ t, J b R \ {0} an interval and ν ∈ J . If u ∈ L2
t (R3) and

(∆ + ν2)u ∈ L2
s+1(R3), then u ∈ H2

s (R3) and ∃ c = c(s, J) > 0, s. t.

‖u ‖H2
s (R3) ≤ c ·

{
‖ (∆ + ν2)u ‖L2

s+1(R3) + ‖u ‖L2
s−1(R3)

}
.
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Lemma (Polynomial decay for Maxwell, Pauly 2007)

Let 1/2 < s ∈ R \ I, ω ∈ J b R \ {0} an interval and ε, µ κ-admissible with κ > 1.
If u ∈ R>− 1

2
(Ω)× R>− 1

2
(Ω) satisfies

(M− ω)u ∈ L2
s(Ω)× L2

s(Ω),

then u ∈ Rs−1(Ω) and ∃ c, δ > 0 (independent of u, f, ω) s. t.

‖u ‖Rs−1(Ω) ≤ c ·
{
‖ (M− ω)u ‖L2

s (Ω) + ‖u ‖L2(Ω(δ))

}
.

Corollary

Let ω ∈ R \ {0}, ε, µ κ-admissible with κ > 1 and u a solution of Max(0,Λ, ω).

=⇒ u ∈
⋂
t∈R

(
Rt,Γ1 (Ω)× Rt,Γ2 (Ω)

)
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ω = 0 - the static case

For ω = 0 the system decouples:

− rotE = F on Ω, rotH = G on Ω,

n× E = 0 on Γ1, n×H = 0 on Γ2.

=⇒ add two equations

div εE = f, divµH = g.

=⇒ boundary conditions on the other part of the boundary

n · εE = 0 on Γ2, n · µH = 0 on Γ1.

=⇒ static problem has non trivial kernel

εHs(Ω) := 0Rs,Γ1(Ω) ∩ ε−1
0Ds,Γ2(Ω)

µHs(Ω) := 0Rs,Γ2(Ω) ∩ µ−1
0Ds,Γ1(Ω)

(Dirichlet-Neumann-fields)
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Results for ω = 0 - the static case

Theorem
Let Ω ⊂ R3 be an exterior weak Lipschitz domain, ε κ-admissible with κ > 0 and
additionally ε ∈ C1(Σ) for an exterior domain Σ ⊂ Ω with ∂j ε̂ = O(r−1−κ) for
r −→∞. Then for any

F ∈ rot R−1,Γ1 (Ω), f ∈ div D−1,Γ2 (Ω) = L2(Ω)

we have a unique

E ∈ R−1,Γ1 (Ω) ∩ ε−1D−1,Γ2 (Ω) ∩ εH−1(Ω)⊥−1,ε

with

rotE = f, div εE = g,

E depends continuously on the data.
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The static case

Results for ω = 0 - the static case

Theorem
Let Ω ⊂ R3 be an exterior weak Lipschitz domain, µ κ-admissible with κ > 0 and
additionally µ ∈ C1(Σ) for an exterior domain Σ ⊂ Ω with ∂j µ̂ = O(r−1−κ) for
r −→∞. Then for any

G ∈ rot R−1,Γ2 (Ω), g ∈ div D−1,Γ1 (Ω) = L2(Ω)

we have a unique

H ∈ R−1,Γ2 (Ω) ∩ µ−1D−1,Γ1 (Ω) ∩ µH−1(Ω)⊥−1,µ

with

rotH = G, divµH = g,

H depends continuously on the data.
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The static case

Thank you

for your attention!
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