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1. Introduction * %%
E electrical field , 7 magnetic field ,
D electric flux , B magnetic flux ,

J current density , o charge density .

(1) curle =-9% (Faraday)

(2) curlH = %? +J, (Ampere — Mazwell)
(3) divD =p, (Gauss — Weber)

(4) divB =0, (Gauss — Weber).

Constitutive equations:

(G)D=cE,B=pH, T =cE+ T,

€ > 0 electrical permittivity, w© > 0 magnetic permeability,
o > 0 conductivity; for simplicity let them be constants.
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Energy convolution: 2 bounded domain or Q¢ =R?\ Q :
(6) E(t)= %(fZ(EIBI2 + p|D|*)dx

Then % = _2 [|D?dx + [n- (B x D)ds; D x B pointing vector.
0 r

Lemma 1: If n- (B x D)|r = 0 and B(0) = D(0) = 0,
Then B(t) =D(t) =0

Proof: 0 <

L [ u[D2dx < E(t) —E(0) = —2 [ [|D|2dxdt <0
Q 0Q
0.

Hence D(x,t) =0 Qe—o

Z
QJ

B _
V98 _ 0= B = O

I
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Lemma 2:

Let B denote the Bogovskii operator in R?, a 1do_1 ,
let 0o € Lo(R3) have compact support

and Jp =0,0 > 0, > 0. Then

(7) D(x,t) =e FBgy fort>0.

Proof: div of (2) with (3) and (5) gives
21 20=0=p=cFodivD. O
B is a right inverse to div. [M. Costabel + A. Mclntosh 2010]
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Electrostatic fields: [see E. Martensen 1968, R. Kress 1970] m N

Time derivatives zero. Bounded Q2 = |J ©,, Q,NQ, =0 for p # v*
pu=1

with '), = 9Q,, € C*, 0 < a < 1, Lyapounov.

~ — moo< o~ =t =J

Q:=R3\Q={J O, Q0 unbounded Q@ NQ =10 fori#j,

. i=0

Q" bounded: 7,5 =1,...,m.

()curlE =0,curlH =0cE+Jg
diveE =p,divpH =0.

Continuity equation: £ = —1 div J,

o~

Electrical boundary condition: Given f onI' = J T, and § in Q,
p=1

(9) —nx E]l[r =f and div E|p =n on T},

(10) [n-E zZ'dsy = E*, productivities, i = 1...,m, where
r i

2. 1in Q

0in Q\ Q.

o %

‘0
*e

D

0’0

RS
*s’s
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grad div E — curlcurlE = AE =
(11) AE=grad ¢ inQ\T' and Q°\T, respectively .

Ansatz: The solution of the electrostatic boundary value problem
can be represented as

E(x) = —3= [ In(y) x h*(y)dsy — grad x = [ Le*(y)dsy

12 IN I
U2 ourl i [ 10(y)dsy = [ H(arady 2)dy+ 5 [ In(y)n(y)dsy
T T

where h* € TC?(T) and e* € CA(I") are to be determined, r = [x—y]|.

{If © unbounded:
(13) E(x) = O(]x|™1), div E(x) = O(|x|72) , curl E(x) = O(|x|72).}
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Boundary integral operators Ia ns ‘o‘
Double layer potentials: 0 < 3 < «. u

Kolx) = QLF@”% sy | . ﬁ"”’"
(14) K*p(x) = 27r1[( o 1/J( Jds, :CP(T) —» C*I) — CP(),

Electrical field boundary integral operators:

(AR)() = [ () {(grady )  &(3)}dsy
(15) (A*h)(x):= Ln(x) x [n(x) x {(grady?) x (n(y) x h(y) }ds,

T

comp

TCB(T) — TC*(T) — TCA(T).

The system of boundary integral equations [R. Kress 1970]
(16) h* — A*h* = ;L n(x) x {n(x) x curly (f(grad 2)idy

ff dsy) gradxf d1pr y)dsy }
(17) e K****H(X)f}«()Xh*( )dsy
= 5-n(x {f lgrad, dy—! In(y)n(y)dsy —curly [ 2f(y)dsy }
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The system (16), (17) defines a Fredholm mapping of index zero. But N:.:
*e

PY

Theorem: Dirichlet fields: (see [R. Kress 1969])

(K@) = (¢, K*¢) adjoint w.r. to (-,-) := () Ly(r)-

—1 m—fold eigenvalue of K and K*, Kz' = =2, (¢;,2%) = oF,
,k=1,.

w;(x )_7 gradth wi(y)dsy

linear independent baS|s of Dirichlet vector fields and

pi(x) = —n(x) - w;(x), productivities [0(y) - w;(y)z*(y)dsy = 5F.

r

Note that n(x) x wi(x) = 0 on I'. [Martensen 1968]

Necessary compatibility conditions for given £ and 7:
(18) [(grady?) wi(y)dy = [n(y)n(y) - wi(y)dsy,i=1,....m
Q r

Hence, we also can require that with m given productivities E* € R,
in addition to (16), (17):
(19) [e*z'dsy = E".

r
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Theorem: [R. Kress 1970] e
P L X4

(20) (Ag,h) = (g, A"h) V g, h € TC/(T). .
—1 is an n—fold eigenvalue of A and A* with n linearly
independent eigensolutions

h' =3 of A* and g; of A, (g;,b*) = &7 , i,k =1,...,n.

The fields

(21) 3:(x) := curl 4 f 1g:(y)dsy

define a basis of Imearly independent Neumann fields and
gi(x) = —n(x) x 3;(x) onT.

Additional linear algebraic equations:

(22) [h*- (n(y) x Au(y))dsy = fgrad 2. A, (y)dy
s () Ay sy p= 1

Here A, :== £~ 1! L3.(y) x n(y)dsy = ﬁcurlxs{ L3u(y)dy.
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Main Theorem: [R. Kress 1970]

The system of integral equations (16), (17) together with the m + n
linear algebraic equations (19), (22) has exactly one solution

h* € TCP(T), e* € CP(T) defining the unique solution E in (12)
of the Maxwell equations with electrical boundary conditions (9), (10)
satisfying the compatibility conditions (18).
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Characterization of the Neumann vector fields: [Martensen 1968]

S
*

*,

L)

Lemma:
Let © be bounded and simply connected. Determine U satisfying

ou

AU =0 inQ, —|.=0
mn

Then U is unique modulo real constants. Let € be a Cl—curve in Q
with 7 the arc length parameter from x € ) to xg € €.
Then U is uniquely determined by U(xy) = 0 and

U(x)=— [t-gradUdr for every differentiable €,
¢

where t is the unit tangent of € in the direction of xi. Then
3(x) := —grad U(x)

is called Neumann field satisfying A3 =0in Q and 3-nl[r =0onT.
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Basis of Neumann vector fields in Q |J Q,: S
pn=1 PR X
Determination of j,: *

¢ For Q,, simply connected 3, := 0.
¢ For €, multiply connected let n,, denote the genus of 2, , n,, > 1.
Neumann vector field 3, for €, with ”u >1:
Si1,...,Sp cuts of Q, to make €2, \ U S,. simply connected.
#i=08,0n0Q,, k=1,...,n,. Determme UAU =0inQ, \USK,

"= (U" —U7)l|s,. Compute Neumann fields 3,, in 2, with
3r - Mo, = 0 satisfying the circulation conditions

J t-3.dr = Z"%. (See Martensen p.229)
Q:I-l

Then the collection of 3, for 2, and all €2, with n,, > 1 define a basis

of Neumann vector fields of dimension n =3 n,,.
w
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Time harmonic fields:

E(x,t) = Re {E(X)eﬂ_‘”t} , D(x,t) = Re {D(X)eﬂwt ’
H(x,t) = Re {H(X 6*{““} , B(x,t) = Re {B(X)ef“"t}
J(x,t) = Re {J(x)e™™'} | o(x,t) = Re {o(x)e !}

Maxwell equations:

(23)  curlE(x) = iwpH(x), curl H(x) = (—iwe + 0)E(x) + Jo,
(24) div (¢ E)(x) = o(x), div (pH)(x) =0

(25) J(x) = oE(x) + Jo(x),

Continuity equation:
(26) o(x) = div Jo(x)(iw — o /e) L.
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2. Boundary value problems: Ia ns v

2.1 The cavity problem in Q C R3, bounded Lipschitz domain: oo o
Given Jy and o in Q satisfying the continuity equation (26),and f (or g)
on I' = 09).

Solve (23)-(25) in 2 satisfying the boundary conditions
(27) nxE|p=f,div E[r =n onT. and productivities
[ n-EZlds, = E' for i = 1,...,m with given E,... E™.
r

0

Equations based on Kress’s approach:

Ansatz: Domain integral equation for E(x), x € O :

T

E(x) = —ﬁ %n(y) x h*(y)ds, — gradx4lﬂ S/ Le*(y)ds,
r r

(28)  +ecurly = [ +f(y)ds, + = [ tn(y)n(y)ds,
T T

+ 1= [ +(iwpdo(y) — grady £(y))dy + 4= [ +{F*E(y) }dy.
T Q

Prof. Dr. Dr.h.c. Wolfgang L. Wendland Some remarks about the Maxwell equations 13/37
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Boundary integral equations for h* and ¢* on I':

(29) h*( ) — (A"h")(x)
x {n(x) x curly (({ 1 [grad y£(y) — iwpdo(y) — K*E(y)]dy

- f In(y)n(y)ds,) — gradx!%divny f(y)dsy},
(30) 6*(X) (K*e*)(x) = g-n(x) '!%H(Y) x h*(y)ds,
{f [grad y £(y) — iwpdo(y) — K*E(y)] dy

—f in(y)ds, — curly [ L1f(y)ds,}, x € T.
r
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where r = [x — y| and o(x) = div Jo(x)(iw — Z) . co 2t

Algebraic equations:
(31) Productivities: [n-Ez'ds, = E'fori=1,...,m; and
(32) !h*'((n(}’) x A;(Y))dsy
= ({ (grady 2 —iwudo(y) — k*E(y))dy
—g {E¥)3u(y) +n(y)n(y) - Au(y) pdsy, p=1,...,n.

Theorem: There exists ko > 0 such that for |k| < ko and also for k not
a ficticious eigenvalue, the system of equations (28)—(32) is uniquely
solvable.

(See also [R. Hiptmair 2003])
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2.2 Exterior scattering problem in Q¢ = R?\ Q:

(See also [D. Colton, R. Kress 1983]) oo B
Given Jg and g in (2 satisfying (26) and f = —n x E"¢|p

(or g = n x H™|p) on T' = 9Q° Lipschitz.

Solve (23)-(25) in Q° satisfying the boundary condition

(33) nxE|r =f=—nxE"|p(or n x H|r = g, respectively, ) on I;
and the Silver-Miiller radiation conditions

(34)  lim {(xx (curlE(x)) —ik|x|/H(x)} =0,

|x|—o00

(35) | llim {(x x (curl H(x)) + ik|x|E(x)} = 0,
X|—00
(36) k2 = w?ue +iwpo , k= +Vk? with Rek >0, Tmk > 0.

2.3 Transmission scattering problem in () U Q¢ with T = 99 N 9Q°
Lipschitz: (See also [X. Claeys, R. Hiptmair 2012, 2013])

Given Jg and p satisfying (26) in € and Q¢ and f, and g in T'(T).

Find (E,H) in Q and (E°, H¢) in € satisfying (23)-(25) in © and Q°,
respectively, and the transmission conditions

(37) nx (E—E9|r=f andnx (H—H"|r=g onTl

and the Silver-Miiller radiation conditions (34), (35) for (E¢, H°).
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2.4 Eddy current problem in : oot
*e

Let 2 be a bounded Lipschitz domain and Q. with Q. C Q be a

conductor,gc > 0;

Qr :=Q\ Q. be a dielectric medium, oy = 0. Given Jg in Q satisfying

div Jo =0 in Q. Find (E., H,) satisfying

(38) curlH,—o0.E. =0 and curlE. —iwu.H. =0 inQ,,

and (E, H) satisfying

(39) curlH=1Jp, curlE — iwpH =0 and div(eE) =0 in Qy;

the transmission conditions

(40) nxpHs—nxpH|g =0 andnxE;s—nxE|g=0
on Y :=00.NI;

and the boundary conditions

(41) nxE=0 on 0.

If Q@ =R3, then (41) is to be replaced by the Silver-Miiller radiation
conditions (34), (35). (See also [R. Hiptmair 2002],[A.A. Rodriguez,
R. Hiptmair, A. Valli 2004]).
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Theorem: Let 0 > 0. Then the cavity problems, the exterior oot
scattering problems, the transmission scattering problem and the
eddy curent problem, respectively, all have at most one solution.
[C. Miiller 1957, E. Meister 1996]
Proof for the cavity problems:
Set Jg,0 and £ = 0. Then
J/(nxE)-Hds= [n-(ExH)ds=0
and r r
0= [div(ExH)dx = [H- curlEdx — [ E- curl Hdx
Q Q Q
(23) . 2 2 2
= iw [(¢|E]? — p/H|?)dx — [ o|E|?dx.
Q Q
—E=0%m=-o O

Prof. Dr. Dr.h.c. Wolfgang L. Wendland Some remarks about the Maxwell equations 18/37
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Remark: Let 0 =0, o =0, Jy = 0 for the cavity problem. Then there
exists a countable sequence of eigenfrequencies {wy, }nen with
0 <wi <wsy < ... of finite multiplicity and lim w,, = oo; and

n—oo

corresponding electromagnetic eigenfields (E,,, H,,) satisfying the
Maxwell system

curl E,, = iw,uH,, , curl H,, = —iw,cE,, in Q.

[H. Weyl 1952, C. Miller + H. Niemeyer 1961].
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3. Variational Formulations:

3.1 Picard’s system: [R. Picard 1984, R. Picard + D. McGhee 2011]

Extended Maxwell-Heaviside system

(42) U:=(o,H,v,E)" € H}(Q)xH(curl, Q) x H}(Q) x H(curl, Q)
= X(Q)

where
H(curl,Q) = {H € La(Q) Adiv H=0AcurlH € Ly(Q)}
I(-)I(curl,Q) :={E € H(curl,Q) An x E|pr = 0}.

(U, V)x) == (U, V), + (w1, v1) 51 (0) + (u3,v3) 51(0)
+ (curlugy, curl va) 1, ) + (curluy, curl vy) o)

Prof. Dr. Dr.h.c. Wolfgang L. Wendland Some remarks about the Maxwell equations 20/37
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(43) (Zj"’i)ll +912 +Q[3)U: (_§7O7O7JO)T .Q”
where
1 0 0 0 0 0 0 0
J:= 0 p 0 0 ) 0 0 0 —curl
Ji=w 0 0 1 0 s 911 = 0 0 0 0 ,
0.0 0 (e+:F) 0 curl 0 0
0 0 0 —div 0 0 0 0
: 0 0 0 0 |0 0 grad 0
Ql2 = 0 0 0 0 5 2[3 = 0 le 0 0
—grad 0 O 0 0 0 0 0

Equation (43) becomes the Maxwell system (23), (24) for o = = 0.
Note: grad* = —div , div* = —grad.
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With
1 0 0 0
-1 = l 0 ,u_l 0 0
w0 0 1 0 ’
0 0 0 (€+Zg)71

and the properties
(44) A;0A, =0 for j #k,

the system (37) can also be written as

—372(i3 4 A1) (iT + A) (13 + A3)U = (= 2,0,0,To) "
or

(45) (3 —i2,)(3 — iAa)(T — iA)U = i3%(—2,0,0,Jo) .
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Theorem: For the bilinear equations: find U € X(f2) with
nxElp=nxB(2)p+f, fe TH-Y2(I') c H~V(D),

(46) ((Ut, (j — ZQ[k)(U + Ul)))x(g) = ((Ut, F))x(g) fOI’ aII
Ut € Xo(Q) where

U, = (0,0,0,—B(2)) ', and X0(2) = {V € () An x E|p = 0}
with 201,25 and 2A3 skew selfadjoint one has
(47) wllU'2q) < Re (T, (3 — i) U) x(q) where

(V,U)x() = (vi,u1) g1(Q) + #(Ve, U2)H(curl )

+ (v3,u3) g1 () + €(Va, Wa)H(curl Q)

Prof. Dr. Dr.h.c. Wolfgang L. Wendland Some remarks about the Maxwell equations 23/37



1ans-
“
%
X d

0 0¥

o's

Hence, with the Lax-Milgram Lemma we find that the inverses
(3 —iAp)~ " exist for k =1,2,3.

To prove (47) is a calculation exploiting the properties of 2, , j = 1,2, 3.
The coerciveness inequalities (47) are also satisfied if the function space
X(Q2) in (46) and (47) is reduced to the subspace X () where

© =1 =0, and therefore the inverses (J — ink)X; also exist on X7 ()
and

Uy = (0,H,0,E)"
= Re(J—iAs)3/ o (T — i)y o (T — 1)/ (i3%(2,0,0,T0) ").0

For coercive combined field integral equations see [A. Buffa, R. Hiptmair
2004].
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3.2. Variational formulation and Hodge decomposition: Ia nS‘}
o
Example cavity problem: 00.:".
Applying curl to (23) gives
(48) curlcurlE — k?E = iwuJo where k? = w?ue + iwpo.

The variational formulation:

Given m ¢ H2(T") and Jo € HL(Q) with o € Ly(Q) satisfying (26).
Find E € H(curl, Q) satisfying

nxElp=m, divE=1p
and the variational equation
(49) AE,E') = [ {curlE)- (curlE*) — k’E - Ef }dy
Q
= [(iew — o) 3o - Efdy + [ m - Elds, =: L(E?)
Q r

for all E* € Hy(curl, Q);
Hy(curl, Q) = {E' € H(curl,Q) A div E' =0 An x E'|r = 0}.
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Helmholtz decomposition: H(curl, Q) = M(Q) ¢ P(Q); Ia ns 0

M(Q) := {u € Hy(curl, Q) /\fu grad pdx =0 for allpeHO(Q)}
P(Q

)i= {v = gradp A p € Hi(Q)}:
(u,v)) :zgflcurlu-curlvdy+§{u~vdy,
(( v) =0 forueM(Q) andveP(Q).

Theorem:
comp

M(Q) — Lo(Q) and it holds Garding's inequality
(51) ReA(u+ gradp,u+ gradp)
> lu+gradplly, — (1+|k*])[u+gradp|?, o,

where |Ju + grad p|lq := (u+ grad p, u + grad p))2.

.8
* %'

Consequence: Let ¢ > 0. Then to any given m € TH~2(T") and
Jo € HY () there exists exactly one solution E € H(curl, Q) of (49)
because of Garding's inequality, Lax—Milgram and uniqueness, due to
the Fredholm alternative.

Prof. Dr. Dr.h.c. Wolfgang L. Wendland Some remarks about the Maxwell equations
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4.1 Stratton—Chu representation formulae: [J. Stratton, |. Chu 1939]

4. Boundary integral equations:

1 exp (iklal)
4m |z :

Helmholtz fundamental solution: G,(z) =

E(x) = [[Gr(x = y)iwndo(y) + Zoly)grad ,Gi(x — y)ldy
+ [ (div (n x H) + n-Jg)(—iwe + o) 'grad ;G (x — y)ds,

(52) r
- ! {iwpGr(x = y) (n(y) x H(y))
+(n(y) x E(y))grad ;Gi(x — y)}ds, for anyx € Q,
(x) = [Jo(y) x grad ,Gj(x — y)dy
Q
(53) —! {( iwe +0)Gr(x —y) (n(y) X E(y))

w;tdlv ( ( )XE( ))grad Gk(Xf )
+(n(y) x H(y)) x grad ,Gi(x —y) }ds, for any x € Q.
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4.2 Boundary potentials

() (x) = —iwuka x — ¥)A(y)dsy
(54)

(55) We(z) := [p(y) x grad yGi(x — y)dsy.

~2(divp,I') — H(curl,Q) and
3(divp,T) — H(curl, Q)

Some remarks about the Maxwell equations
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+ f zws +0) "t (grad yGi(x —y)) (divry A(y))dsy
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4.3 Boundary integral equations for the Dirichlet problem in the .,‘:0"
cavity €:

Representation of E(x) in (37) where m(x) = n x E|r is given and
n x H|p =: A is unknown. Then on T":

ml( ):m( )
f{Gk x —y)iwpdo(y) + Lo(y)grad yGi(x — y) }dy
(57) —Zwun( ) X (Vi) (x)

—(—iwe + 0) " 'n(x) x (grad Vi divr A))(x) forx €T,
ViA = [ Gr(x —y)A(y)dsy
r

Weak variational form on I': (-, )1 denotes Lo(I")—duality:

(58) <Vk>\, ;)F — k%(Vk din )\,din?)F =%
for all X' € TH=/?(divp,T).

H(nx m1,)\t>[‘
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Hodge decomposition on T', the Rumsey principle:

[V.H. Rumsey 1954, A. Bendali 1984] (also J.C. Nedelec, Springer 2001)
TH-/2(divy,T') = grad r H*/%(I")/C @ curl tHY/2(T") /C

grad r H>/2(I")/C orthogonal to curl fTH'/?(T") /C with respect to

<.7 '>F-

A(x) := gradry + curlpip, p € H¥/2(T), ¢ € THY?(T).

Boundary integral equation: Find ¢ € H3/?(T") and v € TH'Y/?(T")
such that
Ar(p, ;9" ") := (ViArg, Apeh)r + (Vicurl pop, curl pap')
— k*(Vigrad ro, grad ref)r

= L(n x my, (k*grad et — curl pyp')r
Wit
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Theorem: Garding's inequality holds with ¢y > 0 and ¢; > 0.

Re Ar(e, %3 0.%) > co{lelZa + 110}
— el + 198w

Consequence: There exists exactly one solution to the Dirichlet problem
in the cavity.

Remarks: Similar results hold for all the interior and exterior boundary
value problem as well as for the transmission and eddy current problems.
A different approach is given by R. McCamy and E.P. Stephan 1984 and
by O. Sterz and C. Schwab where the Hodge decomposition is not
needed.

For an introduction to Maxwell's Equations see e.g. [R. Hiptmair 2015].
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Thank you for your attention!
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